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Stochastic unravelings allow one to efficiently simulate open system dynamics, yet their application has
traditionally been restricted to master equations in the Schrödinger picture, which preserve both Hermiticity
and trace. In this work we introduce a general framework that extends piecewise-deterministic unravelings
to the Heisenberg picture and arbitrary trace-nonpreserving master equations, requiring only positivity and
Hermiticity of the dynamics. Our approach includes, as special cases, unravelings of arbitrary dynamics in the
Heisenberg picture, evolutions interpolating between fully Lindblad and non-Hermitian Hamiltonian generators,
and equations employed in the derivation of full counting statistics, for which we show it can be used to obtain
the moments of the associated probability distribution. The framework is suitable for both trace-decreasing and
trace-increasing processes through stochastic disappearance and replication of the stochastic realizations, and it
is compatible with different unraveling schemes and with reverse jumps in the non-Markovian regime.
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I. INTRODUCTION

Stochastic unravelings are a powerful tool to simulate open
quantum system dynamics, in which the time evolution of
the system state is reconstructed by averaging over differ-
ent realizations of a stochastic process on the set of pure
states. Unravelings can be divided into two major families:
either they can consist of piecewise-deterministic processes
interrupted by random jumps [1–14] or they can be diffusive
[15–19]. Several different schemes of stochastic unravelings
have been proposed in the literature, including methods that
allow one to describe non-Markovian dynamics [8,9,13,16].

So far, stochastic unravelings have been mostly used
to simulate open system dynamics represented in the
Schrödinger picture, due to the fact that the relevant master
equations (MEs) are trace-preserving (TP) [20,21] and there-
fore naturally allow for an interpretation as average over pure
states. However, open systems can be also described in the
Heisenberg picture, for which the dynamics is described by a
unital but not necessarily TP map [22,23]. Methods to extend
unravelings to the Heisenberg picture have been proposed
only in the special case of Gaussian systems [24] or by mim-
icking unravelings for computing two-time correlations [25].
In this work we provide a general method to extend them to
general MEs in the Heisenberg picture.

Our method does not apply only to Heisenberg picture
MEs, but also to arbitrary trace-nonpreserving (TNP) MEs
preserving positivity and Hermiticity. Dynamics of this form
are widely used in the literature. For instance, they are em-
ployed in the study of dynamics generated by non-Hermitian
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Hamiltonians featuring exceptional points, in which TNP
MEs allow to interpolate between purely non-Hermitian and
Lindblad dynamics [26,27]. TNP MEs also appear naturally
in the context of counting fields and full counting statistics
[28–31], allowing one to derive the moments and cumulants
of the probability distribution of the investigated quantity.
Our unraveling method will therefore extend the domain of
applicability of stochastic methods including in particular dy-
namics in the Heisenberg picture.

The rest of the paper proceeds as follows. In Sec. II we
briefly review open system dynamics, both in the Schrödinger
and in the Heisenberg picture, considering general TNP MEs
and some unraveling techniques widely used to solve TP
Schrödinger picture MEs. In Sec. III we present our method
for extending unravelings to Heisenberg picture and arbitrary
TNP MEs. In Sec. IV we provide implementations and exam-
ples of our method by applying them to physically relevant
TNP MEs. Lastly, in Sec. V we present the conclusions of our
work.

II. OPEN SYSTEM DYNAMICS

In this section we provide a brief overview of open quan-
tum system dynamics, both in the Schrödinger and in the
Heisenberg picture. We further mention physically relevant
scenarios in which TNP MEs are used, with particular em-
phasis on tilted Lindbadians and full counting statistics. We
finally provide an overview of some commonly used unravel-
ing schemes for Schrödinger picture MEs.

A. Schrödinger and Heisenberg pictures

Under the assumption that the system and the environment
are initially uncorrelated, the reduced dynamics of the system
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in the Schrödinger picture is described by a completely posi-
tive (CP) trace-preserving (TP) map �t such that [20,21]

ρ(t ) = �t [ρ]. (1)

Alternatively, the dynamics can be described also in the
Heisenberg picture, in which operators evolve in time instead
of states [22], i.e.,

X (t ) = �∗
t [X ] (2)

and is such that for any state ρ and operator X , it holds

tr[X �t [ρ]] = tr[�∗
t [X ] ρ]. (3)

The dynamical map �∗
t is the adjoint of �t and is a CP unital

map, �∗
t (I) = I, but is not TP unless also �t is unital.

