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Chapter 1

Introduction

More than half a century has passed since Erwin Schrédinger introduced for the first time his by now
celebrated and extensively studied wave equation. An equation whose interpretation was from the
very beginning problematic. During all these years quantum mechanics has proven to be strikingly
successful and has provided the explanation for marvelous experiments. The relativistic extension
of this theory, quantum field theory, has also led to amazing achievements, both with regard to
experimental precision and to the understanding of nuclear and subnuclear structures. Still, one
cannot feel actually satisfied, due to the fact that there are still great conceptual difficulties in the
understanding of the foundations of quantum mechanics. And also quantum field theory is burdened
with very serious interpretative difficulties, only partially circumvented by the useful recipe of
renormalization. Many formal and interpretative schemes have been proposed, but neither seems
to be prevailing or liable to be definitely proved or disproved by realizable experiments. It is not even
clear what notions and objects should be taken as fundamental; a lack of rigor and clarity is felt to
undermine the whole theory, and in particular the problem of measurement [1]. Quantum mechanics
is said to be the theory of microsystems, but taking well-known experimental evidences into account
one is lead to realize that, contrary to what is often tacitly believed, no direct objectivity can be
attributed to microsystems, such as for example particles. This should be clear if one considers the
manifestations of wave-particle duality; the existence of quantum correlations which, as stressed at
the very beginning of quantum mechanics by Schrodinger himself [2], through the phenomenon of
entanglement ( Verschrankung) make the attribution of properties to part of a system problematic;
the famous E.P.R. paradox [3]; recent experiments in which the particle picture seems to lead to
inconsistencies, e.g., the heavily debated superluminal photonic tunneling experiments [4]. The
dissatisfaction with this situation and the necessity to reconsider the notion of particle has been
recently stressed also by Haag, who has proposed to take as fundamental the notion of event [5]. A

possible alternative approach was elaborated by Ludwig: according to his axiomatic foundations of
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quantum mechanics the basic elements of reality are not microsystems, but rather the macroscopic
setup of any real experiment, which he divided in preparation and registration apparatuses. His
approach gives a solid basis to the point of view, initially expressed by Bohr, according to which
the internal coherence of quantum mechanics and closeness to experimental reality demand that
microsystems should be anchored to the objective reality of macroscopic systems. About the
connection between the quantum and the classical description let us only mention a recent review
on the subject [6], paying particular attention to the problem of decoherence, together with a
recently proposed approach, in which quantum and classical observables are jointly considered and

a notion of event is also introduced [7].

Sharing Ludwig’s viewpoint one should start with a phenomenological, objective, and in this
sense classical, description of macrosystems, macroscopic exactly in the sense that they are liable
to be objectively described. In particular Ludwig envisaged this objective description in terms of
trajectories for suitable observables or parameters connected to the system. Such a description is
however still lacking, even though much progress has been made thanks to the theory of continuous
measurement, mathematically based on the theory of stochastic processes, which has led to the
introduction of the notion of trajectory in quantum mechanics. Indeed the very definition of a
finite isolated macroscopic system is slippery, because of the existence of quantum correlations.
The way in which isolation from the environment is obtained belongs, in our opinion, to the very
definition of the system. If one does not take some approximations into account, the concept of
isolated system can only be an asymptotic one. Considering a finite preparation time means that
some memory loss is operatively necessary, the price of some coarse graining of the dynamical
description must be paid: to do this we associate in a systematic way to the preparation procedure
a suitable time scale. The relevant role of the preparation procedure means a breaking of basic
space-time symmetry by suitable boundary conditions which introduce the peculiarities of the
system, hiding the more universal behavior of local or short range interactions. The field theoretical
approach, that is anyway mandatory in the relativistic case, is best suited to express the interplay
of local universality and peculiar boundary conditions. The time scale has to be long enough
in order to break up the correlations with the environment and make the idealized boundary
conditions physically meaningful. On this time scale one considers the subdynamics of suitable
slow variables. According to the level of description, the fundamental fields may be associated to
molecules as fundamental constituents or, in a more refined description, to nuclei and electrons.
The physically relevant observables, slowly varying on the given time scale, typically densities of
conserved charges, should be connected to the objective properties to be ascribed to the system. The

time scale associated to the preparation procedure, necessary in order to actually define and isolate



the system, accounts for irreversibility, reflected in the structure of the equations for the relevant
variables and connected to the directedness between preparation and registration. In a completely
sharp description of the dynamics of a subsystem the physics of the whole universe would enter,
correlations could not be neglected. The proposal is to tune the formalism of quantum mechanics
to this situation, emphasizing already in the formalism that only coarse grained descriptions make
sense: obviously the striving to lower the time scale and to push cutoffs farther still remains, but

should not be based only on formal procedures like thermodynamic limit and renormalization.

My PhD studies, that have been strongly influenced by the works of Ludwig on the foundations
of quantum mechanics, have been devoted to make the first steps in the concrete realization of this
research program. The main effort has been toward the development of a general formalism, inside
non relativistic quantum field theory, for the description of the reduced dynamics of slowly varying
degrees of freedom. Such a description should be meaningful on a time scale determined by the

choice of relevant observables.

The formalism has already been developed in detail in the case of a microsystem interacting with
a macroscopic system, which can be seen as the simplest perturbation of matter at equilibrium,
a first step in the direction of the description of non equilibrium systems. One obtains for the
statistical operator describing the microsystem a dynamical semigroup in which the operators
determining the structure of the generator are linked to the T-matrix describing the interaction
between the particle and the macroscopic system. The generator has the Lindblad form, accounting
for complete positivity, a property which seems to be particularly relevant in the one-particle
quantum mechanical framework, and that we have tried to extend to the case of macroscopic
systems. The mixture term in the Lindblad generator accounts for irreversibility and is typical of
a quantum description. The result has been considered in the framework of modern one particle
experiments and has been applied to two very different cases, neutron matter interaction near
the optical regime and Brownian motion, thus showing the wide range of validity of the obtained
expression. In the case of neutron matter interaction particular attention has been devoted to
incoherent effects in the dynamics, keeping in mind the recent beautiful neutron interferometry
experiments made by the group of Rauch in Wien [8]. Also possible experimental consequences
of our analysis of the contribution to incoherent scattering have been suggested. Considering
Brownian motion, a typical example of irreversible interaction, we have recovered some results

already obtained in the literature in the attempt to give a quantum description of the phenomenon.

This formal approach has been pursued further in order to apply it to macroscopic systems. In

this case the reduced dynamics pertains to some degrees of freedom (e.g., distribution function in a
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kinetic description; densities of mass, energy and momentum in a hydrodynamic description) that
are slowly varying on the chosen time scale, much longer than the typical time of microphysical
interactions. The obtained equations are formally very similar to those derived for the case of the
microsystem, so that a kind of unified description may be envisaged. It appears that, considering
slow variables, the time evolution satisfies a generalization of the complete positivity property.
A first application of these calculations in the homogeneous case leads to a Boltzmann equation
with complete quantum statistical corrections (Uehling — Uhlenbeck equation). The formalism
can however be applied also to the non-homogeneous case, as we intend to do in the next future.
The structure of the generator, with a commutator term linked to the self-adjoint part of the T-
matrix, makes it a promising candidate for the description of both a kinetic regime and a coherent,
typically quantum, regime, analogously to what has been done in the case of the particle interacting
with matter. Such an interplay between these two regimes seems to be particularly important for
example in the extremely interesting case of Bose Einstein condensation, a field in which new and
extraordinary experimental results have been reached in the last few years [9]. In fact analogous
equations have been recently obtained with a very different treatment, aiming at an explanation
of Bose Einstein condensation in a gas of trapped alkali atoms [10], in which the dynamics should
be governed by a competition between the coherent quantum dynamics of atoms in the condensate

and the incoherent kinetic dynamics of the other atoms.

The conceptual and formal scheme that we have proposed for the description of reduced degrees
of freedom inside a field theoretical formalism, based on a selection of relevant observables, typically
densities of conserved charges slowly varying on a given time scale, can be applied to very different
physical situations and levels of description. In this thesis we have considered the case of a particle
interacting with matter and of a medium of molecules interacting via a two body short range
potential. The next natural step, apart from further improvements and applications to particular
situations, would consist in considering more refined degrees of freedom, for example charged nuclei
and electrons interacting through the electromagnetic field, thus building a hierarchy of theories at

a deeper and deeper level.

The thesis is organized as follows. In Chap. 2 we have tried to write a brief but self-consistent
survey of Ludwig’s axiomatic approach to the notion of microsystem appearing in the directed
interaction of objectively described macroscopic systems. This is simply intended to give the
reader who is not acquainted with Ludwig’s works a compact reference, which is, at least to our
knowledge, still not available. In Chap. 3 the abovementioned formalism is developed in the case
of a microsystem interacting with matter, while Chap. 4 is devoted to the application in the fields

of neutron optics and quantum Brownian motion. Chap. 5 is devoted to the extension of the



same formalism to the much more complex problem of macroscopic systems. References to written
contributions in which the results presented in this thesis have already been reported are listed at
the end of the bibliography [70, 71, 72, 73, 74]. Appendix A is devoted to a more profound analysis
of the axiom of quantization introduced in Chap. 2, while Appendix B simply gives a list of the

introduced axioms, together with their names in Ludwig’s books.
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Chapter 2

Microsystems as Interaction Carriers

2.1 Introduction

In this chapter we briefly introduce Ludwig’s axiomatic approach to the notion of microsystem
and connected to this the natural appearance of such notion in considering the directed interaction
of macroscopic systems, which are supposed to be described objectively. Our presentation will
certainly be lacking and incomplete, both because of the huge amount of material to be concentrated
in a few pages and because of mathematical and physical subtleties inherent in the very subject. We
therefore apologize to the reader from the very beginning, referring him to the original papers and
books by Ludwig [11, 12, 13, 14, 15]. This exposition is simply intended to give a compact review of
the subject, which, at least to our knowledge, is at present not available. The reader interested in
Ludwig’s work is still bound to work his way through many (often huge and difficult) volumes before
he gains at least an overview of the main points of this axiomatic approach and of the achievements
of Ludwig’s studies. This brief résumé is therefore meant to make the highlights of this approach
available to a larger audience, stressing the points which will be of relevance to the sequel and that
have proven to be worth mentioning after so many years and so much experimental and theoretical
work about the foundations of quantum mechanics. Our hope is that this brief exposition may
arise in the reader at least the curiosity to dwell a little longer on the original work by Ludwig.
In the sequel we will suppose that the reader is already familiar with the notion of ensemble and

effect, together with the basics of the connected rich mathematical structures [16, 17, 18].

According to Ludwig the main difficulties in the interpretation of quantum mechanics arise
because one takes as fundamental concepts the notions of state and observable, notions that have
to be defined by quantum mechanics itself. While in Newtonian mechanics one can safely speak
of position and momentum of a given planet or of any material system, and in order to measure

position and momentum one does not have to take Newtonian mechanics into account, this is not

11
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so in quantum mechanics. Both the notion of state and observable of a system are to be indi-
cated by quantum mechanics itself. The very notion of particle, as stressed in Chap. 1, cannot be
taken as fundamental, due to wave-particle duality and E.P.R. correlations, linked respectively to
interference and entanglement ( Verschrinkung). As a matter of fact, every experiment with single
microsystems is in any case an experiment using macrosystems, explaining what has happened
between macrosystems in terms of microsystems, often envisaged as particles. Microsystems like
single electrons, single atoms or single molecules appear only indirectly in real experiments. Ludwig
intended to give what he called an AXIOMATIC BASIS to quantum mechanics, where by axiomatic
basis of a physical theory he meant a construction of the considered theory based on elements of
reality which can be described without the theory itself, only in terms of what he called PRETHE-
ORIES (for example classical mechanics is a pretheory for classical electrodynamics and both are

pretheories for quantum mechanics).

2.2 The Notion of Microsystem

In his axiomatic approach to the foundations of quantum mechanics Ludwig proposed to take
as fundamental domain of the theory the statistical experiments with single microsystems and
the frequencies of the related phenomena. Instead of the particles themselves one considers the
macroscopic setup of any real experiment, which can be divided in a preparation procedure and a
registration procedure, both to be described in terms of pretheories. A simple example of prepara-
tion apparatus could be an accelerator plus target, while a typical registration apparatus could be
a bubble chamber. Once this experimental setup is suitably described, one considers the rate ac-
cording to which microsystems prepared with the given preparation apparatus trigger the assigned
registration apparatus: these are the frequencies to be compared with the quantum mechanical
laws. One may argue whether every experimental arrangement for an experiment with a single
microsystem consists of a preparation apparatus and a registration apparatus. This is indeed the
case even though such a subdivision is in no way unique in the case of a complicated experiment.

Let us consider the following scheme:

In (1) the microsystem a is produced, which then produces b interacting with the macroscopic sys-

tem (2). The microsystem b is then registered by (3). We may now consider (1) as the preparation
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apparatus for the microsystem a, which is then registered by (2) plus (3), but we may also consider

(1) plus (2) as the preparation apparatus for the microsystem b, which is then registered by (3).

In this spirit we want to introduce the notion of microsystem as of something which has been
prepared by a preparation apparatus and registered by a registration apparatus. To do this we
need a statistical theory, in terms of which the general structures of preparation and registration,

which can be applied both to microsystem and macrosystem, can be described.

2.2.1 Statistics

Let M be the set having as elements the representatives of the physical features whose statistics
we want to describe (in the present case it will become the set of microsystems). The statistics is
related to selection procedures, by which special features may be selected. A selection procedure
is to be described by a subset a C M, corresponding to the subset of features (microsystems)
that satisfy the given selection procedure. We define as SELECTION PROCEDURE the following

mathematical structure: a set M and a subset S C P(M) such that (S standing for statistics)

S11abeS,aCcb=baeS

S1.2a,beS=anbes.

We call selection procedure both S and an element a of S. S 1.2 says that the selection procedure
consisting in selecting both according to a and b exists. If a C b we say that a is finer than b. S 1.1
says that if we use two selection procedures a and b, where a is finer than b, the rest of the objects
x € b, which do not satisfy the finer criterion a, still constitute a selection procedure. Note that
in this construction it is not necessarily M € S. In fact a € S, M € S would lead to M\a € S
contrary to physical meaningfulness. Let us consider in fact a modern electron accelerator: for the
selected set of electrons a we may make important assertions about the experiments for which the
electrons are used, but what assertions can we make about the electrons which are not prepared by
the accelerator? Thus it is meaningful not to require that M be a selection procedure. Let us note
that S(a) = {b € S|b C a} is a Boolean ring, while S need not even be a lattice, because a,b € S
does not automatically imply a Ub € S. In particular two selection procedures a,b € S are called

COEXISTENT relative to ¢ if both a C cand b C c.

It often happens in applications that two selection procedures a and b, where b is finer than a,
are not statistically independent. Consider for example an experiment in which of the N systems
prepared according to the selection procedure a, N7 also satisfy the selection criterion of b: we say

that N1/N is the relative frequency of b relative to a. If this frequency shows to be reproducible
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and it is confirmed by experiments with great number of systems, we say that b is statistically
dependent from a. Let S C P(M) be a selection procedure, for which S 1 holds, and let 7 =
{(a,b)]|a,b € §,;b C a,a # 0}: we say that S is a STATISTICAL SELECTION PROCEDURE whenever

a real function A(a,b) with 0 < A(a,b) < 1 is defined on 7 such that

S 2.1 aj,a9 € S,a1Nag = (Z),al Uas €S = )\(al Ua2,a1) —I—)\(al Uag,az) =1
S 2.2 ai,az,a3 € S,a1 Daz DO as,a 7é 0= )\(CLl,ag) = )\((11,(12))\(&2,&3)

S 2.3 ay,a2 € S,a1 D ag,as 0= Maj,az) #0.

A(a, b) is usually called the conditional probability of b relative to a and represents the frequency
with which systems selected by a also satisfy b. If a1 U as is a selection procedure, both a; and ag
are finer than a; Uas; if a1 Nas = ) they exclude each other. If N systems are selected according to
a1 Uas, of which N7 also satisfy a1 and N» satisfy as, because of a1 Nas = () we have Ny + Ny = N:
this explains S 2.1. If for three selection procedures we have a1 D ao D az and Nj systems are
selected according to aq, between these Ny according to ag, between these again N3 according to
a3, we simply have N3/Nj = (No/Np)(N3/Ns), that is to say S 2.2. If a1 D as # 0, of the N
systems chosen according to a; certainly finitely many will also satisfy ag, which is S 3.3. From
these axioms follows A(a1,0) = 0 and A(a1,a1) = 1; moreover, if a; Nag = 0, ag, a3 C a1, we have

Mar, a2 Uag) = Nai,a2) + Aay, az).

Before going back to the notion of microsystem, let us introduce the notion of additive measure
on a boolean ring, which will be useful later on, in deriving the concept of observable. A real
function p(g) on a Boolean ring @ such that 0 < u(q) <1, pu(e) =1 (where e is the unit element)
and u(q1 V q2) = u(q1) + 1(q2) for g1 A g2 = 0 is called an additive measure on (). As an example
w(b) = A(a,b) is an additive measure on the Boolean ring S(a) and for a D a; D as we have
May,az) =

az)/u(ar). On the Boolean ring S(a) one can therefore recover all the conditional

(
probabilities A(a,b) from the probability function pu(b).

We now introduce a mathematical expression for the notion of experimental mixture. Con-
sidering a selection procedure S, a partition of a € § of the form a = U} b;, with b; € S and
mutually disjoint is called a DECOMPOSITION of a in the b;, and a is called a MIXTURE of the b;.
Since the set S(a) is a Boolean ring a decomposition of a is simply a disjoint partition of the unit
element a of S(a). With the above defined additive measure u(b) over S(a) we have Y i, u(b;) = 1,
w(b;) = A(a, b;) being the weights of b; in a. If we experimentally choose N systems according to
a, and of these N; are further selected according to b;, the relations N;/N = p(b;) must be verified
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in physical approximation. This should however not induce the reader to confuse the notion of

selection procedure with that of ensemble, which will be introduced later on.

2.2.2 Physical Systems

Exploiting the above defined notions of selection procedure and of statistical selection procedure we
want to introduce on M (which is expected to become the set of microsystems) suitable mathemat-
ical structures, so as to interpret its elements as physical systems, in that they can be prepared and
registered. Let a structure @ C P(M) be given on M, which we call PREPARATION PROCEDURE,

such that (A standing for axiom)
A 1 Q is a statistical selection procedure.

The elements of Q are representatives of well-defined technical processes, to be described by prethe-
ories and not by quantum mechanics itself, thanks to which microsystems can be produced in large
numbers. The mathematical relation z € a (a € Q) means: z has been obtained according to the
preparation procedure a. There are very many examples of preparation procedures, e.g., an ion-
accelerator together with the apparatus which generates the ion-beam. We denote by Ag(a,b) the
probability function defined over Q. We now consider a specific physical example, in order to make
this construction clearer. We take an experimental apparatus which generates couples (1,2) of spin
1/2 particles with total spin 0 and emits them in opposite directions. As preparation procedure for
the system 1 we consider the apparatus consisting of the preparation apparatus for the couple (1,2)
and an apparatus detecting the z component of the spin of system 2. This apparatus gives us three
different preparation procedures for the system 1. Preparation procedure a3: all prepared systems
1 independent of the detection on system 2; preparation procedure a‘i”“: all systems 1, by which
a positive z component has been detected for system 2; preparation procedure a:f*: all systems 1,
by which a negative z component has been detected for system 2. We obviously have a:er C a3,
a3” Ca}, ai" Na}” =0 and a$ = af” Uaj" represents a decomposition of a}. In this particular

case the weights are given by u(a3*) = A(a}, a3) = 1/2.

We now want to introduce the notion of registration. Let there be on M two further structures,
the set of REGISTRATION PROCEDURES R C P(M) and the set of REGISTRATION METHODS

Ro C P(M), satisfying

A 2 R is a selection procedure

A 3 Ry is a statistical selection procedure
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A41 RpCR

A 4.2 To each b € R there exists a by € Rg for which b C by.

These two structures correspond to the two steps of a typical registration process: the construction
and utilization of the registration apparatus and the selection according to the changes which have
occurred or not occurred in the registration apparatus. Let us consider for example a proportional
counter: by € Ry is the set of all microsystems which have been applied to the counter; the elements
of Ry characterize therefore the construction of the registration apparatus and its application to
microsystems. For a particular microsystem x € by the counter may or may not respond: let b
(with by C bo) be the selection procedure of all = € by for which the counter has responded and b_
the set of all x € by for which the counter has not responded. b; and b_ are elements of R. A 3

accounts for the fact that there could be correlations between the different apparatuses.

It is extremely important that we do not require R to be a statistical selection procedure. To
understand this point let us come back to the previous example. The counter characterized by bg
may respond or not, so that by is decomposed in the two sets b and b_, such that by = by Ub_
and by Nb_ = (). There is however in nature no reproducible frequency Ag(bo, b4 ); in fact if in
a real experiment N microsystems x1,xo,...,xn are applied to the counter, i.e., z1 € by, zo €
bo,...,xN € by, and for N; of these the counter has responded, the frequency Ny /N depends
in an essential way on the previous history of the microsystems, it cannot be reproduced on the
basis of the registration procedure alone. The experimental frequencies depend on the preparation

procedure, as expressed by the next axiom

A 5 For all a € Q, a # () and for all by € Ry, by # () we have aNby # 0); to each b € R, b # () there
is at least an a € Q such that anNb # 0.

aNbg with a € Q@ and by € Ry is the set of microsystems which have been prepared according to the
procedure a and that have been applied to the registration method by. a N by # () means therefore
that it is physically possible to combine every preparation procedure a with every registration
method by. This is certainly not realistic because of causality relations and the problem of the
time-ordering between preparation and registration procedure. For the sake of simplicity however
we shall keep the simpler axiom A 5, a minor mathematical idealization which, as we shall see,
will not have severe consequences on the following. The second part of A 5 simply says that, if

microsystems exist, which applied to by trigger it according to b, they can also be prepared.

Let us call S the smallest set of selection procedures containing all a Nb with a € Q and b € R

(remember that a N b is the set of all microsystems that have been prepared according to a and
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registered according to b). We have S C P(M), but in the general case neither @ C S nor R C §
will be true. We now come to a most important statement, according to which preparation and

registration procedures together give reproducible frequencies
A 6 S is a statistical selection procedure.

Of course there will be some relations between the statistics in S and those in @ and Rg. We now
want to express the fact that preparation procedures and registration methods are independent of

each other; denoting with As(c, ¢’) the probability function in & we have

A 71 Ifa,d €Q,d Caandby € Ry then As(aNby,a’ Nby) = Ag(a,a)

A 7.2 If a € Q and by, b, € Ro, by C by, then As(a N bg,aNby) = Ar,(bo, b).

Ao(a,d’) is the frequency with which microsystems prepared according to a satisfy the finer selection
a’. If to the microsystems prepared according to a the registration method by is applied, this should
be independent from the fact that they also satisfy a’. Thus A 7.1 expresses the directedness of

the interaction of the preparation on the registration apparatus, and similarly for A 7.2.

We are now ready to exactly define the notion of PHYSICAL SYSTEM: a set M with three
structures Q C P(M), R C P(M), Rop C P(M), satisfying A 1 to A 7 is a set of physical systems.
As stressed at the beginning of this section the structures we have used to introduce the notion
of physical system are not restricted to the case of microsystems, they can describe macroscopic
systems as well. Thanks to the axioms A 1 to A 7, implying the independence of the preparation
procedure with respect to the registration procedure, the facts that we have called physical systems
have some reality beyond that of the direct interpretation in terms of preparation and registration
procedures. Intuitively this means that in the preparation “something” is produced which can be
afterwards detected by the registration apparatus. Nevertheless the physical systems that we have
introduced are still closely related to the associated production and detection methods; it does
not seem that they can be described in terms of the objective properties that we are accustomed
to ascribe to physical systems. Speaking of self-existing objects which do not suffer or exert any
influence on the rest of the world would be physically meaningless and, from a logical point of view,
self-contradictory. Nevertheless in physics one seeks to describe portions of the world as if they
were isolated, in the sense that on a given description level their interactions with the rest of the
world may be neglected. To the extent that this is possible one may attribute objective properties
to the considered system. The introduced scheme is so far very general, being applicable both to

macrosystems and microsystems: the selection procedures in & describe a conventional “classical
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statistics”, not exhibiting the “typical” quantum mechanical structure. The transition to quantum
statistics will be made only later with axiom QM (or more precisely with L 5 in Appendix A), thus
coming to the notion of microsystem. We are able to describe the structure of a physical system
only to the extent that it can be prepared and registered. In mathematical terms this amounts to

introducing the following axioms

A 8.1 M:Uaega

A 8.2 M:UbERb7

stating that every physical system interacts with the outside world at least once (A 8.1) and again

(A 8.2).
2.2.3 Ensembles and Effects

From S 2 and A 7 one can prove that the probability function As(c, ') is uniquely determined by
Ao and by the special values
As(aNbg,and), (2.2.1)

with a € Q, b € R, by € Ro and b C by. As(a Nbg,a Nb) gives the frequencies with which
microsystems prepared by a and applied to the apparatus characterized by by trigger it according
to b. The values (2.2.1) are just the values the experimental physicist obtains to compare with
the theory: N systems are prepared according to the preparation procedure a and applied to the
registration method specified by by, then one counts the number N of microsystems which trigger
the registration apparatus in a definite way, specified by b. Within physical approximations the
number Ny /N should agree with (2.2.1): the whole statistics of experiments with microsystems is

contained in (2.2.1).

To proceed further let us introduce the set F of EFFECT PROCESSES: F = {(bo, b)|bo € Ro, by #
0,b € R,bCby}. A couple (by,b) in F exactly describes the experimental situation corresponding
to the generation of an effect. We may now write in a simpler way the function (2.2.1): denoting
by g = (bo,b) a couple in F we define As(a N bg,a N'b) = u(a,g), where thanks to A 5 the
function u(a, g) is defined on the whole Q' x F (the prime denoting the set without the element ().
According to u(ai, g) = p(ag, g) for all g € F an equivalence relation a; ~ ag is defined on Q, which
allows to partition it into equivalence classes. We call K the set of all equivalence classes in Q: an
element of K is called ENSEMBLE (or state) and K is the set of ensembles. This is one of the main
definitions, which has been made possible by the idealized axiom A 5. In fact one can partition Q

into equivalence classes even when A 5 is replaced by more physical axioms, keeping the problem of
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combination of preparation and registration procedures into account: for this reason we kept A 5,
thus making the exposition much more compact. Let us stress the fact that an ensemble w € K is
not a subset of M, that is to say, an ensemble w is not a set of prepared microsystems: it is a class
of sets a of prepared microsystems. The difference between ensembles and preparation procedures
is very important, as we shall see focusing on the E.P.R. paradox. Analogously to what has been
done in Q, one can introduce an equivalence relation in F: g1 ~ go whenever p(a,g1) = p(a, g2)
for all a € Q. We denote by L the set of all equivalence classes in F: an element f € L is
called EFFECT and L is the set of all effects. Once again one should not confuse effects and effect
processes. Through f(w, f) = p(a,g) for w € K, f € L and a € w, g € f a function fi(w, f)
is defined on K x £ (in the following we will simply write p instead of f1). For the real function

w(w, f) on K x L we have:
L 0<p(w f) <1,
2. p(wr, f) = plwe, f) Vf € L= w1 = wa,
3. plw, fr) = p(w, f2) Yw € K= f1 = fo,
4. 3! fo € L (also denoted by 0) such that u(w, fo) =0 Vw € W,

5. 3l f1 € L (also denoted by 1) such that p(w, fi) =1 Yw € W.

We denote by ¢ the map which to each element a € Q' associates the corresponding equivalence
class w € K; analogously we define a map % from F to L, often writing 1(g) instead of 1(bg, b)
whenever g = (bg, b). In particular, considering a decomposition of a (a = U, a;, with a; € Q" and

mutually disjoint), we have for all g € F:
pla,g) = Aola,ai)ulaig) Y Aola,a;) =1,
i=1 j

which may be rewritten as
n

u(d(a), f) = Ao(dla), p(ai))p(dlai), f) VfeL. (2.2.2)

i=1

The introduced partitions into equivalence classes of the sets @' and F are most important.
These partitions do not simply amount to make the theory of the considered physical systems
independent from inessential features in the construction of the apparatuses a € Q' and by € Ry.
They have a much deeper significance with regard to the physical theory. For example the partition
of @' depends in an essentially way on which and how many effect processes are physically realizable.
Restricting the set F to a subset F could imply a coarser partition of @'. Axioms about the
extension of the sets @' and F amount to specify the theory one is dealing with, thus indirectly

identifying the described physical systems and the possible realizable experiments.
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2.2.4 Ensembles and Effects in Quantum Mechanics

So far we have introduced the quantities that connect theory and experiment, that is to say the
elements of 9, R, R and the functions A\g, Ar,, A\s. Note that contrary to the usual formulations
of quantum mechanics, neither the statistical operators (or in particular the pure states) nor the
self-adjoint operators (describing the so-called observables) will be used for direct comparison with
experiment: the relationship between mathematical description and experiment exclusively rests
upon the preparation and the registration procedures and the probability function A\s. We now add
an axiom connecting this general theoretical scheme to the usual Hilbert space quantum mechanics

(QM standing for quantum mechanics).

QM There is a bijective map S of K onto the set K of positive self-adjoint operators W on a
Hilbert space H with Tr(W) = 1 and a bijective map  of £ onto the set L of all self-adjoint
operators with 0 < F' <1, so that p(w, f) = Tr(WF) holds where W = fw, F = v f.

Because of QM one simply identifies K with K, £ with L and p(w, f) with Tr(WF'), so that we
can write ¢(a) = W € K, ¢(g) = F € L. The convex set K is the base of the base-norm space
T of trace-class operators on H, while L is the order unit interval of the order unit space B of
bounded operators on H. The Banach space B is the dual of the Banach space T, the canonical
bilinear form being given by (W, A) = Tr(WT'A) with W € T and A € B. The axiom QM cannot
be physically understood or explained in a simple way, and at this level it can only be guessed
on the basis of the correspondence principle. This axiom can be also deduced as a theorem from
physically more motivated axioms, as shown in Appendix A. In this alternative deduction of the
Hilbert space structure the notion of FACE of the convex set K plays a major role. The “finiteness”
of quantum mechanics, typically expressed by the existence of quantized states and not reflected
by the infinite dimensionality of the spaces one is dealing with, is there connected to the notion of

finite face as typical feature of quantum mechanics as opposed to classical mechanics.

Thanks to the identification of K with K, £ with L and the embedding of K in the set T of

trace-class operators on the Hilbert space H we may rewrite (2.2.2) in the form

n

¢la) =Y ro(d(a), ¢(a:))d(as), (2.2.3)

i=1
that is to say a decomposition of ¢(a) € K. Introducing the set K = {A € T|A > 0,TrA < 1} we
shall say that a set (v = 1,2,...,r) of decompositions of a W € K of the form W = " ; Wi(y)
with I/Vi(y) € K is a set of COEXISTENT DECOMPOSITIONS provided there exists a Boolean ring
¥ and an additive measure W (o) over ¥ with W (o) € K such that all VVZ-(”) build a subset of all

W (o) and for the unit element e of ¥ the relation W(e) = W holds.
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After the introduction of QM we call M the set of MICROSYSTEMS. On the basis of the above
formulation of the foundations of quantum mechanics it is clear that the Hilbert space does not
directly describe a physical structure. It is a mathematical tool which permits us to cleverly handle
the structure of the convex set K. Since the positive affine functionals on K are identical to the
elements of the positive cone of B (of which L is the basis), it is the structure of K alone which
determines the physical structure of microsystems. The structure of K also contains the so-called
“wave character” of microsystems: the Schrodinger equation and the vectors in a Hilbert space are

mathematical tools to better “handle” this “wave character”.

