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Abstract
The treatment of quantum thermodynamic systems beyond weak coupling is of increasing
relevance, yet extremely challenging. The evaluation of thermodynamic quantities in
strong-coupling regimes requires a nonperturbative knowledge of the bath dynamics, which in
turn relies on heavy numerical simulations. To tame these difficulties, considering thermal bosonic
baths linearly coupled to the open system, we derive expressions for heat, work, and average
system-bath interaction energy that only involve the autocorrelation function of the bath and
two-time expectation values of system operators. We then exploit the pseudomode approach,
which replaces the physical continuous bosonic bath with a small finite number of damped,
possibly interacting, modes, to numerically evaluate these relevant thermodynamic quantities. We
show in particular that this method allows for an efficient numerical evaluation of thermodynamic
quantities in terms of one-time expectation values of the open system and the pseudomodes. We
apply this framework to the investigation of two paradigmatic situations. In the first instance, we
study the entropy production for a two-level system (TLS) coupled to an ohmic bath, simulated via
interacting pseudomodes, allowing for the presence of time-dependent driving. Secondly, we
consider a quantum thermal machine composed of a TLS interacting with two thermal baths at
different temperatures, showing that an appropriate sinusoidal modulation of the coupling with
the cold bath only is enough to obtain work extraction.

1. Introduction

Thermodynamics can be regarded as one of the most successful and useful branches of physics, finding
application in many different scientific and technical fields. Although it was initially developed to address
concrete technological applications, it encompasses deep foundational questions, such as the relationship
between the microscopic and the macroscopic domains. Going beyond classical physics, quantum
thermodynamics seeks to combine concepts from the classical theory with a quantum mechanical
description of systems and their dynamics.

In the paradigmatic description of a quantum thermal machine, the working medium is a quantum
system coupled to thermal reservoirs; the theory of open quantum systems [1, 2] provides the tools to deal
precisely with such scenarios. Indeed, the initial investigations about the interplay between thermodynamic
concepts and quantum dynamics arose in the open quantum systems community decades ago [3]. However,
only in the past decade quantum thermodynamics has blossomed and evolved into a fully-fledged research
field [4–7], branching into several directions. On the one hand, a more abstract approach has stressed the
interplay with quantum information processing, mostly distancing itself from specific models [8, 9]. On the
other hand, a more pragmatic approach focuses on engineering and realizing useful quantum
thermodynamic devices [10], beyond the current generation of proof-of-concept experiments. More in
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general, in the whole field of quantum technologies, which is rapidly advancing, thermodynamic and
energetic considerations are starting to become operationally relevant [11, 12].

In this work, we tackle the problem of computing thermodynamic quantities from a dynamical point of
view, by considering the nonperturbative evolution of an open quantum system that interacts strongly with
one or multiple thermal baths. Since the dynamics of the system and baths is customarily modeled as purely
unitary, the standard definitions of heat and work for unitary systems can be applied [13–16]. In this
framework heat corresponds to the variation of a bath’s average energy, while work corresponds to the
variation of the total (system and bath) average energy due to an explicit time-dependence in the
Hamiltonian, which describes the influence of an external (classical) agent who supplies or collects energy to
or from the system and baths4. Crucially, to evaluate these quantities one needs to track the values of bath
observables and the reduced dynamics of the open quantum system is generally not enough. This is at odds
with the weak-coupling regime, where the interaction energy is negligible and heat and work become
properties of the open quantum system only. It is to be stressed that proposals have been put forward to
define thermodynamic quantities through the open system’s dynamics only, even for the case of arbitrary
strong coupling, see e.g. [19–22].

In this work, we will consider bosonic baths initially in a thermal state and linearly coupled to the open
quantum system: this guarantees that the dynamics of the open system is fully determined by the
autocorrelation function of the bath. Under these assumptions, we can introduce our first result, which
consists in explicit expressions for heat, work and system-bath average interaction energy in terms of
two-time correlation functions of the open quantum system, equations (19)–(21). While similar results have
appeared previously [13, 23], the present derivation may be of independent interest, in that it provides a
strategy combining Heisenberg’s equations of motion with the thermofield approach.