The Schrödinger picture dynamics of Eq. (1) is the solution
of a so-called time-convolutionless or time-local ME [32,33]

dρ

dt
= LS

t [ρ] = −i[H, ρ] +
∑

j

γ j L jρL†
j − 1

2
{�S, ρ}, (4)

with the same structure as the Lindblad ME [34,35], but where
�S = ∑

j γ jL
†
j L j , and all operators H , Lj and rates γ j can

depend explicitly on time. Note that the dynamical map in the
Schrödinger picture �t also satisfies

d

dt
�t = LS

t ◦ �t . (5)

Passing to the Heisenberg picture one obviously gets

d

dt
�∗

t = �∗
t ◦LS∗

t . (6)

Translating this equation for the master equation for X (t ) =
�∗

t [X ] one finds

d

dt
X (t ) = �∗

t ◦LS∗
t [X ] = LH

t [X (t )], (7)

where we introduced the Heisenberg generator

LH
t := �∗

t ◦LS∗
t ◦ (�∗

t )−1
. (8)

We stress that in general the Heisenberg generator LH
t is not

the same as the adjoint of the Schrödinger one LS
t , and it can

always be represented as follows [23]:

LH
t [X ] = i[H̃, X ] +

∑
j

ξ j R j X R†
j − 1

2
{�H , X }, (9)

where �H = ∑
j ξ jR jR

†
j , with all rates and operators that can

depend on time. Note, however, that in general the Hamilto-
nians H, H̃ , the jump operators Lj, Rj , and the rates γ j, ξ j are
different. Only in the special case of commutative dynamical
maps, i.e., when �t ◦ �s = �s ◦ �t for any pair of t and s
does one have LH = LS∗, which implies H̃ = H , Rj = L†

j ,
and ξ j = γ j .

A key concept for open system dynamics is that of
divisibility [36]: the dynamics is said to be Schrödinger (C)P-
divisible if the map

�S
t,s := �t ◦ �−1

s (10)

describing the time evolution from time s to time t > s in the
Schrödinger picture is (completely) positive. Similarly, it is

Heisenberg (C)P-divisible if the map

�H
t,s := �∗

t ◦ (�∗
s )−1 = �∗

t ◦ (
�S

t,s

)∗ ◦ (�∗
t )−1

. (11)

is (completely) positive. Divisibility has been widely stud-
ied in open systems and connected to memory effects and
quantum non-Markovianity [37–42] and is not equivalent in
the two pictures [23]. From the point of view of the MEs,
CP divisibility corresponds to positivity of the rates γα � 0
or ξα � 0, while P divisibility is equivalent to the weaker
condition [43] ∑

α

γα|〈ϕμ|Lα|ϕμ′ 〉|2 � 0 (12)

for all orthonormal bases {ϕμ}μ and for all μ �= μ′, and simi-
larly for Heisenberg P divisibility.

B. Trace-non-preserving MEs

In many physically relevant scenarios, one is interested in
MEs which preserve positivity but in general not the trace. A
generic ME with these properties can be written in a similar
form as Eq. (4) but with an arbitrary self-adjoint operator in
the anticommutator, i.e.,

dρ

dt
= L[ρ] = −i[H, ρ] +

∑
j

γ j L jρL†
j − 1

2
{�, ρ}, (13)

for any � = �† � 0. Such ME preserves the trace iff
� = ∑

j γ jL
†
j L j = �S , corresponding to the Schrödinger pic-

ture ME (4). In the general case, the time evolution of the trace
reads

d

dt
tr[ρ] = trL[ρ] = tr[(�S − �)ρ]. (14)

MEs of this form are widely used in many physically rel-
evant scenarios. They encompass the case of non-Hermitian
Hamiltonians, which have been widely studied both theoret-
ically [44–51] and experimentally [52–54]. TNP MEs allow
one to interpolate between non-Hermitian and Lindblad dy-
namics, and schemes to experimentally obtain such dynamics
have been proposed both in the trace-decreasing [26] and
in the trace-increasing [27] case, via suitable postselection
schemes. Unraveling schemes for the trace-decreasing case
have been proposed by dealing with nonlinear MEs [55], or
with stochastic equations that do not preserve the norm of
the state vectors [2,15]. However, such unravelings cannot be
directly used for arbitrary TNP MEs.

Other examples in which TNP MEs naturally appear en-
compass situations in which the loss of particles is taken
into account [56,57], in energy transfer scenarios [58,59] as
well as in connection to non-Markovianity in the presence of
indefinite causal order [60,61]. A special class of TNP MEs
are generated by the so-called tilted Lindbladians [62], i.e.,
TNP MEs of the form

dρ

dt
= −i[H, ρ] +

∑
j

e−s j γ j L j ρ L†
j − 1

2
{�, ρ}, (15)

with � = ∑
j γ jL

†
j L j . MEs of this form are widely used to to

derive the full counting statistics [28–31,63,64] of a suitable
observable or first-passage times [65].
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C. Stochastic unravelings for trace-preserving MEs

We now provide a brief overview of some commonly used
unraveling techniques, which allow for efficient numerical
solution of TP MEs in the Schrödinger picture. Such methods
rely on the fact that the exact solution of the ME (4) can
always be written as the average over pure states

ρ(t ) =
∑

i

Ni(t )

N
|ψi(t )〉 〈ψi(t )|, (16)

where Ni(t ) is the number of realizations in the state ψi(t )
and N = ∑

i Ni(0). Different stochastic methods correspond
to different ways of evolving the stochastic vectors |ψi(t )〉.