2.2.5 Coexistent Effects and the Notion of Observable

Up to now we have described measurements in terms of yes-no responses by suitable registration
apparatuses, which were supposed to describe all possible registration procedures. This approach
seems to be somehow in contrast with the usual attitude of taking as fundamental the notion
of measurement scale associated to each observable. The importance attributed to the notion
of observable with a measurement scale is however due to the relevance that the correspondence
principle assumed in the early developments of quantum mechanics, rather than to well-founded
physical reasons. Starting from Ludwig’s attempt to a better formulation of the foundations of
quantum mechanics we will see how the notion of observable (a generalized one) comes out as
a result of the existence of different registration procedures coexistent with respect to the same
registration method by. The statement that b’ and b” are coexistent relative to a given by amounts
to say that it is possible to JOINTLY MEASURE, for every single microsystem x which has been
registered according to by, whether ¥’ and b’ have given the answer yes (i.e., z € b’ Nb"”), whether o/
or b have given the answer yes (i.e., z € b’ Ub"), and similarly for the other possible combinations.
Given a fixed by € Ry we call a set of coexistent effect processes the set of all couples (by,b) € F
with b C bp; the set of all b C by will be denoted by R(by). The registration procedures b € R(bo)
are said to be coexistent with respect to the registration method by. The set R(bg) is a Boolean
ring, the so called Boolean switching algebra. Such coexistent effect processes are very common
in physics. Take for example as by an array of counters, which may or may not be triggered by
a microsystem passing by: R(bp) is then the set of all possible logical combinations of yes or no
responses for each single counter, accounting for all possible joint measurements. We define as
additive measure over a Boolean ring ¥ a map x from ¥ to a linear ordered vector space such that
0 < x(0) <1 and x(o1 Uo2) = x(01) + x(02) for 01 Noa = 0. As a consequence the map 1)(bg, b),

interpreted for fixed by as a map of R(bg) in L is a positive measure over the Boolean ring R (bo):
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we have in fact, for b C by, b=V Ub", V' Nb" =)

(bo, b) = 1(bo, V') + (bo, b"). (2.24)

This last equation leads us to the definitions of sets of coexistent effects and commensurable decision
effects. We say that a set A C L is called a set of COEXISTENT EFFECTS if there exists a Boolean
ring ¥ with additive measure F' : ¥ — L for which A C F3. In the very particular case in
which the apparatus characterized by by is so constructed that the (b, b) are decision effects
we may introduce a more restrictive definition: a set A C G (where G is the lattice of decision
effects) is called a set of COMMENSURABLE DECISION EFFECTS if there exists a Boolean ring X
with additive measure F' : ¥ — G for which A C F¥. According to (2.2.4) all b’s that may be
jointly registered by a common registration method by always lead to coexistent effects or even to
commensurable decision effects. One expects that the converse is also true, in correspondence to
each set of coexistent effects (or commensurable decision effects) it should be physically possible to

build up an apparatus where these effects jointly appear. To this end we introduce the following

A 9 To each set A of coexistent effects there corresponds an R(by) so that A is a subset of all
1/)(b0, b) with b € R(bo)

Before going over to define what is meant by an observable in Ludwig’s approach and the
relations to the usual definition, let us stress the fact that the introduced concept of joint mea-
surements must not be confused with the so called simultaneous measurements which play such a
relevant role in the standard formulation. The different yes-no responses in the apparatus by need
not arise at the same time, on the contrary in many experiments it is important to consider the
time interval between different responses: consider for example the different droplets forming at

different space-time points in a bubble chamber.

We call OBSERVABLE a Boolean ring ¥ with an additive vector measure F(o) with F(o) € L
(for example the abovementioned v : R(by) — L), indicating it briefly by A = A(X, F(0)). In
particular we call DECISION OBSERVABLE a Boolean ring ¥ with an additive vector measure E(o)
with E(o) € G. Note that we have not identified observables and self-adjoint operators. If the
Boolean ring ¥ is defined in terms of subsets of a parameter space the parameters are called the
scale values of the observable (X, F(0)), or of the decision observable (¥, E(c)). As a matter of
fact every Boolean ring may be represented through subsets of a parameter space so that scales do

not unduly restrict the notion of observable.

The more familiar description of decision observables in terms of self-adjoint operators is ob-

tained as follows. Consider a one-dimensional scale for a decision observable. Let A be the parameter
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of this scale; instead of the whole additive vector measure we can only specify the measures for the
intervals —oo < ... < A, which we call E(A). The E(X) build a spectral family to which corresponds

the following uniquely defined self-adjoint operator
+oo
A :/ NE(N), (2.2.5)

and conversely each self-adjoint operator A uniquely determines the whole spectral family E(\)
and therefore the additive measure on the Boolean ring generated by the intervals —oco < ... < A.
The physical meaning of (2.2.5) lies in the fact that all possible expectation values with respect to
the scale A of any function f(\), for a fixed statistical operator W may be obtained in terms of the

operator A
Bxp(f (V) = [ FO0) du(W. B(Q)) = (W, £ (4).

This is not true in the case of a general observable, because then one has to use instead of spectral
measures the more general notion of POSITIVE OPERATOR VALUED MEASURE (p.o.v. measure),

for which F(A) € L (but non necessarily F(\) € G), so that one still has
Exp(F(V) = [ £ du(W, EV),
but Exp(f(\)) = (W, f(A)) no more holds with an operator given by
“+o0o
A= / NF(N).

We still have Exp(\) = u(W, A), but generally Exp(\2?) # u(W, A%).

2.3 Microsystems as Interaction Carriers

If one considers real experimental setups, one realizes that every experiment with microsystems
is in reality a complicated arrangement of macrosystems, together with the detection of definite
macroscopic processes taking place in the laboratory. So all experiments take place in a macroscopic
background and may be interpreted only indirectly in terms of microsystems. Keeping this simple
fact into account we now schematically show how Ludwig obtained the concept of microsystem as

introduced in Sect. 2.2 starting from the directed interaction of two macroscopic systems.

2.3.1 Preparation and Registration of Two Combined Macrosystems

We introduce two sets My, Ms corresponding to macrosystems of type 1 and 2. We suppose that
both sets may be interpreted as sets of physical systems, i.e., the structures of preparation proce-

dure, registration method and registration procedure are defined on them (denoted by the usual
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symbols with a superscript (1) or (2)). We denote two different experiments with the same system
through two different elements of M; (Ms), corresponding to the fact that the experiment has to be
prepared every time anew. As a consequence the combined systems form only a subset of My x Ma:
if 1 € M is combined with x9 € Mp, it cannot be combined with any other x4 € Ms. Further re-
strictions are due to the impossibility of putting two macrosystems in the very same place. Calling
M. the set of combined systems we have: M, C M; x Ma; moreover (x1,22) € M., (2}, 22) € M,

implies x1 = ) and similarly (z1,22) € M., (z1,25) € M, implies z9 = .

Let us consider two preparation procedures, a(Y) € Q) and a® € Q@ for systems 1 and
2 respectively: we say that these preparation procedures may be COMBINED provided for any
a e oW a® e 9@ such that ® # @ c a0 # @® < a® the relation a x a® n
M, # () holds. The structure of selection procedures over M. generated by I' = {a) x a(? N
Mc|a(1), a® may be combined} will be denoted by Q.. According to experience we ask that to any
a e QW7 corresponds at least one a® € Q) that can be combined with a(!) and similarly in

the reverse direction. Setting (for a(!) x a(® N M, # ()
Ao.(af” x af? N M. af? > af? N M) = Xo, (a1 05) A0, (0, a3”)

a probability function Ag, is uniquely defined on M, in terms of the probability functions Ag, on

M and Ao, on Ms. Q. is therefore the preparation procedure for the combined systems.

To obtain registration procedures and registration methods for the combined systems we start
from the structures R(l),R[()l) and R(Q),R(()Q) on the sets M; and My respectively. We suppose
that if a() € QW o(? ¢ Q(2)’,b(()1) € R(()l)’,b(()2) € R(()Z)’, where a") and a(® may be combined,
the relation (a") N b(()l)) x (a®n b(()Q)) N M, # () holds, that is to say, the registrations on the two
subsystems 1 and 2 do not disturb each other. The system of registration procedures generated by
bW x b2 N M, with bM) € R, b2 € R will be indicated by R., while the system of registration
methods generated by b[()l) X b(()2) N M. with b(()l) € ’R(()l), béz) € 73(()2) will be indicated by Ro.. The

probability function Ag,, on Ro. is determined by asking
/\Roc(b(()ll) x b(()21) N M., b(()12) x b(()22) N M) = ARy, (b(()11)7 b(()12)))‘7302 (b(()21)’ b(()22))a

with an obvious notation. One can show that R., R. satisfy axioms A 2 to A 4, while we still

postulate A 5 for O, Roe, R¢, which indirectly represents a postulate on M..

We denote by S, the system of selection procedures generated by all a Nb with a € Q.,b € R..
According to A 6 we ask S, to be a statistical selection procedure with probability function As,

satisfying A 7. Contrary to the probability functions for the other statistical selection procedures
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we do not ask As, to satisfy (with As,, As, the probability functions for the uncoupled systems 1

and 2 respectively)
s, (a® x a® A M. b x b2 a® x @ A M, N b0 x b)) =
As, (@@ b a® nbM)As, (@@ NP, 0@ N @),

because this equation would correspond to the too simple case according to which the two systems

are not in interaction.

2.3.2 Directed Interaction

We consider the slightly more complicated situation of a DIRECTED INTERACTION between the two
systems: that is to say we consider couples (x1,x2) such that z; acts on zg, but the converse is not

true. This is expressed in mathematical terms by the following equation for As,

As, (@@ x a@ N M, B x 5P 0D x a® 0 M, bW x b)Y = Ag, (@@ NBY 0 D). (2.3.1)

Equation (2.3.1) expresses the fact that the effect process (bgl), b)) when applied to 1 gives frequen-

cies that are independent from the selection a(® N b(02) of the combined system 2. The registration

on system 1 depends neither on which system 2 is put nearby nor on the method used to register

2. When (2.3.1) holds we have

As, (@ x a® 0 M. b x P a® x @ N M, npM x b)) =

As, (@ x a® A M. b < b2 a® x @ A M N e x b{Y)
x As, (D x a® N M. b x B a® x @ N M, NpY x b)) =
As (@D M b a® A bM)Ag (a x a® N M N D x bE a® x a® A M, N bD x b3,
The second factor of the last term indicates a conditional probability and may be rewritten

s, (D xa@nMnbM <P oW xa@ MW xb2)) = Ag, (aPrp™; a@nbP aPnp?) (2.3.2)

giving the probability for a registration on system 2 under the condition that system 1 has been
selected according to a( Nb(M). It seems physically reasonable to assume that the influence of 1 on

2 depends not only on the way 1 has been prepared, but also on the result of a registration on it.
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2.3.3 Interaction Carrier

Exploiting the structures defined on M7 and My we have introduced on M, the structures Q., Roc,
R which allow us to interpret the elements of M. as combined physical systems. We now want to
see how the same mathematical structure can be read in a different way, thus leading to the notion

of interaction carrier.

To avoid confusion we introduce a set M and a bijective map j of M, onto M. All structures
on M have to be introduced through the map j. Supposing directed interactions the probability
function over S, is fixed by the values in (2.3.2). Setting @ = [(aV) N b)) x My] N M,, by =
[M; x (at® N b(()2))] N M., b= [M; x (a® nb®@)] N M. we have the more compact notation

As,(a® x a® A M. b x B2 a® x a@ A M, N 0D x b)) = As,(aNbo,aNb).
We can now introduce the following structures on M:
Q = {ala = j(a),a = (¢ x My) N M, with ¢ € SM}, (2.3.3)
where SM) is the selection procedure generated by all a® N with a® € QW p(H) € RO);

Ro = {bolbo = j(bo),bo = (My x ¢) N M, with ¢ € D@}, (2.3.4)

where D(?) is the selection procedure generated by all a(?) N b(()z) with a(® € Q) b((JQ) € RSQ);

R = {b|b = j(b),b= (M x ¢) N M, with ¢ € S?}, (2.3.5)

with @) defined analogously to SM. Since SM, D@ §®) are selection procedures, Q, Rg, R are
also selection procedures. Equation (2.3.3) establishes a bijective relation h between S and
Q, thanks to which we can introduce a probability function A\g setting Ag(ai,a2) = Aga(c1,c2).
Correspondingly (2.3.4) establishes a bijective relation between D3 and Ry so that for ¢1, co € D)
we may define a probability function over R through the relation Ag,(bo1,bo2) = Age (c1,c2).

According to property A 7 for Age) we have for ag) C a§2) and 6622) C bé?

Ase(a” N7 a8 NBE) = Mg (a7, a8 A (b7 063,

so that Az, is determined solely by Ag@) and )\R(z).
0

Exploiting the structures defined on the set M; and Ms one can therefore show that for O,

A9, Ro, ARy, R the relations A 1 to A 4 hold. Due to the fact that not all a® and a® may be

combined, A 5 will not hold in the general case. This is not disappointing, since we had already
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stressed the fact that this axiom expresses an idealization. To circumvent this difficulty we say
that a € Q and by € Ro may be combined when a € Q,by € Ry and 0 # @ C a,) # by C by implies
anby # 0, setting C = {(a,by)|a, by may be combined}. We shall call S the selection procedure
generated by the set {a Nbla € Q,b € R and there is a by € Ry such that b C by and (a, by) € C}.
The relations (2.3.3) and (2.3.5) then imply that ¢ = j(¢) with ¢ € S, represents a bijective map
between S and S, so that the probability function A\s, may be transported as A on S. In such a
way also A 6 and A 7 are satisfied thanks to the directedness of the interaction. As seen in the

previous section the statistics is completely determined by Ag and the function
p(a, (bo, b)) = As(aNbg,and). (2.3.6)

We introduce further the set C = {(a,g)la € Q,g = (bo,b) € F and (a,by) € C}, over which the
function u(a, g) is defined.

We have therefore shown that Q,Rg, R together with the probability functions Ag, Az, and As
define on M a structure of preparation and registration satisfying the axioms given in Sect. 2.2
(apart from A 5). However the physical meaning of the elements of Q, R, R, as well as of the
probability functions Ag, Ar,, As, is already given by the macroscopic situation of the combined
systems with directed interaction. With respect to Sect. 2.2 we have done a further step in that the
set M with the structures Q,Rg, R has been derived more precisely from the pretheories in terms
of which the two macroscopic systems are supposed to be described. Given this construction one
can understand why the elements of M can be interpreted as INTERACTION CARRIERS. Of course
on this basis one is not led to state the independent existence of these interaction carriers: what
one is really confronted with are in fact the two interacting macroscopic systems. This may seem
disappointing, but it is a natural consequence of the structure of any real experiment, in which one

is actually dealing with different arrangements of macroscopic systems.

Although A 5 is no more valid, one can show that under definite not too restrictive conditions

on C' the relation
ay ~ ag whenever pu(a1,g) = p(as,g) for all g such that (a1,g9),(az2,9) € C
is in fact an equivalence relation. We introduce as before C as the set of equivalence classes; through
a(w,g) = pla,g) with a€w

we may define a function on all couples w, g such that there is at least an element a € w satisfying
(a,g) € C. If it is physically meaningful to ask that for each couple (w,g) € K x F there is an
a € w such that (a,g) € C the function [ is defined on the whole K x F and

a(w,q1) = i(w, g2) forall weK
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gives an equivalence relation on F. As usual we denote with £ the set of these equivalence classes.
Slightly generalizing the definition introduced at the end of Sect. 2.2.2 we say that the elements of a
set M with the structures Q, Rg, R represent PHYSICAL SYSTEMS provided the set I of ensembles
and L of effects may be introduced as shown above. We can also say that the action of system 1

on system 2 is carried by physical systems.

2.3.4 Microsystems as Interaction Carriers

We shall now see in more detail how the notion of microsystem, as something which has been pre-
pared and registered, comes out of this description of the directed interaction between macroscopic

systems.

The structure of M, allows the introduction of a map = : M; — M, defined by x1 — (x1,x2).
Through the map j defined in the previous paragraph we can construct the composed map j :
M, 5 M, ENY V- jm(z1) is then the microsystem x prepared from the preparation system
z1. Exploiting the bijective map h : S — Q defined thanks to (2.3.3) for ¢ € S we have
h(c) = jn(c), where jm(c) = Upe.jm(x). Using the identification of K with K and the map ¢
we have the composed map ¢h : sm" A Q LKW = oh(c) is then called the ensemble of
microsystems prepared by the preparation systems in c¢. We recall that it is sufficient to know
the map ¢h for the special values ¢ = ™™ N bW with o) € QW v e RM . This poses the
so called preparation problem, that is to develop a theory which makes it possible to calculate

W = th(a(l) N b(l)) starting from a macroscopic description of the systems in Mj.

Analogously we can introduce a map p : My — M, defined by x9 — (21, z2). Through the map
j we come to jp: My 2 M, ENY V. jp(z2) then means that the microsystem z was registered
by the registration system xo. Through (2.3.5) a map k : S — R is defined, which restricted to
D) describes a bijective map of D) onto Rg. For ¢ € S@ we then have k(c) = jp(c). We now
introduce the subset of D?) x §?) given by N = {(cg, ¢)|co € D@, ¢ € 8@ and ¢ C ¢y}. Through
the definition k(co, ¢) = (k(co), k(c)) is defined a map k : N® — F, which may be composed with
the map 1 thus giving ¥k : N@ KFEY L, where we have identified £ with L. F' = ¥k(co,c) is
the effect defined by the registration system ¢y together with the registration c. Once again it is
sufficient to know the map ¥k for the special values ¢y = a(?) N b(()z) with a® € Q) b(()Z) € R and
c=a® Nb3® with 5@ € R@ 2 b(()Z). This poses the so called registration problem, also called
measurement problem: to develop a theory which makes it possible, starting from a macroscopic

description of the systems in Ma, to calculate F = 1k(a® N b(()Q), a® NP,

Once we have obtained the expression for the ensemble W = ¢h(c) with ¢ € S and for
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the effect F' = ¥k(co,c) with (cg,c) € N® we can neglect the precise structure of preparation
and registration apparatus and simply speak in terms of microsystems, that is simply deal with
the more familiar quantum mechanics of microsystems. However we are now interested in the
connection between the probabilities Tr(W F') and the macroscopic processes taking place between
the interacting systems. Exploiting axiom QM, for a € @', g € F, with the function p as defined
in (2.3.6) we have u(a,g) = Tr(¢(a)¥(g)). According to the previously introduced relations, for
c1 € SW (cy,cz) € NP we may write ¢(a) = ¢ph(cy), 1¥(g) = 1k(co, cz) and therefore, using (2.3.6)
and (2.3.2) with ¢; = a® NbM ¢ = a® N b(()2), co = a® N3

As, (@ x a® N M. b x b8P a® x @ N M, NpY x 5?) =

Tr (¢h(a® NbO) pk® NbfY, a® No@)) . (2.3.7)

This equation may be denoted as the interpretation formula for quantum mechanics: to the left
we have a probability for macroscopic processes, to the right a quantum-mechanical probability for
the appearance of the effect F = ¢k(a® N béz), a® N b)) in the ensemble W = ¢h(a® N pM).
The Lh.s. of (2.3.7) knows nothing about microsystems, while the r.h.s. is just a statement about

microsystems.

2.4 Einstein-Podolsky-Rosen Paradox

After this brief presentation of how quantum mechanics can be based, according to Ludwig’s
approach, on the objective description of macroscopic devices, we intend to show how sharing
this point of view the E.P.R. paradox becomes no more paradoxical. In keeping with the literature

we take the usual case of two particles with spin 1/2, restricting our description to the spin variables.

We consider a preparation procedure generating correlated couples (1,2) of particles with spin
1/2 in such a way that their total spin is 0. Moreover we suppose, in accordance with experimental
feasibility, that the two particles are emitted in opposite directions, so that they can be measured

without further interaction between the two. The prepared ensemble is given by

1
Py with ¢=—=[uy(Du_(2) —u_(1)usr(2)], (2.4.1)
V2
where uy are eigenvectors for the z component of the spin operator. When the particles are far
apart, we measure on particle 2 the spin in the z direction, that is to say the decision effect P, (o).

According to this effect we can select the ensemble

1 1
Wi = 5P+ 5P (2.4.2)
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for 1 in that we put in the same group all systems 1 for which the effect P, () has given a positive
result, that is to say the corresponding system 2 had spin +1/2 along the z direction. Instead of
measuring the spin of particle 2 in the z direction, we can measure its spin along the x direction
as well. Denoting by v4+ the eigenvectors of the z component of the spin operator the state given
by (2.4.1) can also be expressed as

1

= — v+ (D)v_(2) —v_(1)v4(2)].
¢ \/§[+()() (1v4(2)]
Selecting now particle 2 according to P,, () we obtain for the same ensemble W; as in (2.4.2) the
decomposition
1 1
Wi =3P+ 5P ) (2.4.3)

where the subcollection %Pv,(l) corresponds to the registration of effect P, () for particle 2. The
two decompositions (2.4.2) and (2.4.3) are however not coexistent, they cannot be performed to-

gether.

The fact that an ensemble W; of systems 1 can be decomposed in different ways without any
interaction with these systems, only exploiting the correlations with another system and the effects
measured on this other system, is a certainly intriguing quantum-mechanical feature, typical of
scattering experiments. It is however by itself non-contradictory: the paradox emerges with the

following “plausible reasoning”.

An ensemble as described for example by W in (2.4.2) is given by a big number of particles,
let us say N. The set M' of the N particles corresponding to Wi can be obviously partitioned in
two subsets in different ways, for example M' = M3, U Mj_ with M3, N M3_ = (), where M3, is
the set of particles 1 for which the corresponding particle 2 has given a positive z component of the
spin, and correspondingly Mi_ those for which the correlated particle 2 has given a negative result.
The set M 4 represents an ensemble P, (1) and the set M} an ensemble P, +(1)- Let us stress
again that this decomposition is possible without any interaction with particle 1, simply making
measurements on 2. The same set M! however can be partitioned also in the form M*! = M} UM L
with M} N M} =0, where M} , is the set of particles 1 for which the corresponding particle 2
has given a positive # component of the spin, and similarly for M{ . Mj  corresponds to the
ensemble P, (1) and M 1 to P, +(1)- One might think that both partitions of the same set should
be (at least in thought) possible, in fact one can decide “after” the couples have been generated
whether to measure on particle 2 the z or the x component of the spin, and this is possible without
any interaction with system 1. Taking both partitions one obtains as a consequence the further
partition

M* = (Mg, N M) U (Mg, 0 M) U (Ms_ 0 M) U (Ms_ 0 M)
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where not all four sets may be empty: let for example (M3, NM{,) # 0. Then (M4, NM{,) is a
set of systems 1 in which both the z and the z component of the spin are sharply defined. However
the existence of such a set is even in principle impossible in quantum mechanics, thus leading to a

contradiction.

The mistake lies in the failure to clearly distinguish between a collection of microsystems ob-
tained by means of a preparation procedure and an ensemble, where the latter is represented by a
statistical operator, and in the use of everyday language to describe experiments with microsystems.
In quantum mechanics one has no fundamental mathematical quantity linked to microsystems, only

ensemble appears.

Let us now reexamine the experiment in terms of preparation and registration procedure and
exploiting the notion of ensemble as equivalence class. Given the preparation apparatus a for the
couple and introducing another apparatus measuring the z component of the spin of particle 2 we
obtain three different preparation procedures for system 1: a$ all systems 1 independent of the

result of the measurement on 2; a‘Z’Jr all systems 1 by which 2 has given a positive value for the

spin along z; a‘i’_ the corresponding set in case of a negative value. We have a$ = ai”' U a‘i’_ and
a3t Na}™ = 0. Moreover Ag(a?,a3t) = Ag(a$,a}”) = 1/2. a? = ai" Ua®™ therefore represents a

decomposition of the preparation procedure a3 with equal weights: to this preparation procedure
is associated an ensemble ¢(a3) given in the spin space by Wi as in (2.4.2). To the decomposition
at = a:er U a:f* of the preparation procedure a$ corresponds according to (2.2.3) a decomposition

of the ensemble
¢(a?) = 3¢(a7") + 1(ai ™), (2.4.4)

giving (2.4.2) in spin space. One can however build different preparation procedures, adding to the
apparatus a an apparatus measuring the component of the spin of particle 2 along the x direction,
thus obtaining other three preparation procedures: al all systems 1 independent of the result of the
measurement on 2; aﬁ all systems 1 by which 2 has given a positive value for the spin along z; a%_

the corresponding set in case of a negative value. Again al = aﬁ U a%_ represents a decomposition

of a} with equal weights. It is now fundamental to note that ¢(ai) = ¢(a?). In spite of this

al = alT Ual™ gives a different decomposition of ¢(a}) = ¢(a3):

#lai) = 36(a1™) + §6(ai”), (2.4.5)

corresponding in spin space to the decomposition (2.4.3). We have now two different decompositions

of the set of microsystems:

ai=atUa}” and af =ajtUai, (2.4.6)
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similarly to the previously obtained partitions:
M'= M UM and M'=M{TuUM| . (2.4.7)

Between (2.4.6) and (2.4.7) there is however an important difference: in (2.4.7) we have partitioned
the same set, while in (2.4.6) we are considering two different preparation procedures. Note that we
are not allowed to deduce from ¢(al) = ¢(a?) the relation ai = a3. It is fundamental to take into
account the fact that different preparation procedures may correspond to the same ensemble, the

last being an equivalence class. Keeping track of this let us try to follow the “plausible reasoning”

which previously led us to a contradiction starting from (2.4.6). From (2.4.6) follows
ainal = (@ NaHU @ Nal ) U@ Nai) U@ Naj), (2.4.8)

apparently the same as before. Being a3 Naj™ € Q, if also " Najt # 0 we could define
an ensemble according to ¢(a3™ Nai™). Exploiting the identities ai™ = (a¥" Naj™) UaT, with
adt =¥\ (a3t Na), and o]t = (a3 NaiT) UaT, with a1t = a1\ (e} Nai™), the following

decompositions should exist
o(ai) =Ap(ai" Nar") + (1= No@")  élar") = polai’ Nay®) + (1 = we(ar"),
leading in spin space to the decompositions
P, qy= W +QQ-0W" P, qy=pW +(1—-p)W"

But P, (1) and P,_(1) are extreme points of K, they cannot be further decomposed, so that we
must have either A = 0 and therefore a$™ Na;™ =0 or ¢(ai™ Najt) = P, (1y. But if a" Nay™ #0
we would also have <Z>(a:1)’+ N aﬁ) = P,_(1) which is impossible because P, (1) # P,_(1).- We have

therefore a3t NMaj;™ = (). The same follows for all other intersections, so that from (2.4.8) we have
a?Naj = 0. (2.4.9)

Instead of a contradiction we have now obtained (2.4.9) saying that the two preparation procedures
a? and ai together do not lead to any preparation procedure apart from the empty one: there is
no microsystem which can be selected both according to a3 and to a}. We have therefore seen that
through the map ¢, leading from the subsets a of microsystems corresponding to the preparation
procedures to the equivalence classes, that is to say the ensembles, something of the structure of a

is lost.

A set of preparation procedures coexistent with respect to a € Q' can always be seen as subset

of the Boolean ring Q(a) = {ala € Q,a C a € Q'}. Let us therefore consider the ensembles ¢(a)
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with a € Q(a). If @ = a1 Uay is a decomposition of such an a (i.e., a1 Nag = 0) according to (2.2.3)

we have, setting A = A\g(a, a1)

¢(a) = Ap(ar) + (1 — A)o(az). (2.4.10)

so that (2.4.10) becomes

6(a) = §(a1) + é(an),
we see that ¢ is an additive measure on the Boolean ring Q(a) with ¢(a) = ¢(a). Considering two
different decompositions of the same a € Q', a = a; Uag and a = a1 U as, we have the following

well defined decomposition of a (equal to (2.4.8) for the case aj = ai)

a = (a1 N dl) U (al ﬂELQ) U (CL2 ﬂ&l) @] (CLQ mdg).

Furthermore we have the decompositions a; = (a1 Na1) U (a1 Nag), az = (a2 Nay) U (ag Naz) and
similar ones. All such decompositions go over to decompositions of the corresponding ensembles
#(a), ¢(a1), #(az) and so on. What was impossible for a3, ai is now possible for a single fixed a.
Many decompositions of the ensemble ¢(a) associated to a may be performed together. However
not all decompositions of the ensemble ¢(a) may be obtained from a decomposition a = |Ji*; a; in
terms of disjoint members of the Boolean ring Q(a). Together with a there are other preparation
procedures ¢ € Q' such that ¢(a) = ¢(c) but which could possibly lead to different decompositions
of the ensemble. This clarifies the physical meaning of the definition of coexistent decomposition

of an ensemble given at the end of Sect. 2.2.4.

For the ensembles W € K there are also non-coexistent decompositions and such decompositions
can only be obtained with two different preparation procedures. In particular, with reference to
the example with the two spin 1/2 particles, we may introduce the notion of COMPLEMENTARY
DECOMPOSITION. We say that two decompositions W = 7, W;, W; € K and W = Y, W;, W; €
K are complementary if, given a,a € Q' with ¢(a) = ¢(@) = W and a decomposition a = ", a;
of @ and @ = U, ai of @, with ¢(a;) = Wy, d(ay) = W, the relation a N'@ = (0 necessarily
follows. The two decompositions (2.4.4) and (2.4.5) of ¢(al) = ¢(a3) are therefore complementary.
Every preparation of two complementary decompositions of an ensemble W necessarily requires

the introduction of two mutually exclusive preparation procedures.

The actual paradox in E.P.R. situations comes out if one still believes that microsystems can

be envisaged as “particles” (kind of “tiny spheres”) flying through space and carrying objective
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properties, that is being already distinguishable with respect to a definite property. This picture
may hold in classical physics, where objective properties can be ascribed to physical systems. In
that framework the possibility to determine some property of a system simply by making an obser-
vation on another physical system, exploiting some correlation given by a conservation law, worries
nobody. The problem in quantum mechanics arises because of the existence of non-coexistent
decompositions, and is particularly striking if one considers complementary decompositions of an
ensemble obtained by the measurement of a non dispersive decision effect as in the example of the
two correlated spin 1/2 particles. This difficulty disappears if one considers microsystems as arising
from a structure of preparation and registration: then one can no more burden the microsystems
with intrinsic properties pertaining to them without reference to a registration. What one actually
observes in such experiments is the occurrence of two correlated macroscopic processes. The typical

setup is given by the following scheme,

where system (3) directly interacts with (1) and (2). One may then consider (3) plus (1) as a
preparation procedure with respect to the registration procedure (2) (or, according to the experi-
mental conditions, (3) plus (2) as a preparation procedure for (1)). The registration on (2) depends
on the possible decompositions of the given preparation procedure and only coexistent decompo-
sitions may be performed. Complementary decompositions require the introduction of a different
preparation, that is of a different apparatus (1). Nevertheless the same ensemble may correspond
to these two different preparation procedures, as seen above. Note that in such a description of the
E.P.R. experiment one need not even mention particles or microsystems: one simply considers a
suitable scheme of directed interactions between macroscopic systems and the resulting correlations

between the realization of different registrations in separate space-time regions.

2.5 Summary

In this chapter we have briefly outlined Ludwig’s axiomatic approach to quantum mechanics along
the following line. In Sect. 2.2 we have tried to introduce the notion of microsystem as something
which has been prepared by a preparation apparatus and registered by a registration apparatus. In
particular Sect. 2.2.1 has been devoted to the construction of a suitable statistical theory, which has

allowed the introduction of the notion of selection procedure and statistical selection procedure, in
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terms of which preparation and registration procedures can be built. In Sect. 2.2.2 we have defined a
physical system as a set M with three structures @ C P(M) (preparation procedures), R C P(M)
(registration procedures), Rop C P(M) (registration methods) satisfying axioms Al to A7. In
Sect. 2.2.3 we have constructed ensembles and effects as equivalence classes of preparation and
registration procedures respectively. In Sect. 2.2.4 we have introduced axiom QM determining the
connection between these sets of equivalence classes and the Hilbert space formulation of quantum
mechanics, reserving the name microsystem to the sets M having the three structures Q, R, Ry
and satisfying axioms A1l to AT together with QM. The set K of ensembles is then the convex
set of positive trace-class operators with trace one, while the set L of effects is given by the set of
positive bounded operators smaller than the unit operator. The usual definition of observable is
recovered in Sect. 2.2.5, together with the more general notion of coexistent effects. In Sect. 2.3
we have sketched how the given structure of microsystem can be recovered from the description of
the directed interaction of two macroscopic systems. In Sect. 2.3.1 we have shown how to describe
the preparation anf registration procedures pertaining to two combined macrosystems, restricting
ourselves in Sect. 2.3.2 to the case of a directed interaction. In Sect. 2.3.3 we have seen how the
obtained structure might be reinterpreted in terms of a set M with the structures Q, R, Rg, thus
leading to the notion of interaction carrier, considering the particular case of microsystems (that is
physical systems satisfying also axiom QM) as interaction carriers in Sect. 2.3.4. The link between
the macroscopic and the microphysical interpretation of the observed experimental frequencies is
given by equation (2.3.7). Finally in Sect. 2.4 we have considered the E.P.R. paradox inside this
approach to the foundations of quantum mechanics. The paradoxical aspects of E.P.R. experiments
are simply avoided provided one does not confuse preparation procedures and ensembles (that
is to say equivalence classes of preparation procedures), so that the possible decompositions of
preparation procedures pertaining to a given apparatus are not erroneously identified with the

decompositions of the corresponding ensembles.

