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In standard treatments of open quantum systems, the reduced dynamics is described starting from the
assumption that the system and the environment are initially uncorrelated. This assumption, however, is not
always guaranteed in realistic scenarios and several theoretical approaches to characterize initially correlated
dynamics have been introduced. For the uncorrelated scenario, stochastic unravelings are a powerful tool to
simulate the dynamics. So far they have not been used in the most general case in which correlations are initially
present since they cannot be applied to nonpositive operators or noncompletely positive maps. In our work,
we employ the bath positive (B+4-) or one-sided positive decomposition (OPD) formalism as a starting point to
generalize stochastic unraveling in the presence of initial correlations. Noticeably, our approach does not depend
on the particular unraveling technique, but holds for both piecewise deterministic and diffusive unravelings. This
generalization allows not only for more powerful simulations for the reduced dynamics, but also for a deeper

theoretical understanding of open system dynamics.
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I. INTRODUCTION

In standard open quantum system scenarios, one typically
starts from the assumption that the system and the environ-
ment are in a product state at the initial time [1-3]

pse(0) = ps(0) ® Pk, (D

with some fixed environmental state pg. If this is the case,
the global system environment evolution is fixed by a unitary
U (t), while for the system it is given by ps(t) = ®,[ps(0)],
where [4,5]

@[] = tre[U)(- ® pp)U (1)) )

is a completely positive trace-preserving (CPTP) map whose
domain extends to the whole set of quantum states S(J%).
Assuming that &, is invertible, one can introduce a two-
parameters family of maps &, = <I>,<I>S", describing the
evolution from time s to time ¢ > s. If &, is completely
positive (CP) for all ¢, s, we say that the dynamics is CP
divisible. If @, is only positive (P), then we say that it is
P divisible. Violations of both P and CP divisibility have been
connected to quantum non-Markovianity [6—12].

The dynamical map &, can be derived as the solution of
the master equation dp/dt = L;[p], with the generator £, =
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&, D ! that can be put in Lindblad form [13,14]
1
Lilpl = —ilH®), pl+ ) v (OLi(OpLi@) = S{T(0), p),
J

(3)
where ['(1) = ) Vi (t)Lj (t)L;(t). From the point of view of
the master equation, CP divisibility corresponds to the posi-
tivity of all rates y;(t) > 0. P divisibility, on the other hand,
corresponds to the condition [15]

> Vi ONuLiOlg) P = 0 )
J

for all orthonormal bases {¢,, }, and for all u # .

However, the assumption of a product initial state, although
leading to a simple form of the master equation, cannot cover
all situations of interest, for instance, when the system and
environment are strongly coupled, so that it has been criti-
cized from a fundamental and a practical perspective [16-21].
Different strategies have thus been devised both for the detec-
tion of initial correlations [22-27] and their inclusion in the
dynamical description [28-31]. There is indeed no obvious
and unique standpoint allowing to obtain the reduced dynam-
ics of a system interacting with an environment if all these
degrees of freedom are correlated. In all cases, at variance
with what happens in the framework of an initially factorized
state, not all possible system states can appear as an initial
reduced system state. A recently proposed strategy [31] that
takes as starting point a fixed environmental state pr and
a fixed correlation operator x, admits as the domain of the
possible initial reduced system states the statistical operators

©2025 American Physical Society
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ps such that ps ® pg + x is a positive operator. The size of
this convex set depends on the pair pr and y, and can even
be reduced to a single point if the environmental state and
correlation operator are determined by a maximally entangled
system-environment state. For all elements in this set, the
dynamics can be described by a time-local master equation of
the form (3). A different strategy [30] takes as starting point
a specified correlated system-environment state, for which a
suitable decomposition known as bath positive (B+) or one-
sided positive decomposition (OPD) is given, which allows
to obtain the time-evolved reduced system state in terms of
the action of a set of CPTP maps of the form (2) whose
dimensionality is bounded by the square of the dimension of
the system Hilbert space. In this case the dynamics are no
longer described by a single time-local master equation of the
form (3), but by a set of master equations, one for each com-
pletely positive map. While the strategy works for a specified
correlated system-environment state, suitable linear combina-
tions of the maps introduced for this state allow to deal with
all other initial states obtained by local transformations on the
system degrees of freedom.

The master equation (3) is typically very difficult to solve
or simulate, and a powerful tool to deal with it is that of
stochastic unravelings. They consist of stochastic processes
taking values on the system’s Hilbert space, and the exact
dynamics (2) is obtained by averaging over a large number
of stochastic realizations

N;
p(t) = Z % 1Y (@) (Y ()l (5)

1

where the |y;(¢)) are suitable random pure states. In dif-
ferent unraveling methods, the stochastic realizations can be
of two major families: they can either consist of piecewise
deterministic processes, interrupted by sudden jumps [32-42],
or they can be diffusive [43—47]. In the following, we will
consider different unraveling techniques since our results are
independent of the particular unraveling scheme used. For
the piecewise deterministic methods, we will consider the
Monte Carlo wave function (MCWF) [33], which gives posi-
tive jump rates if and only if the dynamics is CP divisible, and
the generalized rate operator (RO) [41,42], which can give
positive rates also in some non-P divisible dynamics. Both
methods can be equipped with the non-Markovian quantum
jumps (NMQJ) technique [36,37] whenever the jump rates
are temporarily negative. For the diffusive methods, we will
consider the quantum state diffusion (QSD) [44], which, like
the MCWF, can be applied only to CP-divisible dynamics,
although extensions to non-Markovian dynamics have been
proposed [45]. In Appendix A we provide an overview of
these unraveling methods.

So far, these stochastic methods have only been applied
to scenarios in which the system and the environment are ini-
tially in a product state since they are defined starting from the
Lindblad master equation, which is guaranteed to hold only
under this assumption. In this work, we will present a method
to apply unraveling techniques also in the case in which the
dynamics cannot be obtained from a single master equation of
the form (3), so as to allow the use of stochastic methods

in combination with the OPD formalism for the treatment of
initially correlated states of the system and environment.