1. Monte carlo wave function

A first and widely used unraveling technique is the so-
called Monte Carlo wave function (MCWF) unraveling [1–4].
Let ψ denote the current state of the stochastic realization; the
MCWF method is a PDP in which the jumps are of the form

|ψ〉 �→ Lj |ψ〉
‖Lj |ψ〉 ‖ =: |ψ j〉 (17)

happening between time t and t + dt with probability

p j = γ j ‖Lj |ψ〉 ‖2 dt . (18)

The deterministic evolution is given by

|ψ〉 �→ (1 − i K dt ) |ψ〉
‖(1 − i K dt ) |ψ〉‖ =: |ψdet〉 , (19)

happening with probability

pdet = ‖(1 − i K dt ) |ψ〉‖2, (20)

where we introduced the non-Hermitian effective Hamiltonian

K = H − i

2
�S. (21)

Notice that the MCWF method can be applied only when
all rates γ j are non-negative at all times, otherwise it would
lead to unphysical negative probabilities. Such a condition is
equivalent to CP divisibility of the dynamical map.

Nevertheless, it is possible to extend the method to
temporarily negative rates via the non-Markovian Quantum
Jumps (NMQJ) method [8,9], in which the reverse jump
|ψi〉 = Lj |ψi′ 〉 �→ |ψi′ 〉 happens with probability

prev
j = −Ni′

Ni
γ j ‖Lj |ψi′ 〉 ‖2 dt . (22)

Notice, however, that these reverse jumps impose mutual
dependence among the different stochastic realizations, thus
making the simulations less efficient since one needs to store
and evolve all trajectories simultaneously.

2. Rate operator

Another unraveling scheme is the so-called Rate Operator
(RO) unravelings [13,14], which, unlike the MCWF, can deal
with non-(C)P-divisible dynamics without requiring mutual
dependence among the stochastic realization, thus improving
the numerical efficiency of the unravelings.

In order to derive the corresponding PDP, one needs to
introduce the RO [10,11,66]

Rψ :=
∑

i

γ jL j |ψ〉 〈ψ |L†
j + 1

2
(|φψ 〉 〈ψ | + |ψ〉 〈φψ |)

=
∑

α

λψ
α |χψ

α 〉 〈χψ
α |, (23)

where ψ is the current state of the realization and φψ is an
arbitrary and possibly unnormalized state vector depending
on ψ ; the last equality is the spectral decomposition of Rψ .
The jumps are defined as |ψ〉 �→ |χψ

α 〉, where χψ
α are the

eigenstates of Rψ , and happen with probability

pR
α = λψ

α dt, (24)

where λψ
α is the corresponding eigenvalue. In [13] it was

shown that it is always possible to find a transformation φψ

such that the eigenvalues are always positive (and therefore
the jump process is well defined) whenever the dynamics is
P-divisible and also in some cases in which P divisibility is
violated. The deterministic evolution is given by

|ψ〉 �→ (1 − i Kψ dt ) |ψ〉
‖(1 − i Kψ dt ) |ψ〉 ‖ =:

∣∣ψR
det

〉
, (25)

happening with probability

pR
det = ‖(1 − i Kψ dt ) |ψ〉 ‖2, (26)

with the nonlinear effective Hamiltonian

Kψ = H − i

2
�L − i

2
|φψ 〉 〈ψ | . (27)

In the case of negative eigenvalues, the RO unraveling tech-
nique can also be equipped with reverse jumps in a similar
way as the MCWF.

III. STOCHASTIC UNRAVELINGS IN THE HEISENBERG
PICTURE

In this section we provide a simple way to extend the
stochastic unravelings of Sec. II C from the Schrödinger pic-
ture to the Heisenberg picture. Such a method can also be
generalized to arbitrary forms of TNP MEs, and it coincides
with the so-called cloning algorithm when applied to tilted
Lindbladians [67–69].

In the Schrödinger picture unravelings, trace preservation
via the averaging of Eq. (16) holds since the total number of
stochastic realizations is preserved

∑
i Ni(t ) = N . Therefore,

in order to generalize the unravelings to TNP MEs such as the
Heisenberg picture ME (9) while keeping the normalization
of the state vector, one needs to allow for the total number of
realizations to vary in time. The evolution of the trace is then
given by the ratio between the number of realizations at time t
and the number at the initial time: trX (t ) = ∑

i Ni(t )/N �= 1.
Another issue of unraveling MEs in the Heisenberg picture

is that they act on arbitrary operators which don’t need to
be positive or self-adjoint, and therefore cannot be written
as an average as in Eq. (16). This issue is easily tackled in
a similar manner as done in [70] for the extension of un-
ravelings to an initially correlated system and environment:
an arbitrary operator X can first be separated in Hermitian
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FIG. 1. At any given moment of time, there are four possibilities
for the evolution of the realization, as given in Eqs. (39)–(41). It
can either evolve deterministically, jump, create a copy of itself, or
vanish.

and anti-Hermitian part X = Xh + iXa, X †
h,a = Xh,a, each of

which can be written as the difference between two positive
operators Xh,a = X +

h,a − X −
h,a, where each X ±

h,a is positive and
therefore proportional to a density matrix X ±

h,a = μ±
h,aρ

±
h,a.