While the result mentioned above is formally exact, to concretely compute those figures of merit beyond
weak coupling, the dynamics must be studied almost inevitably by means of numerical simulations. Various
techniques have been proposed for this task, by adapting and extending numerical methods originally
devised to study only the reduced dynamics of the open system. These include: hierarchical equations of
motions [13, 24–27], reaction-coordinate mapping [28–33], tensor-network techniques based on the
Feynman–Vernon path-integral approach [23, 34–36], stochastic Liouville–von Neumann equations [14, 37]
and hierarchy of pure states [38]. We also mention that for Gaussian systems of harmonic oscillators,
semi-analytical solutions are available [39, 40], which made it possible to highlight a range of useful
applications as quantum thermal machines [41–43].

In this paper we focus on the pseudomode approach to simulate the dynamics of an open quantum
system [44, 45]. This strategy provides a Markovian embedding, in which the non-Markovian dynamics of
the open quantum system is effectively described by the Markovian dynamics of a larger system. More
specifically, as long as the autocorrelation function of the two environments is the same, the exact reduced
dynamics is identical to the one obtained by replacing the physical environment with an effective dissipative
environment, i.e. the so-called pseudomodes, whose free dynamics is governed by a Lindblad master
equation.

Within the pseudomode framework, we show that the quantum state of system and pseudomodes
contains enough information to conveniently compute work, heat and interaction energy in terms of explicit
expressions that only involve one-time expectation values of observables. Closely related results have
appeared in [46, 47], where the focus is on fermionic systems (known as the ‘mesoscopic leads’ approach)
and [48] which focuses on non-physical pseudomodes governed by non-Hermitian Hamiltonians. In
particular, a crucial result for our treatment first appeared in [48] relying on the use of functional derivatives
of time-ordered exponentials, for which we provide an alternative derivation based on Heisenberg’s equation
of motion and the formalism of [45, 49].

We showcase our pseudomode approach to strong-coupling quantum thermodynamics by means of two
applications. We first study the entropy production of a spin-boson model with ohmic spectral density, by
approximating the environment with interacting pseudomodes [50]. In particular, as done in [51] but for a
harmonic oscillator, we compare the definition of entropy production based on the open system
dynamics [52, 53] to the global definition involving also the bath degrees of freedom [16, 54]. We show that
indeed the two definitions match in the weak-coupling limit, also in the presence of external time-dependent
driving on the system. The second result refers to the realm of strong-coupling and non-Markovian quantum
thermal machines, which has recently attracted great interest, see e.g. [14, 27, 28, 38, 55] or [56] and
references therein. In analogy to [41], we show that it is possible to obtain a thermal machine just by

4 In this work we will only consider average thermodynamic quantities. In fact, following ideas in stochastic thermodynamics, the prob-
ability distribution of heat and work can be defined, and higher-order moments studied. However, even for unitary dynamics, there exist
nonequivalent ways to proceed beyond average values, and considerations about measurements become crucial [17, 18].
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performing a periodic driving of the coupling term in a spin-boson model coupled to two thermal baths. We
stress that also in this case the previous results have been obtained for a harmonic oscillator coupled to
Gaussian baths.

The rest of the paper is structured as follows. In section 2 we revise quantum thermodynamics in the
context of a global system-baths unitary dynamics, then we provide expressions of the relevant quantities in
terms of two-time correlations functions. In section 3, we first revise the pseudomode framework for open
quantum systems and then we provide the expressions of the same thermodynamic quantities in term of
one-time expectation values. In section 4 we present the two exemplary applications described above. In
section 5 we critically summarize our results and point to perspectives for future work.

2. Quantum thermodynamics with unitary system-baths dynamics

2.1. General model with bosonic thermal baths
We consider a generic finite-dimensional open system S coupled to NB bosonic baths (we keep this fully
general for now, but in the examples we will only consider NB = 1,2). Crucially, we include the possibility of
time-dependent terms both in the system Hamiltonian and in the coupling Hamiltonian. The former allows
us to describe arbitrary control strategies implemented via a time-dependent driving on the open system.
The latter plays an important role when moving beyond weak coupling. For example, a time-dependent
interaction Hamiltonian can describe finite-time thermodynamic cycles in strongly-coupled quantum
thermal machines [14, 38], where the corresponding work contribution cannot be neglected.