The rest of the paper proceeds as follows. In Sec. II, we
recall two techniques for describing the initially correlated
dynamics. Then, in Sec. III, we present our main result, a
simple way to apply the stochastic unravelings to the non-
positive operators that are used in the OPD, with a simple
example of the usefulness of our method. In Sec. IV, we
recall the adaptive projection operator (APO) technique to
derive the second-order master equations corresponding to the
CPTP maps of the OPD. We also provide some examples
of unravelings of the initially correlated dynamics obtained
via the APO technique. Finally, in Sec. V, we present the
conclusions of our work.

II. INITIALLY CORRELATED SYSTEM
AND ENVIRONMENT

We now present in more detail the two techniques to deal
with the initially correlated system and environment states
recalled in the Introduction to better clarify the difference
between the approaches and the point of connection with
stochastic methods for the solution of the obtained reduced
equations of motion.

A. One-sided positive decomposition

One possible way to describe the reduced dynamics of
the initially correlated system and environment is via the
so-called OPD. This technique relies on the fact that any
system side operator can be expanded in terms of frames,
i.e., a possibly overcomplete basis of system side opera-
tors {Qyle C L2(5%) of self-adjoint Hilbert-Schmidt class
operators [48,49]. For arbitrarily dimensional systems and
environments, one can always construct frames such that any
bipartite system-environment state psg € S(H5 ® %) can
be written as [30]

pse =Y WOy ® pu, (6)

where w, are positive numbers and the environmental oper-
ators p, corresponding to the frame element Q, are density
matrices, i.e., environmental states. The representation of
Eq. (6) is known as OPD. Such a frame {Q,}, giving states
on the environmental side is highly nonunique, see [30] for
more details. In this work, we consider a special case of
frame {Q,}, such that, for « > 0, the frame elements Q, are
proportional to the generalized Pauli matrices, while Qy is
proportional to 14 — )", Qq: see Eq. (36) for an explicit
construction of the frame for the case in which the system is
a qubit. The number of terms in the sum is bounded by d2,
where d = dim % [50].
The reduced system state is obtained as

ps =1tz pse = Y WoQu> (7
o

with the weights and environmental states implicitly defined
as

Wy Py = trE [(Poz & ]lE)IOSE]’ (8)
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where {P,}, is the dual frame of {Q,}., i.c., the frame such
that any operator A acting on ¢ can be written as

A=) wlAP]Q. = ) tlAQsIPo. ©)

Such a dual frame can be taken to be composed of positive
operators such that tr[P,Qg] = d,4. In this case, it can be
written as [30]

Py =Y MuyQp, M=(T'T)", (10)
B

where 7' is ad? x d? matrix with coefficients T, = tr[Q,Gg]
and {Gg}g is an orthonormal basis of Hermitian operators
on J%. Notice that the weights and states of Eq. (8) depend
not only on the frame {Q,}, but also on the arbitrary global
state psg. Furthermore, if pgg can be written using positive
operators Q, also on the system side, then it is separable [51];
if, additionally, Q, or p, (or both) are orthogonal projectors,
then pgg is zero-discord [52-54].

Equation (6) allows us to write the time evolution of pg as
the weighted sum of CPTP maps

ps(t) = Zwa Q.] (11)

where the dynamical maps
Y[ = trg[U (1) ® po)U ' (1)] (12)

are guaranteed to be CPTP since p, € S(#%), and for each
term of the sum system and environment are factorized.

With the same set of CPTP maps {®f}, it is possible to
obtain not only the dynamics of pgg, but also the dynamics of
all states obtainable from it via system-side operations. Let R
be a completely positive operation on S(.7%%) and

g . R®id)pse

PSE = o 13)
SET r [(R®id)pse]
then the time evolution of ,0? = trg p?E is given by
Za o waRoz,ot’ o7 [th’]
ps(1) = =% ’ (14)

Za Wy tr R[Q(X] '

where R, is an expansion of R in the basis {Q,}, i.e.,
R[O.] = Za‘a, Ry o Oy . Therefore, with up to d? maps {DF},
it is possible to describe the reduced dynamics starting from
all system-environment states of the form (13). The set of such
global states has dimension up to (d* — 1), with the maximum
obtained if pgg is maximally entangled [30]. For instance, if
the initial state is

|WsE) = k) ® [k), (15)
f Z
then all the maximally entangled generalized Bell states [55]
d—1
(Wam) = —= ) M k@m @k, (16)
ik

with n,m=0,...,d—1, and k@d&m =k +m mod d, can
be obtained via system side repreparations

k) > 27k k@ m) . (17)

Also, all zero discord states /05 Zk —o Dk k) (k| & |k) (k|
can be obtained via the repreparation Ry[p] =
Zf;é pi (k|plk) |k) (k|. The price one has to pay to do
so is to compute the d? x d*> matrix R, .. Nevertheless,
computing this matrix is an arguably less complicated task
than directly computing the time evolution of all states as in
Eq. (13).

B. Fixed correlations approach

Another possible way to deal with initially correlated sys-
tem and environment is to start by fixing the environmental
state pg and correlations x, with x = 7, tr x = 0 [31]. The
global state reads

PsE = Ps ® PE + X, (18)

and the reduced evolved state can then be written as
ps(t) = @ [ps] == D,[ps] + 1, (19)
@, = tre[U(t)ps ® peU ()],
I =g [U@)xUT @), (20)

where @, is the CP map describing the uncorrelated evolution,
with the initial correlations entirely described by I*. From
here, it is possible to derive a single master equation

)X

is the generator of the uncorrelated

LIX] = o o (P

where £, = &, o CI>,_1
dynamics, and

= LIX]+AfuX, (2D

Af =" — L,[1F] (22)

is the correlated part. It is always possible to put AX in Lind-
blad form
1 .
Alex =Y m(t)[J,»(t)XJf(r) — 5 (t)f,-(m,X}}, (23)

where
Ji(t) = Gi(t) — étr[Gi(I)]ﬂd’ (24)

Gi(t) = 1§;(0)) (&;OI,  mi(t) = b;(1), (25)

where i = {j, j'} is a double index and |£;(¢)) and b;(¢) are
(respectively) the eigenvectors and eigenvalues of AY, i.e.,

L= bi) &) &) 26)
J

Since the master equation (21) can always be put in Lindblad
form, then all unraveling methods can be applied in a straight-
forward way.