This way of separating X into the sum of positive operators
is preserved by the evolution, since it preserves positivity and
Hermiticity. Therefore, each ρ±

h,a is unraveled separately, and
the solution of the Heisenberg picture ME X (t ) is obtained as
the weighted sum of the different terms

X (t ) = μ+
h ρ+

h (t ) − μ−
h ρ−

h (t ) + iμ+
a ρ+

a (t ) − iμ−
a ρ−

a (t ).
(28)

We now show how to generalize unraveling to the Heisen-
berg picture with a nonconstant number of realizations first
with the MCWF and then with the RO, with an illustration
of our method presented in Fig. 1. However, our method
can be generalized in a straightforward way also to different
stochastic methods. Notice that the jumps and deterministic
evolution are now defined via the operators H̃ , Rj , and �H of
the Heisenberg picture ME (9).

A. Heisenberg unravelings with MCWF

When considering the MCWF unraveling applied to the
operators H̃ , R†

j , and �H and rates ξ j of the Heisenberg pic-
ture ME (9), then the jump and deterministic probabilities no
longer sum to 1, and therefore do not form a proper probability
distributions. Instead,

pT = pdet + pJ = 1 + dt 〈�tp − �H 〉
ψ

�= 1, (29)

where 〈X 〉ψ = 〈ψ |X |ψ〉, pJ := ∑
j p j denote the total jump

probability, and

�tp :=
∑

α

ξα R†
αRα (30)

is the operator that would make the ME (9) TP.
The parameter pT , depending on the ME, can generally be

smaller or greater than 1, with the difference corresponding to
the change in trace for the particular realization

pT − 1 = dt
d

dt
tr[|ψ〉 〈ψ |]. (31)

Notice that if one particular realization gives pT < 1 (pT >

1), it does not imply that the same holds also for other tra-
jectories, nor a decrease (increase) of trace for the average
state ρ.

Let us first consider the case pT < 1. Since the sum of
jump and deterministic probability is smaller than one, we can
think of adding an extra process happening with the remaining
probability. Since the trace is decreasing, it is natural for this
process to be the disappearance of the stochastic realization
|ψ〉 �→ 0 with probability

pd = 1 − pT = 〈�H − �tp〉ψ dt � 0. (32)

Therefore, the realization ψ can either jump, evolve determin-
istically, or disappear and therefore not counting anymore in
the average of Eq. (16). The corresponding probabilities are
positive and correctly normalized to 1.

Indeed, with this extra process, the stochastic unravelings
do match the exact solution on average

|ψ〉 〈ψ | �→
∑

j

p j

R j |ψ〉 〈ψ |R†
j

‖Rj |ψ〉 ‖2
dt + pdet|ψdet〉 〈ψdet| + pd×0

=
∑

j

ξ jR j |ψ〉 〈ψ |R†
j dt

+ (1 − iK dt )|ψ〉 〈ψ |(1 + iK† dt )

=|ψ〉 〈ψ | +LH
t [|ψ〉 〈ψ |] dt . (33)

For the case pT > 1, one cannot indeed add an extra
event, since pdet + pJ larger than 1, and therefore they do
not correspond to a proper probability distribution. Instead,
we introduce a process, corresponding to the creation of a
new copy in the same state ψ . Such process happens with
probability

pc = pT − 1 = 〈�tp − �H 〉
ψ

dt � 0 (34)

and is statistically independent of the jump or deterministic
evolution. Accordingly, the probability of not creating a copy
is pn = 1 − pc. Once one has evaluated whether a copy is cre-
ated or not, the original realization ψ can evolve either via a
jump or deterministically, but the corresponding probabilities
must be renormalized in order to sum to 1 as

p′
j = p j, p′

det = 1 − pJ . (35)

Notice that the two copies evolve independently and that the
event in which the creation of a copy is followed by a jump
happens with probability O(dt2) and, as it is usually the case
for stochastic unravelings, we compute terms only up to dt ,
so one can assume that new copy is created in the state ψdet.
Therefore, the three possible evolutions for ψ are

(1) No copy and deterministic: |ψ〉 �→ |ψdet〉 with proba-
bility pdet

n = pn p′
det = 1 − pJ − 〈�tp − �H 〉

ψ
dt + O(dt2)

(2) No copy and jump: |ψ〉 �→ |ψ j〉 with probability
pj

n = pn p j = p j + O(dt2)
(3) Copy and deterministic: the original copy evolves de-

terministically and a new copy is created in the ensemble

|ψ〉 〈ψ | �→ 2 |ψdet〉 〈ψdet| (36)

with probability pdet
c = pc p′

det = 〈�tp − �H 〉
ψ

dt + O(dt2).
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Indeed, also in this case the average evolution matches the
solution of the ME (9):

|ψ〉 〈ψ | �→
∑

j

p j

R j |ψ〉 〈ψ |R†
j

‖Rj |ψ〉 ‖2
dt + pdet

c |ψ〉 〈ψ |

+ (
pdet

n + pdet
c

)|ψdet〉 〈ψdet|. (37)

Using pdet
n + pdet

c = p′
det = 1 − 〈�tp〉ψ dt and expanding

the normalization factor of the deterministic term
1/‖(1 − iK dt ) |ψ〉 ‖2 to the first order in dt , it is
straightforward to show that

|ψ〉 〈ψ | �→ |ψ〉 〈ψ | +LH
t [|ψ〉 〈ψ |] dt (38)

also in the case in which the trace increases pT > 1. There-
fore, by taking the continuous time limit dt → 0, it follows
that the evolution of an arbitrary operator X (t ) does indeed
correspond to the Heisenberg picture ME (9).