In Appendix A we have given a set of axioms alternative to axiom QM, allowing a much deeper
understanding of the physical origin of this axiom connecting the equivalence classes of preparations

and registrations to the Hilbert space structure of quantum mechanics.
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Chapter 3

A Microsystem Interacting with
Matter

3.1 Introduction

In the previous chapter we have tried to briefly outline the main results of Ludwig’s axiomatic
approach to quantum mechanics and in particular: the mathematical structure of the space of
states (to be identified with the set of statistical operators) and observables (to be identified with
the set of effect valued measures) that naturally comes out of this axiomatic foundation; the role
of the notion of microsystem and macrosystem together with their mutual interplay in the founda-
tions and the very structure of quantum mechanics. These two notions appear to be very deeply
intertwined. On the one hand, as suggested by Bohr and substantiated by the extensive studies
of Ludwig, the internal coherence of quantum mechanics and closeness to experimental reality de-
mand that microsystems should be anchored to the objective reality of macroscopic systems (see
in particular Sect. 2.4 about the E.P.R. paradox), on the other hand the success of many-particle
quantum mechanics in many fields of physics shows that some basic features in the description of
the behavior of macroscopic systems can be obtained from the usual quantum mechanical descrip-
tion of its microphysical constituents, simply exploiting the notion of tensor product of Hilbert
spaces. However complex it may be, the relation between microsystems and macrosystems is of

utmost importance and deserves further investigation.

In this spirit, taking advantage of the modern formulation of quantum mechanics that has nat-
urally grown out of the studies of Ludwig and of many other authors (see for example [16, 17, 18]
and references quoted therein), and also trying to keep in mind the lesson of Ludwig on quantum
mechanics, we have tackled the problem of the description of the interaction of a microsystem
with a system having many degrees of freedom, typically matter at equilibrium. The purpose of

this study is twofold. On the one hand, exploiting a simple mechanism in order to obtain the

37
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dynamics of the microsystem from the dynamics of the full macroscopic system, we see that a
typical preparation procedure is indeed to be represented by a statistical operator and not by a
pure state. The accompanying dynamics is much more general and also irreversibility in the inter-
action can be accounted for, expressing the directedness of the interaction between the preparation
procedure and a final registration. This study has been developed in the framework of modern
single particle experiments, whose impressive richness and precision require a detailed quantum
mechanical description. In particular we have considered interferometric experiments, typically
neutron interferometry, which should be most relevant in this connection. Such experiments are
particularly sensitive to the problem of decoherence, which plays a major role in many interpreta-
tions of quantum mechanics (for a recent review see [6]) and is very important also in connection
with the feasibility of quantum computing [19]. The more general expression for the dynamics we
obtain allows in fact the description of incoherent effects in the interaction, a point we will deal
with particularly in Sect. 4.2.2. On the other hand the emphasis in the calculation is toward the
individuation of a general scheme for the description of subdynamics in nonrelativistic quantum
field theory. The key point is the choice of a time scale and of suitably slowly varying variables
on this time scale. In a sense one has to adjust the temporal evolution to the chosen variables,
which are the ones liable to experimental observation. The necessity to introduce such a time scale,
especially in the case of macroscopic systems, is linked to the very definition of an isolated system,
a point we will explain in more detail in Chap. 5. It appears to us that this attitude might be
useful in order to obtain a quantum mechanical description of macroscopic systems. In fact it does
not seem that the huge set of preparation anf registration procedures, and therefore indirectly of
states and observables, that arise if one tries to extrapolate quantum mechanics to a many-particle
system by the tensor product method, are physically realizable. On the contrary the actual set
of states and observables should be tuned to the possible registrations and preparations, which

actually define the system.

The reader should not expect our work to be a direct application or straightforward concrete
realization of the notion of microsystem as obtained by Ludwig. Neither have we solved the Titanic
problem of obtaining a definite state or effect starting simply from some phenomenological macro-
scopic description of a preparation or registration apparatus. We have simply done an attempt,
with an eye both to modern experiments and to typical quantum field theoretical structures, to
a better understanding of some concrete problem of quantum mechanics which might shed some

light on the questions of the notion of particle and of the description of macroscopic systems.
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3.2 Experiments with Microsystems

Consider a source, emitting practically only one particle each time, feeding an interferometer; one
of the most impressing features of quantum mechanics is the fact that the record in a detector of the
output of the interferometer, during a suitable time interval, shows an interference pattern. If the
experimental setup allows detectable events to be produced during the time the particle takes to pass
through the interferometer, thus showing which way the particle went, a two component pattern is
found, respectively affected and not affected by interference. Seemingly the interfering part can be
strongly attenuated, if the probability of detecting events is enhanced, still retaining its visibility.
Let us mention some of the experiments of relevance to the question carried out in different fields in
the last years [20, 21, 22, 23]. It was sometimes claimed, and also appears in textbooks, that the very
possibility of such a detection forces the interference pattern to disappear; such a somewhat strange
expectation is rooted in an exaggerated faith in the so-called state reduction postulate of quantum
mechanics. This postulate is a strongly idealized description of what happens to a quantum system
due to the interaction with a device measuring a given observable of the system; using this postulate
a shorthand explanation of measurement is usually given, based on the idea that a quantum system
must be represented by a state vector 1(t). A much more comfortable situation is met if, instead
of a state vector, a statistical operator o(t) is taken as the basic mathematical representation of a
quantum system [24], as also suggested by the axiomatic foundation of quantum mechanics surveyed
in Chap. 2. This attitude is sometimes considered suitable for applications, e.g., quantum optics,
but not fine enough for more fundamental problems; it is often implicitly assumed that a statistical
operator applies only to the description of a statistical mixture of a large number of microsystems,
while in modern experiments often only one or very few relevant microsystems are present altogether
in the experimental device. In this single-particle experiments it is often argued [25, 26] that the
system is to be described by a state vector. In our opinion, instead, one-particle quantum mechanics,
no matter if one uses ¥(t) or o(t), refers in principle to a statistical experiment in which repeatedly a
single particle is produced, prepared and observed under fixed macroscopic conditions; this does not
oppose the fact that a beam of particles whose interactions are negligible and whose correlations
are irrelevant may be treated in many experimental situations as effectively equivalent to the
former preparation. It is just the modalities of the statistical experiment, which remain unchanged
during the different runs of the experiment, that are represented by the statistical operator (or by
the state vector, when this higher idealization works); this is indeed the striking difference with
classical mechanics, where to each run of the statistical experiment corresponds a trajectory in

phase space. In this context a completely different point of view seems to underlie the so-called
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many-Hilbert-space quantum mechanics, that was recently proposed [27]. In this framework a
wave function is associated to each single-run of a statistical experiment and for example in a
Young’s interference experiment random phase shifts between the two branch waves may arise in
the repeated experimental runs, due to interaction with matter along one of the two branches,

leading to attenuation of the interference pattern [25].

As it is well known state vectors ¢ € H, via the one dimensional projections Py, on H, correspond
to the subset of extreme points of the convex set K of statistical operators in H: they cannot
be interpreted as mixtures of other possible preparations and any o € K can be represented as
0 = >_;pjPy,;. For this reason state vectors ¢ € H are also called pure states. Let us recall a
relevant mathematical result, whose demonstration can be found in [12, 17]: any invertible affine

mapping M on K onto K has the form
Mo = MoM?,

M being a unitary (or antiunitary) operator on H; then, if time evolution is represented by such a
mapping [28], the basic role of pure states for the dynamics becomes obvious and consequently also
the relevance of the Schrodinger equation, of the Hamilton operator and finally the correspondence

with classical mechanics and classical field theory. Summing up in formulae:
Ot = Mtto@to - U(tytO)QtoUT(tatO) - ijpw](t)
J

. d
Yy = Ul(t, o)1y, lh% = Hyy.

In fact the main part of the physics of microsystems can be developed almost neglecting the
concept of statistical operator; a noteworthy exception, however, is given by the definition of the
quantum collision cross-section (a point rarely stressed in quantum mechanics textbooks). The use
of an improper eigenvector up,(x) of H to represent an incoming particle of momentum py in a
scattering experiment is a very useful and in many cases perfectly justified shorthand replacement

of a statistical operator g, built as a mixture of wave packets

o) = [l c(p) IR up(x),

p. denoting the orthogonal component of p with respect to pg, with ¢(p) suitably peaked around
Po, the mixture being performed over the impact parameter b; in this way one can represent the
fact that in the statistical experiment the prepared incoming particle has a large delocalization,
large with respect to the range of the interaction with the scattering center. Just in this way

the concept of cross section emerges from the formalism and apart from the dependence on pg
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substantial independence from the shape of the wave packet is achieved [13, 29]. In conclusion any
time the plane wave picture of the preparation of a particle proves to be working one is dealing in

fact with a statistical operator and not with a pure state.

A reversible dynamics however is to be expected only for an isolated system. If interaction with
an environment is not negligible during the time evolution the question to be raised is whether
this evolution can be simply described by a mapping My, on K; i.e., whether o¢; is uniquely
determined by g4, and not by the whole history {oy;t' < to} before tg, recorded via interaction
by this environment. In this general situation the system becomes the whole complex of particle
plus environment and no disentanglement of the particle’s degrees of freedom is possible. On
the contrary a neat and extremely relevant simplification occurs if such a mapping My, exists:
then the one-particle Hilbert space H and not the Fock-space of the whole system is the relevant
mathematical framework. Let us assume that this simplification occurs, typically due to the fact
that the aforementioned history is forgotten during the time elapsed before g; varies appreciably,
as in the case of Markovian dynamics; nevertheless one can no longer expect My, to be invertible:

then the statistical operator g; acquires a primary role. In differential form the evolution equation

for g is:
dor L M+t -1
- Liot, L= llg(l) - )
t
My, =T (exp dt’ﬁ(t’)) : (3.2.1)
to

In Sect. 3.2.1 we explicitly construct the generator £, of the temporal evolution for the microsystem
showing in a general way how it can be obtained starting from the Hamiltonian describing the local
interaction between microsystem and macrosystem. An essential step is the introduction of a
time scale on which the system is to be described, linked to the irreversibility of the interaction.
To develop the calculations we rely upon a reformulation of the theory of scattering based on
superoperators, that is mappings defined on the algebra generated by creation and annihilation
operators acting in the Fock-space. Quantum statistics is readily accounted for and the mapping
T (2) [see (3.2.16)], strictly connected to the transition operator of the quantum theory of scattering,
plays a central role from the very beginning. The use of the Heisenberg picture, consistent with
the concentration of one’s attention on the microsystem’s observables, allows to keep the whole
complex structure of the macrosystem into account. The generator obtained is of the Lindblad
type, though allowing for unbounded operators. The general structure of such generators, ensuring
that My, maps K into K, is the following [30, 31]:

1

7
Lio = —+ (Hio — oHy) 5

1
5 (Ao + 0Ar) + 7 > LijoL}; (3.2.2)
J
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H,=H}, A,>0, L; being operatorsin H
The relation:

1
Ar=3 > Li;Lyj, (3.2.3)
i

must be satisfied in order that Tro; be conserved. If the particle can be absorbed (3.2.3) is replaced
by

1
A>3 ZL;thj. (3.2.4)
j
If the last term in (3.2.2) is neglected, for a pure state g = [1¢)(¢¢| (3.2.1) yields the Schrédinger
equation:
d
ZTL% = (Ht — ’LAt) wt; (325)

this is the basis for the wavelike description of propagation of a particle inside matter. Setting

2
H; —iAy = me + V(x,t) one can define

V(x,t)
hv

n(x,v,t) =41 — (3.2.6)

as refractive index of the medium, where hv is to be identified with the energy of the incoming
particle: such a description is usually adopted in interferometric experiments to explain how a
block of matter, whose properties are accounted for by the phenomenological macroscopic potential
V(x,t), placed in one of the two branches can induce a phase shift in the corresponding branch-
wave, or, in the case of an imaginary potential, cause absorption [8]. Only in the very special case
of Ay =0, i.e., for a real “macroscopic” potential V'(x,t), by (3.2.3) or (3.2.4) one has L;; = 0 and
(3.2.5) is exactly equivalent to (3.2.2). In presence of absorption A; # 0 implies by (3.2.3) Ly; # 0
for some j; but also in absence of absorption one cannot expect that L;; = 0. Notice that, if one is
not aware of the basic role of (3.2.2) and of the importance of the last term at its r.h.s., by (3.2.5)
one could be confirmed in the erroneous belief that non-reality of the potential V is exclusively
linked to absorption processes. To grasp the significance of the term % > Ltj QLI y for the dynamics

of o let us write the evolution of ¢ due to it in a small time interval 7 in the form:

T - . Li;
Ag:ﬁTr(2Atg)ZLtng;{j, L = J

Z VTIr (2Atg);

(3.2.7)

The statistical operator }_; f/tj QINJIJ- is a mixture of subcollections f/tj gilj related to outcome chan-
nels labeled by the index j; it bears some resemblance with the statistical operator ; PjoP; which
represents, by the previously mentioned reduction postulate, the system after the measurement of
an observable A = 37, a;P;j; (1/h)Tr (2A:0) expresses the strength of the coupling to the incoher-

ent regime. More generally a mapping whose infinitesimal generator is of the form (3.2.2) admits
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measuring decompositions that have been characterized in the context of continuous measurement
theory, initiated by Davies for the counting processes [32, 33] and developed later in full general-
ity [34, 35, 36, 37, 38] (for a recent review see [24, 39]). These decompositions are related to the
operators Lj, responsible for the irreversible dynamics, and clarify what is meant by the measuring
character of a mapping describing the temporal evolution of a system. We will see in Sect. 3.2.5
that (3.2.2) couples very simply the typical wave dynamics, which is responsible for interference
phenomena, with a non-coherent regime. Obviously in many instances the main interest is to put
the wavelike behavior in major evidence; this amounts to make L;; negligible, so that (3.2.5) is
indeed suitable to describe the dynamics. On the contrary more recent investigations, e.g., neutron
interferometry in presence of stray absorption in one path of the interferometer [20, 21], aim at
investigating the competition between wavelike coherent behavior and which-way detection: then
(3.2.1) and (3.2.2) must be considered. In Sect. 3.2.5 the physical interpretation of the dynamics
thus obtained for the microsystem is discussed, showing the interplay between a “purely optical”
regime [such as in (3.2.5) and (3.2.6)] and an “events producing” one, strictly connected to the

presence of the incoherent contribution in the r.h.s. of (3.2.2).

3.2.1 Construction of the Generator

We assume for simplicity that the whole system is confined, e.g., in a box; eventually we can get
rid of this confinement letting the size of the box go to infinity. The microsystem is described in
a Hilbert space H(); energy eigenvalues are F r, energy eigenstates uy, spanning the space HO,
In the following we shall make use of the formalism of non-relativistic quantum field theory, which
will prove to play an essential role in order to obtain a general procedure leading from the second
quantized Hamiltonian H of the whole system, acting in the global Fock-space H, to the generator

of the semigroup £ acting in 7 (#(1) (the set of trace-class operators in H(1).

We shall set:
H=Hy+H,+V

H():ZEfa}af [af,a;LF:%cg
f

where ay is the annihilation operator for the microsystem, either a Fermi or a Bose particle, in the
state uy; Hy, is the Hamilton operator for the sole macrosystem ([Hy,,a¢] = 0), also containing
the potential determining the internal structure of the macrosystem; V' represents the interaction
between the two systems. We shall assume in this paper that no absorption process of the mi-
crosystem occurs: then N =3, a}a, is a constant, [N, H] = [N, V] = 0. The present treatment is

non-relativistic due to the role played by particle number conservation.
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Having in mind to describe situations in which only one particle is observed in each experimental
run, or equivalently a collection of noninteracting particles in each run, we assume for the statistical

operator the following expression:

p= Zaggmafggf, (3.2.8)
af

where o, is a statistical operator in the subspace H% of Hy in which N = 0, representing the
macrosystem and therefore:

apom =0 gma} =0 VY, (3.2.9)

while p is a statistical operator in the subspace HL. of H in which N = 1. As far as the microsystem
is concerned, the dynamics of the macrosystem is not appreciably perturbed by the presence of the

microsystem itself, so we can assume that

dom(t) _ i
dt *ﬁ[Hma Qm(t)]'

The coefficients o4 build a positive, trace one matrix, which can be considered as the representative
of a statistical operator ¢ in the Hilbert space H() spanned by the states uf, 0gr = (uglolur)
(operators in the one particle Hilbert space H® will be denoted by a sans serif letter with a hat).
Equation (3.2.9) indicates that the system has charge = Zf a}af with value zero, i.e., it does
not contain the microsystem, while equation (3.2.8) represents the fact that the system has been

perturbed by the additional particle

Qom =0, Qp=rp

and it therefore presents a new dynamical behavior contained in the coefficients g,; that can be

picked out studying the time evolution of observables of the form
A=Y "a} Aprar = a},(hA|k)ay, (3.2.10)
hk hk

where Apj is the matrix element of the corresponding operator acting in H(). Since we are
interested in the subdynamics of the microsystem we will make use of the following reduction
formula from #, to H() for the expectation value of an observable A of the form (3.2.10) in the

state (3.2.8):

Try. (Ap) = ZAthkh = Trym (A@) (3.2.11)
hk

Considering in particular the operator A = a}ag we have:

Tryy (Ap) = Oqgf-
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To individuate the generator of the semigroup we will consider the evolution of the statistical opera-

tor on a time scale 7 much longer than the correlation time for the macrosystem, thus approximating
dogs(t)/dt by:

Boor(t) _ L1, (04 7) — 0gs(t)] = %

i

{TrHF (a}age_ﬁHTQ(t)e%HT) - ng(t)} . (3.2.12)

T
Exploiting the cyclicity of the trace we will work in Heisenberg picture, shifting the action of
the temporal evolution operator on the simple expression a}ag, thus considerably simplifying the
calculation without introducing restrictive assumptions on the structure of gy, or of the interaction.

Ht t

. i _i
One has to study the expression er™"ayare rHt

, exploiting the fact that the expectation values

(A)y are “slowly varying” if the matrix Ay is “quasi-diagonal” (if Apr = dpx, A is a conserved

charge). To proceed further we introduce the following superoperators (the prime denoting the

adjoint mapping in Heisenberg picture)
i

/H/:ﬁ[Ha']? H6:

i

ﬁ[HO"i'Hma']a V= 7[V> ']7 (3213)

acting on the algebra generated by creation and annihilation operators. Note that the operators

(ap, )" (a},)". . (a'h,)" (ag,)™ (ar,)™. . (ax,)™ are “cigenstates” of the superoperator H{ with
i

eigenvalues £ (37— niEp, — > i1 miE},), in particular:

i

1
Héah = ——Ehah 7‘[6&2 = +h

5 Eha}L.
To calculate (3.2.12), setting U'(t) = ™' we evaluate U'(t) (a}az) with the help of the following

integral representation:

U't) (ahar) = U'(t)a},) U (t)ax)
Fico+n _ Ficotn d _
= / 71‘€z1t {(21—7‘[/) 1aﬂ/ 72'622t {(ZZ—IHI) lak}.
—i0041n 271 —ico+n 27
Let us stress at this point the relevance of the formalism of second quantization. The operator
quantities of interest can be expressed in terms of products of creation and annihilation operators.
The study of their time evolution may thus be reconducted to evaluation of field operators of the
Mt t
ap

form e connecting in the Fock-space subspaces with n and n + 1 particles (and similarly for

My connecting subspaces with n and n— 1 particles). Thus, even recovering at the end the usual
one particle quantum mechanics, the Fock-space structure plays a central role and accounts for the
similarities between this simple case and the description of macroscopic systems (see Chap. 5). For

the mappings defined in (3.2.13) identities hold that are reminiscent of the usual ones in scattering

theory:

(z=H) "= =Hy) 1V E-H) T = 1 1) TV (e -y T (3.2.14)
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In particular we can introduce the superoperator 7 (z)

1

T =V +V(e-H)"V, (3.2.15)

satisfying
(z—H) " = (z—Ho) " + (2= Ho) T () (2 —Hp) ™

and

T()=V + V' (z—Hy) 'T(2), (3.2.16)

corresponding to the Lippman-Schwinger equation for the T-matrix. Taking into account the fact
that [H, N] = 0 one can see that the restriction to HL of the operator 7 (z)[a)] has the simple

general form:

ihT(2) [ak]lﬂ}w = Z T]} (thz)ay, (3.2.17)
f

and similarly, taking the adjoint

—ihT (2 Z Tf (thz)] } = ZT (ihz)a
f

where T’} (2) is an operator in the subspace H%. This restriction is the only part of interest to us,

since we are considering a single microsystem. One can also express T’} (z) in terms of T(z) as
T (2)arlahpo = Th(ihiz) (3.2.18)
F
—ihahT(z)[aTk]m% = TFi(ihz").

Denoting by |A) = |0) ® |A) the basis of eigenstates of Hy, spanning HY, Hn|\) = Ey|)\), and
exploiting (3.2.17) we obtain the following explicit representation of U’ (t>ak|H}w as a mapping of
H1L into HY:

Fiootn dz 1 1 1
u/ t — / ezt |: :|
(8)tk s, —icotn 2mi S Mo = Ho T(Z)z — M W,

1
ak—I—Z_H, - ZTf (ihz) af]

/+ioo+77 dz ,, 1
= - e —_—
—ico+n 211 z+ %Ek

= €k ktak—f—.* - € - - ar.
ih St 2w (24 1) (2+ 4(By + Ex — Ex))

gy Ly [T INYN TS (ih2)|N) (A
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Since these expression will be considered for values of the complex variable z of the form iy + 7,
we can replace By — Ej +ie, By — Ey + 2ie, n > € > 0, without introducing singularities and

obtaining an expression that depends smoothly on the parameter e:

. 1 /+z‘oo+n dz IN)N[T5(ihz) [ A) (A

e whrlg, + — 5. € . ; af
ih o et 2w (24 1B — §) (2 + £ (B + BEx — Bx) - 2§)

The operator T (z) has poles on the imaginary axis for z = (i/h)(eq — €3), eq being the eigenvalues
of H. In the calculation we shall assume that the function 7(z) for Re z ~ ¢ with € > ¢ (4 typical
spacing between the poles) is smooth enough, so that the only relevant contribution stems from
the singularities of (z — H})~!; this smoothness property is linked to the fact that the set of poles
of (z — H')~! goes over to a continuum if the confinement is removed yielding an analytic function
with a cut along the imaginary axis, that can be continued across the cut without singularities if no
absorption of the microsystem occurs. More precisely 7T (iy + ¢) is considered practically constant

for variations Ay ~ h/71y, where 7y has to be interpreted as a collision time. We thus come to

/ ~ —iEkt
L{(t)a;m_[}F ~ e nikay

e—%EkH—%t _ e—%’(Ef-s-EA—EA,)t-s-Q%t

)\/
+Z’ ) Ey,+Ey — Er — E) — ¢
AX
f

(N|TH(Ey + ie)|\)

N|T% (Ef + Ex — Ex + 2ie) — Th(Ey + i) |A)
[Ef + Ey\ — Eyx + 2i5] - [Ek + iE]

H(BEf—Ex—E\/)t+25t (

+e (Mag.

The last term of this expression is a sum, with different phase factors, of increments of the T’J‘é(z)
operator with respect to its energy dependence and may be considered negligible on a time scale ¢
much longer than the correlation time for the macrosystem: we are thus working on a time scale
long enough to ignore fluctuations from the non-perturbed state for the macrosystem. We are left
with

FEt

/ ~ —nlk
L{(?ﬁ)akm}D ~ e rFag

e~ FEktTRt _ o (Bf+Ex—Ey)t+25t

/ lTk E .
+§7‘ Bt By — By — By —ie VT Bk i)V Kay,

f

and similarly for the adjoint map
LEpt
U'(t)azm% ~ etabnlgl

er Bttt _ o3 (BgtEa—Eq)t+25t

Ep+ Ey — By — Eq + ic

—i—Za |ae)( a!T’” Ey +ie)|d Y ’\

g9
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Multiplying the two expressions we have

U (ahar) py, = e~ alay

F(Br=BEp)t+it _ o5 (Bpt+Ey—Ef—E\)t+245t
eh R eh F ‘
+Z Ek—i-E)\/ _Ef_E)\—Z€ GIL‘A/><A/’T’}-(EI§+Z€)‘)\><)\‘af

AN

L(Bp—Bp)t+ st i(Bg+Ea—E—E)t+25t
eh h eh o 3 .
2 Ep+ By — E, — By + i afla)(a|Th (B + ie)|a’) (o |ax
(0% g «

aa/

g9

a| THM (B, + ie)|o (| Tk (Ey, +ig)|\)
oot Eg—i-Ea—Eh—Ea/—ZEEf+E)\—Ek—Ea/+lE
gf
% [e%(Eh—Ek)t+2%t - e%(Eh—f—Ea/—Ef—E)\)t—f—Zi%t
_e%(Eg—i-Ea—Ek—Ea/)t—s—?)%t + e%(Eg—Q—Ea—Ef—E)\)t—HL%t} . (3.2.19)

On a time scale t, 79 < t < 71, where 71 represents the typical variation time inside the reduced

description, i.e., considering suitable slow variables, so that

E, - E 1 En+ Ev—E;—E 1
BBl 1 Bt BEv B =B 1 (3.2.20)
h T0 h T0

we keep only the linear contribution in ¢ for the first three terms of (3.2.19), while the last expression
requires a more complex handling. In the limit of no confinement the set of eigenvalues {£,} and
{E\} becomes a continuum, expressions of the form (o’ |T]; (z) |\) become analytic functions for
Re z > 0, having a cut on the imaginary axis and the existence of the limit § — 0 (& being
the typical spacing between the poles) can be reasonably assumed. The analytic continuation
across the cut can be considered and one can assume that the singularities of this continuation
are located in the left half-plane far enough from the imaginary axis to give contributions that
rapidly decay on a time scale ¢ much larger than the correlation time for the macrosystem. In
this way a further simplification of the last term of (3.2.19) becomes clear: if the sum over E, is
eventually replaced by an integral and the integration path shifted inside the complex E, plane, the
contribution of the term exp[(i/h) (E) + Eo — Ey — E))t + 3(¢/h)t] can be calculated by shifting
the integration path for E,s in the upper half-plane; then only the contribution of the singularity
1/(Ey + Eo — Ef — E) — ie) lying in the upper half-plane must be considered, so that replacing
Ey by Ey = (Ex+ Ef — Ej, +ic) the term becomes exp[(i/h) (E}, — Ey) t+2(e/Rh)t], and similarly
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for the other terms. The last contribution of (3.2.19) keeping (3.2.20) into account becomes

a\ThT(Eh +ig)|a) <0/|T’]3(Ek +ie)|\)

N2 t al
20; | E—I—E —Eh—Ea/—i€Ef+E)\—Ek—Ea/+i€
af

(Alay

We have finally, denoting by £’ the generator of the time evolution in Heisenberg picture

Uu'(t) (a;ak)mlp = ahap +tL (a)ar) (3.2.21)
= azak + %t(Eh — Ek)a}lak

— ftZa;LTf (Ey +ic)ay + ftZaTThT Ey, + ig)ay
f

(| Th (B + ig)|o/ | TR(Ey + ig) |\
P50 S gy T ORI E i
o/ E + E, —Eh—Eal—’LEEf—l-E)\—Ek—Ea/—i-Z&

gf

(Alay

Let us define the operators

T = N alTl(E, +ic)a, (3.2.22)
ar

Tt — Zangf , +ig)ag

1
R = 2e(N[TH(E), + i
zf: A ;[ﬁ( | f( k+2€)Ef+Hm_Ek_EA+iE

1
R}Y af

1 1
REL)]\T = ZaRhAg Za [ E + Hy — Ep, — E\ —ic ThT(Eh+Z€)|A>]

so that we can write

L' (a}ar) = - [Ho, a},ai] + ;z [ T o ]ak + hah [Tm ak] - ZRQ/}\TR,E)]\

h )

Introducing the following one-particle operators

Vi = YgrarVigag = %[Tm"i"T[lH} = Zgra;% {T:J(ET"‘Z'*?)‘FT?T(EQ"‘Z'E)}@
r = ¥ aflhga, = §[TW T = 5 a1l [T5(B, +ie) = T¢(By + i) a
(3.2.23)
so that

T = vl — il vl =yt i — it
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the generator of the time evolution may be written
£ (ahar) = 7 [Ho + VI, ahay] - {[ I, o} ] g — af, [T, 0]} + ZR iR (3.2.24)

Let us observe that V,4, and I';4 are not c-number coefficients, but operators acting in the Fock-
space for the macrosystem; they are connected respectively to the self-adjoint and anti-self-adjoint
part of what can be considered as an operator valued T-matrix. The last contribution displays
the “bilinear structure” of the third term in the r.h.s. of (3.2.2), connected to irreversibility and
complete positivity and not reproducible in the Hilbert space formalism, even resorting to an

interaction potential which is not self-adjoint.

3.2.2 Particle Number Conservation and Complete Positivity

We now want to check that (3.2.24) accounts for particle number conservation, that is to say
L'(N) =0 and therefore U'(t)(N) = N within the approximations so far introduced. Due to

> [0} an =T, Y] [0, 0] = —T
h

h
we have

L(N)=—-Tl 4 2 ZRh/]\TRg/\,
which is equal to zero provided

£t~ 15 Rl

that is to say

- E:RMSR}W (3.2.25)
or
TM(E), 4 ig)|n) (n|Th(E}, + ig)|\)
[ [T3(Ey +ie) — T4 (EBy +ie)] = 26 3 (al T r AL
i[T7(Es + ie) — T((By + ie)] "2 |a>E5+Ea—Eh—En—ieEr+E)\—Eh—En+i€< |

nh

The r.h.s. may we written
(lasT (3Bn+5) [ap] ) 0T (=4 Bn+ 5 ) [an) a}|3)
o[£ (Bu+ By — Bs— Ba) — £| [~4 (Bu+ By — B, — By) — £]

(Al

=2 Y[} ool T (550 + 5 ) ] InalT (=5 Bn+ 5 ) los] o)A
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and exploiting (3.2.20)

al
nh

1 1 € 1 €
~=h) [|a><a, S|WT (hEh + h) [ay] [n)(n|T (_hEh + h) [an] [A, ) (Al

e e sIT (0 + ) ) Wl T (Bt 3 )l |A,r><A|] .

To proceed further we use the identity

1
z—n—H,

2n 1 /
= |1
T(z+mn) { +Z—U—H6}z+n—7{’v’

obtained starting from (z — Hj)) ' T(2) = (z — H')"' V'; in particular we have

1 ) €
lE'h_%_f”é (h h+h> [ah]

2
2(e/h 1 j
- 1+i (8/5) /‘|i c ,(H,_ZEh)aTh
7Bh =5 —Ho] gbntp—H h
h 2 1 1
:aT + - 8/ CLJr +2() CLT
Y S h) iB,—&—HyiE,+5—H "
~ al.
As a result
1 :
S BB =~ Y [Ja){asslal o) (ol THEL + i)W
hA al

nh

10 (el =T (By -+ i)l nlan A r) 0

= i[T3(Es +ie) — T (B, +ig)],
so that (3.2.25) is satisfied.

The structure of (3.2.24) is such that U’(t) satisfies a property analogous to complete positiv-
ity [16, 17, 30] when applied to a couple of creation and annihilation operators, in fact we will show

that

n

3™ el () [Z az<h\ézéj\k>ak] 0) > 0
hk

ij=1
with n € N, {¢;} vectors in Fock-space, {BZ} operators in the one-particle Hilbert space H).
Setting

[Pm,ak} — _F, [F“Laﬂ —F, Hy+vll=c
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we have in fact, at first order in ¢

D (il (1) [Zah h|B; J!km] |¥5) =

3,j=1

= Y S (nIBIB;|k) (Wilafak + tL (afar)|;)

ij=1 hk

n o Z T
= > > (hIBIBjlk)(wil {ah + 1t [Can] - ch]

ij=1 hk h

1 t
X [ak +tﬁ [C,ax] — hF} ZRQ)\TR K

= Z(anzh:h“y’g wz |:ah+th[c7ah]_;Fh}T>

g =1

—_

X (i:zk: |B |k) [ak—i-th [C,ag] — ] ]%))

Jj=

Lty
h

(i fmwuwﬂﬁ(izwmm ﬂw)
k

gA =1 j=1

2

-

Il
—

R

S0l818)[on-+45 10— 1 )

J Hr

2

¥ >0  fort>0.