The resulting master equation (21), however, does not de-
scribe the evolution of the entire set of quantum states S(5¢),
but only of a limited subset, depending on both pg and x and
containing all states p € S(J7%) such that

PR pe+x =20 27

This subset can even contain only a single state, as happen, for
example, if x and pg are the correlations and environmental
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state corresponding to a maximally entangled system environ-
ment state. For further details see Appendix B.

It is worth noticing that, since Af is traceless, then the sum
of the rates of the correlated generator 7;(¢) must also equal
Zero

D nit)y=> bit)=tr Al =0, (28)
i J

and therefore, at least one rate must be negative at all times.
Therefore, even if the uncorrelated generator £, has all posi-
tive rates, it might happen that the addition of the correlated
term gives rise to some negative rates for £, thus making
the dynamics more difficult and computationally expensive to
unravel.

For example, if one considers x and pg corresponding
to a maximally entangled state and a global unitary evolu-
tion U () giving a unital uncorrelated reduced evolution, i.e.,
@,[1] = 1, then the corresponding dynamics has a negative
rate already at + = 0. This happens because the generator at
t = 0 is simply

L 1ps(0)] = AL, (29)

since ps(0) = 1,/d and £,[1] = 0 because of unitality of ®,.
In this case, not only the correlated generator AX has some
negative rates at t = 0, but also the total generator £} does.
The fact that such negativity is present since t = 0 not only
makes the unravelings computationally more expensive, but
might also cause the failure of the reverse jumps. An explicit
example of such a kind of dynamics will be discussed in
Sec. III B.

For these reasons, as well as the fact that unravelings can
be directly applied in this formalism, in the following we
will only focus on the OPD formalism, for which unravelings
cannot be applied in a straightforward way since the initial
condition of the master equation is not a density matrix.
Notice that recently a Keldysh-contour based (two-state) un-
raveling that can deal with both uncorrelated and correlated
initial global states was introduced [56].

III. UNRAVELINGS WITH ONE-SIDED POSITIVE
DECOMPOSITION

When the system and environment are initially uncorre-
lated, it is possible to derive a single generator £; in Lindblad
form, valid for all open system initial states. Starting from
such a generator, it is possible to approximate the dynamics
by applying the unraveling techniques to it. So far, however,
such stochastic techniques have only been applied to the un-
correlated system and environment. In this section, we provide
a way to apply them also to cases in which initial correlations
are present, by exploiting the OPD formalism.

A. Unravelings for nonpositive operators

For the initially uncorrelated system environment, the re-
duced dynamics is described by a single Lindblad master
equation dp/dt = L;[p], depending on the environmental
state pg. If, instead, the system and environment are initially
correlated, it is not possible to derive a single master equation.
However, the OPD (6) allows one to write the correlated state

pose as a sum of uncorrelated terms Q, ® p, with weights
wg. Since each term is uncorrelated and with a state p, on
the environmental side, the associated reduced operator will
evolve according to a Lindblad master equation

d . _
T0u(0) = LI1Qu0)]. L7 = o (@) 60

where the generator L depends on the corresponding envi-
ronmental state p,. Since Eq. (6) contains up to d> — 1 terms,
then to describe the reduced dynamics one needs up to d> — 1
generators { LY 32:_11, see Fig. 1. The maps & of Eq. (12) are
the solutions of the Lindblad master equations generated by
Ly

When applying unravelings, another crucial difference be-
tween the two scenarios is that the master equation for the
initially uncorrelated case has a state p(0) as initial condition,
and therefore, its time evolution can be described as a convex
mixture of pure states as in Eq. (5). When correlations are
present, instead, each generator L has a nonpositive (but
self-adjoint) operator Q, as initial condition, which cannot
be written as a convex mixture of pure states. Nevertheless,
it is possible to reconcile stochastic unravelings and OPD
by noticing that the system-side operators Q, can always be
written as the weighted difference of two states

0. =0F -0, =utsf—u =y, 31)

where OF > 0 are the positive and negative parts of Q,

0y =500l + Qu), I1X]=VX'X, (32)

uE =tr OF, and £* = 0F /uk. Itis straightforward to verify
that the £ defined this way are indeed self-adjoint, positive,
trace-one operators, i.e., 5= € S(%). Furthermore, £F do
not depend on pgg, but only on the fixed operators Q,, .

Then it is possible to unravel the £, with =F as initial
conditions in the same way as for the uncorrelated case,since
the states =F can be written as convex mixture of pure states,
thus obtaining ®*[XE]. The linearity and positivity of &%
ensure that this way of writing Q, is preserved by the time
evolution

Qu(t) = O [Qo] = g O [E7] — 1 @7 (2,1 (33)

Therefore, unraveling with the states £ as initial conditions
allows to reconstruct the time evolution of Q,. The evolution
of the system state can then be obtained as

ps(t) =Y wapt OLITT] — way PUT,1. (34)

Therefore, it is possible to obtain the dynamics of the marginal
state pg of the initially correlated global state by unraveling
each of the generators L%, with initial states ¥} and £, and
then recombining them with weights Fw, .

In the literature, unraveling methods relying on additional
degrees of freedom [57-62] or temporarily negative proba-
bilities for the occupation of certain states [63] have been
introduced. These methods can also be applied to the genera-
tors obtained via the OPD.

The use of unraveling techniques is consistent with the
system-side repreparations of Eq. (14). The time evolution
of any state ,o? = trg[(R ® id)psg], obtained from pgg via a
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FIG. 1. For the uncorrelated case, a single Lindblad master equation, depending on pg, is sufficient to describe the reduced evolution. If
initial correlations are present, then one needs a set of up to d> — 1 master equations, one for each term of Eq. (6), to describe the reduced

evolution. Such master equations act on non-positive operators Q,
Sec. 111, they can be reconstructed from positive operators £, which

system-only operation R, can be written as
Za.a’ waRa,ot’ (/‘L;—/ (b;x[zi—/] - /’L;/ CD;I [Ea_,])
>0 Wa tr RIQ, ] '

Therefore, from unraveling the master equations L& with ini-
tial states E;t,, one can obtain the reduced dynamics of all
states obtainable via local repreparations on the system only
from a reference initial system-environment state pgg.