The correct behavior of the trace on average follows from
the linearity of the trace and the fact that each realization
evolves on average as prescribed by the ME.

It is possible to merge the two cases pT < 1 and pT > 1 as

pdet = 1 − pJ − | 〈�tp − �H 〉
ψ

| dt, (39)

pd = max{0, 〈�H − �tp〉ψ dt}, (40)

pc = max{0, 〈�tp − �H 〉
ψ

dt}, (41)

and p j as in Eq. (18); p j and pdet correspond to no creation
or disappearance of any trajectory, pd describes the disap-
pearance, and pc the creation of a copy plus deterministic
evolution for the original copy. Notice that one of pd and pc is
always zero and∑

j

p j + pdet + pd + pc = 1. (42)

A schematic illustration of the different possibilities is de-
scribed in Fig. 1, and a specific example is worked out in
Sec. IV A 1.

Notice that it is possible to keep under control the nu-
merical requirements by maintaining a fixed number of
realizations in a similar way as done in [69]. This is done by
first evolving all trajectories from t to t + dt and then ran-
domly sampling N (0) of the N (t + dt ) resulting trajectories
and discarding the others. The change in trace is then simply
given by keeping track of the variation N (t + dt ) − N (t ) but
without the need to store more than N (0) trajectories. In par-
ticular, for N (0) → ∞, the fact that only the difference needs
to be stored at each time ensures the exact convergence in the
asymptotic limit.

So far, we have assumed that the dynamics is CP-divisible,
and therefore all rates ξ j are positive, and so p j are indeed
probabilities. However, our unraveling method for TNP MEs
can be equipped with reverse jumps of Eq. (22). The prob-
abilities for deterministic evolution and for the creation or
destruction of a copy are left unchanged and computed using
the (possibly negative) p j . The jump probabilities, instead, are
computed using the reverse jumps of Eq. (22). The proof that
the unravelings agree with the ME on average is presented in
Appendix A.

B. Heisenberg unravelings with RO

The unravelings in the Heisenberg picture can be applied
in a simple way also to the RO method of Sec. II C 2. To
do so, we first notice that although both the jump pR

α and
deterministic pR

det probabilities depend on the transformation
φψ , their sum does not,

pR
det +

∑
α

pR
α = 1 + dt 〈�tp − �H 〉

ψ
= pT , (43)

and is the same as for the MCWF. Therefore, it is possible
to apply the same ideas also for the RO: the probabilities of
creation or destruction of a copy are as in Eqs. (39)–(41), but
using pR

J = ∑
α pR

α instead of pJ and pR
α as jump probabilities.

Notice that, since pT is independent of φψ , then also pR
n , pR

c
do not depend on it.

For pT < 1, the average evolution reads

|ψ〉 〈ψ | �→
∑

α

pψ
α |χψ

α 〉 〈χψ
α | + pR

det

∣∣ψR
det

〉 〈
ψR

det

∣∣ + pR
d×0,

(44)

while for pT > 1 it reads

|ψ〉 〈ψ | �→
∑

α

pψ
α |χψ

α 〉 〈χψ
α | + pdet,R

c |ψ〉 〈ψ |

+ (
pdet,R

n + pdet,R
c

)∣∣ψR
det

〉 〈
ψR

det

∣∣. (45)

By direct calculation, it is easy to show that in both cases

|ψ〉 〈ψ | �→ |ψ〉 〈ψ | +LH
t [|ψ〉 〈ψ |] dt, (46)

and indeed the Heisenberg picture RO unravelings match the
ME (9). This situation is considered in Sec. IV A 2.

If the RO has negative eigenvalues, then it is possible to
equip the unravelings with the reverse jumps of Eq. (22) in
a similar way as for the MCQF; see Appendix A for further
details.

C. Generic TNP MEs

Our method for extending stochastic unravelings to the
Heisenberg picture can be applied in a straightforward way to
arbitrary TNP MEs (13). This is done by substituting �H with
� of Eq. (13) in Eqs. (39)–(41). The jump probabilities can be
then computed with either the MCWF or the RO formalism.
This allows one to extend the powerful simulation method
that is stochastic unravelings not only beyond the Schrödinger
picture, but also to arbitrary TNP MEs. An example in this
direction is given in Sec. IV B.

When considering MEs corresponding to the statistics of
time-integrated observables, our method with the MCWF co-
incides with the cloning method [67–69]. Such a method
was devised for the characterization of trajectory-dependent
observables of the form [69]

O[ωt ] =
n−1∑
k=0

α(|ψk〉 , |ψk+1〉), (47)

where ωt = { |ψ0〉 , |ψ1〉 , . . . , |ψn〉 } is a (discretized) stochas-
tic trajectory and α is an observable-dependent function. For
the special case of α being nonzero if and only if |ψk+1〉 =
Lj |ψk〉, the resulting dynamics is the tilted Lindbladian of
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Eq. (15) and the resulting observable is the number of jumps
for the trajectory ωt .