The total system-baths Hamiltonian reads (h̄= 1)

Ĥtot (t) = ĤS (t)+
NB∑
j=1

ĤB,j +

NB∑
j=1

ĤI,j (t)

ĤB,j =
∑
k

ωj,kb̂
†
j,kb̂j,k

ĤI,j (t) = λj (t) ÂS,j ⊗
∑
k

gj,k
(
b̂j,k + b̂†j,k

)
, (1)

where ĤS(t) is the free system Hamiltonian, which may include a classical driving term, and ĤB,j is the free

Hamiltonian of the bath j, where b̂j,k and b̂†j,k are the corresponding annihilation and creation operators of
excitations at frequency ωj,k, which satisfy the canonical commutation relations[

b̂j,k, b̂j′,k ′

]
= 0,

[
b̂j,k, b̂

†
j′,k ′

]
= δj j ′δkk ′ . (2)

Furthermore, ĤI,j(t) is the interaction Hamiltonian between the open system and the bath j; the time
dependence is encoded in the function λj(t) acting as an overall multiplicative factor, which may be used to
model the coupling and decoupling of the system and the bath. The parameters gj,k are the coupling
strengths between the system and each bosonic mode, while the open system interacts with each bath with
possibly different operators ÂS,j. As the initial condition of the dynamics, we restrict to the factorized state

ρSB (0) = ρS (0)
⊗
j

ρB,j (0) , (3)

where the bosonic baths are initially in Gibbs states, possibly at different inverse temperatures βj,

ρB,j (0) =
exp
[
−βjĤB,j

]
Zj

Zj = Tr
{
exp
[
−βjĤB,j

]}
. (4)

The thermal state of each bath can be further written as a tensor product of thermal states for each frequency,
since the bosonic modes are not interacting. The model fixed by the Hamiltonian in equation (1) with the
initial state in equation (3) is a paradigmatic model of thermal environments in open quantum systems [1],
which predicts both dissipation and decoherence effects. It is a particular instance of an open system
interacting with Gaussian environments, meaning that the initial state of the environment is Gaussian, its
free Hamiltonian is quadratic, and the environmental interaction operators are linear in the creation and
annihilation operators.

3
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Now, further exploiting that the initial environmental state is stationary with respect to the free
dynamics, has zero mean values with respect to the environmental interaction operators, and is a product
state among the different baths, we have that the open system’s dynamics is completely determined by the
following autocorrelation functions of the baths:

Cj (t) = 〈Xj (t)Xj (0)〉= TrB
{
ÛB,j (t)

† X̂jÛB,j (t) X̂jρB,j (0)
}
, (5)

where

X̂j =
∑
k

gj,k
(
b̂j,k + b̂†j,k

)
(6)

are the Hermitian bath operators that appear in the interaction Hamiltonian, while ÛB,j(t) = exp[−iĤB,jt]
fixes the free environmental dynamics. Introducing the spectral densities of the baths

Jj (ω) =
∑
k

g2j,kδ
(
ω−ω ′j,k

)
, (7)

the autocorrelation functions can be equivalently written as

Cj (t) =

ˆ ∞
0

dωJj (ω)

[
coth

(
βjω

2

)
cos(ωt)− i sin(ωt)

]
=

ˆ ∞
−∞

dωJβj,j (ω)e
−iωt, (8)

where the dependence on the bath’s temperature is fully enclosed in the hyperbolic cotangent factor. We have
also introduced the ‘thermalized’ spectral density Jβj,j(ω) = sign(ω)Jj(|ω|)[1+ coth(βjω/2)]/2, i.e. the
Fourier transform of the autocorrelation function, in which the frequency spans both positive and negative
values [57].

2.2. Average thermodynamic quantities
Let us now see how to specifically define average thermodynamic quantities by referring to the global
system-environment Hamiltonian; in doing so, we will essentially follow the definitions of [13–16, 54].

Given a global time-dependent Hamiltonian (in the Schrödinger picture), its expectation value can
change:

d

dt
Tr
{
ρSB (t)Ĥtot (t)

}
= Tr

{
ρSB (t)

∂Ĥtot (t)

∂t

}
≡ Ptot (t) , (9)

and a global energy change in a unitary transformation is considered as work, so that the right-hand side
corresponds to the total power, which can be integrated on a generic time interval [ti, tf] to obtain work
during that interval. The total work can be further split into work related to the system and to the interaction
Hamiltonians:

Wtot

(
tf, ti
)
≡
ˆ tf

ti

dtP(t) =

ˆ tf

ti

dt

(
Tr

{
ρSB (t)

∂ĤS (t)

∂t

}
+Tr

{
ρSB (t)