Notice that our method can be applied to arbitrarily dimen-
sional systems, with the number of master equations to be
considered that scales quadratically with the dimension of the
system’s Hilbert space, as it follows from the OPD technique
of Sec. II. If one considers infinite-dimensional systems, then
one must necessarily truncate the dimensionality to apply any
computational method, but this fact is not peculiar to our
method. Furthermore, the dimensionality of the environment
does not play any role since the number of master equations
and the frame {Q, } only depend on the system. Therefore, our
method can be applied in a straightforward way to infinite-
dimensional or structured environments.

For the sake of example, we now provide one possible
choice for a frame {Q,}«, as well as the environmental states
pe for the special case in which the system is a qubit J7% =
C?, without making any assumption on the dimension of .7#%.
One possible choice of frame for the system is given by

_H_Ziai 1

Qo > , 0= 500

where o}, i = x, Y, z, are the Pauli matrices, leading to a posi-
tive frame for the environment

pR(t) = (35)

(36)

po=tspse. o= (L4 ® Lepse] (3T
with weights
wo =1, w; =trsg [(1 +0;) ® Lg)psel- (33)
The corresponding dual frame {P,}, of Eq. (10) reads
Ph=1, P =1+o0;. 39)

This choice of a system frame can be generalized in a straight-
forward way to higher-dimensional systems by considering
the generalized Pauli matrices instead of the o;.

From Eq. (36), it is possible to obtain the states £* and
weights uF of Eq. (31) in a straightforward way. For o =
x,y,2, one has uf = ,uj[ =uF =1 and the corresponding

and therefore, cannot be directly unraveled. However, as discussed in
can be unraveled.

states are simply the positive and negative eigenstates of the
Pauli matrices

ox = |+) {(+| = |=) (I,
Oy = |+v) <+y| - |_y) (_y| s (40)
o, = |1) (1] = 10) (0. (41)

For o = 0, the expression of the states Egt instead reads

V3+1
2 9

Ty

Qo = ug l¢g) (g | — 11g 18y) (g |5

(42)
+V/3 -1 1
6F) = ———(@— D) + ———10).  (43)
P WEEV NEEE

The explicit form of the environmental states (37), and
therefore, of the generators L7, will depend on the full
system-environment state. Let us suppose that the initial state
is entangled and of the form

_10) @ [Yo) + 1) @ [¥1)
V2

with |¥0,1) not necessarily orthogonal. Let us stress the fact

that we are not making any assumptions on the dimensionality

of the environment and it can even be infinite-dimensional.

The environmental states of the OPD are

|Wse) (44)

El

po = 5(1%0) (Wol + [¥1) (Wi, or = l¢) (], (45)
py = oy (Dyl, oz = 1Y) (Yl (46)
with
|px) = % Ny =2(1 +Re (folyn)),  (47)
o) +ilyn) o

[¢y) = —\/17) . Ny =21 —Im (Yolyn)),  (48)

with weights
wo=w, =1 = Moy 49
0o =w; =1, wx,y—T- ( )

The dynamics of q)?’z can be unraveled by mixing the
dynamics obtained from the generators obtained with |v;)
as initial states. For ®;” this is indeed no longer the case
and one needs to simulate the dynamics with different initial
environmental states.
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B. Example: Dephasing dynamics

As a first example of the application of the unravelings
to the OPD, let us consider an exactly solvable dephasing
dynamics for a d-dimensional system [5]. They are a class
of dynamics such that the populations are preserved

d

while coherences are not. This is obtained by considering
system-environment Hamiltonians of the form

d
H=Hs®lp+1s®Hr+ Y |k)(k|®B,  (51)
k=1

where Hg = ), Ey |k) (k|, and By = Bz are arbitrary environ-
mental operators defining the coupling. For this model, both
the maps ®¢ and the generators £ of Eqgs. (12) and (30) can
be analytically calculated. The master equations read

d—1

1
LI[X]= —i[ILIa(t),X]Jrk%::1 K,f‘g(t)(SkXSz— E{Ssz,X}),
(52)
where

Se = W(Zlk (k| —£1€) (EI) (33)

and K, (¢) is a self-adjoint matrix which depends on the envi-
ronmental state p,. Equation (52) can be put in Lindblad form
by diagonalizing the matrix KJ,(z). This class of dephasing
dynamics contains as a special case the spin boson dephasing
in the presence of initial correlations [64,65]. Our method,
being independent of the particular system-environment, can
be applied also to this special case.

We now proceed to apply stochastic unravelings for this
type of dynamics. For the sake of example, we now fix d = 4,

M = 4 = C*, and

4
Hy=Hp = Q) klk) (K|, (54)
k=1
By = g(|k) (k + 1] + [k + 1) (k]),

and B4 = 0. As initial state, let us consider the maximally
entangled state

k=1,2,3, (55)

1,1 2,2)4+13,3)+ 14,4
W) = 11, 1) +1 )erl )+ 14.4) (56)

The system-side frame Q, can be obtained similarly to the
qubit case of Eq. (36) as

1 1 1
Q= 71a— 52 0w Qu=30u (57)

a

where the o, are the generalized 4 x 4 Pauli matrices.
The corresponding environmental states p, can be found in
Appendix C. The unravelings can, therefore, be applied to the
generators £ with the initial conditions from the system-side
states ©F obtained from the positive and negative part of
the operators Q, of Eq. (57) via Eq. (31). The Q,(t) are
then reconstructed via Eq. (33) and the reduced dynamics via
Eq. (34).

With this choice, all the resulting maps ®f are CP divis-
ible up to some time, and therefore, the unravelings can be
performed using the MCWF and the QSD techniques up to
that time. The unraveling of L7, in the interaction picture with
respect to the free Hamiltonian Hg + Hg, with initial condi-
tions the states £F, corresponding to the frame element Q,,
are shown in the left and middle panels of Fig. 2. In the right
panel, the dynamics of Q, is obtained from the dynamic of
X and £ by combining them with appropriate weights. The
code used for obtaining the unravelings is available in [66].