IV. IMPLEMENTATIONS AND EXAMPLES
OF TNP UNRAVELINGS

In this section we apply our method of stochastic un-
ravelings in the Heisenberg picture described in Sec. III to
two examples, one CP-divisible and one non-CP-divisible. In
Sec. IV B we apply a variation of the same method to tilted
Lindbladians applied to photon counting statistics.

A. Heisenberg picture ME

In order to exemplify the Heisenberg picture stochastic
unravelings we consider two examples. First, we consider a
dynamics which is CP-divisible in the Heisenberg picture but
not in the Schrödinger picture, for which the MCWF method
can be applied. Second, we consider a dynamics nondivisible
in both pictures, for which one needs to either use the RO or
reverse jumps.

1. Heisenberg CP-divisible

As a first example, we consider a Heisenberg picture ME
of the form

dX

dt
= i ω[σx, X ] + ξ−

(
σ+Xσ− − 1

2
{σ+σ−, X }

)

+ ξ+

(
σ−Xσ+ − 1

2
{σ−σ+, X }

)
, (48)

where σ+ = |1〉 〈0| = σ
†
−, and ω and ξ±,z are time-dependent

functions. We consider the strongly driven regime |ω| �
ξ± > 0. For various choices of time-dependent rates, this cor-
responds to a dynamics that is CP-divisible in the Heisenberg
picture (ξ± � 0) but P-indivisible in the Schrödinger picture,
as shown in Appendix B. In particular, in the strongly driven
regime, the dynamics is not Schrödinger P- or CP-divisible
since the initial time, thus making the reverse jumps fail.
Because of divisibility, the unravelings in the Heisenberg pic-
ture can be performed using the MCWF and do not require
reverse jumps, while if one unraveled the same dynamics in
the Schrödinger picture they would be necessary. This makes
the simulations noticeably more efficient in the Heisenberg
picture.

In Fig. 2 we show the agreement between the MCWF
unravelings and the exact solution of the Heisenberg picture
ME. In particular, in the upper right panel, we show that
the trace of the observable trX (t ) oscillates between values
greater and smaller than its initial value trX (0) = 1. This
shows that our method not only gives the correct expectation
values for any measurement of the form tr[ρ X (t )], but it
also correctly captures the time evolution of the trace via the
nonconstant number of stochastic realizations. The code used
for the simulation is available at [71].

FIG. 2. Dynamics of the Heisenberg picture ME (48), x and z
components of the Bloch vector. The MCWF unravelings match
the exact solution (dark lines); in lighter shade seven stochastic
trajectories are also shown. Lower left inset: Rates ξ± and ε (log-
arithmic scale). Upper right inset: Dynamics of the trace tr[X (t )],
obtained as the ratio

∑
i Ni(t )/N . The time step used in the simula-

tions is dt = 10−3; N = 2 × 104 stochastic realizations are present
at t = 0, the number at time t follows the same dynamics as
tr[X (t )] (upper right inset). Initial value X (0) = |ψ0〉 〈ψ0|, with
|ψ0〉 = cos(π/8) |+〉+ + sin(π/8) |−〉 .

2. Heisenberg non-CP-divisible

As a second example, we consider a Heisenberg picture
ME of the form

dX

dt
=

∑
α=±,z

ξα

(
σαXσ †

α − 1

2
{σασ †

α , X }
)

, (49)

where ξ±,z are time-dependent functions. Such a ME describes
the phase covariant dynamics [72–74] in the Heisenberg pic-
ture [23]. The resulting dynamics is Heisenberg CP-divisible
if all rates ξ j are positive, while P divisibility corresponds to
[75,76]

ξ± � 0, and ξz � − 1
2

√
ξ+ξ−. (50)

We choose the rates in such a way that CP divisibility is
violated at all times, while P divisibility is preserved, in a sim-
ilar manner to the eternally-non-Markovian dynamics [77,78].
The violation of divisibility arises from the negativity of ξz,
while ξ± are positive at all times; see Fig. 3. Because of the
form of the ME and ξz < 0, the dynamics is non-CP-divisible
also in the Schrödinger picture [23].

Using the RO to perform the Heisenberg picture unravel-
ings, it is possible to obtain the evolution of any operator X (t )
without the need of reverse jumps despite ξz < 0 at all times.
Furthermore, it is possible to perform the unravelings with a
small effective ensemble: only the eigenstates |0〉, |1〉 of σz

and the state conditioned to no jumps happening are needed
to describe the reduced dynamics. These facts are possible
due to the flexibility of the RO with a trajectory-dependent
transformation φψ and they drastically improve the efficiency
of the simulation technique.

The resulting unravelings are presented in Fig. 3, and,
unlike the previous example, here the trace trX (t ) is mono-
tonically increasing in time.
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FIG. 3. Dynamics of the non-CP-divisible Heisenberg picture
ME (49), x and z components of the Bloch vector. The RO unrav-
elings match the exact solution (dark lines), with no reverse jumps
required; in lighter shade seven stochastic trajectories are also shown.
Lower left inset: rates ξα; The dashed line is the condition for P-
divisibility for γz (50). Upper right inset: Dynamics of the trace
tr[X (t )]. The other parameters and initial value are the same as in
Fig. 2.