Hr

t
h

S5 (g1By k) R )
k

j=1

>

g

3.2.3 The Master Equation

Exploiting the reduction formulas (3.2.11) and (3.2.12), together with (3.2.21), we come to the

master equation for the statistical operator describing the microsystem

d

212 = T (£ (aar) p)

1
= +%(Eh — Ex) ZTYHF (a}laka})gmaquq)
Pq

__ Z Try, (a ( Tf Ep + ZE)afameanpq>
qu
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) .
+ﬁ Z Try, (a;T;”(Eh + ze)aka;gmaquq>
pag

+2 > Try,

Aaa’
pagf

') <a|T§”(Eh +ig)|a’)
Eg—i-Ea—Eh—Ea/—iE

ITYE AN
Ef + By — By — Bo e 10 pOmace

which due to (3.2.9) and using the decomposition om = >-¢ m¢|€) (§| becomes

d

i
o = ——(Ex—E
dtQkh h( k h)Qkh

_% 3 Ty, [T’}(Ek + ie)gm} Qfh
f

—i—% > orgTra [T;”(Eh + is)gm}
g

Iy ITHEL +ie)le) (EITH (Bn + i) )
R Byt Be— By By +ie B, 1 B — By — By —ic
gf

The master equation describing the irreversible time evolution of the statistical operator on the

chosen time scale can also be written:

d

i i i L1 .
%= "7 (Ex — En) okn — 7 > Qrropn + 7 > OkgQhg + 7 > (Lae)rs 08g(Lag)yy  (3.2.26)
g gf

f i

the quantities appearing in (3.2.26) being defined in the following way:

Qrs = Truy [THEx +ie)om(®)]
Qrg = Trup [TZ*(Ethz'e)gm(t)] (3.2.27)

e AT B +i2) E(t)
L =
( )\é)kf Ef—l-Eg—Ek—E)\—i-Z&‘

If we now introduce in H() the operators I:IO, Q, I:Ag and 0

(glHolf) = Erdgr,  (9lQf) = Qurs (9llaelf) = (Lane)ypr  {9lolf) = ogr (3.2.28)

eq. (3.2.26) becomes:

il - {7} S r22
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where X R
. —_ Ot
, M= iQ 2Q ) (3.2.30)

Q+qQ
2

V=

Verification of the conservation of the trace of the statistical operator within the adopted approxi-

mations leads to the following relationship

.1 .
M~ B L;\éLAg,
3
and therefore to:
do 7 [~ - 111 “oa 1 PN
E = _ﬁ [HO +V, Q] — ﬁ {2 Z L;{L)\g, Q} + ﬁ Z L)\gng\& . (3.2.31)
I3 €N
In particular we have the relations
(EIVIf) = Ty, (Vigom) (EIFLf) = Trap (Tkpom)
(ElLxelf) = /FeRiaglé) (Il f) = melEIRLy,

3.2.4 Structure of the Generator

Our formalism points to the matrix T%(z) given in (3.2.18), whose entries are operators on the
Hilbert space of the macrosystem, as the basic mathematical tool to describe the physics of the
microsystem: we will show that it yields all relevant quantities and, in our opinion, could be a
sound starting point for phenomenological assumptions. T ’,‘; (z) bears a connection to scattering
theory, as it is clear from (3.2.16); it is also related to the thermodynamics of the macrosystem
being an operator on H%. To help clarifying this connection we consider a simple case in which

T’,i (z) can be explicitly calculated. Let the macrosystem be composed of non-interacting particles
H, = Z EnbLbn,
n

where b}7 is the creation operator of a particle in an eigenstate v, with energy E, (either a Bose or

a Fermi particle), and let us make for the potential the following natural choice

V=>" a;bgvpgqnaqbn.
pEqan

Recalling that we are describing a single particle and exploiting the superoperators introduced
in (3.2.13) and (3.2.15) we can calculate T% (z) as defined by (3.2.17). To do this we bring to
normal order the creation and annihilation operators associated with the macrosystem and restrict

ourselves to a one mode dynamics, in which, apart from statistical corrections, only one creation
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and one annihilation operator of the type b appear: that is to say we neglect three particle collisions.

Then one obtains:

1
TH(Ey +ie) = Y bk, &[VP +v@
/ %7: ¢ E§+Ek+i5—<H(§2)+VL

) VL’f’ n)bna

where ¢ is a positive quantity and the following relationships hold (4, — signs stand for Bose and

Fermi statistics respectively),
2
(k. E1HG | fm) = (Ef + Ey)disdey

(k,EVLIfm) = (1% blbe) (k, V| fm) = (1 £ blbe) Vie g (3.2.32)

here the superscript (2) denotes operators in the two-particle Hilbert space and statistical cor-
rections for scattering in the medium are taken into account in the potential term V7, implicitly
defined by (3.2.32) and by the usual resolvent series (see Chap. 5). The connection to the familiar
T-matrix is evident. A formally similar result holds if we make no restrictive hypothesis on Hy,

but assume an interaction potential of the form:
V= Z @;%|C><)\’V})qu7
PCaA

where [¢) and |\) are eigenstates of Hy,. In this case one has:

1
E¢ + By +ic — (Ho + Hm + V)

THEy +ig) =>_[O)(k, ¢V +V
CA

VIF A AL

where:

In the general case the exact evaluation of T% (z) is a very difficult task, if feasible at all, like the
treatment of scattering of a microsystem off a macroscopic system. In this context phenomenological
or approximate expressions can be usefully introduced, as is usual practice in the description of real
systems; an opportunity suggested by the very formalism. Formulas (3.2.14) and (3.2.15) are clearly
reminiscent of the usual identities satisfied by the resolvent operator in the theory of scattering. The
mathematical framework is however quite different, since we are now dealing with superoperators.
The quantity to be related with the usual T-matrix is the operator T¥ () of (3.2.18), acting in the

subspace HY, that is to say a second-quantized operator for the macrosystem.

Before applying (3.2.31) to a concrete physical situation it can be useful to gain some further
insight into the structure of the operators appearing in it. As already said the quantity that the

formalism suggests as a natural candidate where to put in suitable phenomenological expressions is
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the operator T];é (z), an operator whose trace over the Fock-space for the macrosystem calculated
with on, gives the value of the T-matrix for scattering from state u; to state u; averaged over the
state of the macroscopic system. A quite general phenomenological expression can be obtained in

the following way. Suppose that 7 (z) has the form

T(z) = % [T(ihz),-],  T(z)= 3 albiToasu(z)agby,
kXfu

with bf, b creation and annihilation operators in the Fock-space for the macrosystem. We thus have
ihT(2) Z b\ Tior fu(iliz)agb, = ZTf (ihz)ay,
Afp f

and supposing translation invariance in the interaction kernel:
b2 = S W T = [ d [dy o 0wyt x -y y)ek).  (3:2.39)
Ap

Such an Ansatz amounts to introducing an effective potential which should give in Born approx-
imation the full scattering amplitude. As a result the potential term in (3.2.31) is linked to the
scattering amplitude, as we shall see in Sect. 4.2.1, while the incoherent contribution is generally
connected to the scattering cross section. To realize this let us consider the last term of (3.2.26),

keeping the proposed Ansatz into account:

XY [ dy i) g E T () W (ov ) (e (1)
AN fg

)\//

<oral0) [ a5 [ B WO ) ), (23

and let us specialize to the case of a diagonal matrix element. Supposing the statistical operator for
the microsystem is quasi-diagonal and the macrosystem is at equilibrium, so that gn|\) = Q;\n’)\>,

we exploit the usual representation for the delta function, thus obtaining:

ZZ*(S Ek—FE)\—Ef—E)\/)
[ASY

&y uj (y) A (X)E (By, + i, x — y) »(x)|NVus(y)| ohors(t).

In this formula one has the typical transition probability between an initial state f, A’ and a final
state k, \, averaged over all possible initial configurations and summed over all possible final states
for the macrosystem, that is to say contributions from both coherent and diffuse scattering are

included. It might be instructive to show in a different way the connection between the last term
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of (3.2.26) and the total scattering cross section, referring to a famous paper by van Hove [40].
Taking for concreteness the Fermi pseudopotential (see Sect. 4.2.1 or [41, 42]), whose Fourier
transform is simply the constant V = %b, we evaluate the diagonal element of (3.2.34) assuming

that the uy are given by plane waves (the indexes f,g,h, k becoming momenta), thus obtaining

[N(x) = w*(x)¢(x)]:

= = T

AN
. /
o)) YINGODY P slalP s
%(P+%q) +Ex— Ep— Ex +ic
AN N i
% (Alem(®)] V) NN GIX) il (P-9)]y,
%(P_%Q) + by — Ep — Ey —ic

and supposing o such that the energies in the denominators may be considered approximately equal,

introducing the Wigner function for the neutron

g iyq R
fw(x,p) = / rhp " (p+14ldlp — 1a)

one easily has

(27771) v /ng/dt/di’*re LB )+ (Polr

X /d3XfW(X,P)<N (X - ;) N <X + ;,t>>,(3.2.35)

where (...) = Try, (... om), and N(x,t) denotes the operator in the Heisenberg picture. We have
thus recovered the typical factorized structure appearing in the expression for the scattering cross
section of a neutron off a macroscopic system: square modulus of the Fourier transform of the
interaction potential times the dynamic structure function depending on transferred momentum
and energy, with the refinement that it is here weighted according to position and momentum
distribution of the incoming particle. For the non-diagonal matrix element one can expect to obtain
analogous results if the quantities appearing in (3.2.34) are sufficiently slowly varying functions of

their arguments, so that, in the continuous limit, an interpolation formula of the form

/‘5 9(§)
(a+E&+ie)(B+E—

with ¢g(§) a suitably smooth function may be used. The failure of such an approximation and thus

o~ [dea@sE+ O~ [deo©sat o). Jo-pl<e

the relevance of the actual value of the parameter ¢ in the final expression might be traced back to
the breakdown of the approximations that have led to the Markovian evolution generated by the

master-equation (3.2.26).
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3.2.5 Physical Discussion

To elucidate how an equation of the form (3.2.29) or equivalently (3.2.26) may be well suited to
describe an interplay between a purely optical (that is wavelike) dynamics and an interaction with

a measuring character let us introduce the reversible mappings Ay = Upiryr - Ug,,t,, where
i t” “ A
Ut”t’ =T <€h t/ dr (HO+ZQ(T))> s (3236)

corresponding to a coherent contractive evolution of the microsystem during the time interval [¢’, ¢],

and the completely positive mappings

L = Lae(t) - L (Hmeqe), (3.2.37)

whose measuring character may be inferred from the discussion following (3.2.7). The structure of
the operators L a¢ [see (3.2.27)] further shows that these mappings may be linked with a transition
inside the macrosystem specified by the pair of indexes &£, A\, as a result of scattering with the
microsystem. Under very particular conditions, strongly enhancing the measuring character of
the interaction (as would be the case for a detector), these transitions could be macroscopically
detectable, thus leading to a localization of the particle. To indicate such interactions we will

therefore use the word “event”.

The solution of (3.2.29) can be written as:

o0 = Augbty + Y / dt1 Aty Lag e, (1) Atyto Ot +

A1€1
+ Z / dto dtl Att2ﬁ>\2§2 (t2)«4t2t1£A1§1 (tl)Ahto Oty + - .- (3.2.38)
A1€1
Ag&2

which can be interpreted as a sum over subcollections corresponding to the realization of no event,
one event, two events and so on. To see this let us perform some measurement on the microsystem
at time t, associated with an eigenstate uq of some observable A. Then by (3.2.37) and (3.2.38)
the probability p,(t) of the result « for this observable at time t has the following structure:

Pa(t) = (ualAwy0tolta) + Z dtl (ual At Larg, (1) Aty 1o 0t | ua) +
A1é1
+ Z/ dto dt1 Ua|v4tt2£/\2§2(tQ)At2t1£A1§1(tl)AtltOQto‘Ua> (3.2.39)
A1€1

A2€2
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Let us assume for simplicity that the initial preparation gy, is a pure state g, = |1,)(¥4,], then

the first term in the r.h.s. of (3.2.39) has by (3.2.36) the form:
o —i (" ar (K +iQ(r
(bt ) = el w)E, wit) =7 (& F 0T8O s

and it gives the probability of measuring A equal to o at time ¢t when no event is produced in
between the preparation of the state 1y, at time ¢y and the measurement of A at time t; the trace
of the first subcollection p{ = Try,a)Aw, 01, = H1/)(t)\|2 gives the probability that no event happens
in the time interval [to,t]; then apart from the fact that p) < 1 (p? is a non-increasing function)
the usual statistical interpretation of the wave-function is recovered. The integrand of the second
term (ua|Ase, La,e, (t1) Aty 10 010 |tia) can be interpreted as the probability of detecting A equal to «
at time ¢, when the transition A\1&; happens in the time interval [t', ¢’ 4+ dt'], while no transition A&

happens in the time intervals [to, '], [t + dt’, t]; in other words the expression

t
. dtq <u04 ‘Ath £A1€1 (tl)Atﬂfo @to ’u0z>
0

gives the probability of A equal to o at time ¢ when one and only one event linked to the transition

A1&1 happens in the time interval [tg, t], while

t
p% = Tr’}-[(U <l dt]. Att1 E)\lfl (tl)Aht() @to)
0

is just the probability for this sole event in the time interval [tg, t]. While the first term in the r.h.s.
of (3.2.38) is a pure state, provided g, is, the second one, due to different transition times, is a
mixture. The other terms of (3.2.38) provide the almost obvious generalization describing repeated

production of events A¢.

If the macrosystem is an interferometer, the role of the first term is enhanced by the experi-
mental situation, nevertheless if one can monitor the path followed by the microsystem inside the
interferometer, then the other terms also become relevant. If at the output of the interferometer
an interference pattern is observed, some disturbance by an incoherent background due to these
terms is unavoidable. Obviously such disturbance can be made negligible if the experimental setup
is such as to “automatically” select only coherent contributions. This is the case if the disturbance
originates in scattering and the acceptance along the whole path is small enough as in neutron
interferometry, however, forward scattering cannot be eliminated, so, even simply relying on the
present general theoretical framework, one should expect that the first term of (3.2.39) cannot
account for the whole experimental evidence (see also Sect. 4.2.3), and this could explain some dif-

ficulties that have been reported in the interpretation of neutron interference experiments, without
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resorting to a reformulation of quantum mechanics, as proposed by [27]. A more precise insight

into the structure of the operators Q and L can be obtained introducing the field operator

X) = Zafuf(x), ay = /d?’xu}(x)w(x),
f

and writing instead of (3.2.17):

ih (T ( /d 'T (x,x/,ilz) (x).

Then (3.2.18) becomes, assuming also translation invariance

/d3 d*’ uf (x)T (x — %', 2) w (x') = /dSX % (X, 2),

TH(X,2) = /di%« ul (X + ;) T (r,2) u (X - ;) . (3.2.40)
In correspondence with the representation (3.2.40) of T (z) one has a similar representation for
(Lxe) s

(Lag)ys = /d?’X [Lae(X)]p5
simply obtained substituting (3.2.40) inside (3.2.27). Now one can expect that the transition A
can be in some way “localized”, i.e., a region wye C R? can be specified such that [r‘)\f(X)]kf is
practically negligible V&, f if X is outside wy¢; then the last term of (3.2.29) becomes
d*X L t) [ XL (X
hZ/w /\6 )o(t) one Ag( ),

thus providing an association of the event A to the region wye.

The set of variables Ny¢(7), 7 > to, Nxg(7) being the number of transitions A¢ up to time 7,
define a multicomponent classical stochastic process for which probability distributions and descrip-
tion of statistical subcollections at times 7, conditioned by the values Ny¢(7), can be given. This is a
straightforward generalization of the typical counting process considered by Srinivas and Davies [33];
e.g., the probability that in a time interval [r,72] there are N events related to transitions
A1, A€o, .., ANEN(AE), belonging respectively to certain subsets o1 € I'y, 00 € T'y,,...on € Ty,
(XA and £(t) belong respectively to the spectra A of Hy, and Z(t) of o (t), which are practically a

continuum, and T’y is a o-algebra on A x Z(¢)), when no event happens before 71, is given by:
P7'1,7'2 (Na U) =Tr (‘FTL’T? (Na U)Aﬁto@to)
where Fy, -,(N, ) is an operation, i.e., a contractive positive mapping on T (H1):

'Fﬁﬂ? (Nv U) = / din .. / dtlAthNﬁ)\NﬁN (tN)AtNtN 1 Ez\lél (tl)At17’1
(A€o
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This flow of transitions accompanying in the medium the propagation of the microsystem could
prime a measurement inside some suitable measuring device, then P, -, (N, o) would be the prob-
ability for this device to be affected by the microsystem. In fact writing F,,, (6) = F'7 (N, o)1,
with F’ the adjoint mapping on B(H(l)), (the set of bounded operators on 7—[(1)) one has:

PTLTQ (Nv 0) = Tr?—[(l) (FT2T1 (U)Aﬁto @to) s

F.,-, (o) being a positive operator, Fr, (o) < 1. This equation gives the typical probability
rule of modern quantum mechanics in which the notion of an effect valued measure Fr,. (o) on
some o-algebra of subsets generalizes the customary concept of a projection valued measure, or
equivalently of a self-adjoint operator, associated to an observable; these observables present an
idealization that is very useful to understand the basic structure of quantum mechanics, but is too
strong for representing real measuring devices [12, 16, 17, 18]. A similar situation is met if one

considers the statistical operator

Ory = fﬂ'lﬁz(N?o')‘ATltoéto
" PT1,7'2 (Nv U) ’

which represents the repreparation at time 7» of the statistical collection ¢y, under the condition
that the aforementioned effect happens in the time interval [, 72]. Taking (3.2.37) into account

0r, is seen to bear an analogy with the highly idealized von Neumann state reduction rule

H(—
N o
+) — 2
o (ﬁ’ )
for the statistical operator ¢(,’, when it is reprepared at time 7 taking a measurement into account,

associated with the projection operator P.

Actually by (3.2.38) a decomposition of g is given into subcollections related to all possible
detection patterns of events primed by the elementary transitions A{; mathematically this means
that a decomposition of the evolution mapping T (exp ft’; dt’ L(t )) has been given on the space
of the jump processes Ny¢(7). In different physical contexts more general decompositions of an
evolution mapping can be given, as it has been shown in the aforementioned theory of continuous
measurement: then the variables involved are not only Ny¢(7), but also the values of continuously

measured variables related to the system.

3.3 Summary and outlook

In this chapter we have considered the problem of the description of the dynamics of a microsystem

interacting with a system having many degrees of freedom. After discussing the typical features
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of modern single particle experiments, together with their interpretation and relevance for the
foundations of quantum mechanics, in Sect. 3.2.1 we have constructed the generator of the time
evolution for the microsystem. In order to obtain this result we have worked in Heisenberg picture,
on a time scale much longer than the typical relaxation time for the macrosystem, calculating
the time evolution of couples of field operators a}Lak corresponding to creation and annihilation
operators for the particle and acting in the Fock-space of the whole system. This has been done
exploiting techniques of scattering theory in the superoperator formalism. The expression for the

generator defined on such couples of operators and ensuring complete positivity appears in (3.2.24)

ahen) =  [Fo+ Vo] {10 e 10} 1 5 R

and the different operators are explicitly given in Sect. 3.2.1. The aim is to obtain a general
structure for the description of subdynamics in nonrelativistic quantum field theory and as we shall
see in Chap. 5 an expression having the same structure can be obtained studying the problem of
the description of the dynamics of reduced degrees of freedom for a macrosystem. Exploiting the

simple formulas (3.2.8), (3.2.10) and (3.2.11)

p=dbomasluglilu), A=Y aj(hlAk)ay
af hk

Ty (Ap) = Tryy) (A2) .

connecting the expectation values of observables in the Fock-space with expectation values in the
one particle Hilbert space, a master equation of the Lindblad form for the statistical operator

describing the microsystem is obtained in (3.2.29)

do i~ ~ 1~ 1 Sy

- [HO +V, Q} 5 {er} + h%\:LAgQLAg-
The structure of the operators appearing in this master equation, linked to the T-matrix describing
scattering between the particle and the macroscopic system, is considered in Sect. 3.2.4, where
possible useful phenomenological Ansatz are indicated and the connection between the mixture
term and the scattering cross-section is explored. Finally in Sect. 3.2.5 we consider the general
physical meaning of the obtained master equation and its capability to describe both an optical,
wavelike dynamics and an interaction with a measuring character, linked to transitions taking place

inside the macrosystem as a consequence of the interaction. This is done making reference to the

theory of counting processes.

The formal scheme we have developed in this chapter should serve as a preliminary step towards

the description of slowly varying degrees of freedom in Heisenberg picture inside a field theoretical
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formalism. In fact a microsystem interacting with matter can be seen as the simplest case of
reduced dynamics. The result is however relevant by itself, both because of the importance that
single particle experiments have assumed in the last few years and because the obtained master
equation can describe both coherent and incoherent interactions, while usual treatments are often
restricted to only one type of interaction. This will become clearer considering the applications to

neutron optics and quantum Brownian motion in Chap. 4.
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Chapter 4

Neutron-Matter Interaction and
Brownian Motion

4.1 Introduction

The formalism developed in Chap. 3, that has led to the master equation (3.2.31) for the time
evolution of the statistical operator describing the microsystem, will now be tested in the specific
case of neutron-matter interaction and Brownian motion. This test will allow us to better under-
stand the role and the relevance of the different contributions in (3.2.31), with reference to concrete
physical examples. Furthermore we shall see the differences with respect to other approaches to
the same physical situations. One expects that the major differences should come from the two

terms
111

i la Sl - 71152 Lol .
which are peculiar to the formalism of the statistical operator, as clarified in Sect. 3.2.1. This is
indeed the case, both for neutron-matter interaction and for Brownian motion. Moreover, in both
cases, the balance between the two contributions is of utmost importance and their influence on

the dynamics becomes clear only when they are studied jointly.

Considering neutron optics, the commutator term is the most important physical contribution,
being responsible for the wavelike behavior. A correction to this behavior according to (3.2.31) has
been tentatively estimated in Sect. 4.2.3 in order to give a simple example of possible experimental

implications.

In the case of Brownian motion the connection to actual physical experiments is for the moment
not so straightforward, even though the study of quantum dissipation is of tremendous importance:
it suffices to think of the relevance of friction and dissipative effects in atom cooling and trapping

or with reference to the problem of decoherence, which affects both applications, being decisive

65
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with respect to the feasibility of quantum computing, and fundamental questions, especially the

still much debated transition from quantum to classical [6].

4.2 Neutron-Matter Interaction

In recent years there has been a rapidly growing interest in the field of particle optics, especially
neutron and atom optics (for a recent review see [20, 8, 41, 43, 44] and [45] respectively, and
references quoted therein), due to a spectacular improvement of the experimental techniques, con-
nected to the introduction of the single crystal interferometer in the first case, and to progress in
microfabrication technology and development of intense tunable lasers in the second one. Such new
achievements provide very important tests verifying the validity of quantum mechanics, especially

in that it predicts wavelike behaviors even for single microsystems.

At the same time a new challenge arises, linked to the accuracy required in the description of
the interaction between the microsystem and the apparatus acting as optical device. The question
of the description of the dynamics of a microsystem interacting with a system having many degrees
of freedom (e.g., matter seen as an optical medium characterized by an index of refraction) has
been extensively studied and contains some typical quantum mechanical features, such as quantum
correlations between the two systems, by which a reduced description of the microsystem’s degrees
of freedom can arise only by suitable approximations. This subtle point is particularly important in
the case of particle optics, where the main interest is devoted to the coherent wavelike behavior of
particles, as can be justified on the basis of the similarity between a Schrédinger equation with an
optical potential and the Helmholtz wave equation [41, 45]. The very existence of such an optical
description of the interaction is far from trivial and strongly depends on the experimental conditions.
The attention has been mostly devoted to exploiting the optical analogies, while little has been
said on the borderline between the optical regime, in which coherent effects are predominant and
a classical wavelike description plays a major role, and an incoherent regime, where incoherent
effects, caused by the interaction between the microsystem and the apparatus and showing typical
particle-like features, should not be neglected. This attitude is exemplified in neutron optics by
the use of the coherent wave formalism (see for example [46]), instead of a reduced density matrix

description, as usually adopted in quantum optics.

In this chapter we want to address the question of how to consistently describe both regimes
applying the approach to the description of irreversible subdynamics in quantum mechanics ex-
posed in Chap. 3 to the specific case of neutron-matter interaction. The expressions appearing

in the generator of the time evolution are linked to particle-particle interactions, like the Fermi



4.2. NEUTRON-MATTER INTERACTION 67

pseudopotential, and to properties of the macroscopic system, like the dynamic structure function,
first introduced by van Hove [40]. The first part of the generator accounts for the description of
the coherent interaction in terms of optical potential and index of refraction well-known in neutron
optics [41, 47, 48]. The remaining part is shown to be related to the dynamic structure function
or, equivalently, to the density correlation function and leads in a straightforward way to results

obtained in the so called rigorous theory of dispersion [41].

4.2.1 Optical Behavior

The field of neutron-matter interaction is well suited to test our formalism both because of the very
refined experiments that have been carried out in neutron interferometry [8, 49] and because of the
very well studied description of neutron optics phenomena, as developed for example in the book
by Sears [41], that we will take as basic reference. As a first step we want to consider the coherent
interaction of neutrons with matter and therefore we neglect in (3.2.26) the last contribution, linked
to incoherent processes. As we will see later this term implies indeed a smaller correction in the

case of neutron scattering. We are left with:

dokn i i i i}
% =% (Ex — Eb) okn — 7 %:Qkfgfh +y > 0kgQhg: (4.2.1)
g

and we need a suitable expression for the operator
Qrs = Tryy |THEg + ig) om(t) | -
f

Following Sears we adopt the Fermi pseudopotential to describe the neutron nucleus interaction
in impulse approximation; let us recall the form of the T-matrix in the context of the elementary

theory of dispersion:
27r7z2

Zb 253 : (4.2.2)

where X is the position operator for the neutron, R; the position operator for the i-th nucleus of
type a, b, the bound scattering length, depending on isotope and spin orientation, m the neutron
mass, N, the number of nuclei of type . An operator of the form (4.2.2), that is to say a sum

over one-particle operators, is expressed in second quantization by:

2 h?

il Z b /d?*x B (X)FE = X) b (x), (4.2.3)
where 1,(x) is the field operator, acting in the Fock-space of the macrosystem, corresponding to
particles of type a. For the sake of simplicity from now on we will consider one kind of particles,

thus dropping the subscript a. Furthermore we will assume that b is a real quantity, since we are
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not going to deal with absorption phenomena. As we shall see in the next section we concentrate on
non-hermiticity of the potential connected with incoherent processes and not with net absorption.
A phenomenological description as given by (4.2.3) falls within the class of effective potentials

considered in the previous paragraph and corresponds to the following interaction kernel:

t(z,x —y) = 27:7?21753()( -y), (4.2.4)
leading to
Th(By +ig) = b / b [ dy o7 (e (v)5° (x = 3 s () (x):
Eq. (4.2.1) thus becomes, in operator form:
~ po 2
PO 2 R o0)] - 5 2 [ w (000), 5~ x)al)
. 2
2 [ e (0w ), 600° 5 — ), (425)

where x is the position operator for the neutron and (A), = Try, (om(t)A). If we consider only pure
states and assume the macrosystem to be at equilibrium ( (...), = (...) ), eq. (4.2.5) is equivalent

to the following stationary Schrodinger equation

{—th 21k

bW (%)) (x )>} $(x) = Ep(x), (4.2.6)

which, remembering that the average particle density (3, d%(x — R;)) is given in second quan-
tization by (¥f(x)¥(x)), is exactly the equation used by Sears to describe all coherent neutron
optical phenomena, here recovered in a straightforward, alternative way, though in a very different

framework. The term
27rh2

b(y' (%) (%))

is called optical potential and assumes different expressions according to the structure of the system.
If the medium can be considered homogeneous, with density n,, eq. (4.2.6) describes propagation

of matter waves with an index of refraction given by

1
9 h2 2 2
- (1 7 bn0> 11— by (4.2.7)

mE 21

as first obtained by Goldberger and Seitz [48] in the absence of absorption. This is the formula

currently used to calculate phase shifts in neutron interferometry experiments [8]:

X — 6i(nfl)%TD — efinob/\D (428)

)

where D is the thickness of the sample.
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In a similar way we can obtain from (4.2.1) a more general formula for the refractive index
introduced for the first time by Lax [47]. Starting from the general expression (3.2.33) the potential

term in (4.2.1) becomes
S Quropn = 30 Tewg [ d'x [ dy 6! (ui(9)HEL + i, x = y)us(y)0(X)em (Do
f f
Following Lax we suppose that the system is homogeneous, so that

Tr'HF [?/)T(X)w(x)gm(t)] = No.

We have

> Qrrosn = noZ/d?’Xt(Ek +i5,x)/d3YUZ(Y)Uf(Y)th
f f

_ n/ A t(E), + i€, X) oph,

where we have exploited the orthogonality between the states {uy}, thus obtaining the matrix ele-
ment of the T-operator for forward scattering, averaged over the possible states of the macrosystem.

Keeping the relation between T-operator and scattering amplitude into account we come to

2mh?
- 10, Ey) 0. (4.2.9)

—No

Inserted in the Schrédinger equation this term is equivalent to an index of refraction of the form:

1
27h? 2 A2
=14+ Z—n.f(0,E ~1+ Zn,f(0, Ey), 4.2.1
n <+mEknf(0 k)) +o-n f(0,Ey) (4.2.10)

simply linked to the forward scattering amplitude. An analogous result holds for electromagnetic
waves propagating in a material with low density [50]. A similar treatment has been proposed [51]
and adopted (see for example [52]) in the description of the propagation of atoms through a dilute
medium, showing the interest of similar descriptions also for atom optics. In the case of thermal
neutrons the scattering amplitude is isotropic within a very good approximation and is given in

terms of the scattering length by the simple formula f = —b which reduces (4.2.10) to (4.2.7).

So far we have shown how, starting from (3.2.26) and neglecting the incoherent term, we can
recover some important results obtained within the framework of multiple scattering theory and
used to describe the coherent interaction of neutrons with matter. Our formalism puts into evidence
the statistical operator of the macrosystem, the T-matrix and the scattering amplitude, so that

phenomenological inputs are rather direct. Further improvements of the formulas obtained are
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allowed by the presence of oy, (t) and depend on its evaluation. The correction factor ¢ that Lax

includes in (4.2.10) to obtain the index of refraction

)\2
n~1+ —necf(0, Ey),
2

is connected to fulfillment of the optical theorem, which in our formalism, as we will see in the next

section, is related to the presence of the incoherent contribution.

4.2.2 The Incoherent Contribution

We now come to the main result of this investigation, the connection between the contributions
other than the commutator in (3.2.31) and the dynamic structure function, together with the
relevance of this relationship to the optical theorem. As observed by Sears an expression of the
form (4.2.7) or (4.2.10) for the refractive index doesn’t include the contribution to the attenuation of
the coherent wave in the medium due to diffuse scattering and, hence, violates the “optical theorem”
of scattering theory [44, 41, 53]. To overcome this difficulty he refrains from ad hoc assumptions as
in [54], which amount to introduce a suitable imaginary contribution to the potential, and considers

a rigorous theory of dispersion. In this more accurate treatment (4.2.2) is replaced by

27rh2

ZfaZ53

and f, has the general expression (k is the incident neutron momentum)

fo = —ba+ TRBE + O(K?),

where the second term had been previously omitted because of its smallness, since typically
%kb < 107*. Furthermore the scattering amplitude is to be multiplied by a constant ¢ which
should take local field corrections into account and whose value depends only on the temperature,
density and chemical composition of the medium. Sears obtains an estimate for this constant in
terms of the structure function of the macroscopic scatterer in the case of an homogeneous medium,
applying a multiple wave formalism to solve the scattering problem, and drawing strong analogies
to the usual descriptions of propagation of electromagnetic waves. In this way he recovers a cor-
respondence between attenuation of the coherent wave in the medium and diffuse scattering. In
the following we shall set f, = f for all @ and consider only real b, in order to concentrate upon
diffuse scattering, neglecting absorption. By diffuse scattering we intend all scattering that is not
coherent in the absolute sense, that is elastic and coherent (for the distinction between absolute

and relative incoherence see for example [41, 47]). To compare with these more refined results we
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have to consider all contributions in (3.2.31). Let us stress from the very beginning some general
features of this expression, thanks to which it can describe more general physical situations than

those arising in an evolution driven by a Schrédinger-like equation. The last two terms

L po s
52%%79 + = ZL){QL)\& (4.2.11)
&A 5)\

allow for the presence of a non-self-adjoint potential which is nevertheless not linked to real ab-
sorption (sse Sect. 3.2). This is the case for the present treatment, in which the imaginary part
of the optical potential is to be traced back to the existence of diffuse scattering, as opposed to
the coherent wavelike behavior. Attenuation of the coherent wave is due to the presence of the
anticommutator term, responsible for the imaginary potential, balanced by the last contribution,
typically incoherent in that it leads from a pure state to a mixture. This last term is given by a
sum over subcollections, formally similar to the expression that we would obtain for the statisti-
cal operator after the measurement of a given observable. The subcollections are denoted by the
indexes A§, which specify a change of the state of the macroscopic system, caused by interaction
with the microsystem, thus making this contribution to the dynamics incoherent (see Sect. 3.2.5).
In fact we will see in the case of neutron-matter interaction that the trace of this term gives all the
contributions to incoherent scattering, that is to say the total diffusion cross section. The balance

between the two terms of (4.2.11) accounts for fulfilment of the optical theorem.