If one neglects the correlations and simply considers the
dynamics of ps ® pg, then the resulting time evolution is
trivial since ps = 1/4 and the dynamics is unital. However,
when the initial correlations are taken into account, there is
a revival in coherence (0|ps(¢)[1), as can be seen in the right
panel of Fig. 2.

If one performs the unravelings of all LY with initial
conditions Q. then, via Eq. (14), it is possible to describe
a subspace of initial states with dimension d* — 1 = 255.
This subspace contains, for example, all the generalized Bell
states of Eq. (16), as well as all zero-discord states ,0?0 =
Yo P 1K) (k| @ 1) (K.

It is worth stressing that if one describes the same dynamics
with the fixed correlations approach of Sec. IIB, then the
resulting dynamics is P indivisible since ¢+ = 0. This happens
because the dephasing is unital, and therefore, the resulting
master equation has at least one negative rate, as discussed in
Sec. II B, and therefore, is CP indivisible. However, since for
the dephasing P and CP divisibility coincide [5], then it is also
P indivisible since # = 0. This fact causes not only the MCWF
to fail, but also the W-RO.

IV. UNRAVELINGS WITH THE ADAPTED PROJECTION
OPERATOR TECHNIQUE

To apply stochastic unravelings to the initially correlated
system and environment, one does not need the a priori
knowledge of the maps ®f, but the knowledge of the gen-
erators L7 is sufficient. However, the derivation of the exact
generators is, in general, a difficult task. In this section, we
recall the adapted projection operator (APO) technique that
allows one to derive second-order master equations corre-
sponding to the environmental states p, of the OPD of Eq. (6),
thus drastically simplifying the task of deriving the generators.
We then apply this technique to two examples, performing the
unravelings to the obtained master equations.

A. Adapted projection operator technique

The APO technique generalizes the projector operator
technique [1] by introducing projection operators of the
form [67]

Pol-1=tre[-]1® po. (58)

Then, the dynamics of the relevant part P, [psg(¢)] for the
system side operators Q(t) = ®F[Q4] is described by the
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Q4

(0]x(1)]1)
o
o

t t

FIG. 2. Unravelings of ®;(Q,) for the dephasing dynamics of Eqs. (54) and (55); showing the real (solid) and imaginary (dashed)
components of (0|®¥(Q,)|1). Left: Unraveling of the positive part £. Middle: Unraveling of the negative part X, . Right: Unraveling of
Q,, obtained as the difference between the two, and dynamics of the coherence of ps(¢) (green). Inset: dephasing rates, i.e., eigenvalues of
K3, (t). The unravelings are done using MCWF (red lines and circles) and QSD (blue lines and crosses) and for both six stochastic trajectories
(piecewise deterministic using MCWF and diffusive using QSD) are shown in lighter shades. Parameters: g = 0.5, 10® stochastic realizations

are used.
master equations dQy (t)/dt = L*[Q4 ()], with

LYX]=—ig Y [A;(t), X]1(B;(t)),,
J
- g %:/0 dt [Aj(t),Ajr(r)X]Covffj,(t, T)

+822A dt [AJ(I),XA/(T)]COV’I):I(T,t),
JJ'
(59)

where the operators A (¢) are the system-side operators of the
interaction Hamiltonian in the interaction picture with respect
to the free Hamiltonian

Hi(t) =Y _A;(t) ® B;(1), (60)
J

with A;(t) = ' A ;e 5" and B;(1) = ¢"¢' B;e~ 1! while
COV%/(L T) = (Bj(1)B; (1)), — (Bj(1)), (By(r)), , (61)

where we use the notation (0), = tr[Op].

Therefore, by using the APO technique, it is possible to
derive in a simple way a set of master equations, one for each
component in the sum of Eq. (6), describing separately the
time evolution of each component Q,, of the reduced state (7).

B. Example: Jaynes-Cummings

As a first example, let us consider a qubit /% = C? inter-
acting with a bosonic environment, with a Jaynes-Cummings
form of the interaction

w( +
H = 701 + Za)kb]tbk + Z(gk0+ ® by + g;ra_ ® by).
k k

(62)

By applying the APO technique, the corresponding master
equations read

LX) =ipl®)loyo_. X]+ip ()00, X]
+y4(0)(0-Xoy — 3{or0_, X))
+ y{(t)(04Xo_ — J{o_04, X}), (63)
with the rates y{ and the driving 8¢ that can be found in [67].

1. Continuum limit

As a first example, let us consider an initial state of the
form

1 1
|WsE) 7 10) ® 0) + 7
where |{N},) is the environmental state with N, bosons in the
mode of frequency wy. The explicit form of the weights wg
and environmental states p, can be found in [67]. Although
the APO technique was already used on this example, we
stress that unravelings could not be performed because of
the nonpositivity of the system side operators. Here, we use
the same example and use our results of Sec. III to apply
unravelings to the resulting dynamics.
We consider infinitely many bath modes in the continuum
limit [1] and an Ohmic spectral density

J(@) = g0B(w, — ), (65)

1) ® {NeJe),  (64)

where © is the Heaviside theta function and w. a cutoff fre-
quency, and we assume N bosons up to w,

N(w) = NO(w, — o). (66)

We find that, under a suitable choice of the parameters, the
rates y¢ of the master equation (63) remain positive at all
times, as shown in the inset of Fig. 3. Because of this, the
unraveling methods for Markovian dynamics are sufficient for
describing the dynamics. Indeed, in Fig. 3 we show the unrav-
elings obtained using the MCWF and QSD techniques. Like in
Sec. III B, we first unravel separately the positive and negative
parts £F of the frame element Q, and then recombine the
two to obtain the dynamics of Q,. From these unravelings,
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o“+ Q« Oa=%(oa+ = Oa_)
1.0 i Y — o Mcwr | 1°%®
x QSD
0.5
E( Rates
X 0.0 ———
b \ [— v
-0.51 T
o MCWF \/ o MCWF
-1.01 % ‘&l S 10 x 95D
0 2 4 6 8 10 0 2 6 8 10 0 2 4 6 8 10

FIG. 3. Unraveling of ®;[Q,] for the Jaynes-Cummings dynamics in the continuum limit, for the maximally initial state of Eq. (64). Left:
unravelings for the positive part of Q,; middle: for the negative part; right: Q, is obtained as the difference between the two. The unravelings are
done both with the MCWF (red circles) and QSD (blue crosses), and ten trajectories are shown. Inset: rates yi for £ of Eq. (63). Parameters:

g =0.05, N = 10. 10* stochastic realizations are used.

one is then able to also obtain the dynamics of all initial
states obtainable via system-only repreparations according to
Eq. (39).