∂ĤI (t)

∂t

})
≡WS

(
tf, ti
)
+WI

(
tf, ti
)
,

(10)
and the interaction work can be further split into contributions pertaining to each environment

WI

(
tf, ti
)
=
∑
j=1

ˆ tf

ti

dt
dλj (t)

dt
Tr

{
ρSB (t)

(
ÂS,j ⊗

∑
k

gj,k
(
b̂j,k + b̂†j,k

))}
≡

NB∑
j=1

WI,j

(
tf, ti
)
. (11)

Integrating the left-hand side of equation (9) we can split it into variations of internal energy of the open
system, variations of the interaction energies and variations of the baths energies, which we interpret as heat,
according to

ˆ tf

ti

dt
d

dt
Tr
{
ρSB (t)Ĥtot (t)

}
= U

(
tf, ti
)
+

NB∑
j=1

[
Ij
(
tf, ti
)
+Qj

(
tf, ti
)]

(12)

with

U
(
tf, ti
)
= Tr

{
ρSB
(
tf
)
ĤS

(
tf
)}

−Tr
{
ρSB (ti)ĤS (ti)

}
(13)

4
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Ij
(
tf, ti
)
= Tr

{
ρSB
(
tf
)
ĤI,j

(
tf
)}

−Tr
{
ρSB (ti)ĤI,j (ti)

}
(14)

Qj

(
tf, ti
)
= Tr

{(
ρSB
(
tf
)
− ρSB (ti)

)
ĤB

}
. (15)

Energy conservation is thus written as

U
(
tf, ti
)
+

NB∑
j=1

[
Ij
(
tf, ti
)
+Qj

(
tf, ti
)]

=WS

(
tf, ti
)
+

NB∑
j=1

[
WI,j

(
tf, ti
)]
. (16)

We notice that in this setting we are taking the ‘point of view’ of the total system (open system and baths),
not of the external agent or system responsible for the time-dependence in the Hamiltonian. Thus, the
situation in which energy is being extracted from the system and baths in the form of work corresponds to a
negative value of the instantaneous power Ptot(t), which means that the average energy of the total system is
decreasing.

Furthermore, the exchanged heat is directly related to the entropy production, which quantifies the
degree of irreversibility of the transformation experienced by the system. In fact, in the case of an open
quantum system interacting with NB bosonic baths initially in thermal states with temperatures βj,
j = 1, . . .NB, see equation (4), the entropy production Σ(tf, ti) in the time interval [ti, tf] is given by [16, 54]

Σ
(
tf, ti
)
=∆SS +

NB∑
j=1

βjQj

(
tf, ti
)
, (17)

where∆SS = SS(tf)− SS(ti) is the change in the system von Neumann entropy

SS (t) =−Tr{ρS (t) lnρS (t)} . (18)

2.3. Connection to correlation functions of the open-system
The expressions derived so far allow us to deal with general dynamical regimes, including in principle
arbitrary strong coupling and memory effects, but involve global system-environment quantities. Exploiting
the linearity of the environmental interaction operators, it is however possible to define the same quantities
in terms of two-time expectation values involving open-system observables only. While the actual evaluation
of multi-time (two-time) expectation values can be in principle as challenging as the evaluation of one-time
expectation values of system-environment observables, having two-time open-system expressions is
important from an operational point of view, since it relates the evolution of energy, heat and work to
quantities that can be accessed via measurements on the open-system only, along with the knowledge of the
environmental correlation function. Moreover, as discussed in section 3.2, these expressions can be useful
when combined with an effective description of the environment on a reduced set of degrees of freedom. To
simplify the notation, from this section onwards, we assume that ti = 0 and we denote all the quantities as
dependent only on the final time tf.

In appendix A, we exploit the Heisenberg picture of the global system-environment dynamics and a
proper Bogoliubov transformation on the environmental modes derived from the framework of the
thermofield dynamics [57–62], to get the following expressions:

Qj

(
tf
)
=−2

ˆ tf

0
dtλj (t)

ˆ t

0
dsλj (s) Im

{
Ċj (t− s)

〈
AS,j (t)AS,j (s)

〉}
, (19)

WI,j

(
tf
)
= 2

ˆ tf

0
dt

dλj (t)

dt

ˆ t

0
dsλj (s) Im

{
Cj (t− s)

〈
AS,j (t)AS,j (s)