To see this let us now consider (4.2.11) in more detail. Starting from (3.2.27) and (3.2.33),

introducing a Laplace transform for the energy dependence of the effective T-matrix

H(E,x) = / do e+ E97(0, x),
0

together with the following expression for the density number operator in terms of creation and

annihilation operators with specified momentum
T 1 —irx bt b
( ) ¢ v e n P+5 P—%>

we obtain

~ ) 1 o0 € o0 € i — i ) "
Ly = 2 267752/0 dTe_ﬁT/ da/d?’x”e_ﬁae_ﬁHO(T_U)t(U,x"—i)eﬁHOTe_ﬁ“'x

x (N|e™# HmTpt, Kbp_ﬁenHmT\@

where V is the volume of the region in which the system is supposed to be confined. Indicating by

t(E, k) the Fourier transform of the potential with respect to space

(B, k) = / B (B, x)e Fx
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and after some simple manipulations one comes to
I:Ag = — 287@—2/0 dre 7" i(Hg —|-iE,R)ei;TVLTG%%767%K'2<)\’67%Hm7b}3+%bp_ge%HmT‘f),

to be inserted in (4.2.11). Before doing this let us introduce the useful notation

TR At HnT = N e TRA (M)A, (A)a =Y [E+ANE + AJA[E)(E],  (A)} = (A)_a.
A E

We have
1 S 2e o0 _ep imP ik~ .
72 bdle = TQZZ/ dre”RTenzmTen m T t(Ho + ic, k)
hg’)\ v k,P K/ P’ 0
A R A e 0 e ik iwlb
X e hnxgeh":’ XtT(HO—{—ME,n,) d'r’e hTe h2m ' e h m T
0

—pAT f f LA
X 2 ¢ l(b”’%bp§>Agm<bP'—2’bP’+'§>A,] “

and similarly for the anticommutator part. An important simplification takes place if one can use
symmetry under time and space translations. Time translation invariance occurs if, at least with

reference to the interaction with the microsystem, matter can be considered at equilibrium, then:
Tryp (AaomB-ar) = 0a A Try, (ApomB-n) -
Similarly space translation invariance implies

Tryy

(bTPJF%bP_%)AQm (b;’—';'bp’-ﬁ-'g)A/} -

= 5A,A/5K,I{/TIIHF {(b}?-l—;bp_;)AQm (b},_;bP’-i-;)_A} )

such a symmetry can be implemented at equilibrium in the thermodynamic limit and can be
practically assumed for a microsystem interacting with a homogeneous portion of a macrosystem.

Then one has, performing also the 7, 7/ integrals:

1) 1er, - Teayr o
1 A AlT —
-7 {2;: '—stA&Q} tz > Laoll =

£7A
== €QZ<{@’€£R§( = 21 ET(I:'O'i"i&”)
hV KA 'jnp_‘_;im_ -
x {(Ho + ie, k) — ! e;ir.',f(}
Ve & A4
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1
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ER LB —Adtic
x 1 ) i, )
D 2 . Q K‘a I
FrE-A-w

where

QM(’ia A) . Tr’HF (Z b}D_A,_ng—g) Om (Z b;_;bp-i-;) ] )
P A —-A

P

or equivalently, introducing the X, p dependent amplitude
f(Flo +ig, K, X) = e%"'it(lilo +ie,K) e*%"”"z,

in the form:

75|:|0+i6,n,§<}
(n-ﬁ_fﬁ_ )2+52( )

PN 1
—2ee” W (Hp +ie, K, X) — . —0
T am —Atie

X

Tom TR T

it (Ho + ie, m,x)eé“'i> oM (k,A). (4.2.12)

1
kP _ K2
m

Exploiting the fact that o™ (0,A) contains a da0 factor, one can immediately see by inspection
that the x = 0 contributions cancel each other provided the effective T-matrix is a slow function

of energy,
(ol £) H(B, 0)T' (E7,0) ~ (k8] ) 5 [¢(Ex, 0)i(Ew, 0) + £ (E7, 0)i(Ey,0)]

on the other hand for a homogeneous medium the x = 0 contributions are equal to those obtained

writing the correlation function as a factorized product

<Zb}>+;bp—;> 9m<2b¥—gbf’+;> ]—>
P A P -A

Tryy .

Tryp KZ b}+§bpg> Qm] Try [(Z bTP_;bP+;> Qm] :
P A P A

provided we assume the condition of normal density fluctuations, ((N?) — (N)?)/V? < n2. Tnstead
of restricting the sum to the x # 0 contributions we can therefore subtract from the correlation
function its factorized part. After straightforward manipulations, using

;b};+%bp_% = /dg}(¢f(x)¢(x)e%mx’ Try, [(A)Agm(B)_A] = /%e—%m (BA(t))



74 CHAPTER 4. NEUTRON-MATTER INTERACTION AND BROWNIAN MOTION

we come to

Try

(Z b}wrgbp—g) fOm (Z b}?—ng-'r;) ]
P A -A

P

—TrHF[<Zb}+;bP—;> Qm‘|TrHF[<ZbLgbp+g> Qm‘| =
P A P —A

dt i i
_ [ 2 g / % / By e+ %) (SN (y)5N (x, 1))
27h
where
(N(x)) = Trap [N(X)om], 0N (x) = N(x) = (N(x)),
and finally:
1]1 PN 1 PN
— == LicLag, 00 + =) Lyeoll, =
a3 %3
h {2 ¥ h =
. {@ eRRE 1 ' (Ho + ie, k)
2T ER e A e ’
x t(Ho + ic, k) ! _é""i}
i€, § e
’ ~Py % — A+ e
-2 1 f(Ho + ie n)e*%"'f‘ o
%‘f’ N % —A«}»Zé‘ 0 ) 0
Lk t0 . 1
x en"*tH(Hy + ie, k) — 5 -
Frf-Ai

x / %A / d’x / dy en > ON(y)ON(x+y.1).  (4.2.13)

Thanks to the last term of (3.2.31) it is possible to take into account collisions that modify the
state of the macroscopic system (see Sect. 3.2.5). The probability per unit time of such collisions
is given by the trace of % e I:Agélif\g as seen in Sect. 3.2.4. In the case considered this trace may

be written as

2r_ng
h

ot [ d [ d (o) i~ 10 (42.14)

< far [ axe gt [ NN G 1),

thus recovering again the van Hove structure for the scattering cross section [compare (3.2.35)], with

the difference that now the system is considered to be homogeneous, so that only the momentum
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distribution of the incoming microsystem is of relevance. Let us observe that subtraction of the
uncorrelated part of the response function accounts for the fact that only diffuse scattering, that
is scattering that does not leave the macroscopic system unchanged [41], contributes to this term.
We now specialize to the case of neutrons, adopting the Fermi pseudopotential given by (4.2.4), so

that (4.2.14) becomes

1 b 1 1 [ k2 K2
ﬁnoﬁ/d‘q’k/d?’n (r|8] ) Se (h k=15 [;‘m - QWD , (4.2.15)

where, denoting by w and q energy and momentum transfer respectively,

Se(qw) = ﬁ / dt / i e—it-ax) / &y (SN (y)5N(x +y,1)) (4.2.16)

If the momentum distribution of the incoming particle is suitably peaked around pg with respect

to the momentum dependence of S, we have from (4.2.15)

nob? . 1 Nob? 1
W/dak/dgﬁ <K/|Q| K/> SC (h [pO *k] ,wpo Wk) = W/dgl(sc (h [p(] — k] ,wpo (J.}k)

in particular, in the static limit expression (4.2.15) becomes:
Po Po

nob> = /qu Sc(q) = no—oyq
m m

where
Su(a) = [ de [ dly (N()ONGx-+y)).

and we have denoted by q the momentum transfer and by o4 the total diffusion cross section
per particle. This is the result derived by Sears for the attenuation of the coherent beam due
to incoherent scattering, which he obtains by an evaluation of the local field effects, neglected
in the equation giving the optical neutron dynamics (4.2.6) (see [41, 44, 53]). In our approach,
however, the incoherent contribution is already present in the equation giving the dynamics of the
microsystem, being connected to the thermodynamic properties of the macrosystem through the
response function S.(q,w). This new feature is obtained by means of the more general formalism
adopted, leading to a master-equation of the Lindblad type for the statistical operator, in which
due to the optical theorem a close correlation exists between the incoherent contribution and the
imaginary part of the optical potential which is not connected to absorption. To see this correction

to the optical potential let us exploit the simple relation

A~ A~

A=Af, B=8Bl, U=A+iB = U@—@UTZ[A,@}M{B,@}
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and write the commutator and anticommutator term of (3.2.31) in the form — (U@ - @UT). The
calculation of U is essentially given by the anticommutator at the r.h.s. of (4.2.13) and the com-

mutator in (4.2.5). In the case of the Fermi pseudopotential, using (4.2.16) one has:

2 B2 fg (L .
U=="n [b—zém/dsk k><k|/dw,£/dﬂnh5c<h[f<—k],h[m—sz]v

or in the static limit

2mh?

2
U= 1o lb—izﬂ/dgk |k><k|:/qu Sc(q)], (4.2.17)

where q denotes as usual the momentum transfer. Neglecting diffuse scattering we would have

N 2mh2
U= m

neb, simply a c-number giving the usual refractive index; the remaining part is, in a sense,
induced by the optical theorem. To compare with the results derived by Sears we have to consider
the expression obtained for the static limit (4.2.17) applied to a plane wave of momentum pg, which

gives an idealized description of the preparation of the incoming microsystem, thus leading to

J— P P OO NE 4.2.1
0= [b—i 20 [ a9, sca)| (4.2.18)

27rh2n b2 po
© 47 h

this expression agrees with the results obtained relying on the idea of local field corrections (see [41],
Ch. 4), however here (4.2.17) is a direct consequence of the equation driving the dynamics and of
the Ansatz (3.2.33). The analysis that we have put forward relies on the assumption that the
main contribution to the dynamics is given by the commutator term in (3.2.31), while the terms
in (4.2.11) may, as a first approximation, be neglected. This leads to an optical description, as for
the case of neutrons, in which, considering the dimensionless parameter %nob, the terms other
than the commutator are of second order. The opposite situation takes place if the interaction is
such that the main contribution is given by (4.2.11), while the commutator may be neglected. This
happens when dissipative effects are predominant, as in the case of Brownian motion mentioned

below (4.2.12), where incoherent interactions through collisions involving energy and momentum

transfer play the main role.

4.2.3 Experimental Implications

We now address our attention to potential experimental implications of the above introduced de-
scription of neutron-matter interaction. Of course possible new features in the dynamics are linked
to the presence of the last two terms in the r.h.s. of (3.2.31), as given by (4.2.13), and such correc-
tions will be generally small, being of second order in %nob (typically %nob < 107° at thermal

neutron energies). In this respect interferometric experiments, in which the experimental setup



4.2. NEUTRON-MATTER INTERACTION 77

is conceived in order to enhance the coherent behavior, should be particularly relevant: think for
example of the beautiful experiments realized by the Rauch group in Wien exploiting the perfect

crystal neutron interferometer [8, 20, 49].

Consider now eq.(3.2.31): the map on the r.h.s. is affine and trace preserving, and therefore
clearly predicts neutron conservation. Nevertheless the last contribution which offsets the anticom-
mutator term is linked to diffuse scattering: one has neutron conservation if also diffuse particles
contribute to the experimental observation. This is not so for interferometric experiments. In such
cases only the wavelike behavior affects the observed dynamics, and thus only the commutator
part of the evolution map is of relevance: the net result is an imaginary correction to the coherent
scattering length as in (4.2.18), that is to say a reduction of the neutron flux responsible for the
interference pattern. This fact is usually taken into account adding an imaginary part proportional
to the total scattering cross-section oy to the phase shift calculated as in (4.2.8), thus including

both absorption and diffuse scattering (see [20, 21]) according to the formula:
/ Ny . D . . D
X=X +ix = —nebAD + moatz, exp(ix) = exp | —inebAD — noatE )

In the absence of absorption this correction is considered negligible and the relevant incident flux
is often evaluated simply closing one of the two beam paths. This attitude is, however, at least in
principle incorrect, as it appears taking the whole dynamics as given by (3.2.31) into account. In
fact when one closes the path without the sample also diffuse neutrons, which are lost for the inter-
ference pattern, having their path “labeled” by scattering with the sample, may contribute to the
transmitted intensity. The experimental device is no more acting as an interferometer and therefore
cannot select only those neutrons that have undergone coherent interactions. This additional con-
tribution to the transmitted neutron flux is given by the trace of the last term of (3.2.31), that is to
say by (4.2.15). In calculating the amplitude of the interference pattern one should therefore rely
not simply on the measured transmitted flux, but on this quantity minus the additional incoherent
contribution given by (4.2.15), thus obtaining a reduction of this amplitude: the purely optical
treatment leads in principle to an overestimate of the visibility of the interference pattern. This is
normally not the case in real experiments, since the angle of acceptance of diffuse neutrons is very
small, as for the perfect crystal neutron interferometer. Let us give some quantitative estimate of

the aforementioned effect.

In order to evaluate (4.2.15) we have to make a definite choice for the structure function S¢(q,w),

in fact (4.2.15) is given by:

1 N nob 3 R 1 1| k? K2
AEhTrH(l)gL)\gng\S:th/dgk/dn (k0| k) Se (h[n—k],h [— ,
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where the quantity A takes diffusion at any angle into account. In the static approximation, for a

homogeneous and isotropic medium, such as a liquid or a gas, one has [41]:
Sel(d,w) = Se(a)d(w) Sela) = Lo [drelglr) =1, (4.219)

where ¢(r) is the pair correlation function. A possible choice for ¢g(r), allowing S.(q) to be evaluated
analytically, is the following, valid for a dilute hard sphere gas with atomic diameter a:

0 r<a
9(r) = 1 r>a

The quantity of interest for us is A in its dependence from the maximal angular acceptance ¢,
determined by the experimental apparatus, multiplied by the time the neutron takes to go through
the sample. Supposing the momentum distribution of the incoming particle sufficiently well peaked
around po we rewrite A introducing the expression given by (4.2.19) and multiplying by the time

interval, thus coming to:

(%}
A(p) = 2mnob*D /0 dfsin 6

e 2703 <h>2 Sin(% 2(1—cose)>_cos<apo 2(1—c050)>
(1 —cos ) \apoy “B0\/2(1 — cosb) h ’

where cosf = (po - k)/pg. The primitive of this integral can be straightforwardly evaluated by a

change of variables, and exploiting the fact that in our model S.(0) = 1 — %7’[’@377,0, we have an

explicit representation of diffuse scattering at any angle ¢:

A(p) = 2mnob*D {(1 — cos ) + 31 — SC(O)]( B )2 [sin (aj% 2(1 —cossﬁ)) B 1} };

apo B0\ /2(1 — cos )

considering in particular small ¢ the expression may be approximated as:

a 2
A(p) ~ mneb*D {QOQSC(O) +¢? (210[1 — 5c(0)] (2’0) = 1125c(0)> + O(so“)} :

Let us now consider the experiments performed using the perfect crystal interferometer. The
angular acceptance is very small, only a few microradians for thermal neutrons [55]. Taking for
instance a gaseous sample, an order of magnitude estimate gives A(p) ~ 107!, that is to say
an extremely small quantity, in agreement with the accuracy obtained using this interferometer
based on Bragg diffraction. An interferometer based on a different physical principle could possibly
lead to a higher angular acceptance, thus enhancing this effect connected to diffusion. In view
of the next equation (4.2.20) a completely different situation arises if one considers systems with

abnormally large density fluctuations, as would be the case near a first order phase-transition.



4.2. NEUTRON-MATTER INTERACTION 79

Another point of interest is the linear dependence on S.(0) of the leading term in A(y). The
quantity S.(0) is particularly relevant from the physical point of view, being connected to the

isothermal compressibility xT and to the fluctuations in the number of particles in the sample [56]:

(AN)?

SC(O) = nokBTXT = N

(4.2.20)

The actual value of S;(0) cannot be measured experimentally from scattering experiments, and has
to be obtained by an analytical continuation. The analysis we propose could provide an independent
way to measure S. at ¢ = 0. In fact in the static approximation, independently of the particular

form of Sc(q), for very small |q|, that is to say for very small ¢, one has in good approximation:
A(p) =~ mnob*D Se(0)¢?

The value of S.(0) could then be obtained, at least in principle, comparing the amplitude of the

interference pattern with the measured transmitted intensity.

4.2.4 Final Remarks

The example of neutron interaction with matter has been discussed inside the approach outlined in
Chap. 3 for the description of the subdynamics of a microsystem interacting with a system having
many degrees of freedom. The formal scheme leads to a generator for the irreversible time evolution
of the Lindblad form, whose expression relies on suitable choices for the potential term related to
the T-matrix and the statistical operator describing the thermodynamic state of the system. In
the example considered the main ingredient is given by the Fermi pseudopotential adopted to
describe the neutron-nucleus interaction in impulse approximation. Then we obtain from (3.2.26),
neglecting the incoherent contribution, the equation used by Sears to describe all neutron optical
phenomena, as well as known expressions for the index of refraction. The incoherent contribution
is necessary to fulfill the optical theorem and take diffuse scattering, that attenuates the coherent
beam, into account. We have also shown how it may be connected to properties of the macrosystem,

as expressed by the dynamic structure function.

Even though it introduces a smaller correction the incoherent contribution is very important
from the theoretical point of view. We expect that it will help studying the tricky borderline
between a pure optical wavelike behavior and the fully incoherent particle-like one, based on a
diffusion equation: in fact (3.2.31) leads in a direct way to the theory of Brownian motion, as we
shall see in Sect. 4.3. It is not surprising that the incoherent contribution to the dynamics has grown
out of a thoroughly quantum mechanical treatment, as shown by the typical quantum structure of

the Lindblad equation, relying on non-commutating operators, in which an essential role is played
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by the statistical operator g, rather then by the wave function ). This point is of central relevance,
since the terms which describe the incoherent dynamics cannot be introduced in the formalism
of the wave function and are therefore unavoidably absent in an optical-like treatment, simply

reminiscent of classical optical descriptions.

We hope that this study of the emergence of incoherence in neutron-matter interaction will
lead to a better understanding of the general problem of irreversibility and of description of non-
equilibrium systems. Typically coexistence of an incoherent particle-like behavior, described by
a quantum Boltzmann equation, and a wavefunction description by means of Gross-Pitaevskii

equation, is important for understanding Bose-Einstein condensation [10], as we shall see in Chap. 5.

4.3 Brownian Motion

The problem of irreversibility, which automatically sets in when one considers the phenomenology
of a system composed of many particles, has been historically first tackled in an intuitive, semi-
phenomenological way in a few simple cases, which have however provided us with important
physical insights. Among these a classical problem of non-equilibrium statistical mechanics is
Brownian motion, that is to say the study of the motion of a heavy particle immersed in a fluid
made up of light particles, interacting with these lighter particles through collisions. Considering
Brownian motion as a stationary Markov process, the classical phenomenological theory leads to

the celebrated Fokker-Planck equation for the momentum distribution function of the Brownian

particle f(p)

L) o (p.1)) + D (1) (13.1)

where (¢ is the friction constant and D, the coefficient of momentum diffusion, given by D,, =
C(kT /M), M being the mass of the Brownian particle, provided the environment can be considered
in equilibrium at temperature 7. The physical mechanism described by this equation is quite
intuitive, and can be understood by starting at time zero with a momentum distribution sharply
peaked at p = pg. As time passes, the maximum of this distribution is shifted toward smaller
momenta, as a result of the systematic friction undergone by the particles. Moreover, the peak
broadens progressively as a result of diffusion in velocity space: a finite dispersion of the velocities
sets in. The final, time-independent distribution reached by the Brownian particles is nothing other

than the Maxwell distribution:

2
[0S e —— (-
(2m M kgT)3/2 2M kT
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If one tries to obtain a quantum counterpart of the Fokker-Planck equation (4.3.1) by intuitively
resorting to the correspondence principle, thus obtaining

do Ut g o

a —§C %, {p, 0} — Dypp [%, %, 2]] , (4.3.2)
where X, p denote position and momentum operators, one does not obtain a generator of the Lind-
blad form, corresponding to a completely positive time evolution, so that this equation may violate
the positivity of the statistical operator. In order to improve this situation, a thorough quantum
mechanical treatment is needed. We will therefore approach this problem starting from the mas-

ter equation (3.2.31), which we have obtained working in a fully quantum mechanical framework,

already having the Lindblad structure and therefore preserving positivity.

4.3.1 Dissipative Behavior

We now consider (3.2.31) for the case of a particle of mass M interacting with homogeneous portions
of a system supposed to be at equilibrium. Being interested in the local dissipative behavior, we
neglect the influence of the actual boundary conditions, and suppose that the system may be
considered locally homogeneous within a very good approximation, thus analyzing the interaction
in momentum space. The relevant contribution, as far as the dissipative behavior is concerned,

comes from
1 IS 1 A
9 Z L&éLAEv 0t Z LA&QL&§ ) (4.3.3)
2 X h X

where the two expressions have to be evaluated jointly, due to cancellations and compensations
which take place between them. We will therefore momentarily neglect the commutator term in
(3.2.31) and concentrate first on the mixture term at the r.h.s. of (4.3.3). First of all we have to

specify the structure of the I:Ag operators given by (3.2.27) and (3.2.28)

(NTE(Ep + ie) €
Lae = ./257r£§:yk EflEg _’“Esz)[EA():w(fy. (4.3.4)

Analogously to (3.2.33) we suppose

= 2ol o = [ dx [ dy o1 ui )z b~ y Doy (3)6(x)

where b;, b, are creation and annihilation operators in the Fock-space for the macrosystem, the
indexes 7, pu correspond to the momenta py, p,, and the collision kernel ¢ depends only on the
modulus of the relative distance. If also the microsystem is analyzed in momentum space, so that

the indexes k, f correspond to pg,ps, we have

Zb f ui(y) = —=e FPY
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and consequently

\1// dixct(z, |x])eh (PrPr)x

Tknfu(z) = 5Pn+pk’pf+Pu

setting
iz, lpu — Pyl) = /d3>ct | |x[)e Pupn)
we come to
TH(Ey, +i€) =Y 0psprstpn bt (Bi + e, [Py — Pyl)by (4.3.5)
i

The mixture term thus becomes

Ier .o (AT (Ey +ie)[€) (EITH (B + ie)|A)
“ S Lyeoll, = 2 !
h; AOEA h;sz e [Pr) Ef+E§—Ek—E>\+i5< pslelp 9>E —|—E§—Eh—E)\—zs<ph|
hg
= ZZZ (A0 |€) e (€16, by [ M) [ Pr) (P £ [ 61Pg) (P (4.3.6)
EX kf e
hg n'u!
t(Ey, + ie, Py — Pyl) t*(Ep, + ie, ’pu’ —Pyl)
x0dp

0.
n PP f+Pu Ef +E§ — By — E\ +ie Pyt +PhsPg TP Eg n EE — Ej, — B\ —ic

If the Brownian particle interacts with a locally homogeneous system at equilibrium so that
both the eigenstates |\) of Hy, and the eigenstates |€) of o, may be obtained by the repeated

action of creation operators b, on the vacuum, we may write

) =Hmb),  1€) = Hnih)

where n? is the occupation number relative to the momentum v in the state |A). Consider first the
case A = &, we then have
A
<)\|b;bu|)\> = Opuny,

and in particular, from (4.3.4) and (4.3.5):
R iy '
Lo = %Zzgnit(m +ig,0)|pk) (P, (4.3.7)
k u

so that, neglecting the energy dependence in ¢, (4.3.7) is a c-number and therefore the A = ¢
contributions in the mixture and anticommutator term of (4.3.3) cancel each other. We see here
how important it is to contemporaneously consider both contributions to (4.3.3). Considering the
collision kernel ¢ slowly energy dependent we will replace the sum over A and & by a primed sum,

in which A # £. In the case A # & we have

BBAIE) = (Lmd}Bibal{n§3) = ([ — Bun}{mn§ — 8, 1)y ey i

= (H (Snxn&) nA—l),ngén;\L,(ni—l)(l_5717:“)\/%\/%7

vERD
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so that the expectation value is different from zero only if n)} = n§ for every v different from either
1 or p, together with n%‘ = ng +1 and n? = né — 1. Similarly

(€lb] by [3) = (

6”7)7”5)6(”6/71)7”/\/ 5n§/7(nklfl)(1
vl # g
so that the factor

(1B}l €) e (€ 1b by IA)

with X\ # £ gives a non vanishing contribution only if u = p/, n = 1/ but n # u, and moreover
n) = n§ for every v # u, v together with n% =né + 1 and n} = né — 1; in particular

2 2
EA_Egsz_%

=F, —F
2m  2m K 1

m being the mass of particles in the medium. For a generic function F(
we have

—pn,p“/—pn/,E)\—Eg)
Z Z (AIB Dy ) e (€]BL by | NV F (D

— Py, Py — Py, Ex — E)
77#

= ZZ’Qni(ng + 1)F(py — Py, Py — P, By — E,,)
I

=" {nu(ny +1)) F(py — Py, Py — Py, By — E) (4.3.8)
ny
where (...) denotes the average with the statistical operator g, associated to the macrosystem. If

we now go back to (4.3.6), exploiting (4.3.8) and momentum conservation as expressed by the two
Kronecker’s delta, we obtain the following expression

pp’ MK

- -~ 2 .
7 ([p+(p2;}\/[pn)] +ie, [Py — pn|>
E E nu ny + 1))

— ei (Pr=P)X|p) (p|3[p')
E — By +ie — = — 37 - (Pu— Pr)

~ / _ 2 .
i ) £ ([P +(l;;]z\/[ Py)] + ie, |pH _ pn’)
X <p/‘eiﬁ(p#*pn)'x — )2
E,—E,—ic— Pp=Pny)

o — 7 (Pu—Pn)
which we rewrite going over to the center of mass coordinates

Y

1
P=sP+p) a=p-p,
coming to

P
s (el e o, - )
ny nn+1 —
Pq np E, — E), +ie — 7(1)“2]\?")

_%'(pu_pn)_i
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xenPuPn) (P 4 q/2)(P + q/2|P — q/2)(P — q/2|e" 7 Pr—Pn)%

- _a _ 2

P ([P 2“1’2(]?4/1 pn)] + iE, |p,u _ pn|)

— 2 :
By — By —ie — el — B (p, — p,) + 5% - (Pu — Py)

This expression may undergo a major simplification if we assume that ¢ is quasi-diagonal in mo-

X

mentum space, describing a particle which is not well localized, so that

P Py — Py)°
En_Eu‘F*'(Pu—Pn)‘F#

< i

a
M (pu - pn)
and we may extract a delta accounting for energy conservation, so that, exploiting also the slow

energy dependence of ¢ we finally obtain

(P —py)°  (P+P)
%:%; nu nn (5[E E/J,+ 2Mn + 2M (p/u_pn>

- [%p,'*'(pu_pn)r :

ol oM +ie, [Py — Pyl || € P PDE|p)(p|alp’) (p'eH PuPE.

The anticommutator term in (4.3.3) may be evaluated in an analogous way. Using (4.3.5) we

have

€Ty (Bn +ig)|N)

I |l e
Q;L)\EL){yQ - {ZZ §| g E +E£—Eh—E)\—Z€

X gh
f

NTH(Ep + ig)|€) oy, 6
Ef+ B¢ — By, — By +ie PI"

= —*ZZZW E1b! by | A) (Al D [€)

EX  gh "7#
F o'

t(Ep + ie, [Py — Pyl)

é
X pn+ph7pf+p,u Eh + E)\ _ Ef _ Ef _ Z'E

t*(Ep + ie, |pw — Py|)

X O+ pnpytpys En+ E\— Ey — E + ie

{Ipg)(psl, 0}

and recalling the cancellation between the A = £ contributions, thanks to (4.3.5) we have

_%ZZ,<”u(nn+1)> 62

P omp [En - E,+ 7(p“2;\f[’") + 5 (Pu — Pn)}

2

{Ip)(pl, 0} -

(Ip+m.—py))
Xt( 2’;\4 u + g, |pu — Pyl
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The final expression is therefore

111 PN 1 N N
t A At
7132 %: Lebag: 00 + 5 > Lyoll, =

_ 2 ’
2% Z/ (nu(ny + 1)) {Zé [En —E,+ (pMQJWI)n) X (P;]pr ) Py — Py
Ko pp’

/ 2 2
|7 [I)ng)+§§\)2t_pn)]

+ig, [P — Py

x eF(PuP) X ) (p p|p') (p/[ e~ (PuPr) %

1 (P—Py)° P
—2;5[En—Eu+W+M'(Pu—Pn)

2

X

(Ip+m.—py)?
t( 2‘;\4 12+ e, [pu — Py

{lp)(pl, @}} (4.3.9)

Even if it plays a minor role in the description of a dissipative dynamics such as Brownian mo-
tion, we will consider for completeness the commutator term, whose relevant contribution according

to (3.2.30) is given by
,_Q+ Q!
V= .
2

In our case, due to (4.3.5) and (3.2.27) we have

Q = Z Z 5pn+pk,pf+p#TrHF (%%Qm) E(Ek + g, |Pu - Pn|)|sz><Pk‘
kf wpm

= > (n) > (B + ie, 0)|pr) (P

p k
so that keeping the relation between T-matrix and scattering amplitude into account, we obtain in

the continuum limit

. 27h2
V= n mh

| dblp) (bl Ref (5,6 = 0), (4310

analogously to (4.2.9) so that the commutator term is simply linked to the forward scattering

amplitude, corresponding to a coherent interaction.

4.3.2 Quantum Master Equations for Local Dissipation

We will now show how, starting from (4.3.9), one can derive, under suitable hypothesis, equations

which have already been obtained in the literature in order to describe quantum Brownian motion
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and more generally local quantum dissipation, based both on fundamental and phenomenological
treatments [57, 58, 59, 60, 61, 62]. In order to do this let us neglect in (4.3.9) the energy dependence
of the collision kernel £ and let us denote by Quy = pu — Py the momentum transfer undergone by

the macroscopic system, thus writing more compactly

B R VP B e 2
— 52 ngLAgaQ +ﬁ E LAgQLTAg = EE "y + 1) [£(1Qunl) |
3y 13N nw

Q +
{gélEn—EunL S +(p2Mp) Q,m]

x e ¥ |p) (p| g|p’) (p' e~ # e

Qun

E,— FE
K ”+2M M

- Qun {IP) (P, 9}}

1
-3 Z 5
P
In the hypothesis of small momentum transfer |Q,,,| we write the Taylor series for the ¢ distribution

S g + D) (1 Q)
N

2 Lo ,
3/;\} * (pQMp : ' Ql”?] §'(Ey — Ep)

X {Z <5(E,7 —E,)+

pp’

2
Qu’  (P+p £ Qun ) 5 Qun
i )'Q;m 0"(Ey — Ep) |en Y% |p)(p|a|p’) (p'le 7

Q,un /
Wi —i—m Q,”]}(S(E E,)

—;ij(a(En—E )+

N 2
wz 2M Qun] §"(E, — Eu)) {‘P><p‘>@}}'

We then expand the exponentials, keeping terms up to second order in |Qy;|, thus obtaining terms
which are at most bilinear in the operators X and p; supposing also (n,(n, + 1)) dependent only on

the modulus of p,, and p, we neglect in the expansion the contributions linear in Q,;,. We have

2 > ~ o
~ %Z/ <nu(nn +1)) |t(|Q#W|)|2 Z QL" f
np

ij=1

{_5(E77_E ) ;/2 [Xi, %5, H+5/(E77_E/l)ﬁ%[§(j7{ﬁiaé}]
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1

+0"(E) — E,) (f%f)]@ + 2p;0p; + @f%fb) 8" (E, - E )4M2 ([A)Zf)]@ + @[32[3])}

1
8M?
and exploiting again the dependence of (n,(n, + 1)) on the modulus of the momentum we have

me Im = Oij Q and therefore

2
%Z (p(ny + ‘t 1Quunl) | ZQ

e

1 e i 1 . ..
{ 2 S(By — Ey) [%i, [%i, 0] + ﬁé’(En - K )2M [%i, {ps, 0}] — 8" (B — Eu)m [Ps, [Pss QH}
If momentum transfers are isotropically distributed we have in particular Qfm2 = %Qfm. Consid-
ering a gas at equilibrium at temperature T, in case of low degeneracy, assuming the Boltzmann

distribution we have

3/2 5 _
N [ 2nh? _gPh e PEu
(nu(ny +1)) = (ny) = V( p- B) e o = — (4.3.11)
with 8 = 1/(kgT) and m the mass of the gas molecules, and therefore, in the continuum limit
e 2 [Py — pn’2 1\ &
t,, [ ¢, ) (o PP () 3
i=1
1 / " 1 2 Aofa oA
0By — B e (500l — 1By — ) o (6001 + "8, — B) (577) [0l

and considering the terms coming from the action of the derivative on (4.3.11)

27 >0 %0 ; 2 [Py — pyl”
= [any, [ a0, [T ag, [T dEm p o) ) E (- e PSP b0, - )

<(-3) i{hlg ol + 7 5 Gl + () oot}

but the presence of the delta of energy conservation implies

0

Py — p77|2 = 4p?sin? B

with |p,| = |py| = p and 6 the angle between the two vectors. We further have
1 do
(2m)4h2 2 dQ

with = (mM)/(m + M) ~ m, being m < M because the Brownian particle is supposed to be

i (Ipy —pal)|” =

much heavier than the particles in the medium. We finally have

50
27rh /dQ /dQ/ dEp n#>sm B

xz{ +zh(2ﬁ4)[xz,{pl,@}] (520) ooloval}
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so that our master equation takes the form

o iy o o 1 o T
T = 7 [HQ +V, Q} - ?Dpp Z [Xis [, 0]] — Dygq Z [Ps: [Ps, 0] — ﬁDQPZ [Xi, {ps 03] (4.3.12)
i=1 1=1 i=1

where the coefficients connected to diffusion in phase space are given by
2 1 o0 do 0
D, = -—— Q Q Ep*t— in? =
PP 3(27rh)3/d “/d "/o d den<””>Sm 2
2
Dy = (2]\4) D, (4.3.13)

B
Dgp = 2(2]\/[) Dy,

and the potential V is given by (4.3.10)

2mh?
m

V=—-n,

[ dblp) pI Ref (E,.0 = 0).