2. Single mode

Let us now consider the case of a single mode with a
maximally entangled initial state of the form

0) ® |ng) + [1) & |m1)

|Wsg) = NA . (67)
For this intial state, the rates read
o sin[(wy — w)t]
yEW) = I8l (g + D, (68)
o sin[(wy — w)t]
o) = |glPng —— (69)

wy — w

where n, = tr[iip,], with p, as in Egs. (45) and (46). It is
worth noticing that ®? = ®F = @, since the dynamics de-
pends on p, only vian, and ny = n, = n,.Itis easy to see that
the rates are either both positive or both negative at the same
time and correspondingly the dynamics is non-Markovian.
Nevertheless, it is possible to perform the unravelings by
using the NMQJ technique with an effective ensemble consist-
ing of only three states: the deterministically evolving initial
state |Wqer(t)) and the eigenstates |0), |1) of o,. The results are
shown in the left panel of Fig. 4.

Additionally, if one performs the unravelings also of
PY[Qy], &' # @, then it is possible to obtain the evolu-
tion of all initial states obtainable from pgg via system-only
repreparations according to Eq. (35). This task is drastically
simplified by the fact that some maps are actually the same:
®% = @ = @). For instance, it is possible to recover the
reduced dynamics corresponding to a zero discord initial state

p?g = p10) (O] ® |no) (no| + (1 — p) 1) (1] ® [n1) (m]
(70)

or to the factorized initial state in which the correlations are
eliminated
® 1 _ |no) (nol + |n1) (m]|

PR =5 . . (71)

The dynamics corresponding to such initial states is shown
in the right panel of Fig. 4. Clearly, the different kinds of
correlations play nontrivial roles in modifying the resulting
dynamics.

C. Example: Damped two-qubit model

As a last example, let us consider two interacting qubits,
considering one of them as our system and the other as the
environment, with the environmental qubit also coupled to an
external harmonic oscillator. The global Hamiltonian reads

w1 [0))] .
H:70Z®]l®]1+711®az®]l+w]l®ﬂ®b'b

+80,®0.@1+ul® (0. b+0o_Q®b"), (72)

where b' and b are (respectively) the creation and annihilation
operators. As the initial state, we consider a maximally en-
tangled state in which the entanglement is shared between the
system qubit and the environmental qubit, with the harmonic

7[Qdl trelU(t)(R ® id)pseU T ()]
" \/\
0.5
g 0.0 e S PPS S
5 0[Q0] m
05 e 0[Q)] —— RYS
— o0l |\ RY°
1o —— 70,] —— R

0 2 4 6 8 10 O 2 4 6 8 10
t t

FIG. 4. Unravelings of the single-mode Jaynes-Cummings dy-
namics for the maximally entangled initial state of Eq. (67), obtained
using NMQJ. Left panel: z component of the Bloch vector for
®Y[Q,]. Right panel: reduced dynamics for the maximally entangled
state (blue) and of states obtained via the system-side reprepara-

tions: zero discord states p?Eg of Eq. (70) with p = 0.5 (red solid),
p = 0.9 (red dashed), factorized initial state p?,il of Eq. (71) (green).
Parameters: ng = 1,1, = 0,0y = 1, w = 0.1, g = 0.5. 10* stochastic
realizations are used.
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oscillator in the vacuum
|000) + [110)
If one calculates the master equations with the APO formalism

as in Eq. (59), then the dynamics for p, only adds a driving of
the form

|Wsg) = (73)

H (1) = glcos(wit)o, — sin(wit)oy]. (74)

This happens because the p, covariance of Eq. (61) is zero,
and therefore, no terms in g appear in the master equation.
The other master equations, instead, give nontrivial modifica-
tions to the Lindbladian

LX) = —ilH(1), X1+ AWOXA®)
+AMOXA®@) — HT @), X}, (75)
where

H(t) = 211 — cos(a1)]o.
w1

T(t) = zé sin(w 1)1, (76)
)

A(t) = glcos(wit)o, — sin(w;t)oy], 77

AGt) = / dT A(t) = S {sin(wi1)o, — [1 — cos(wi1)]oy).
w1
’ (78)

Notice that the master equations (75) do not depend on the
coupling p with the external bath. This happens because we
assume it to be in the vacuum, and the covariances in the APO
formalism all have terms proportional to (0|5|0) or (0|b"]|0),
which are both zero.

The jump term can be rewritten in the standard Lindblad
form

TilX] = AOXA@) + AOXA®W) = Y yiOLOXLE@),
i=%
(79)

where L. () are a time-dependent combinations of o, and o,
with rates

y4+(t) = sin(wt) = 2 sin (%), (80)

that are shown in the inset of Fig. 5. Importantly, the result-
ing dynamics has a negative rate since ¢ = 0, and therefore,
methods such as the NMQJ fail, but it is possible to unravel
the master equation (75) using the W-RO formalism. Addi-
tionally, it is possible to have positive unravelings using only
three states in the effective ensemble: [Yqec(2)), |0), and [1).
These unravelings are shown in Fig. 5. Interestingly, in the
W-RO formalism, it is not necessary to explicitly compute the
standard Lindblad form of Eq. (79), but the form of Eq. (75)
is enough.

V. CONCLUSIONS

In this work we extended the applicability of stochastic
unraveling techniques to the most general case of open sys-
tems initially correlated with their environment. As a starting

Q4 (1) Qqlt) and ps(t)
] ] Rates
L0y 25
L \
|
05 4 10.01— Y-
Y Y+
. 4
h\
0.01 X T
n - 0
-0.5 ™ e X
y
~1.0- it X4 ]
0 i 2 3 0 i 2 3

FIG. 5. Unravelings of the system qubit dynamics obtained from
Eq. (72). Left: dynamics of ®*[Q;], showing (in lighter shade) five
trajectories; for ¢ < 1, no reverse jumps are needed even if y_ < 0.
Right: dynamics of ®¢[Q,] and of ps(¢). Inset: rates y of Eq. (80).
Parameters: g=w); =y, =w=pn=1.

point, we considered the OPD formalism for describing the
reduced dynamics, where the system density matrix was de-
scribed by a sum of nonpositive operators. These operators
pose challenges for unravelings, as they cannot be expressed
as convex mixtures of pure states. However, we addressed
this limitation by decomposing each nonpositive operator as
the weighted difference of two states and performing the un-
ravelings separately for each state. Our approach enables the
use of both piecewise deterministic and diffusive unravelings
even in the most general case of initially correlated system
and environment.