〉}
, (20)

Ij
(
tf
)
= 2λj

(
tf
)ˆ tf

0
dsλj (s) Im

{
Cj (t− s)

〈
AS,j (t)AS,j (s)

〉}
, (21)

where the dot denotes the time-derivative function Ċ(t) = dC(t)/dt, and
〈
AS,j(t)AS,j(s)

〉
denotes the

two-time expectation value of the open-system interaction operator ÂS,j, defined as [1, 2, 63]〈
AS,j (t)AS,j (s)

〉
= Tr

{
Û†tot (t)

(
ÂS,j ⊗1B

)
Ûtot (t) Û

†
tot (s)

(
ÂS,j ⊗1B

)
Ûtot (s)ρSB (0)

}
, (22)

with the global unitary evolution operator

Ûtot (t) = T←e−i
´ t
0 dτ Ĥtot(τ), (23)

with T← the time-ordering operator. Analogous expressions have been derived previously, employing a
generating functional approach [13, 23].
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3. Thermodynamic quantities from system-pseudomode dynamics

As anticipated in the introduction, we are going to exploit a nonperturbative method for the open-system
evolution, which is based on the replacement of the physical bath with a simpler effective environment
composed of dissipative surrogate oscillators, the pseudomodes [44, 45, 50].

Given an open quantum system linearly coupled to a Gaussian environment, be it bosonic or fermionic,
the pseudomode approach allows one to replace the original environment, typically made up of a continuous
infinity of modes, via an auxiliary network of (possibly few) modes, which are in turn damped by a Lindblad
equation. While the approach is valid for a general Gaussian environment, being interested in a
thermodynamic description we will only consider thermal states as initial environmental states. These
stationary states have the further advantage of leading to autocorrelation functions that are invariant under
time translation and thus depend on a single time variable. If the autocorrelation functions of such a network
match the autocorrelation functions in equation (5), the reduced dynamics of the two configurations will be
the same by virtue of the theorem proved in [45] for bosonic environments and in [64] for fermionic ones;
note that a generalization of the approach via the use of non-Hermitian Hamiltonians has been
introduced [65] and recently applied to the study of quantum thermodynamics [48]. In general, the
autocorrelation functions in the two configurations will not be exactly the same and this will introduce a
discrepancy in the corresponding reduced dynamics, which however can be kept under control by means of
general bounds [66] or by checking the numerical convergence as the number of auxiliary modes
increases, which is guaranteed by virtue of the results in [67].

3.1. The pseudomode setup
The evolution of the open system interacting with the network of damped pseudomodes is fixed by the
Lindblad equation

d

dt
ρSM (t) = LSM (t) [ρSM (t)] , (24)

where ρSM(t) denotes the system-pseudomodes state at time t, while LSM(t) is the generator

LSM (t) [ρSM] =−i

ĤS (t)+
NB∑
j=1

(
ĤM,j + ĤIM,j (t)

)
,ρSM

+

NB∑
j=1

nj∑
k=1

Dj,k [ρSM] , (25)

where we have introduced a different set of nj pseudomodes for each of the NB baths. The system

Hamiltonian ĤS(t) is the same as the one in equation (1), the interaction Hamiltonian between the open
system and the pseudomodes is

ĤIM,j (t) = λj (t) ÂS,j ⊗
nj∑

k=1

√
cj,k
(
â†j,k + âj,k

)
, (26)

where the time-dependent function λj(t) and the open-system interaction operator ÂS,j are the same as those

of the original interaction Hamiltonian in equation (1), and âj,k and â†j,k are the annihilation and creation
operators of the kth pseudomode associated with the jth bath.

In the following, we will focus on two kinds of networks of damped harmonic oscillators:
nearest-neighbor interacting pseudomodes at zero temperature or non-interacting finite-temperature ones.
In the former case, the free Hamiltonian of the pseudomodes of the jth bath is

ĤM,j =

nj∑
k=1

Ωj,kâ
†
j,kâj,k +

nj−1∑
k=1

(
gj,kâ

†
j,kâj,k+1 + g∗j,kâj,kâ

†
j,k+1

)
, (27)

where we have separated the free Hamiltonians of each pseudomode and the interacting terms among the
pseudomodes, while the dissipative term acting on the kth pseudomode of the jth bath is