B. Photon counting

As a last example, we apply our method to a special case
of tilted Lindbladian (15), in which the TNP ME reads [64]

d

dt
ρζ = L[ρζ ] + ζ J[ρζ ], (51)

where L is a TP Lindbladian

L[ρ] = −i[H, ρ] + γ (n̄ + 1)aρa† + γ n̄a†ρa − 1
2 {�S, ρ},

(52)

with a†, a bosonic creation and annihilation operators, ζ , γ , n̄
positive real numbers, and Hamiltonian

H = �

2
(ae2iφ + a†e−2iφ ), (53)

where φ and � are real parameters, while J[ρ] = γ (n̄ +
1)aρa†. MEs of this form are typically used to describe the
photon-counting statistics [63]. In particular, the trace of ρζ

allows one to compute the factorial moments of the probabil-
ity distribution P(n, t ) of observing n photons at time t as

μk = dk

dζ k
tr[ρζ ]|ζ=0. (54)

In principle, one can directly apply the derivative to the es-
timate of trρζ obtained by unraveling the TNP ME (51) for
values of ζ around 0, but the obtained results are too noisy,
since the derivative increases the fluctuations due to the cre-
ation or destruction of extra copies. An alternative approach
is that of defining τk := dkρζ /dζ k|ζ=0, which are the solution
of the TNP ME [62,79]

d

dt
τk = L[τk] + kJ[τk−1], (55)

and the moments can be obtained as μk = tr[τk]. This sys-
tem of MEs can be simulated iteratively, with τ0 = ρ and
using the solution of the kth operator τk−1 in the ME for
τk . Notice that this does not impact drastically the numerical
requirements, since at each time only the trajectories for τk

need to be stored, as well as the average τk−1. Typically only

FIG. 4. Moments of P(n, t ). The exact solution is obtained
by solving Eq. (51) and taking the derivative of the trace; the
unravelings are performed on Eq. (55). Inset: trρζ − 1, for ζ =
−0.02 (bottom) to ζ = 0.02 (top). Parameters: γ = � = 1, n̄ = 0.5,
φ = 0.2, dt = 10−2, initial number of trajectories: N = 104, initial
state: |ψ0〉 = (|0〉 + |1〉)/

√
2. Notice that the final time is chosen to

be comparable to the typical timescale 1/γ of the dynamics.

the first few moments are of interest, which are sufficient,
for example, to determine whether the distribution is Pois-
sonian or not [80]. The resulting MEs are inhomogeneous
due to the term kJ[τk−1], which does not depend on τk . By
using its spectral decomposition kJ[τk−1] = ∑

i η
k
i |ξ k

i 〉 〈ξ k
i |,

our method can be extended to deal with it by adding an
extra event, corresponding to the creations of copies in the
eigenstates |ξ k

i 〉 of the inhomogeneous term, with rate equal
to the corresponding eigenvalue ηk

i , which are positive since
J is CP. Such extra copies and the rate of creation do not
depend on the state ψ of the realization. The initial value for
k � 1 is τk (0) = 0, and thus initially only the inhomogeneous
term is relevant for the unravelings. In Fig. 4 we present the
first four moments obtained by unraveling the TNP ME (55)
with the RO formalism. This shows that indeed our method
can be applied even beyond MEs in the Heisenberg picture.

V. CONCLUSIONS

In this work we have introduced a general framework
to extend stochastic unravelings beyond the commonly used
Schrödinger picture. We first extended them to the Heisenberg
picture, in which, by employing the fact that the property of
divisibility might be different in the two pictures, the simula-
tions can become more efficient.

We have then showed that our method can be triv-
ially extended to generic TNP MEs that preserve positivity
and Hermiticity, thus significantly broadening the scope of
stochastic unravelings beyond the standard Lindblad ME
in the Schrödinger picture, enabling simulations of a wide
variety of physically relevant dynamics. This includes, for
instance, dynamics interpolating between non-Hermitian and
Lindblad regimes, and MEs used to extract photon-counting
statistics.

While we developed the method within the MCWF and
RO formalism, our method can be easily applied to other
piecewise-deterministic schemes, even in the presence of re-
verse jumps, thus providing a versatile tool for simulating
fully general open quantum systems dynamics.
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APPENDIX A: PROOF OF THE REVERSE JUMPS

The jump rates ξ j of the Heisenberg picture unravelings
can be decomposed into a positive and negative part ξ±

j =
1
2 (|ξ j | ± ξ j ). The presence of negative rates does not alter
the deterministic nor the creation or disappearance of copies,
therefore it is sufficient to show that the jump process repro-
duces on average the jump term of the ME (9). The average
jump process reads [81]

|ψ〉 〈ψ | �→ dt
∑

j

ξ+
j R j |ψ〉 〈ψ |R†

j

− dt
∑

j

∫
dψ ′ ξ−

j

Nψ ′

Nψ

|ψ〉 〈ψ |

× δ

(
|ψ〉 − Rj |ψ ′〉

‖Rj |ψ ′〉 ‖
)

‖Rj |ψ ′〉 ‖2. (A1)