We validated our approach with examples, including de-
phasing and Jaynes-Cummings dynamics, with the master
equations obtained either exactly or via the APO technique,
generalizations of the projector operator technique in the OPD
framework. Different unraveling techniques were used, de-
pending on the presence or absence of negative rates. Our
examples also demonstrated that a small number of unravel-
ings sufficed to describe the dynamics of all states obtainable
from the initially correlated state via system-only operations.

Wehave also compared our method based on the OPD
with another recently introduced formalism that started from
fixed correlations and allowed one to obtain a single master
equation valid on a subset of the system states. We showed
that, if one starts from a maximally entangled state, the fixed
correlation approach describes the dynamics of only a single
state, while with the OPD one was able to characterize a
(d* — 1)-dimensional subspace. Furthermore, the fixed corre-
lations master equation can present a negative rate since t = 0,
which makes the unravelings notoriously more complicated;
the OPD formalism, on the other hand, avoids such an issue,
as shown explicitly in the dephasing example of Sec. III B.

Our results allow not only for the use of powerful simu-
lation methods to the most general scenarios, but also for a
deeper understanding of the reduced dynamics of the initially
correlated system and environment.
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APPENDIX A: STOCHASTIC UNRAVELINGS
OF OPEN SYSTEM DYNAMICS

Here, we provide a small overview of some widely used
unraveling methods, which are used in our work.

1. Monte-Carlo wave function

Whenever the dynamics is CP divisible [i.e., the rates y;(¢)
in the master equation (3) are positive at all times], it is
possible to unravel the dynamics via the so-called MCFW
method [33]. The deterministic evolution is given by

(I —iK()dt) [y (©))

dr)) = Al
[ (@) = Y +db)) A= KO dD) WO (A1)
with the effective non-Hermitian Hamiltonian
K(t) = H() — éF(z), (A2)
and is interrupted by sudden jumps
L) ¥ (1))
+dt))y = L A3
(@) = Y +di)) OO (A3)
taking place with probability
Py = viOILIO 19@)) | Pde. (A4)

Naturally, this method fails whenever y;(t) < 0 since it would
give rise to negative probabilities for the jumps.

2. Non-Markovian quantum jumps

Whenever the rates y;(t) become temporarily negative, it
is possible to unravel open system dynamics via the non-
Markovian quantum jumps (NMQJ) technique [36,37]. The
deterministic evolution is as in Eq. (A1l). For the jumps, if the
rate y;j(t) is positive, they are as in Eq. (A3). If, on the other
hand, y;(t) < 0, then the jumps will be

L;(@) | (1))

() = (). A5
O = L ey T OB
with probability
. Ny
Phosrin =~ N OO W) dr. (A6)

where N; ; are the occupations of the realizations |v; (1)), as
in Eq. (5). These jumps are known as reverse jumps and are
possible only if the source state |1;(¢)) is the possible target of
a jump with a positive rate. The reverse jump, therefore, has
the effect of canceling a jump that had previously happened.
It is worth stressing that the probability of the reverse jump
depends on the target state, instead of the source, and on
the ratio Ny (¢)/N;(t), and therefore, the different stochastic

realizations are not independent, thus making the simulations
more expensive.

3. Generalized rate operator

The master equation (3) can be written as the sum of a jump
term

Jilpl = yiOLit)pLi) (A7)
J
and a driving term
Dilp]l = —i(K(t)p — pK' (1)), (A8)

where K(¢) is the non-Hermitian Hamiltonian of Eq. (A2).
Such a decomposition, however, is highly nonunique: any
transformation [40]

Jilpl = Tl = Tilpl + 3(C1)p + pCT (1)),
K(t) > K'(t) = K(1) — %C(r)

(A9)

(A10)

preserves the structure of the master equation.

From this decomposition, it is possible to define an unrav-
eling method with the deterministic evolution as in Eq. (A1),
with K(¢) substituted by K'(z), and jumps to the eigenstates
|<pf/,(,)) of the so-called rate operator (RO) [34,39,40]

Rywy =TIV @) (Y@, (A11)
happening with probability
Puay = My dt, (A12)

where 1!, is the eigenvalue corresponding to |¢}, ). Note
that both the eigenvalues and the eigenvectors depend on the
prejump state.

In [41], it was shown that, given that the stochastic re-
alization is the state [y (¢)), then it is possible to consider
transformations C(¢) that depend not only on time, but also
on the state of the realization |y (¢)): C(t) > Cy . This leads
to the introduction of the generalized RO (W-RO), defined as

V-Ryqy = Tl (1)) (Y (@)
+ 51 @ye) (WO + [ () (Pyl,

with [®y)) == Cy) |¥(t)). The deterministic evolution is
again as in Eq. (A1), but with a nonlinear effective Hamil-
tonian

(A13)

Ky =HO = 3T = 3 1@y) O], (Al4)
and the jumps are to the eigenstates of W-Ry, ), with probabil-
ity proportional to the corresponding eigenvalue.

With this new method, it is also possible to unravel some
non-Markovian dynamics without the need to use reverse
jumps. Nevertheless, when this is not possible, both the RO
and the W-RO can be equipped with reverse jumps as the
NMQJ technique of Appendix A 2. We refer to unravelings
in which only jumps with positive rates occur as positive
unravelings.
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4. Quantum state diffusion

Quantum state diffusion (QSD) represents a well-known
and widely used diffusive unraveling of open system dynam-
ics. In QSD, assuming that all rates are positive, the state
vector |) obeys the stochastic Schrodinger equation [44]

ldv) = —iH |y)dt + ) y;(L}) L — LiL;
J

— (L)), (L)) 1) de

+ ZWT(L ) 1v)d (A15)

where the exphclt time dependence has been neglected,
(L) v = (¥|Ljl1¥), and dW; are independent complex Wiener
processes satisfying

E[Re(dW;)Re(dW;)] = E[Im(dW;) Im(dW;)] = 15; ;dr
(A16)
(A17)

E[dW;] = E[Re(dW;) Im(dW;)] = 0,

where E is the expectation value over the trajectories.