In the limit of small momentum transfer we have thus recovered the master equation obtained by
Dekker [59], apart from the double commutator with x and p, giving a definite expression for the
coefficients appearing in it, which depend on the features of the collision cross section between
the Brownian particle and the medium. A similar result has recently been obtained by Diési [57].
He obtains an equation with the same structure, so that a direct comparison of the coefficients is
feasible. Apart from an overall (27h)3 factor due to a different normalization of the momentum
eigenstates, our expression for D,,, Dy, and Dy, given in (4.3.13) coincide with Didsi’s results
provided in his “L operator k; - p is substituted by (k; —ky) - p, so that the whole expression in
analyzed in terms of momentum transfers, thus avoiding his somewhat asymmetric choice. The

difference amounts however only to a small numerical coefficient.

4.3.3 Final Remarks

In the preceding paragraphs we have shown how the formalism developed in Chap. 3 and in par-
ticular the master equation (3.2.31) can cope with the description of quantum Brownian motion,
a typical example of irreversible behavior. The dissipative behavior is naturally linked to the con-
tributions other than the commutator, peculiar to the formalism of the statistical operator, whose
structure is thoroughly quantum mechanical and cannot be simply guessed on the basis of a cor-
respondence principle. This explains the richness of (4.3.12) with respect to (4.3.2), which is a
kind of naive counterpart of the classical Fokker-Planck equation. The result has been obtained

introducing a translation invariant interaction kernel and analyzing the whole expression in terms
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of the momentum transfer between microsystem and environment. Further simplifications, such as
low degeneracy and the neglect of the energy dependence in the collision kernel, have been adopted

only in order to recover results already obtained in the literature.

4.4 Summary and outlook

This chapter has been devoted to the application of the master equation (3.2.31) obtained in
Chap. 3 to some concrete physical situation. In Sect. 4.2 we consider the case of neutron optics,
that is to say the description of the interaction of neutrons with homogeneous samples, usually
performed reducing the quantum dynamics to a simple wavelike dynamics describable in terms of
a refractive index, on the basis of the similarity between the stationary Schrodinger equation and
the Helmoltz wave equation. The importance of this field is linked to recent single particle neutron
interferometry experiments, performed by different experimental groups in order to verify some
fundamental laws of quantum mechanics, which heavily rely upon this optical description for the
interaction between neutrons and blocks of matter inducing the phase-shifts. In Sect. 4.2.1 we see
how exploiting as phenomenological Ansatz for the T-matrix the Fermi pseudopotential (4.2.4)

B 2mh?
m

t(x) b63(x)

and leaving out the incoherent contributions typical of the formalism of the statistical operator the

usual stationary Schrédinger equation (4.2.6) describing a wavelike behavior is recovered

——A
2m @t m

2 T 2
{ AN b<w*<x>w<x>>}¢<x> = Bg(x),

equivalent to an index of refraction of the form (4.2.7)

)\2
n~1-— %bno.

In Sect. 4.2.2 we have considered the contribution given by the terms linked to an incoherent
interaction, showing their connection with the dynamic structure function of the medium S.. The

result is an imaginary correction to the optical potential (4.2.18)

)

- 27h? b2 po
U=—n, [ —zﬂﬁ/qu Sc(q)

m
together with a non-vanishing mixture term which accounts for fulfillment of the optical theorem

keeping also diffuse scattering into account. The relevance of this contribution in actual experiments

has been estimated in Sect. 4.2.3 with the help of a simple model for the dynamic structure function.
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The case in which a dissipative dynamics is predominant has been analyzed in Sect. 4.3, consider-
ing a particle interacting through collisions with a homogeneous gas supposed to be at equilibrium.
In the hypothesis of small momentum transfers we recover the master equation (4.3.12) for the

description of quantum Brownian motion, giving a quantum generalization of the Fokker-Planck

equation
do iy o 1 S N A A
- = 7 [HO +V, Q} - TDPPZ [Xi, [%i, 0]] — quz [Ps: [P 0]] — *quz [%i, {P;, 0}]
dt h h = im1 h i=1
(2/3) o do o0 B p
Dpp = (27h)3 /dQ#/dQn/o dEpZLden () sin? ) Dyq = mDpp Dyp = MDppa

where the potential term is linked to the forward scattering amplitude. Contrary to most results
obtained in the literature starting at a fundamental level this equation has the property of complete

positivity and therefore in particular preserves positivity of the statistical operator.

The fact that the very same equation (3.2.31)

can be successfully applied to two quite different physical situations, such as neutron-matter in-
teraction near the optical regime and Brownian motion, shows how fundamental the treatment
developed in Chap. 3 actually is. The key point lies in the choice of the features of the interaction
between microsystem and macrosystem, which actually determine the structure of the “L opera-
tors in (3.2.31) and therefore of the dissipative or incoherent contributions, and also the relevance
of the commutator term to the dynamics. One might therefore hope that (3.2.31), also thanks to
the by now canonical Lindblad structure, has really caught some general feature of the intrinsically
irreversible interaction of a microsystem with a macroscopic system and might therefore also be
applied to other physical situations. Let us stress that the whole treatment in Chap. 3 has been
based on the introduction of a time scale and the choice of suitably slowly varying degrees of free-
dom, which determine the range of validity of the whole description. This conceptual scheme is
of general validity and may also be applied to the case of macroscopic systems, as we shall see in

Chap. 5.



Chapter 5

Time Scale and Macroscopic Systems

5.1 Introduction

Quantum mechanics has non-separability as its most striking feature, i.e., one cannot attribute
“properties” to parts of a system and therefore typical problems like the measurement process and
E.P.R. situations arise. This feature is so deeply rooted in the mathematical structure of quantum
mechanics that we believe one should not try to make it less stringent, e.g., by attempts like
spontaneous reduction [63]. We prefer instead to weaken the very concept of physical system: usually
the #solation of a physical system is taken for granted, while in our opinion the way in which isolation
is achieved belongs to the very definition of the system. Any attempt inside quantum mechanics to
obtain the subdynamics for a subsystem enforces the introduction of a suitable time scale in order
to break up the correlations with the environment and replace physical walls by idealized boundary
conditions; in a completely sharp description of the dynamics of a subsystem the physics of the whole
universe would enter. The preparation procedure leading to a system, isolated during a time interval
[to, t1] and confined in a spatial region w, covers a time interval [T, to|, that will be called preparation
time. Due to the confinement the basic space-time symmetries are broken and by suitable boundary
conditions “peculiar” properties of the system are introduced. This obviously reduces the universal
character of the dynamical description, however an important universal behavior still remains
due to symmetry and locality (or short range character) of effective interactions, whose relevance
becomes particularly evident in the quantum field theoretical approach. The outstanding relevance
of the field aspect in the description of macroscopic systems is substantiated from the available
phenomenological descriptions such as classical electrodynamics, mechanics of continua, equilibrium

and non-equilibrium statistical thermodynamics [64].

We thus regard a physical system as a part of the world under control by a suitable preparation,

whose local behavior is explained in terms of locally interacting quantum fields. The choice of these

91
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fields depends on the level of description of the system. A large part of physics can be explained
in terms of quantum fields related to molecules with a typical time scale of the order ~ 10713 s; a
much more refined description arises if the basic fields are related to nuclei and electrons, then the
basic theory would be QED and a much smaller time scale ~ 10~2% s could be considered: however
such role of QED as basic theory of macrosystems is far from being exploited. In a sense this
viewpoint [65] can appear as opposite to the most widely spread one, which we synthesize as follows:
particles are the primary systems, related to non-confined quantum fields and to basic symmetries,
all other systems are structure of particles; one then tries to obtain a typical macroscopic behavior
in some suitable thermodynamic limit. According to us, on the contrary, macroscopic systems are to
be taken as the primary systems, even if in their definition time scales and spatial confinement must
be carefully taken into account; the theoretical framework for their description is quantum field
theory, locality and quantization taking the place of the atomistic model. In this context particles
are a derived concept. The description of non-equilibrium systems is put in the foreground and
at least in principle should be performed taking boundary effects into account; procedures like
continuous limit should be applied only at the end, if one wants to get rid of boundary effects. This
standpoint is closer to thermodynamics and electromagnetism, while the former one originates
from classical mechanics. The relevance of macroscopic systems for the foundations of quantum
mechanics is the starting point of Ludwig’s axiomatic approach to quantum mechanics, which has
been surveyed in Chap. 2. The insistence on the distinction between these two attitudes is due to the
fact that they lead in a natural way to two different formulations of the dynamics, already sketched
in Sect. 3.2 in the simpler case of a microsystem interacting with matter. In the first approach
one associates a wave function ¢ to each system (¢ (x,t) for one particle, ..., ¥ (x1,X2,...,XnN,1t)
for N particles); obviously if one describes situations like “unpolarized” particles it is appropriate
to use a statistical operator, in order to take a lack of control of the experimental specification
into account. This aspect becomes increasingly important for large N, so that statistical operators
are very useful for macroscopic systems, nevertheless the basic dynamics is given by an evolution
operator for the wavefunction . On the other hand, starting with a macroscopic system, one is
led to assume a statistical operator ¢; as the most appropriate mathematical representation of the
preparation procedure until time t. The set IC(#H) of statistical operators on the Hilbert space
‘H becomes most important and the space T (H) of trace-class operators, which is generated in a
natural way by K(H) [KC(H) is the base of the base-norm space T (H)], plays a role similar to that
of H in the previous formalism. Correspondingly unitary operators on H in the first approach are
replaced by affine maps of K(H) in IC(#H), i.e., by positive, trace-preserving maps on 7 (H). If the

system is isolated in the time interval [tg,t1] the spontaneous repreparations g, t € [to,t1], are
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related together by o = Moy (t > t'), where the evolution system { My t” > t'} satisfies the
composition rule My = My My (8 < " < ¢""). We stress the fact that there is no reason to
assume that My has an inverse. If M;é, exists then My = Uy - Ug,,t, (see the discussion in
Sect. 3.2), with Uy unitary or antiunitary operator and one is brought back to the Hilbert space

formalism: 1y = Uprpapy. The dynamics in the present framework is indeed more general and has

irreversibility as typical phenomenon.

To determine the maps My a choice of relevant observables is necessary: when a time scale
is introduced, only those observables should be considered, whose expectation values do not ap-
preciably vary in a time interval of the order of the time scale. It is thus necessary to work in the
Heisenberg picture, i.e., with the adjoint map My, , and consider expressions of the form Mj, A,
A being a relevant observable. For the same system different descriptions can be given by different
choices of relevant observables and corresponding time scales, as we shall exemplify in Sect. 5.2.1.

Skipping questions of mathematical rigor we can assume the differential equation
d
a ;to = [‘; 2t07
A / f s AW / :
and represent My, in the form My, = T (e’ ") in terms of the generator L;. It is well
known (rigorously for bounded £}) that if M}, has the additional property of complete positivity,
L} has the Lindblad structure [30, 31]:

1

; 1
LB = +% (H,B ~ BH,) 5 (AB+BA) + + > L;BLy,
j

1
H,=Hl A= 3 > LiLi;.
J

In our framework the assumption of complete positivity can appear too restrictive since only a
suitable subset of observables is relevant and one expects that a modified concept of complete pos-
itivity of M}, relatively to these observables should be given, leading to a more general structure

of £}, as we shall see in Sect. 5.3.3.

The more general description of the dynamics that we are considering allows the introduction
of the concept of trajectory in quantum theory. In fact in the general formalism of continuous
measurement approach [32, 33, 34, 35, 36, 37, 38| (for a recent review see [24, 39]) one has that an
evolution system { Myt > '} with £; having the Lindblad structure can be decomposed on a
space Y;? of trajectories for stochastic variables. One can define o-algebras B(th”) of subsets Qi:/
of Y} and construct operation valued measures F (') on B(Y}") in such a way that My =

F(Y}"). Then for any decomposition V" = U (24 .,) with disjoint subsets Qb ., one has

My =S F(Q ). (5.1.1)
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One can therefore claim that the quantum dynamics of the system is compatible with the evolution
of classical stochastic variables; typically the probability that the trajectory of these variables for
t' <t <t" belongs to a subset lea is given by p(Qg/a) =Tr (]:t (Qt” )o(t )) The decomposition
of My by operation valued stochastic processes ]:f,” on a suitable trajectory space Yt'f” is not
unique, i.e., there are many compatible objective “classical” pictures which are consistent with the
quantum evolution. The very possibility of recovering some kind of classical insight into quantum
mechanics is due to the non-Hamiltonian evolution; obviously (5.1.1) would be inconsistent with
My = Upry - Ul since for gy = |1y )(¢hy| the Lhus. of (5.1.1) is a pure state and the r.h.s. is a

mixture.

In the framework we have now presented, dynamics is given by £;. One can expect that near
to equilibrium only the Hamiltonian part %[H ,-] is important, as it is clearly indicated by the great
success of equilibrium statistical mechanics; however the non-Hamiltonian part of £} is relevant
for irreversible behavior and for a full explanation of approach to equilibrium, as we shall see for

example in the derivation of the quantum Boltzmann equation in Sect. 5.3.4.

5.2 Finite Isolated Macroscopic Systems

We now consider a very schematic model of macrosystem, in the non-relativistic case, built by one
type of molecules with mass m confined inside a region w, interacting by a two body potential
®(|x — yl); for the sake of simplicity no internal structure of the molecules is taken into account.

In the field theoretical language the system is described by a quantum Schrodinger field:
(X) :ZUf(X)af [af,a;}i :5fg
f

52
—Q—Aguf() Ejup(x), ur(x) =0 x¢w. (5.2.1)

We shall assume the following Hamiltonian to take local interactions and confinement into account:

H = / d3X6 =Hy+®= ZEfafaf + — Z al2allq)lll2f1f2af1af2 (5.2.2)
1l
f1f2

b = [ d% [ dui,(0u, (3)8(x = yl)us () (0.

Eq.(5.2.2) is linked to the basic local Hamiltonian density for the non-confined field (nc)

h? 1
enc(x) = 7WJ ()-anc(X)+§[Ud%'¢LC(X) he (¥) (1% = Y1) ¥ne (¥) Yne (x)

[wnc(x)ﬂ w;rlc(xl)]j; = 5(X - Xl)?
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simply selecting the part of enc(x) related to the normal modes uy typical of the confinement. Obvi-
ously it may be uncomfortable to deal with the functions uf(x) and to perform discrete sums, even
if, but only at a final stage, one can do approximations like 3~ h(Ey)uys(x) = [ du(p) h(%)ei¥.
The preparation procedure should imply a kind of relaxation of ¥n.(x) to ¥ (x). Skipping this
problem we shall simply take the Hamiltonian (5.2.2) containing only the normal modes of the field
inside w. Our aim is not at all a full description of the finite isolated system, but a description of
it having negligible correlations with the environment; this description is related to suitable slow
variables, linked to the fundamental constants of motion of the system. One has then to make a
choice of relevant variables suitably slowly varying on the considered time scale; these quantities

will typically be densities of conserved quantities: A(x) with [, d* A(x) a conserved quantity. Our

relevant observables, as we shall see in the examples of Sect. 5.2.1, have the general structure:

Z a;LAhk (x)ar. Z a;m a;n Anahykyks (X)ag, ag, (5.2.3)
hk hiho
k1ko
1 * *
s = & [ @t (), )V e — ), (), ). (5:24

We thus have to study in Heisenberg picture the expressions:

i _i i _i
E etha;Lake thAhk(x), g etha;uaLlaklaer thAthlkle(x), (5.2.5)
hk 2122
1r2

and shall take into account that by the slow variability only terms that are “diagonal enough”
are really relevant, thus working near to the homogeneous case. The sums should be restricted to
indexes such that:

1

gl

1

1 1
ﬁ|Eh — Ek‘ < ﬁ|Eh1 + B, — By, — Ek2| < —, (5.2.6)
1

where 7 is the characteristic variation time of the relevant quantities, the introduction of the time
scale 7| implying that the detailed dynamics of the two-body interaction is replaced by collisions.
The time scale is related to the choice of the relevant fields in terms of which e(x) is given. The
picture founded on a mass charged field associated to molecules holds if the physics of the system
essentially depends on elastic scattering of neutral molecules, the whole underlying electromagnetic
structure being hidden: the intermolecular (e.g., Lennard-Jones) potential V' (r) is a simple effective
representation of the molecular field self-interaction. A much deeper description of dynamics is
possible in terms of electrically charged fields (electron and nuclei) based on QED, but also in this
case effective rough elements will enter in the Hamiltonian density, e.g., the electromagnetic form

factors of nuclei. One can expect that the relevance of time scales in macrophysics, the increasingly
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deeper descriptions lowering the time scale, even if at any stage the separation procedure requires a
persistence of some coarse graining of the dynamical description, indicates a link with the ultraviolet
renormalization problem in field theory: such a link appears clearer if quantum field theory is seen

as the basic theory of macrosystems, rather than of particles.

We would like to stress the fact that the quantum Schrodinger field is the basic tool to describe
a massive continuum, just like the quantum electromagnetic field describes a massless continuum.
The dynamics of the quantum Schrédinger field, ¥ (x,t) = ertl tw(x)ef%H ¢ in terms of which one

can rewrite (5.2.5), is given by the simple field equation

2
(e t) = o Mgl 1) + [y 0y, (b — YL, (1),

accounting for covariance under Galilei transformations; however no such equation holds for the
expectation value of the field (¢(x,t)) due to correlations in the non-linear term. Therefore a
classical Schrédinger field equation for (¢ (x,t)) has no physical meaning in general. In this respect
the case of electromagnetism, where no self-interaction of the field occurs, is deeply different and

allows classical electrodynamics to play an important role.

5.2.1 Different Levels of Description

As phenomenology indicates, for the considered medium there are two meaningful descriptions:
the hydrodynamic one based on energy density and mass density; the kinetic one based on energy
density and phase-space density. If we are interested in a hydrodynamic description relevant ob-
servables are constructed starting with the densities of the typical constants of motion, mass and

energy:
pm(x) = my'(x)(x) (5.2.7)

h? 1
ex) = 5V Vo) + 5 [ et ()9 () Bk~ y)Y (3) ¥ (x)
In the case of a kinetic description we replace (5.2.7) by the phase-space operator density f(x,p) =
my ni a}L(uh\F(l)(x, p)|ug)ay, where F(V is the density of a p.o.v. measure for the joint one par-
ticle position-momentum observable [66, 18]. The first step towards a classical description is the
introduction of a velocity field of the continuum, so that the former observables can be referred to

a local rest frame. Denoting by an index (©) these observables, one has:

) = o RV —mv(x 1) 1 x) - (iR mv(x,6) () +

+ ;/wd?*yw (x)¢" (y) @(]x —y)¥ (v) ¥ (x)
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P = pm(x)

f(0)<xvp) = f(xa P — mV<X7 t))

The introduction of this external classical field allows to compensate a gauge transformation of the
field ¥ (x) — w(x)e%A(x) with a transformation v(x,t) — v(x,t) — 1/mVA(x,t) of the external
parameter. The velocity field v(x, ) is linked to the expectation at time t of the momentum density

p(x) through the relation (p(¥(x)); = 0, where
pV(x) = %{[(ihv —mv(x,1)) YT (%) (x) = PT(x) (ihV + mv(x, 1)) 1h(x)}

or equivalently (p(x)): = v(x,t)(pm(x)):. The other classical state parameters are linked to the

expectations (e(9)(x)); and <p£2) (x))¢ (or (fO(x,p)); in the kinetic case).
5.2.2 Principle of Maximum Entropy and Thermodynamic Parameters

To the macrosystem one associates typical thermodynamic state parameters: the velocity field
v(x,t), the temperature field 3(x,t), the chemical potential field u(x,t) in the case of the hy-
drodynamic description or more generally a field u(x, p,t) on the one-particle phase-space in the
kinetic case [67]. The parameters 3(x,t) and u(x,t) (u(x,p,t)) determine the expectation values
of energy density and mass density (the phase-space distribution operator); let us briefly recall how
the relation between state variables and expectation values is established according to the principle
of maximum entropy [68]. At any time ¢ one considers the whole set of statistical operators {w}

which yield the expectation values assigned at that time:

(@) =Tr (eDx)w),  (pm(x)) = Tr(pm(xw), (FO0x,p)) = Tr (fO(x, p)w)

where the quantities indexed by (9) represent densities in the reference frame in which the continuum
is locally at rest and the velocity field is assigned as above. Then one looks for a statistical operator
in the set {w} such that the von-Neumann entropy [69] S = —kTr (wlogw) is maximal, i.e., the
most unbiased choice of a statistical operator leading to the given expectation values. The unique

solution of this problem is

ooy P BGe) [0 ()= t)pm (x)]

t), u(t),v(t)] = 5.2.8
w[ﬁ( ) M( ) V( )] Tr effw deﬁ(x,t)[ew)(x)fu(x,t)pm(x)] ( )

and analogously in the kinetic case.
The corresponding S = —kTr(w[B(t), u(t), v(t)] logw[B(t), u(t), v(¢)]) is the thermodynamic

entropy of the macrosystem. If the time evolution of the expectation values (e (x))¢, (pm(x))s,
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((f(o) (x, p))t) is given by the Hamiltonian evolution (5.2.5) or more generally by a map M, ,
having a preadjoint My, which does not decrease the von-Neumann entropy, one immediately has
that the thermodynamic entropy is non-decreasing. In this way one establishes the second principle

of thermodynamics on a very clear dynamical basis.

Now the problem arises to make a suitable choice for the representative of the state at some
initial time tg. According to information thermodynamics one takes the generalized Gibbs state
determined by the given expectation values at time g, that is the most unbiased choice. This
approach is certainly satisfying if memory effects are absent or completely negligible and if no
other information about the system, apart from these expectations, is available. More general
situations, for example memory effects connected to a macrophysical correlation time, demand a
preparation procedure covering at least the correlation time, thus leading to memory terms in the
representative of the state. The dynamical evolution law must then be fine enough to keep such
effects into account. To circumvent these difficulty Zubarev, in his definition of the non-equilibrium
statistical operator [64], takes the limit ¢y — —oo, thus removing any possible previous memory.
This is obtained at the price of introducing a weighting factor e! that has to be eliminated after
the thermodynamic limit has been taken, thus resorting once more to an infinite limit. Anyway a

suitable memory loss mechanism must be still assumed, typically decay time of correlation functions.

In the simplest scheme of macroscopic dynamics the thermodynamic state parameters v(x,t),
B(x,t), u(x,t) (u(x,p,t)) at time ¢ty determine its evolution for ¢ > ty, e.g., by differential equations.
Phenomenology shows that this is very often the case. Tackling the problem from the theoretical

viewpoint one is induced, considering the operators

pm(x) = F[H, pm(¥)] p(x) = #[H px)

ex) = FlH e(x)] (f(x,p) = flH f(x,p)]),

to calculate their expectations with the statistical operator given by (5.2.8). This leads to wrong
results as can be seen from the fact that the expectation values of the currents which can be asso-
ciated, through a conservation equation, to these operators would vanish [64], due to time reversal
invariance of microphysics, thus failing to describe any dissipative flow (e.g., heat conduction, vis-
cosity, etc.). The idea of a time scale for the thermodynamic evolution and of a related subdynamics
for the basic densities leads to a refinement of the aforementioned procedure: assume that %[H .
can be replaced by a mapping £, defined on the linearly independent elements a%ak, a}m a%laklakw
giving the slow time evolution of the relevant variables. In this way not only the statistical operator
w[B(t), u(t), v(t)], but also the evolution operator is tuned to the relevant observables. Then one

has the following set of closed evolution equations for the thermodynamic fields v(x,t), 5(x,1t),
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w(x,t), (u(x,p,t)) related to the basic observables A = p,,(x), p(x), e(x), (f(x,p)):

d

2 T (Aw[B(@), u(t), v(B)]) = Tr (L A)w[B(2), u(t), v()]) -

The non-Hamiltonian form of the map £’ should eliminate the aforementioned difficulties with
vanishing dissipative flows. The classical fields v, 5, u entering in the construction of w provide
an objective description of the isolated macrosystem, compatible with quantum field dynamics,
once the time-scale of the relevant variables has been taken into account. These classical state
variables control the expectations of the relevant variables, that can be attributed to collections of
prepared systems independently of an actual measuring process. If a concrete measuring process is
performed the system is no longer isolated and the dynamics of the open system can be assumed to
be still Markovian with U’ (t) replaced by an evolution generated by a superoperator £’ which takes
the interaction with the measuring apparatus into account. Then one can attribute trajectories
to the relevant quantum field variables in the context of continuous measurement theory: one can
see that the part of £’ related to the interaction with the measuring apparatus strongly affects the
probability measures in this trajectory space, e.g., providing dispersions for the relevant observables
that diverge in the limit of an isolated system. In this way expectation values of the relevant
observables can be linked to actual probability distributions for open systems and retain a physical
meaning in the limit in which the perturbation due to measurement vanishes. Examples of this
situation arise in quantum optics when atomic systems are considered, pumped by an external laser
field and behaving as open systems due to the interaction with the quantum radiation field. In [65]
a model is given for a continuous observation of the Schrodinger field, in which a trajectory space for
the relevant variables that we are considering in this chapter has been introduced, in this thesis this
point is not further examined. However it appears that a first step has been made in the direction
of an objective of a macrosystem inside quantum mechanics, which was indeed the starting point
described in Chap. 2. The problem of decomposing the dynamics of an isolated macrosystem first
into independent components, then into components independent “but for a microsystem” appears
as the most natural strategy to study interaction between macrosystems; this should lead to to

microsystems as carrier of interaction.

5.3 Time Scale and Scattering Map

After the presentation of the formal and conceptual scheme for the description of the dynamics
of macroscopic systems put forward in the previous sections, exploiting the notion of time scale
and relevant, slowly varying variables, we now devote our attention to the detailed evaluation of

the time evolution of these variables. As seen in Sect. 5.2 our relevant variables, in the case of
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a kinetic or hydrodynamic description, have the general form (5.2.3), so that we actually have to
study expressions of the form U’(a} ay), U’(a21a22ak2ak1), U’ being the time evolution mapping in
Heisenberg picture (the prime denotes in fact, here and in the sequel, the adjoint mapping with
respect to the Schrodinger picture), acting on the algebra of creation and annihilation operators in
Fock-space

'/ +iHt —iHt
U-=e 7" e m7Y

looking for an asymptotic representation for ¢ > 71 > 79, where 7 is the typical variation time
of our relevant variables, as given by (5.2.6), while 79 can be interpreted as the typical duration
of a collision between two particles interacting through the potential ®(|x — y|). The time scale
given by 7p is therefore supposed to be much smaller than the time scale 7 associated to the
selected variables. Our approach, related to relevant field variables in Heisenberg picture, differs
strongly from master equation theory or investigations (e.g., Prigogine’s approach) aiming at a
subdynamics for the statistical operator and the procedure essentially consists in transferring to
the space of observables B(H) standard methods of scattering theory related to H, analogously to
what we have done in Sect. 3.2.1. The mapping 7 (z), reminiscent of the T-matrix, plays a central
role in this treatment and will be called scattering map, the existence of 79 being connected to
suitable smoothness properties of T(z), so that essentially only the poles of (z — H{) ™! contribute

to the calculations in (5.3.1). The final result will have the simple structure

U'(t) (alar) = a}ar, + tL' (a} ak) To Kt <K 07,
|Ep — Ej|

and similarly for higher order polynomials of the field operators. The linear mapping £’ acting
in B(H) and defined on the linearly independent elements al ay, a;LQ a}blaklakz is given by (5.3.25),

formally the same as in (3.2.24).