The first term on the right-hand side is the jump term of the
ME for positive rates. In order to show the agreement on
average with the ME, one needs to compute the average jump
evolution of the unnormalized state

ρ =
∫

dψ
Nψ

N
|ψ〉 〈ψ |, (A2)

where, unlike for the TP case, Nψ/N is not a probability
distribution since it is not normalized to 1. The average jump
evolution then reads

ρ �→
∑

j

ξ+
j R jρR†

j − dt
∑

j

∫
dψ

∫
dψ ′ ξ−

j

Nψ ′

N
|ψ〉 〈ψ |

× δ

(
|ψ〉 − Rj |ψ ′〉

‖Rj |ψ ′〉 ‖
)

‖Rj |ψ ′〉 ‖2. (A3)

For the second term, the integral in ψ is readily evaluated due
to the Dirac delta, and therefore the average evolution due
only to the jumps is

ρ �→
∑

j

ξ jR jρR†
j . (A4)

Therefore, since deterministic evolution, creation, and de-
struction of a copy are not modified by the presence of
negative rates, it follows that the unravelings with NMQJ
match with the Heisenberg picture ME also when reverse
jumps are taken into account.

In a similar manner, it is possible to show that also the
Heisenberg picture RO unravelings can be equipped with the
NMQJ. The RO unravelings can be equipped with NMQJ also
for TNP MEs. If λ

ψ
j < 0, then the reverse jump |ψ〉 �→ |ψ ′〉,

where |ψ〉 is an eigenstate of Rψ ′ , can happen with probability

prev,R
α = −λψ

α

Nψ

Nψ ′
dt . (A5)

The rest of the process is left unchanged: pR
det, pR

c , and pR
d are

computed using the (possibly negative) rates λ
ψ
j . The RO can

be written as Rψ = R+
ψ − R−

ψ , with

R±
ψ =

∑
α

λ±
α,ψ |χψ

α 〉 〈χψ
α | � 0, λ±

α,ψ = 1

2
(|λψ

α | ± λψ
α ) � 0.

(A6)

Similarly to the MCWF, it is sufficient to show that the jump
process reproduces on average the RO, with average jump
process reading [14]

|ψ〉 〈ψ | �→ dt
∑

α

λ+
α,ψ |χψ

α 〉 〈χψ
α |

−
∫

dψ ′ λ−
α,ψ ′

Nψ ′

Nψ

|ψ〉 〈ψ |δ(|ψ〉 − |χψ ′
α 〉). (A7)

Upon considering the average state as in Eq. (A2) and using
the Dirac delta to compute the integral of the second term, one
finds that the average jump evolution reads

ρ �→
∫

dψ
Nψ

N
R+

ψ dt −
∑

α

∫
dψ ′ λ−

α,ψ ′
Nψ ′

N
|χψ ′

α 〉 〈χψ ′
α | dt

=
∫

dψ
Nψ

N
(R+

ψ − R−
ψ ) dt =

∫
dψ

Nψ

N
Rψ dt

=
∑

j

ξ jR jρR†
j dt+1

2

∫
dψ

Nψ

N
(|φψ 〉 〈ψ | + |ψ〉 〈φψ |) dt .

(A8)

From here, it is straightforward to notice that the last term
cancels out with the same term with opposite sign from the
deterministic evolution, thus canceling all terms depending on
φψ in the average evolution. Therefore, ρ �→ ρ +LH

t [ρ] dt
and for the RO the unravelings match with the Heisenberg
picture ME also when reverse jumps are taken into account.

APPENDIX B: DIVISIBILITY OF THE DYNAMICS
OF EQ. (48)

We proceed to show that the solution of the TNP ME (48)
gives a dynamical map which is CP-divisible in the Heisen-
berg picture and P- and CP-indivisible in the Schrödinger
picture.

CP divisibility in the Heisenberg picture follows trivially
from the positivity of the rates ξ±(t ) of the ME. Let �∗

t be the
solution of the ME (48), then the dynamics in the Schrödinger
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FIG. 5. (a) The three smallest eigenvalues of the Choi state of Eq. (B1), the fourth eigenvalue is such that trJt = 1. Negativity of one
eigenvalue implies violations of CP divisibility. (b) Maximal norm of the Bloch vector under the action of �t+dt,t . The fact that such norm is
greater than one implies that the dynamics is not P-divisible.

picture is described by its adjoint �t , which is a CPTP map.
(C)P divisibility in the Schrödinger picture is equivalent to
the (complete) positivity of the map �t+dt,t = �t+dt�

−1
t for

all times t . Complete positivity can be evaluated by checking
the positivity of the corresponding Choi state

Jt :=
1∑

i, j=0

�t+dt,t [|i〉 〈 j|] ⊗ |i〉 〈 j| . (B1)

Positivity, on the other hand, is equivalent to �t+dt,t , when
considered in its Bloch representation, mapping the Bloch
sphere into itself, i.e., every vector on the unit sphere must
be mapped to vectors with norm smaller than 1. In Fig. 5 we
show that both these conditions are not satisfied. In particular,
they are violated since t = 0, thus making most unraveling
methods fail, even in the presence of reverse jumps.
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