The stochastic Schrodinger equation (A15) is readily sim-
ulated by adding to the deterministic drift (the first two lines)
the stochastic term, with the Wiener processes that are sam-
pled by simply generating random complex Gaussian numbers
with zero mean and standard deviation ~/dr. The exact dy-
namics of Eq. (3) is then obtained by averaging over many
realizations of the stochastic process. As it happened for the
MCWE, the positivity of all rates is required. However, it is
possible to generalize the QSD to master equations having
also negative rates via the non-Markovian QSD [45].

APPENDIX B: COMPATIBLE SYSTEM STATES
WITH THE FIXED CORRELATIONS APPROACH

We now investigate the set of compatible states in the
fixed correlations approach, as in Eq. (27) for global states
consisting of mixtures of the maximally entangled and the

maximally mixed state. Let dim .74 = dim J#z = n and
]lil ﬂﬂ
Pse(R) = A |WsE) (Wse| + (1 —?»)7@7, (B1)
for 0 < A < 1, where
|Wsi) = Z |05) @ |ok) (B2)

is a maximally entangled state, where {g}; and {¢}; are
orthonormal sets for (respectively) the system and the envi-
ronment. The environmental marginal is the maximally mixed
state, independently of A, pg = 1,,/n, while the correlations
read

L, 1L,
X()»)=)~[|‘PSE><‘I’SEI - 7®7}- (B3)

Proposition B1. The set of compatible states ps(A) such

that ps(1) ® pr + x(A) = 0 consists of all states of the form
1,

ps(A) = )»7 + (1 — A)os, (B4)

where oy is an arbitrary state in S(J%).

Proof. In the basis {g} ® ¢L}; =1
ps(A) ® pe + x (1) reads

1, the operator B(L) ==

ij A 1 A
Birvjs )= Pg ) — _Sij =85 + _8ir8js’ (B5)
n n n
and is positive iff
(1) Bir’ir()\)>0 l’r— ] < 1
2 |Birajs (A)|2 < Birsir ()L)B]s’]s ) injs=1,...,n
and (i, r) # (J, $).
These conditions become
() Vr=1,...,n

< ‘() — —) + Ad; 2 0, (B6)
and therefore
pg’(,\»% Vi=1,...,n. (B7)
It is convenient to consider the notation
p§(k)=%+q,- Vi=1,...,n (B8)

with ¢; > 0 and Y "', ¢; = (1 — 1). For the initial maximally
entangled state (A = 1) the g; all vanish, while for the initial
maximally mixed and hence factorized state (. = 0) the g; are
a probability distribution.
(2) For (i, r) # (j, s), we have
2
< (gi +Adi)(qj + Adjy),

(B9)

J(A)— )\ 8ps + X85
1] rs ir9js

so that for r # s the constraint is trivially satisfied
228,855 < (qi + A8 )(q; + Ajs),

while for » = s and i # j we have the nontrivial constraint

(B10)

10| < qig; + M8 + a8y ¥r=1,....n (Bl
leading to
105 [ < qiq;- (B12)
We can thus write
1,
ps(A) = )»7 +0 (B13)

with O a matrix with diagonal matrix elements fixed by the
gi, so that Q;; > 0 and Z?:l Oi=1-—A4, |Q,’j|2 < Q,'inj, that
is a positive matrix with trace equal to (1 — A). Apart from
a multiplicative factor, such a matrix is a statistical operator
0=1—-A)os. ]

It is worth stressing that in the limit A = 0, any state is
compatible since the global state is factorized. For A =1,
instead, the global state is the maximally entangled state and
the only compatible reduced system state is the maximally
mixed state pg = 1,,/n.

APPENDIX C: OPD FORd =4

For the four-dimensional example considered in Sec. III B,
we considered a system side frame that generalises the one of
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Eq. (36) of d =2, 1i.e.,
1 1 1
Qo = Zh—igj% Qo = 500, (C1)

where o, are the generalized Pauli matrices

01 0 0
{1 0 0 0
=10 0 o0 of
0 0 0 0
0 —i 0 0
i 0 0 0
2=1o0 o o0 o)
0 0 0 0
1 0 0 0
o -1 0 o0
=10 o o of
0 0 0 0
0 0 1 0
0 0 0 0
Oy = 1 0 0 O ) (Cz)
0 0 0 O
0 0 —i 0
N
S=1i o o ol
0 0 0 0
0 0 0 0
o 0o 1 0
%=1o 1 0 of
0 0 0 0
00 0 0
0 0 —i 0
7=1o i o ol
00 0 0
1 0 0 0
1o 1 0 o0
08—% 0 0 ) ol (C3)
00 0 0

0 0 0 1
00 0 0
=10 0 o ol
1 0 0 0
0 0 0 —i
o 0o 0 o
0=19 0 0o o]
i 00 0
00 0 0
1o 0o o 1
M=l 0 o ol
01 0 0
00 0 0
0 0 0 —i
O = 0 O O Ol 3 (C4)
0 i 0 0
00 0 0
o 0o 0 o
oB=10 0 o0 1]
00 1 0
00 0 0
o 0o 0o o
4=10 0 0 —il
0 0 i 0
1 0 0 0
1o 1 0 o
o5 = —= (C5)
Jelo o 1 0
0 0 0 -3
For the initial state
10,0) + 1, 1) + 12, 2) + 13, 3)
|WsE) = (Co)

2
used in Eq. (56), the weights are

We =t [(14 +0,) ® Ly)pse]l =1 Vo (€7

The environmental states

Pa = trs [((L4 + 00) @ 14)psE] (C8)
can be evaluated in a straightforward way, reading
Lo = %Jlél, Pa = i]l4+o'a' (€9
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