5.3.1 Derivation of the Scattering Map

We want to study the expression
i i
U'(a}ag) = e 7a} ape w1t

where H is the Hamiltonian given by (5.2.2) and the time ¢ is such that ¢ > 71 > 79. As in
Sect. 3.2.1 we introduce the superoperators

7

W =_[H ], Hy=[Ho ], V=5[]

h h h
recalling that a}t, ap, are “eigenstates” of the superoperator H,
AP Z'E T ! — Z'E'
Hoah = +ﬁ hah Hoak = _ﬁ kQ.
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We make use again of the integral representation

, +i00+
W (6) (ahar) = [afar] = | T9E ety [ala] (5.3.1)
—ico+n 271
where
(z=H) "= (z=HY) T+ (2= Hy) T T(2) (2 —HY) (5.3.2)

and thanks to (3.2.14) one has the analog of the usual resolvent series

1

(z=H) " = (—Hp) "+ (2= Hy) IV (z—Hp) H (2= Hy) V(= Hp) V (z-H) +.
(5.3.3)
We may therefore write
Fiootn 1 =
U'(t) (ahar) = elr=tal ay + © et > A (5.3.4)

7. e e —
—icotn 2mi z—ep+eg ot

where we have set for simplicity e, = %Eh and
A’n — o H/ _lvl n T An+1 — _ Hl _1vl n
e =1(2 0) lapak] hk (2 0) [ARk] -

Our aim is therefore to obtain a suitable expression for 2, A}.. In order to make the first step

let us observe that the matrix elements of the potential

1
¢ = 92 Z azga;lq)llbflhaﬁah
11
i

have the following symmetry properties (+ denoting Bose or Fermi statistics respectively)

(I)l112f1f2 = iq)lgllflfz = iq)l1l2f2f1 = (I)lzhfzﬁ = ((I)fllellz)*? (5‘3'5)
so that
) 7
V(a}) = ’ Z a}2a21<1>l112fhaf, V(ag) = ~ Z af Rk f, £ f,0f,- (5.3.6)

lly f1f2
1

At first order we have therefore simply

Ay = (2= Hy) WV [ahax] = (= = Hp) " V' [a}] ax + a}V [ar]} (5.3.7)

/) 1
= 4+ <> al al D1 ARGNCE 1
2 h) z—e, —ep,+extep 212

l1l2
A

i 1
-z tat®
- Z ( h) z—ep—eyxtep —I—ef2aha/\ Nef1f20f10 fzs r
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where the letters 1 and r, here and in the sequel, denote the contributions obtained by acting
with the mapping V' on the left or right block of field operators respectively; 11r will denote for
example the term obtained acting at first order on a;, at second order on alT2 azl and at third order
on afay,. This notation, that will become clearer in the sequel, is helpful in keeping track of the
logical structure of the expressions obtained at the higher perturbative orders. By conservation of
total mass the scattering map applied to a couple of creation and annihilation operators should

have the general structure

T(Z)[a;ﬂk} = Zazlchhkflaﬁ (z,n) + Z a};a;lchbhkflﬁ (zvn)aflafz (5'3-8)
l1f1 lyla
f1f2

+ Z aj,a,a} Cliglshkfy fofs (2, 0)ap agyap, + ...
A
where the coefficients Cj,pif, a1, (2,n) 5 Cliohkf, f.(2,1) , ... are operator functions of the set of
number operators {ny, = a;ag}, diagonal with respect to the basis in Fock-space generated by the
creation operators. A very natural approximation in usual kinetic theory is the evolution by two-
particle collisions, reliable if the system is not too dense. In our field description the corresponding
approximation seems to be the following: a one-mode approximation in which we consider the part
of the evolution involving only one other field mode, so that in (5.3.8) we consider only the first two
terms in the expansion; however all the spectator modes are also relevant through the n dependence
of the coefficients and provide the Pauli principle corrections. We now calculate .A,Qlk within this

one-mode approximation. The relevant part of the calculation is the evaluation of expressions of

the form
v [angalTlaﬁan Piiafife = V' [aszalTl} Puiofiprafaf, + alT2alTl (I)l1l2f1fzvl lapap,],

discarding contributions containing more modes but keeping statistical corrections expressed by
the number operators ngy = a;ag. We have
V/ T P — 11 T al @ T P

Ap, | Plalafif20f,0f; = D) Z Apy Ay Priragigs |Ag1Qgas A1, Ap | Plilaf1foAf1 A f,

T172
9192

i 1
_ Tt 1 1 i T
=7 E , amam§ {(I)mmgbagall P iragly gy, + Priralygay, ag £ (I)nrallgalgag} Dyta fr 120110
T2
g

and putting the operators in normal order, exploiting also the symmetry property of the potential

given by (5.3.5)

V' |al,al,| B paasag, =
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)
T, T T T
% Z Qpy Qg {(bn?"zhb + Z <I>T1T29l2al1ag + Z (I)mmllgalgag} Pyt fy foOfy A
g g

T1r2
At this point, exploiting the one-mode approximation as explained above, we keep only the sum-
mands in which either ¢ = I or ¢ = [y, which do not introduce further modes, but contribute,
through the ny,, n;, operators, to the statistical corrections. The final expression is

7
vV |:a;2a21:| PlisfrfoOfrOfy R % Z a:’zall Dryrotnty (L £y E100,) Ruytypy prag, a8, (5.3.9)

T172
and in the same way we obtain
{
a};a}l <I)l1l2f1f2V, lafap] ~ 5 Z alTQ(lel Puytofife (LEnp £105,) Oy foriry Oy Cry- (5.3.10)
rir2
Exploiting (5.3.9) and (5.3.10) our second order contribution becomes

2 _ : 1 ot
Anr = ZZ(;—J ag, ap, Py

TP z—e, —e,teyte

17
lll2

a)ag 11

: (1£ny £ny)
(L A A o,
h) z—es —es +ey+ep hlAb
ll l2

7 1
+ Z Z (h) a};a;lq)lllg)\h

lila ) z—ey —eptepn tefp
f1f2

Crxeppapap, 1r

x(—i) (1 £ny£ng)

h) z—ey, —e,+ex+ex

' 1
+>_> (—;) Bk

Z—ep—extep +eyp

x<_i> (1:tnf{j:nfé)

(b 1 £l ar a rr
Z_eh_e)\+ef{+efé f1f2f1f2 fl f2

1 1
+ Z Z (_h> a;2a’21 (I)lllZ)‘h

z—ey —epteptep

X(z) (1 £ny£n)

LiiJ . 1
h) z—e,—ex+ep +ep A fif2 0110 f2 t

Let us note that in front of each contribution we have a term with a pole for the z variable

corresponding to the difference in energy between the in and out states. We now go over to the
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third order contribution A;’Lk, always in the one-mode approximation, so that the action of V' on the

statistical corrections, bringing in new modes, has been neglected; after some tedious bookkeeping

we have

h

) ) 1 :l: 7 :l: "
Z> 1 CLT a; d "1 (Z) < nll nl2> D
Z— e 1

h — ey, + ey +ep l2 l1laly 1 h) z— 6l// — el;/ + ey + ek Ll 0L,

1

(1 my =y

) o

Z</L> CLT ClWL (I)lll/l/ (
A h) z—e, —e,+ep +ep, P TARAE \ B
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a)ag 111
—ey —ey texteg lilgAh
1 2

1
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) 1 ; 1+n, Ltn.
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We now sort the different summands, collecting the terms with the same operator structure and
putting into evidence the contributions having a pole in the z variable corresponding to the differ-

ence in energy between the in and out states. We have

1llr + 1rl =

i 1
Z Z Z 7 1,0 q’zlbl’lz;
h) z

—e, —e,tep te iz
his fifo A 1 2 f1 f2
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i i (1 +ny £ ny)
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1 2

[z —e, —e,+ep +ep)+ [z—el/1 —ey + ey + ex]
(z—e, —e, +ex+eg) (z—el/1 —ey +ep +ep,)

!
2

X

and therefore

llr+1rl1 +rll =

i 1 i (1 + ny + n )
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Up to third order we thus obtain the result
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. (z) (1 +ny =+ n) <z> (1+ny£np)
fulaAh h) z—ey, — e, +ex+ep h) z—en—ex+ep +ep| hl

(- (1£n,£n,)

Dy, arna
h Z—ell—eb—i-ef{—i—efé fifafife fidf2

g t ot phk
+ 7 Z Z al2al1Flll2f1f2(Z)af1af2’
lilz fif2
where Fl]ﬁ“? f1£,(%) 1s an expression which is not singular in (e, + e, — e, —€y,). One can check
that the same mechanism holds also at higher perturbation orders, even though a precise formal
proof of this fact is still under study, so that the following relevant operator expressions come into

evidence
(A [t(ER 4+ Ex +ihz)| f1f2) (5.3.11)

(1i”f{i”fé)
E,+FE,—FE,—FE, +ihz
p By

= (Ak|D| fufo) + D (Nk[®] f1 fy)
f1fs
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Ey+E,—FE,—FE, +ihz
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+ 37 (kD] £ fo) (fifs @] f1 f2)
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; 1+n, £n
_ iy (L g
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e i W

(_i) (1:|:nf{:|:nf;) .

Z—eh—extey tes NBIAE
fi £

(-1 (1npy £ny) S
f1f2f1f2

h z—eh—e,\~|—ef{/+ef

"
2

and setting t'(z) = [t(2)]" we have

(Lly [t'(E), + Ex + ihz")| Ah) (5.3.12)
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corresponding to the matrix elements of a two-particle scattering operator, bearing Pauli-principle

corrections of the form (1 &+ n;, &+ n;,) and therefore operator valued, even though this makes no

problem for the definition of ¢(z), since for all [1, 5 these statistical corrections commute. The final

result obtained resumming the whole perturbation series is then

S - re()

lila A

1
z—e€, —e, texte

aj,aj (Liz[t'(Ey, + Ex + ihz")| \h) axay,

1
z—ep—extep teyp

ajal (Ak [t(Ep + Ex + ihz)| fif2) ay ay,

SRE)

fifz A

1
zZ—ey —eptentep

7 -
+ Z Z Z (h> alga;f1 (lyly \tT(Efl + Ey, +ihz")| Ah)

hilz fifa A

(1 £ny£ng) (1+£ny£mny)
B, +E, —E\— Ey+thz Eh+E)\—Efl—Ef2+ihz

x (A [t(Ey, + Ei, +ihz)| fife) apay,

i hk
+ 7 Z Z aszalT1Fl1l2f1f2 (2)agag,, (5.3.13)
lilz f1f2
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where Fl}fﬁ . /,(%) is again an expression which is not singular for z = e;, +e;, —ef, —eg,. In order

to make our expressions somehow more compact we introduce the notation

SP 1 (2) =D (lz |t (Ey, + By, + ihz*)| Ah)
)

(1j:n>\:tnk) (1:|:n>\j:nh)

Nk [t(Ey, + Euy + ik .
B+ By — En— Er + iz Bnt By — By, — By, + ihz | ORI E0 + By +ihz)[ f1f2)

We are now in the position to evaluate U’ (t) (a} a) making use of (5.3.4) and (5.3.13)

! T _ (ep—eg)t t ot dy zt
U'(t) (ajar) = e ajay + —e (5.3.14)
—icotn 2Tt
1 1

al al (Lly [tT(Ey + Ex +ihz®)| Ah) ara
zZ—eptegz—ey —e,+teyteg 2™ <12‘ ( k A )| > A%k

1 1
z—eptegz—ep—exten tep

apal (\k [t(Ep + Ex +ih2)| f1f2) agaf,

1 1

T .1 gohk
E a)_a; S,
— — — 1% Pl f1f2
Il f1fs © T Ch +epz—e, —e,t+epn tep,

(2)afap,

S| .

L I s

T hk
z—ep+eg lzahFlllzflh(z)aflah} :
hiz fif

Let us note that the contributions apart from the last one, which will prove to be not relevant, in

(5.3.14) may be obtained simply setting for the scattering map in (5.3.2)

T(Z) [a}lak] = + %Z ZCLLGL <lll2 ‘tT(Ek + E,\ + ZFLZ*)’ )\h> a)ag
lila A

1 .
— 3 Z Za%a; (AE[t(ER + Ex+ihz)| fif2) apayp,
fifa A

+ 5 Z Z algallsl1l2f1f2( z)afpag,,
1112 fifz

so that

(z — 7-[6)_17(2) (z — 7—[6)_1 [a} ai] =

{ 1 1
+ﬁ;;z—€h+€kz—€ll—612+€,\+6k L
162

<l ls |tT(Ek + E) +ihz* )| )\h> a)ag
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1 1
z—eptegz—ep—exten tep
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f1f2 A
"‘ ZZ 1 1 Sll ()af(lf
z—eptepz—e, —e,+epnt+ep 12 ap Plls frfa 1%f2

l1l2 fifz

We now have to evaluate the contribution of the different poles to (5.3.14), assuming for simplicity

that no bound states between the molecules can be formed. Then the time scale is introduced by

the following modifications. The scattering map 7 (z) is replaced by T (z+ §), with ¢ ~ Lo

70
being of the order of the collision time. So that (5.3.14) becomes

+ico+n
U'(t) (alay) = 6(€h—€k)ta/;bak +/ 72 o7t

—icotn 2Tl
{ 1
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—eh+ekz—el1 e, +ex+ ek
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=

al2al (Lila |t' (B + Ey\ + ihz* + ic)| Ah) ayag
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oy

1 1
- alal Nk [t(E) + Ey + ihz +ic ar a
h1f2E}\:Z_eh+6kz_eh_e>\+efl+ef2h)\< t(Eh + Ey ) fife) apay,
7 1 1
+ - al al S (z+ )a a
T’L%;fl z—ep+tepz—e, —e,+ep t+ep 7L hizfufe p )

o

1 1
+ 5 Z Z algallFl1Z2f1f2 <Z + h) a’flaf2} .
l1l2

Z— € e
l2 f1f2 h T ek

Final results for expectations of the relevant variables, having a typical variation time 7 > 7
are practically independent on ¢; € dependence would mean dependence on the distribution of the
huge set of poles that 7 (z) has on the imaginary axis, which in turn is related to the confinement
of the system, only roughly represented by the boundary conditions we assumed in (5.2.1). So €
dependence is more an artifact of the idealized confinement, rather than a physical feature. For a
finite confined system this treatment unavoidably relies on an approximation. The situation can
be improved considering the limit of no confinement: then the set of poles of 7 (z + £) becomes a
continuum and its matrix elements become analytic functions for Re z > —e, having a cut on the
imaginary axis, and the existence of the limit § — 0 (J being the typical spacing between the poles)
can be reasonably assumed. The analytic continuation across the cut can be considered and one can
assume that the singularities of this continuation are located in the left half-plane far enough from
the imaginary axis to give contributions that rapidly decay for 7 > 7y, thus providing the precise
reason that makes the previously considered terms indeed negligible. We therefore consider only

the poles relative to (z — H})~". Due to (5.3.16) the term with Flilliflh (z) gives no contribution to
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the dynamics on this time scale, and will be therefore neglected. It could be relevant if, due to the
existence of bound states, poles of 7 (z) should also be taken into account. Of course this analysis
might be refined, allowing to treat more general physical situations. We have an expression of the

form

dz , 1 1
—e

2t z—fz—«

I, B) =

f(z)
where (8 equals (ep, — e), while a equals either (e, + e, — e —ey) or (ep, +ex —ep —ey,) or
(e1, + e, —ef, —ey,), and the poles of f(z) are suppose to give no contribution. The expression is

symmetric in a and 8 and may be written

e f(a) — e f(B)
a—f

but since we are considering variables with suitably slowly varying expectations, on the considered

I(a, B) = , (5.3.15)

time scale ¢, which is much longer than typical microphysical interaction times, but still much

shorter than the macrophysical variation time of the relevant observables, we have
len, — ekt < 1, ler, + e, —ep, —ep|t < 1. (5.3.16)

Exploiting (5.3.16) and analogous relations, we can expand the exponentials in (5.3.15), thus ob-

taining, up to the linear term in ¢

that is to say

/)
U'(t) (a)ax) = aay + ﬁt(eh — ex)a)ay
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15
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Keeping the slow energy dependence of 7(z) into account we also have

(9f [t(Eq + Ey +i€)|rs) — (gf [t(E, + Es +ic)| rs)
(Eg + Ef) — (Er + Es)

~ 1ol(gf[t(Ey + Ef +ig)[rs)],

so that we may leave out the constant terms, not contributing to the time evolution. It may also
be checked that these terms do not spoil particle number conservation (see Sect. 5.3.2). We are

thus left with

U't) (a}ax) = alay + %t(eh —ey)aja (5.3.17)

+ tzz
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1
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T
a,,ar,

3
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hk €
[(eh +ey, —ep — ef2)5l1l2f1f2 (6[1 +e, —ep —ep + ﬁ)

hk €
— (€h — €k)5l1l2f1f2 (eh — €k + h):l aflan.

The asymptotic form of U'(t) (azak) thus obtained, however, does not have the typical structure
of a completely positive mapping, as the one we obtained in Chap. 3 for the microsystem. The

relevance of the completely positive property in the case of one-particle quantum mechanics, which
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accounts for the generality of the Lindblad structure, seems to suggest that a similar property could
be important also in more general physical situations. In fact the terms spoiling a generalized
completely positive structure in (5.3.17) are exactly those expressions which become null in the
homogeneous case. Considering slowly varying, that is to say quasi-diagonal, quantities, it seems
quite natural to keep, instead of the symmetric choice (5.3.17), the contribution relevant in the

quasi-diagonal case, that is to say tf(«)

L{’(t) (a%ak) = + a}tak + %t(Eh - Ek)a;lak (5.3.18)

1 .
+ *tz Z a};a;l <l1l2 ’tT(Ell + E12 + ZE)‘ )\h) a)ag
lila A

i .
3t > ahal Mk [t(Ey, + Ey, +i€)| f1f2) agaf,
fifa A

) .
+ ﬁfz > > anal, (|t (By, + B, +ie)| AR)
lila fifz A

(I £ny+ng) (1 £ny+£mny)
Ef +Ey, — Ey—Ep+ie By, +E,—E,— E\—ic

x (Ak[t(Ep + By, +ie)| fif2) apap,.
5.3.2 Particle Number Conservation

Now that we have obtained the desired expression for the time evolution of the field operators a}lak
we want to check the fact that the mapping thus obtained warrants particle number conservation, or
equivalently mass conservation. This fact will provide us with a confirmation of the meaningfulness

of the approximations used in order to introduce the time scale. Setting N =3}/ a;ag we have

U'(t)(N) = N (5.3.19)

+ ﬁtz > apaf, (W |t (B, + Ei, +ie)| fif2) — (Lo [((Ey, + By, +ie)| f1f2)] agay,
lila f1f2
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We now come back to the definition of the ¢(z) operator in (5.3.11). Setting zo = (Ey, + Ey, + ic)

and defining the following operator potential

(lila |PR] f1f2) = (L2 |@] f1f2) (L £ ny £ny,),

the subscript R recalling the fact that the statistical corrections are on the right, with reference to

(5.3.11) we may write

1 1

4+ ) P+ ...
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= (Ily|® + ¥ D[ f1f2),

1
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where the operator (22 — Ho — ®g) ™! is actually defined by the series given in this expression. On

the same footing, setting z; = (Ej, + Ej, — ic) and recalling (5.3.12) we have
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zZ1 — Ho - (I)R
Let us note that a fully equivalent analysis may be put forward in terms of the operator potential

®r, given by
(Lilz[PL] fif2) = (L& ny £,) (Wl2 |®] f1f2),
that is to say formally the adjoint of ®g. We stress the fact that (l1lo |Pgr| f1f2) is not a c-number,

but is operator valued in the Fock-space of the quantum Schrédinger field, diagonal in the basis

created by the operators {a}}. Eq. (5.3.19) thus becomes
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lila fifo A1 )2

1 1
- Ao |t
X <22 — B\, —E\, z1-E\ —E,\Q) (MA2[t(=2)| frfo) ag af,
1
=N+ft aall{q) d-_Ppp—
ZZ 1271 2| R _H0—<I>R RZQ_HO_(I)R

lil2 f1f2

1
() obp—-— P
+(R+ R —Hy— oy R)



116 CHAPTER 5. TIME SCALE AND MACROSCOPIC SYSTEMS

(mm=m)
X J—
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but exploiting the relations analogous to (5.3.3) for the resolvent series which defines (zo — Hy —

®R)~! we have

1 1
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1 1 1 1 1 1
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and therefore U'(N) = N, that is particle number conservation.

5.3.3 Structure of the Generator

We can now read off from (5.3.18) the expression of the generator of the time evolution in Heisenberg
picture £’
i

E, (azak) = h(Eh — Ek)a;lak
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Considering in particular the contribution containing both #(z) and ¢'(z) we see that the expression

between square brackets may be written in the form

2¢ 1+ ny £ 2 (np + ng)

h (Efl +Ef2 —E)\—Ek-f-if) (El1 + B, — E), — E) —iE)
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(1:|:n>\:|:nk) (Eh —|—E12 —Eh—E)\) — (1:|:n>\:|:nh) (Efl —I—E’f2 —E)\—Ek)

(Efl + Ey, — E\ — E} +ie) (B, + Ei, — Ep — E\ — i¢)
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and provided |nj, —ng| < 1, ¢ > |Ey — Ey, — Ef, — Ey + Ej, + E,| we can keep only the first

contribution. Assuming small statistical corrections, so that

1
Lty 3 + 1) = V@ £ ) /(1 £ 0y £ )

the last term of (5.3.20) assumes the following factorized form
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In strict analogy with (3.2.22) we introduce the operators
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RAT = 1 T % (1+ny +
hA Z l2 l1 Eh + Elg Eh _ E)\ e \/ 5 ny nh)

l1l2

and we can write

L' (ajar) = = [Ho, ajar] + - [T[QH ]ak +a [T[2 ak] ZRh)]\TR 2]

= [

Following (3.2.23) we have

1
2] L | ol
1% Q[T 4T ]
= Z > aja] (Ll |[t(Ey, + Ey, + ic) + t'(Ey, + By, +i)]| fuf2) apay,
1112f1f2
2] L [pl2) _ pl2lt
r 2[T T }

= 5 Z Y aal (Wb |[H(Ey + By, +ie) — t'(By, + By, +ie)]| fufo) agar,

1112 Jif2

(5.3.21)

(5.3.22)

(5.3.23)
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and therefore

TR = i ikl v =yt rk = it (5.3.24)

so that T'? is different from zero only if one goes beyond the Born approximation. The final

expression is
o (a}bak) = % [Ho + V[2],a2ak] — % {[F[Q], a;l] ap — a}L [F[Q],ak” ZR;?/]\TR,C;\, (5.3.25)

formally exactly the same as eq. (3.2.24) obtained for the particle interacting with a system having
many degrees of freedom, so that an analogous demonstration of the complete positivity property
holds. The difference lies in the structure of the operators appearing in it, one-particle operators
in the first case (as stressed by the superscript [1]), two-particle operators including statistical
corrections in the second one (denoted by [2]). Neglecting the operator structure due to statistical

corrections we have

Z {FD], GH ap = 2%, ZGL [F[Q], ah} — _orl2
h

h

and therefore

L/(N) = —ﬁrﬂ + ZRQ]TRLQ;,
hA

so that within our approximations particle number conservation amounts to

T2 ~ ZR[Q]T R (5.3.26)

|

+ - Z RPTRE (5.3.27)

The expression thus obtained, ensuring mass conservation, is

2]+ p[2]
Ak ZR TRgf’

2]t pl2
423” R, a}

£ahar) = +[Ho+ VP aha] -+
h h o7

5.3.4 Homogeneous Boltzmann Equation with Statistical Corrections

As a first application of the results obtained so far we will now show how (5.3.27) goes simply over
to a Boltzmann equation with statistical corrections, the so called Uehling — Uhlenbeck equation.
For simplicity we will consider the homogeneous case; setting h = k and exploiting the following
simple relations

(B2 ) =0, [R%al] =0
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eq. (5.3.27) becomes

= V] = S 1 ] ) 4 5
g

and using further

2 _ (fg|t(Bx + Ep +ic)| Ah)
(Ra)] = 2% \/25(1infing)EA+Eh_Ef_EgH_EaA
(AR |tT(Ep, + Ey +ie
(B an] = —2§j o W En + By +i2)| /9) V2e (L £y 0,)

Eh—f-E)\—Ef—E — 1€
we come to

d 7

S = 2 vl
T h[V ,nh}
1 o ot Sl |t'(Ey + Ey, +i€)| fg) (fg|t(En + Ex +ic)| Ah)
= aj, l1 2e (1xny+ny) — )
2h Y B, + B, — Ef*E — 1€ E>\+Eh*Ef*Eg+Z€
1112
1 (M |tH(ER + E t(E E )
Ly aa t"(En + A+Z€)!fg>2 Sy +n )<f9\( nt f2+25)\f1f2>aflaf2
2h r: E\x+Ep— Ey — Ey —ic Ef + Ep, — Ep — By +ie
f1 f
(il [t (Ey, + Ei, + i€)| Ah) (AR|t(Ey, + Ey, +ic)| L1 fa)
2¢(1+ns+ .
i llzl; B By, — By By — e 2 ) Ej, + By, — By — By, +ie 1%
f1f2

We now consider the expectation value of this expression with a statistical operator g, having the

canonical form, diagonal with respect to the basis generated by the operators {n,}, so that we are

left with
d 2 €
= h%; (Ex+ Ej — By — E,)? + &2

x [ [H(B + By + )| fg)[* (1 nx £ ) (ng) (ng)

— [(£g|t(En + Ex + i) AR (na) (n) (1 np £ ng) |,

and we have used the same notation for the ¢ operators, even though the expectation value has
brought to the replacement n, — (ng), and the factorization property is linked to the structure of

om- Using the time reversal invariance of the T-matrix we have

d
dt

n) [(M (B + By +ie)| f9)I?

e
hzz E,\+Eh—Ef—Eg)2—|—€2

x {(1£nxxnp) (ng) (ng) — (na) (na) (L EngE£ng)t,
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or equivalently

d 2 €
dt (n) - = E%X/\:(E,\+Eh—Ef—Eg)2+g2

(M [H(Ey + By +ie)| fg)I?

X {L £ na) (LEnn) (ng) (ng) — (na) (na) (LEng) (L+ng)}.

Recalling the fact that the indexes f, g now denote momenta, we extract the delta of momentum
conservation from the matrix element of the ¢ operator, changing the notation from f, g to py, py,

thus obtaining
(PAPR |t(Ef + Eg + ic)| prg> = 5px+pmpf+pgT (A < qu)

where

1 1

Qfg=§(pf—Pg), QAhZQ(pA—ph)

denote initial and final relative momenta, and the expression T is such that

1

W ’f(a)‘Q )

IT (@  ag)l* =

with # the angle of rotation of the relative momentum between the colliding particles. In the

continuum limit we have
%f(ph) 2h 2mh) /dgpx/dgpf/dgpgﬂE,\ + Ej — Ef — Ey) 6° (PA + P — Pf — Py)
< |T (@ < agg)* {[1 £ 2mh)* f(pa)] [1 £ (27) F(pn)| £(P) f(Py)

— FE2fon) [1£ @rn)*f(py)] 14 27h) f(pg)| ) (5.3.28)

where f(p) is the distribution function for the homogeneous case

f0) =5 ). [ a [ dp s -

As we have seen there is a strict connection between (5.3.27) and the Boltzmann equation with

statistical corrections given by (5.3.28), in particular the expression
+ = Z RATRZ
goes over to the gain term, while

s

goes over to the loss term.

@ ZR Ryjsan

ZRz]T gf’ah

}
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5.3.5 Extension of the Formalism to Higher Polynomials of Field Operators

We will now show how the formalism of Sect. 5.3.1 for the evaluation of the time evolution of the
couple of field operators a}lak can be suitably generalized to the case of higher polynomials of field
operators. As we have seen in Sect. 5.2, the typical structure of the relevant observables one should
consider for the description of the macroscopic system on a given time scale is given by (5.2.3)
and (5.2.4), together with generalizations of these expressions to the case of 2n field operators.
We therefore intend to give an asymptotic evaluation of the expression U’ (a}ln . a}llakl ...ag, ) for
t > 11 > 79. Dealing with suitably slowly varying quantities, so that, at least with respect to the
considered observables, the system is not too far from equilibrium, one has that the indexes h;,
k; referring to the normal modes are not completely independent. In the case of two operators
a}lak considering slow variables implied a neighborhood of the two modes h and k, which played
an important role in the calculation, especially in obtaining the completely positive structure given
by (5.3.25). This condition of almost homogeneity becomes clear if one supposes that the system
is described by an equilibrium statistical operator diagonal with respect to the normal modes,
so that the equilibrium value of quantities of the form >, aLAhk(x)ak actually implies h = k.
The natural generalization of this physical approximation to the case of observables having a more
complex operator structure is therefore the following: in expressions of the form a}ln e a}ll aky - - - Ak,
we suppose that the indexes are linked in couples, so that between the modes h; and k; a relation
exists, similar to the one between h and k exploited in the calculation of Sect. 5.3.1. In the
following we will therefore develop the calculations paying attention to the couples azj a; as a
whole, rather than to the single field operators, keeping the relation between the indexes into
account. To understand the meaning of this approximation more clearly, let us consider in more
detail the typical observable given by (5.2.3) and (5.2.4)

5 [0 G0 @) V=)0 )6 00 = 3 alah, Ananyiara (K a, (5:3:29)

hqhg
k1ko

If we consider the expectation value of (5.3.29) with a statistical operator, diagonal with respect

to the normal modes of the system supposed to be at equilibrium, we obtain
2 2
S [ @ us GOl Ve =) luy ()] (ajafasay )
fg 7%

so that the interaction kernel actually describes an interaction between the local densities of the

different modes of the field, weighted according to the population of the modes. A similar approx-
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imation, however more restrictive, due to its statistical consequences, would consist in setting

@' )P ()¢ ()¢ (x)) = @' (x) ¥ (x) (¥ (¥) ¢ (¥))

thus reconducting the expectation value of 2n operators to suitable multiples of expectation value
of couples of creation and annihilation operators. For the relevant variables we consider a gener-
alization of this situation, so that the different indexes h;, k; are related, though not necessarily
identical. Keeping this feature into account we will now develop the calculations in strict analogy

with Sect. 5.3.1.

To start with let us introduce the following operator structures

— T —
‘Ahn CLh ahl, Ak}’l’b — akl c . akn,

which will be helpful both in having a more compact notation and in keeping track of the structure
of the different expressions. We intend to evaluate U’(t) (A} A, ) and analogously to (5.3.4) we

exploit the following integral representation

n

+icotn 1 .
U't) (Al A, ) = —ep )t | Al A +/ — e 5 > NG,
( ) ( hn k:n) exp (Z(ehl ekl) ) hn"kn ; ¢ Z— Zi:l(ehi - ) =1 "

= —icotn 2T1 .

where again
f?lz: = {(Z - /Hé))ilv/} ['A;ln‘Akn] :

Exploiting (5.3.6) and the simple property
[A,Bl BN] = [A,Bl]BQ...BN+Bl [A,Bg]Bg...BN-l-...-i-Bl ...Bn_1 [A,BN} (5330)

we come to

.on
1 -17 ZZ Z 1 t tot T t
Nhk = Z—HO [ ah"...athrl alzah(I)lllQ)\hja)\ ahjil...ahlA,m
A

J=1 l1l2

_ Z A;makl N (a&@Akjflanflafz) Ahejyy - akn] .
fifa

For both Bose and Fermi statistics one has
{agazl,a;l . a;T] =0, {aflah, ag, - .- agr} =0 (5.3.31)

so that the couples alT2 alT1 and ay ayr, can be moved to the left and to the right respectively:

.on
1 -1 tot t t t t
Now = (2 —Hp) E E [E aj, ay, Prionn; o ay oy a Ay
J=1

Il

T I
- Z Ahnakl e akjila)\akjﬂ e aknq))\kjﬁhaﬁab] .
fif2
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We now proceed to normal order; considering the identity
axa}, = tajax + [ax,a},] L = £ajax + o,

(the + sign denoting as usual Bose or Fermi statistics respectively) we see that moving the operator

a) to the right, apart from an overall sign further contributions arise, having the typical structure

Tt T T T T
Z allal2<I>lllzhj71hjahn e ahj+1ahj72 N ah1‘Al~m’
l1l2

these terms however, because of the missing sum over A, have a different volume dependence in the
continuum limit and will therefore be neglected with respect to the other ones. Noting that the
operator a) comes from the action of the potential V' on the operator a;lj and recalling that we are
considering a situation in which the two indexes are linked, we move the operator ag; to the left, in
order to put into evidence the pair ayag;, thus generating an overall sign that exactly compensates

the sign obtained in bringing the operator a) to normal order. A similar reasoning applies to the

term with a;, so that setting for simplicity

(Alm)j = a}ln .. .a}lﬂlazjil ...a}“ 1<j<n
(5.3.32)
(Ap): = Qry -Gy Qryyy -, 1<i<n
Nk, becomes
. n
—1 1
(2= Ho) ™ 5 2° 20 | 2o ah P, (Al axar; (Ay,),
=1 x |l
= > (AL ah,al (A, @ fupapag,
fifa
and using further (5.3.31), so that
[‘A;rnw a;rza;] = 07 [Akm a)\ak] = 0
and similarly for (A] ) i (A,);> we finally obtain
-1
Niw = (2= Ho) V' [A), A, (5-3.33)
" 1 1
CE20)
jzl % h) z—ey —e, — > zi(en, —ex,) +ex+eg,
A
X angalTl (I)llb)\hj (A;Ln)j (Akn)j Ax\A; L

1
z—ep; —ex— izlen, —eg) tep +ep

x aj, a) (Ah,); (Apn); Pakyfie0piap R
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where the letters L, R have a similar meaning to the letters 1, r used in (5.3.7). The structure
of (5.3.33) is in fact strongly similar to that of (5.3.7). The same procedure has been applied
to the n couples h;k;, so that one has n terms analogous to the 1 and r terms of (5.3.7), hav-
ing a slightly more complicated operator structure, due to the presence of the block of operators
(Al ) (.A,m) We now go over to second order, always within the one-mode approximation intro-
duced in Sect. 5.3.1. The further mode has already been added, so that only statistical corrections
are to be taken into account, exploiting the usual relations (5.3.9) and (5.3.10) on the couples a}Q a}l,
axay, a;lj a;, af af,, the grouping between the terms being determined by the fact that the modes
h; and k; are supposed to be close to each other. Moreover terms coming from the action of V' on

couples such as aLHlaLj, aj;Qf,,, OF a}lj a; would be negligible with respect to the others in the

j+1

continuum limit. Similarly to .A,Zlk we therefore obtain

NE =
;
3 a; a (b 11
; zlzz; X)\: <h z—en =y — Yigglen, —en) Hex e, 21 hRAL
1'11'2
X(2> (Hnl; l;) (Ahn); (Apn) LL
7 axa
h) z—ep —ey —Yisilen, —ex) +ex+ e 1112)\11 hn kn) j OAOE;

1
* ( ) aj, 1,1, an; (A A
JX:MZ;Z z ey — e~ Yigilen —ew) ep tep i Pty (Ain); (Ain)
fif2
( Z) (1:|:n>\:|:nkj> o .
“\7n Akj f1 f2 0 f1 O
h) z— €, — € — Zi;ﬁj(ehi - €]gi) +ey)+ €k, i f1F20 00
- 1
- (_) aT‘at AT . A ‘(I)Akr 1 gl
Jz:lflzf;Z,\: z—en; —ex— izilen, —ex) tep +ep 3 (An)j (Agn)j i 111
15
1 lin / j:n /
i (1 gy £y
o Drpsrara RR
( h) z—ep _eA_Ziyéj(ehi_eki)+€f{+€fé i fifo%f1%f2
1
+ (_> al al [T ISV
Zlgz Z_eh_el2_Zz’#j(ehi_eki)‘f'@fl—l-eh Io 7l T tib2ARy
f1f2
(2> Oiminhj) (Ahn); (Ay,), @ RL
“\7 afpaf,.
h) z—en, —ex—Yizilen, —er) +ep +ep M kn)j = Mkjf1f2@f 0 f2
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Let us note that, within the adopted approximations, statistical corrections and operators of the

form A} A, commute, in fact
Pt i ot
ma), = an+[n,al] = aj (ng+ o)

nrar = agng+[ng,ar] = ag(ngy — o)
and the terms with the Kronecker’s delta would have once more a different volume dependence. On
the other hand nj; and (.A;m)j commute having different indexes, and similarly for ny, and (A,,) i
or the other possible combinations. We refrain from giving the result for the expressions that one
obtains at higher perturbative orders, because they can be simply obtained from the results for the
couple of operators a}lak, as can be seen comparing A}lm with ./\/‘,%k, and .A,Qlk with N }?k Also the
recombination of the denominators, in order to put into evidence the contribution having a pole
depending on the difference in energy between the in and out states, takes place in the very same
way. We therefore go over directly to the expression for > o°_; N, Instead of (5.3.11) and (5.3.12)
we now have the following matrix elements, being operators in the Fock-space due to the presence

of statistical corrections:
(Akj[t(En; + Ex+3,,,(En, — By,) +ihz)|fifo),  (Lla|t'(Ex+ Ex; — 32, (En, — Ex,) +ih2")|Ahy)
and therefore

> Nk =

m=1

“ 1 1
22 (n)
z:l Z h) z— €, — €1, — Zzi‘j(ehl - ek‘i) +ex+ €k;

J=1lhly A

x aj,aj (W2[t"(Ex + Ex; — 3, (En, — Bx,) +ihz") | M) (A],) ; (A, ; axar,

DI NEY 1

j=1fifa X Z = Chy —6,\—21-75]-(6}11. _eki)—i_efl tep

X a;rzja; (‘A}Lm)j (‘Akn)j <>\kj|t(Ehj +E\+ Zi;ﬁj(Ehi - Ekz) + ihz)‘f1f2>af1af2

1
(6hi - eki) tep tep

+§:Z 2(2)2—611—612—22'#

X a;;a;l <l112‘tT(E)\ + Ekj -3 Ehi — Ekl) + th*)])\hj)

z’;éj(

(1 :I:nA:I:nkj)
Ell + Elg + Ei;ﬁj (Ehi — Ekl) — E)\ — Ekj +thz

X (‘A};n)]
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(1:|:n,\:|:nhj) 4
Ehj + E\+ Zi;ﬁj(Ehi — Ey,) — Ey — Ep, +ihz g

4
X <)‘kj‘t(Ehj + Ex+ Zi;ﬁj(Ehi - Ekz) + 2.hz)‘flf2>aflaf2

i hp...hiky.. . kn
+ ﬁ Z Z a;;a;l (A;rln)j F‘Illlgfl‘)}g ! (Z) (-Akn)] afla’f27
J=1ll2 fif2

Fllzgflh}flk" (z) being once more a term not exhibiting the pole relative to the difference in energy

between the in and out states. Corresponding to (5.3.14) we have

n

Z/l’(t) ('A;LTLAIC’VZ) = €xp (Z(ehi - eki)t> ‘A}LG'Akn +

i=1

ticotn gz 1

—icotn 2mi Z = Z?:l(ehi - eki)

NE

j=1

A 1
h Ly & 76T C T Zz’;ﬁj(ehi - eki) +ex+ ey,

x aj,af (ib|t'(Ex + By, — 3, (En, — Ex,) +ihz")|Ahg) (A},,); (Ay,); axak,

i#]

Yy :

T en —en— Xigglen, —ew) tep +ep

x aj, a)\ (Ah,); (Ap,); NG [E(En, + Ex + 3, (En, — Ex,) +ihz)| fuf2)ap ap,

3 :

lilz fife A 26 TG Zi?fj(ehi - ekz‘) tepn tef

x aj aj (hla|t'(Ex + Ex; — 32, (En, — Ex,) + ihz")|Ahy)

i#j(

(1 +ny + nkj)
J E, + E, + Zi;éj(Ehi —E,)—E)— Ek]. + ihz

X (Ahn)

(1 +ny + nhj)

_l’_ B
Epn;, + Ex+ Zi;éj(Ehi — Bx,) — B, — Ey, + ihz

(Apn);

X <)\]€j’t(Ehj + E)\ + Zi;ﬁj(Ehi — Ekl) + ihz)]f1f2>aflaf2

v Bk ki
+ ﬁ Z Z a};a}l (A;rm)J Flllzfljé ! (Z) (-Akn)j aflafz} .
Ll f1f2

The evaluation of the integral is exactly the same as in Sect. 5.3.1, where the substitution 2 — 2+ 3
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in the T-matrix contribution is considered, so that we have

u/(t) (‘A;m‘Akn) Akn + tz 'Ahn‘Akn
-+ %tz ZCL lllg ‘tT El1 + El2 + ZE)’ Ah; > (.A;(m) (‘Ak:n) axap;
A
Y aj al (AL,); (A, Ok [EH(Ep, + By, +ie)l| fifz) apay,
A

CL all lllg |tT El1 + Ep, + ’L€)| Ah; >

+
m’l'.@.
™M=
VM

) (1:|:n,\:tnk].) (1:}:n)\:|:nhj)
x (Ahn)j Ep + Ey, — Ey — E + ¢ B E, +E,—-E,—FE)\—ic (Akn)J

x (Akj [t(Ey, + By, +ie)| frf2) apap,.
5.3.6 Conservation Laws and Structure of the Generator in the General Case

We now want to consider the consequences of the property of particle number conservation proved in
Sect. 5.3.2 for the generator obtained in Sect. 5.3.5. As one might naturally expect, the conserved
quantities are obtained simply setting exactly equal all couples of related modes, that is to say

hj =k; Vj =1,...,n. They have therefore the general form
Za}lafl =N, Z a}2a}1af1af2 =N(N —1), Z a}sa}za}laflahafg =N(N-1)(N-2),...
fife fifafs
and in the general case of 2n operators
S AL A =N(N-1)...(N—n+1).
fl---fn

These conservation laws may be written

L ( > A*nAfn> =L (N(N—=1)...(N—=n+1)) =0, (5.3.34)
Jifn

and express the fact that the generator £’ gives no contribution to the time evolution of quantities
already diagonal with respect to the normal modes. In order to prove this property let us consider

L [Ho, Al A (5.3.35)
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i & .
+ 22> > ajaf, (Wi |t'(Ey, + By, +ie)| M) (Af,) 5 (Ay,) ; axax,
j A
i — .
7 Y>> ahal (AL (A, Nk [H(Ey, + By, +ie)l fif2) agay,
j A

CLZQCLZI <l1l2 |tT(Ell + Elg + ZS)’ )\hj>

y
o
-]

(1 £ ny,) (1424 m,)
3 Ef1+Ef2_E)\_Ek+’LE _EZI—I_EZQ_Eh_E)\_Z.E: (Akn)j

x (Aj,)

x (\kj [t(Ep, + Ey, +1i¢)| fif2) apag,

setting equal a couple of related indexes; we will set h7z = k7 = A, being 1 < 7 < n. Before doing
this let us note that for 7 # j, and supposing without loss of generality ¥ < j, we have the obvious

relation

> (Ahn); (Ay) =

X I hp=kp=A

— T T T T Tt T
= Z ahn e ahj+1ahj—1 RN ahﬂla)\ahPI AN ahlakl v Ofn 1A\Ofpy g - - akjilakjﬂ LA,
A

= (N-n+2) (A;Ln)jf (Akn)jf
where analogously to (5.3.32) we have set

t 1 1 1 1 t t
(A,m)ji =y, QG Gy GGy

supposing as an example 1 < ¢ < j < n and similarly for A, . No overall sign factor appears,
because the sign generated by moving the operator a}\ to the right is exactly compensated by the
sign obtained moving the operator ay to the left. The factor (N —n+2) arises bringing the operator
N = 3", alay to the outermost left. For 1 <7 < n we may therefore write

?

’CI (Z ‘AThn‘Athrk’“) - (N —n+ 1) A [HU’ (‘A;Ln)F (‘Akn)F]
hi

—i—Z(N—n)

JFT

X { + 7 Z Z aj,af (Liz[t'(Ey, + Ey, +ie)| Ahy) (A;Ln)j'? (‘Akn)jf A\ Ak;
Lils A
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i .
T h Z Za;@-a; (A;Ln)jf (Akn)jf (Akj [t(Ey, + Ey, +ie)| frf2) apag,
fife A

/l: .
T DN a,af (Ll [t'(Eyy + By, +ie)| Ahy)
Lila fifa A

(1:|:n>\:|:nkj) (1ﬂ:n,\:|:nhj)
E¢ + Ef, — Ex — Ej +ic B E, +E, — E,—E) —ic (Ak:’n)jf

X (A;zn>]17

X <)\]€j |t(Ef1 -+ Ef2 + Z€)| f1f2> aflan}

where the term (IV — n) instead of (N — n + 2) appears because of the presence of two creation
operators to the left of (A;m)j in (5.3.35). According to Sect. 5.3.2 however £'(N) = 0, so that
apart from the factor (N — n) one obtains for the collision part L, (that is, leaving out the free

contribution) the same structure restricted to (n—1) couples of creation and annihilation operators:

Elcoll (Z A;rm-Aknhr_kr> = (N - n)‘clcoll ((‘AThn)F (‘Akn)F) :
hy

The same mechanism can be easily reiterated, so that we have

Lleon ( Z A;rm'Akn\hl:kl ,,,,, hn_kn) =(N—=n)...(N=2)Lu(N) =0,
hi...hn

that is to say the above mentioned result.

We will now show that a structure, which is the natural generalization of (5.3.25) and sharing
the same generalized complete positivity property, can be obtained also in this more general case.
We proceed exactly in the same way as in Sect. 5.3.3, exploiting the fact that thanks to the
relation between the couples of indexes h; and k; the condition |nhj - nkj\ < 1 is satisfied, so that

introducing the operators

) </\kj ’t(Efl + Ey, + zg)’ f1f2>

o - 9 (1 + ny + ny.
kjA Z E( M T Ef + Ep, — E\ — Ekj + i€ “has

J J
fifz

Ly |t1(E), + By, +ig)| Ah;)
RET = g L Tl I 12 (14 ny + ny,,
hix 2,4, By, + Ep — Bn, — By —ie V" (1 £ )

l1l2

we may write the last contribution of (5.3.35) in the factorized form

1 & 2 2
2 20D R (AL, (A, BE
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Considering the operator T2 defined in (5.3.21) let us evaluate

h [T[2 } ‘Akn = ﬁi Z Z algal lllz |tT(Ell + ElQ + ZE)‘ f1f2> [aflaf27“4hn] ‘Akn
lil2 f1f2

) Z Z alzal lll? ’tT(Ell + Elz + 28)‘ f1f2> (5336)
l1l2 fifz

X {{aflafz,azn} ajp oA eFay ap, [aflan,ahl] } A

where we have used (5.3.30). Since

5 Z (Llz |t'(Ey, + Eiy +ie)| fufe) lapag,al] = (Wl [t'(E, + Ey, + ie)| M) ax
Jif2 A

eq. (5.3.36) becomes

— ZZalZCLl { (Lilz |t'(Ey, + By, +ie)| Mhn) axay,  -.oap + ...
l1l2 A

+ (Lls |t(By, + By, +i2)| M) @), -l ax} Ay,

and we put the operators in normal order, leaving out the commutators which bring contributions

negligible in the continuum limit, so that

% [T[z]T,A};n} ’Ak’n h Z Zzalzall l1l2 ’tT(Ell + EZQ + Z{;‘)‘ Ahj > ( ) ('Akn) A\ -

j=11l1ls X

Making a similar calculation for T we finally find that (5.3.35) may be written in the compact

form
‘C’/ (A;m‘Akn) = % [HO"ALn‘Akn]
7 9 7 9 1 & 2]
o (TP AL A, 5 A, (TP A+ h;;R (A R,
and therefore, exploiting (5.3.23) and (5.3.24) also
1 1 &
Ny Bl I — A (T2 - (2]
h {[F ’Ahn} Apn = Ann [F aAan h;; Akn) Rk Py

in strict analogy with (5.3.22) and (5.3.25) respectively. As in Sect. 5.3.3 the conservation laws
(5.3.34) are verified provided (5.3.26) is satisfied, that is to say

9 [2] [21
RIS 4%1% TR
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The mapping £’ defined on linear combinations of operator structures of the form

t Tt f 1
apQk, Qp,Qp Qg Qkys oo Ay .Gy Gk - - Gk,

which are sufficiently diagonal in the operator indexes ensures complete positivity of the mapping
of time evolution U’ restricted to these typical structures, and the proof of this property is the

same as in Sect. 3.2.2.

5.4 Summary and outlook

The present chapter has been devoted to the study of the simplest example of macroscopic system:
a self-interacting Schrédinger field describing a collection of structureless particles interacting via
a two body short range potential. As explained in Sect. 5.1 according to Ludwig’s view, briefly
surveyed in Chap. 2, the fundamental objects in quantum mechanics, in order to avoid paradoxes
and inconsistencies, should be phenomenologically, objectively described macroscopic systems. Fol-
lowing this point of view we try to start from finite, confined macroscopic systems to be described

in terms of quantum fields. The Schrodinger field is decomposed in terms of its normal modes
U(x) =Y up(x)ay
f

which keep boundary conditions into account. According to Sect. 5.2 in order to neglect correla-
tions with the environment a time scale has to be introduced and only quantities slowly varying
within this time scale are considered. Typical possible examples of reduced dynamics are given in
Sect. 5.2.1, while Sect. 5.2.2 shows how the statistical operator has to be chosen depending on the
relevant observables, according to the principle of maximum entropy. The calculations are devel-
oped in Sect. 5.3, where we study the time evolution in Heisenberg picture of operator structures
of the form a%ak, in terms of which the observables are constructed and where due to the slow
variability the indexes referring to the normal modes should be sufficiently diagonal. The calcu-
lations have been put forward in a superoperator formalism, using techniques of scattering theory
and restricting to a one-mode approximation in which three particle collisions are neglected, though
statistical corrections are accounted for. The generator of the time evolution (5.3.25)

L' (a}ax) = % [H(] + V[Q},agak} - % {[F[Q],aﬂ ar, — aj, [F[Q},ak” + % 2}\: RE/]\TREJ\

is structurally the same as the one obtained in Chap. 3 for the particle interacting with matter, only
the form of the operators appearing in it and given in Sect. 5.3.3 are different, since they are here

connected to a two particle T-operator keeping statistical corrections into account. The property



132 CHAPTER 5. TIME SCALE AND MACROSCOPIC SYSTEMS

of particle number conservation £'(N) = 0 is shown in Sect. 5.3.2, while complete positivity of the
obtained time evolution for these couples of field operators can be proved formally in the same way
as in Sect. 3.2.2. As a first result a homogeneous Boltzmann equation with statistical corrections
for the normal modes is obtained in Sect. 5.3.4, while in Sect. 5.3.5 the formalism is extended to

higher polynomials of field operators having the typical structures

I T —
Ahn—ahn.-.ahl, Akn—akl...ak

n

and being sufficiently diagonal in the couples of related indexes hj, k;j. The final result is (5.3.37)

l

h

i

/ T _

_% {[r2,4;,] Ay, - AL, [P24,,] )+

1& 2 2
2 2 BT (An); (i) B
j:

where (.A}m)j means that the j-th operator is missing. This structure is analyzed in Sect. 5.3.6

where the conservations laws (5.3.34) are also demonstrated
L(N(N-1)...(N=n+1))=0.

Complete positivity can still be proved for the time evolution restricted to these typical field
structures having an equal number of creation and annihilation operators, whose indexes related

to the normal modes are linked two by two by a condition of sufficient diagonality.

The generalized kinetic equation obtained in this chapter has already led to a Boltzmann equa-
tion with statistical corrections in the homogeneous case, but it can also be applied to the non-
homogeneous one, making use of joint position-momentum effect observables, as we intend to do in
the near future. This equation, as has been extensively shown in the case of particle-matter inter-
action where we obtained an expression with a similar structure, can account both for a typically
quantum coherent behavior and an incoherent, kinetic regime. In fact a similar expression has been
obtained [10] studying the problem of Bose Einstein condensation for alkali atoms, where starting
from a kinetic regime one goes over to a macroscopically coherent behavior, and one can reasonably
hope to successfully apply it to this utmost interesting field. An important generalization of this
formalism would consist in overcoming the Markov approximation, thus keeping memory effects,

which are often very relevant, into account.



Appendix A

Laws of Quantization

In this appendix we briefly sketch, referring mainly to [11, vol. I, Chap. VI], how axiom QM, which
connects the general notion of microsystem as interaction carrier with the Hilbert space structure
typical of quantum mechanics, may be replaced by other axioms bearing a physical interpretation,
so that their validity can be checked by experience. On the basis of these axioms QM may be
deduced as a theorem. Our starting point is the following theorem, which can be proved as a

consequence of the properties of the function p(w, g) on K x £ enumerated in Sect. 2.2.3

Theorem There exists a pair of Banach spaces B, B’ (where B' is dual to B) such that K may be

identified with a subset of B and L with a subset of B’ and moreover:

i) The canonical bilinear form (w,g) defined for the dual pair B, B' is identical with p(w,g) on
KxL:p(w,g) = (w,9)jcxr

i1) B is a base norm space with basis K, where K is the norm-closed convex set generated by K

iii) The linear span of L is o(B',B) dense in BB’

B and B' are uniquely defined (up to isomorphisms) by (i) and (iii).

Taking the “finiteness of physics” into account we may assume that the sets M, @, R are count-

able, so that I and £ are also countable and B is separable. An immediate consequence of (i) is
the fact that B’ is an order unit space. Being 0 < u(w,g) <1 for w € K and g € £ we also have

0 < p(w,g) <1forwe K and g € L, so that £ C [0,1], where 1 is the order unit of B'. We will
denote by L the o(B’, B) closure of £ in B'.

Even though we formulate the axioms as relations in K and L, so that they are mathematically
much more concise, they express relations in @, R, Rg and are therefore basic axioms for preparation
and registration procedures. They may be considered as main natural laws of preparation and

registration, necessary in order to specify the fundamental domain of the theory one is considering,

133



134 APPENDIX A. LAWS OF QUANTIZATION

and therefore characterizing the nature of microsystems to be described by quantum mechanics.
All axioms are ultimately structure statements for the convex set K, hiding in itself the crucial
features of quantum mechanics. They translate, in a way which is physically as intuitive as possible,
the assumptions needed to get the usual representation of B and B’ by spaces of operators in a

separable Hilbert space. In the following a crucial role will be played by the notion of face.

If C is a closed convex set in a topological vector space, we say that a subset ' C C is a
closed FACE provided it is a closed convex set which contains no point of any open line segment
in C unless it contains the whole line segment (x € Fyx = Ax1 + (1 — N)z2,0 < A < 1, 21,290 € C
implies z1,29 € F). Faces are therefore subsets of convex sets invariant under mixtures and
decompositions. To help intuition consider a closed, convex solid in R? with the usual topology:
then the faces of the solid coincide with the geometrical faces. Let A be the set of affine continuous
functionals on C, with Ay the subset of positive functionals. We say that F' is an EXPOSED FACE
provided there exists an y € Ay such that F' = {z|z € C,y(x) = 0}. If an exposed face consists of
only one point, this is called an ezposed point of C, and it is in particular an extreme point of C.
Closed faces, ordered by set-theoretic inclusion, form a complete lattice (with C' as unit element
and () as zero element), in which the lattice-theoretic intersection equals the set-theoretic one (the
notion of closed face being stable under intersection). Given w € K there always exists a smallest
norm-closed face generated by w, which we denote by F(w). Conversely every norm-closed face F'
of K may be written as F'(w) for a suitably chosen w. In particular the sets Ko(l) = {wjw € K
and p(w,g) =0 for all g € Il € L} and K;(l) = {w|w € K and pu(w,g) =1 for all g € I C L} are
norm-closed faces of K, while the sets Lo(k) = {g]lg € L and p(w,g) = 0 for all w € kK C K} are
o(B', B) closed faces of L. If | = {g} we write Ky(g) instead of K(l).

The first law of measurement will rule the possibility of constructing more sensitive devices
under given constraints. We say that the effect procedure f; € F is more sensitive than fo € F if
wla, f1) > p(a, f2) for all those a € Q' for which u(a, f1) and p(a, f2) are defined. This is equivalent
to p(w, ¥ (f1)) > p(w,¥(f2)) for all w € K, and with respect to the order in B’ to ¥(f1) > ¥ (f2).
Correspondingly an effect g; € L is called more sensitive than go € L if g1 > ¢go. An experimentally
useful registration procedure b € R (b # ) is such that there exist interaction carriers which
cannot trigger it. This means that there are some a € Q' such that a Nb = () although some by
(with b C bg) is combinable with a. The existence of such a means that b does not appear in the
device by by itself, but only by its interaction with a suitable preparing device. A b € R (b # ()
for which Ko((bg,b)) # 0 is an indication which can only be triggered by “real” interactions with
interaction carriers, and My(bo,b) = {a € Q'|¢(a) € Ko(1)(bo, b))} is the set of all those interaction

carriers which cannot trigger b. All other preparing procedures a’ with ¢(a’) & Ko(1(bo, b)) must
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also generate such systems z € a’ which make b occur. This raises the experimentally obvious
problem of finding devices by with signals b C by such that the sets My(by,b) are not decreased,
while the response probability for (bg, b) is made as large as possible, i.e., the problem of obtaining
more sensitive effect procedures (bg, b) without decreasing My(bo, b). The device must increase the
sensitivity only with respect to the considered phenomenon. A positive answer to this experimental

problem is indirectly given by (L standing for law)
L 1 For each pair g1, g2 € L there is a g € L with g > g1,9 > g2 and Ky(g1) N Ko(g2) = Ko(g)

which we call the law of increase in sensitivity of the first kind. To clarify the physical situation
with the aid of an example consider two linear polarization filters Fy, E5, corresponding to two
registration devices built by putting a photon counter after each filter. A positive result of the
connected effect processes f1, fo corresponds to the fact that photons have been reflected by the
filter rather than detected by the photon counter. Calling E3 = F4 FEs the filter obtained by putting
E5 behind E; we have f3 more sensitive than f7, corresponding to the fact that E3 reflects more
than Fy. Moreover Ko(1(f1)) N Ko(¥(f2)) = Ko(¥(f3)) because the photons going through both
Fy and E5 go through F3. Nonetheless f3 need not be more sensitive than fs. Consider in fact
photons prepared with a linear polarization along the y axis, together with a polarizer Fy along the
x axis and E] making an angle of 45 degrees between the two axes. Then Fj reflects all photons,
while E3 only half of them. Taking instead the filter F3 = F1FEoFE1Fs ..., obtained putting an

infinite series of filters E1 FE5 one after the other, we have the desired device.

As a consequence of L 1 each set Lo (k) has a largest element e Lo (k) which will be called decision
effect. Let G be the set of all decision effects. If we call U the set of all faces of the form Ly (k)
with k C K (U = {Lo(k)|k C K}), it can be shown that U is a complete lattice with respect to
the set-theoretic inclusion. Then the mapping Lo(k) — eLg(k) is a lattice isomorphism and G is
a complete lattice with respect to the order induced on G C B’ by B’. Moreover G C 0.L, where

0. L denotes the set of extreme points of L.

We now analyze the problem of the increase in sensitivity of a single effect. For effects g € £
such that p(wo, g) = 0, but sup,,cx p(w, g) # 1, one expects that it is possible to construct a more
sensitive effect ¢’ € £ with p(wg, ¢’) ~ 0 and with u(w, ¢") &~ 1 for those w € K for which p(w, g)

comes close to its supremum. We are thus led to
L2L=]01]

which we call law of increase in sensitivity of the second kind. To understand the meaning of such a

law note that it implies the following statement: for each gg € L and y € [0, 1] with Ky(g0) C Ko(y),
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there is a g € L with Ko(go) C Ko(g) and p(w,g) > 1 —6(¢) for all w € K with p(w,y) > 1 — ¢,

where d(¢) can also be chosen so that d(¢) — 0 as ¢ — 0.

As we have seen the closed faces of K are exactly those closed subsets which are invariant
under mixtures and decompositions. If F' is a closed face of K we may therefore consider the set
Mp = {a € Q'|¢(a) € F}, characterized by the fact that it is not physically possible to construct
ensembles outside F' by decompositions of Mg into subsets or by joining subsets in Mg. In this
sense microsystems from My admit a uniform characterization, which can be called a “property”.
This intuitively suggests that it should also be possible to build an effect procedure f such that
p(p(a), ¥ (f)) noticeably differs from zero if a € Q', ¢(a) ¢ F, whereas p(¢(a), ¥ (f)) ~ 0 holds for
all the a € Q' with ¢(a) € F. Such an effect procedure does not respond to systems from Mp, but
it can be triggered by systems from a, since not all systems from @ can have the characterization
belonging to F' (if they could we would have a € Mp). According to physical intuition, exploiting
L 2 one can show that for every exposed face F' of K, for wg € F, w € K and @ ¢ F there is a
sequence g, € £ with p(wg, g,) — 0 and p(w,g,) > 9 (6 > 0 a fixed number).

As a consequence of L 2 the set of exposed faces of K coincides with the set {Ky(g) with
g € L}. Furthermore it can be shown that sup,,cx p(w,e) = 1 (that is to say |le]| = 1) provided

e € G, e # 0. A mathematical idealization of this statement leads to
L 3 To each e € G, e # 0 there exists a w € K for which p(w,e) = 1.

This is equivalent to: e € G implies 1 — e € G. Then the map e — e- = 1 — ¢ is an orthocomple-
mentation in the lattice G and G is also orthomodular. Writing K (e) = Ko(1 —e) = Ko(et) we

have that the map e — Kj(e) is an isomorphism between G and the lattice of exposed faces of K.

The axioms introduced so far are also satisfied by classical systems, characterized by the fact
that all decision effects are commensurable. We now introduce further laws which should restrict
the domain of validity of the theory to microsystems. The next law to be introduced is connected
with the existence of non-coexistent registrations and will be necessary in order to introduce the
covering property for the lattice G. Consider three decision effects ej, e, e3 with es L e3. Being
orthogonal eg, e3 are commensurable and there exists a registration method by with bg, bg € R(bo)
and ¥ (bg, ba) = e, ¥(bg,bs) = e3. The relation ey L es then implies by N b3 = (). Since e; need
not necessarily be commensurable with es, e3, we consider another registration method l~)0 with
51,1;2 € R(EO) and 1/}(50,51) = ey, @0(50,52) =e1 Ves (e < e Ves and eg,e1 V eg are therefore
commensurable). In particular by C b, ¢(l;0, 132\131) = (e1 Vey) —e1 and 1/)(50, 50\52) =1—(e;Ves).

There are of course important correlations between the responses of the two devices by and by for the



137

different ensembles w € K. We consider the response of the device by to ensembles w € K (e1 V e2)
(for which the indication by on by occurs with certainty) and that of the device bo to the w € K 1(e3)
(for which the indication bs on by occurs with certainty). This response is easily ascertained if
e1 L ea Ves = eg + es, that is pu(w,eq + e3) = 0 for all w € Kj(e) and p(w,eq) = 0 for all
w € Ki(eg + e3). In that case pu(w,(bo,b3)) = 0 for all w € Ki(e; V ez) and pu(w,(bg, bz)) = 0
for all w € Kq(e3). We now consider the case in which e; is no longer orthogonal to es + e3, and
thus no longer commensurable with es, eg, but also e; is not “close” to es + e3, in the sense that

sup  p(w,ez +e3) #1 and sup  p(w,er) # 1, (A.1)
weKi(e1) weK (e2+e3)

conditions that can be physically tested by means of the two devices by, by. For F(ws) = K (e3),
from w3 € Ki(ez + e3) due to (A.1) follows

p1(ws, (b, bo\b1)) = pu(ws, ¥ (bo, b2\b1)) + pu(ws, ¥ (bo, bo\b2)) > 0

or equivalently

pw(ws, 1 —e1) = p(ws, (e1 Vez) —er) + pu(ws, 1 — (e1 Vez)) > 0.

In this expression one expects that the last summand cannot vanish: in fact due to e 1 e3 the
ensemble ws is such that in its realization by preparation procedures only such systems are prepared
that are “totally different” from e (that is with certainty do not trigger the indication by on by).
Hence, at least some of these systems should trigger the indication 50\52, since by (A.1) not all

such systems trigger bi. After some manipulations one sees that this requirement is equivalent to
L 4 Ifej,ezs,e3 € Gand if eg < ey <eyVes, Aler,e3) # 0 then e; = ey
where A(ep,e3) is the distance between two elements of G defined by

Aer,e3) = ma inf ,1—e3), inf ,1—e¢ .
(1, €3) X{we}g(q)u(w 3) onf 1)}

Note that A(ej,e3) # 0 < Kji(e1) N Ki(e3) # 0 and that A(ej,e3) =1 <= e L es. As
an example consider two Stern-Gerlach devices into which an atomic beam of hydrogen atoms in
the ground state falls in the z-direction. One device shall decompose the beam according to the
x-component of spin, the other according to the r-component (with r in the zy-plane). Moreover
let the two devices be equipped to measure the energy of the atoms in the outgoing beam. The

first device measures:

® ¢o: spin in the 4z-direction, energy greater than ;
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e ¢3: spin in the 4z-direction, energy smaller than ¢;

e 1 — (e2 + e3): spin in the —z-direction.

The second device measures:

e ¢1: spin in the +r-direction;
e ¢1 Veg: spin in the +r-direction and spin in the —r-direction, energy greater than e;

e 1 — ¢ Veo: spin in the —r-direction, energy smaller than .

If the r-direction is the —z-direction both devices act the same, e; L es + e3 and the requirement
is trivially satisfied. If one slowly rotates the r-direction out of the —z-direction, pu(ws, 1 —e;1 V e2)
should not jump to zero but continuously vary away from 1. Very pictorially, A(ej,es + e3) is a
measure for the deviation of the r-direction from the z-direction, becoming zero as the r-direction
approaches the z-direction. Then pu(ws, 1 —e;Veg) can also tend to zero. Our requirement is there-
fore a sort of continuity law for the probability function . If all decision effects are commensurable,

as in the classical case, L 4 is automatically satisfied and has no meaning.

So far no axiom has been introduced which accounts for the typical peculiarity of microsystems,
that of occupying discretely distinguishable states. The existence of such discrete states of atomic
systems, expressed through the notion of preparation and registration, means that there are prepa-
rations, i.e., ensembles, which cannot be decomposed into arbitrarily many different subensembles:
a simple example is the ground state of an atom. Contrary to classical mechanics, in which one
never reaches a limit of maximal precision, in quantum mechanics one can easily produce ensembles
which cannot be made more uniform. With reference to the set K and to the notion of face, in
classical systems any face can be arbitrarily refined, while this is not true for quantum mechanics,
where there are faces which can be distinguished by finitely many registrations, i.e., by finitely many
effects. This leads to the following axiom, which will permit us to distinguish between microsystems

and classical systems, an axiom we shall call the main law of quantization

L 5 Each exposed face F' of K is the upper bound of a sequence of increasing exposed faces of

finite dimension

to be extended by

L 6 Every finite-dimensional face F' of K is exposed .
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We are now in the position to clarify what we intend by microsystems: they are those interaction
carriers for which the axioms L 1 to L 6 hold. On the other hand classical systems are recovered

when for the interaction carriers L 1 to L 3 hold together with (C standing for classical)

C Any two decision effects are commensurable and each exposed face of K is infinite dimensional.

Thanks to L 5 one can show that G is an atomic lattice having the covering property (its atoms

being exactly the extreme points).

We are now ready to recover the Hilbert space structure of quantum mechanics. This can be
done exploiting the representation theory already developed inside the lattice theoretic approach to
quantum mechanics, according to which the lattice G of decision effects, with the above introduced
properties, can be identified with the lattice of projection operators in a Hilbert space H over a
field which, on the basis of physical arguments, can be taken as C. Then the spaces B and B’ are
represented respectively by the space of trace-class operators with basis K and by the space of

bounded operators with L as the order interval [0, 1].
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Appendix B

List of Axioms

In this appendix we give a list of the axioms introduced in the presentation of Ludwig’s approach to
the foundations of quantum mechanics, together with the names used in Ludwig’s books to denote

the corresponding axioms

Thesis Ludwig’s books
S1.1 AS 1.1
S 1.2 AS 1.2
S 2.1 AS 2.1
S 2.2 AS 2.2
S 2.3 AS 2.3
Al APS 1
A2 APS 2
A3 APS 3
A 4.1 APS 4.1
A 4.2 APS 4.2
A5 APS 5
Ae APS 6
AT1 APS 7.1
A 7.2 APS 7.2
A 8.1 APS 8.1
A 8.2 APS 8.2
A9 Axiom
QM AQ

L1 AV 11
L2 AV 1.2s
L3 Avid
L4 AV 3
L5 AV 4s
Le6 AV 2f
C AVkl
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