Dj,k [ρSM] = Γj,k

(
âj,kρSMâ

†
j,k −

1

2

{
â†j,kâj,k,ρSM

})
, (28)

where Γj,k ⩾ 0 are the damping rates. Finally, the initial system-pseudomode state is a product state
ρSM(0) = ρS(0)⊗ ρM(0), with

ρM (0) =
NB⊗
j=1

nj⊗
k=1

|0〉j,k〈0|j,k (29)

6
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the vacuum of the pseudomodes.
For the case of non-interacting pseudomodes at finite temperature, their free Hamiltonian is indeed of

the form

ĤM,j =

nj∑
k=1

Ωj,kâ
†
j,kâj,k, (30)

while the dissipator now reads

Dj,k [ρSM] = Γj,k

(
1+ n̄j,k

)(
âj,kρSMâ

†
j,k −

1

2

{
â†j,kâj,k,ρSM

})
+Γj,kn̄j,k

(
â†j,kρSMâj,k −

1

2

{
âj,kâ

†
j,k,ρSM

})
, (31)

where (using units such that kB = 1 so that βj,k = T−1j,k )

n̄j,k =
1

eΩj,k/Tj,k − 1
(32)

is the thermal occupation number of the pseudomode at frequencyΩj,k, given its temperature Tj,k. The initial
system-pseudomode state is now the product state ρSM(0) = ρS(0)⊗ ρM(0), with the pseudomodes initially
in the thermal state

ρM (0) =
NB⊗
j=1

nj⊗
k=1

ρβj,k, ρβj,k =
e−ĤM,j/Tj,k

Tr
{
e−ĤM,j/Tj,k

} . (33)

In both cases, the expectation values of the pseudomode interaction operators on the initial state are zero,
and the initial state is stationary with respect to the free dynamics. Then, the reduced dynamics of the open
system is fixed by the pseudomode autocorrelation functions

CM,j (t) = TrM
{
X̂M,je

LM,jt
[
X̂M,jρM,j (0)

]}
, (34)

where we introduced the pseudomode interaction operators appearing in equation (26)

X̂M,j =

nj∑
k=1

√
cj,k
(
â†j,k + âj,k

)
(35)

and the Lindblad generators

LM,j

[
ρM,j

]
=−i

[
ĤM,j,ρM,j

]
+

nj∑
k=1

Dj,k

[
ρM,j

]
(36)

that act on the pseudomodes associated with the jth bath only and determine their free dynamics, i.e. their
dynamics when decoupled from the open system (and then also from the other baths, since there is no direct
interaction among them and the initial state is factorized also with respect to the NB baths). The equality

Cj (t) = CM,j (t) ∀t⩾ 0, ∀j (37)

guarantees the equality of the open-system dynamics, respectively, in the original unitary configuration fixed
by the Hamiltonian equation (1), and in the configuration with the network of pseudomodes fixed by
equations (24) and (25).

The key point is then of course to find appropriate parameters for the network of damped modes so that
CM,j(t) approximates Cj(t) as accurately as possible and equation (37) approximately holds, for any given
number of pseudomodes. In the case of nj possibly interacting zero-temperature pseudomodes, the
autocorrelation functions is of the form [50]

CM,j (t) =

nj∑
k=1

wj,ke
χj,kt, (38)

as follows from the semigroup evolution in equation (34). The coefficients wj,k and χj,k depend nonlinearly
on the parameters fixing the network of damped harmonic oscillators, i.e. the free frequencies Ωj,k, the
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couplings among the pseudomodes gj,k, the couplings with the open system cj,k, and the damping rates Γj,k.
Starting from a generic unitary autocorrelation function Cj(t), one can then first perform an exponential fit
of the latter, C̃j(t) =

∑nj
k=1 w̃j,keχ̃j,kt—such that C̃j(t) approximates Cj(t) as closely as possible—and then

determine the coefficients of the pseudomodes so that wj,k and χj,k are good approximations of w̃j,k and χ̃j,k.
Remarkably, in the case of interacting pseudomodes the coefficients wj,k can be complex numbers, which can
significantly reduce the number of exponentials needed to fit a given correlation function. A procedure that
can deal with a general configuration of the pseudomodes by solving a nonlinear inversion problem has been
developed in [50]; in particular, when dealing with zero-temperature interacting pseudomodes, we will
consider unitary autocorrelation functions that have been already treated there and whose set of auxiliary
pseudomode coefficients are thus already known.

The procedure to determine the auxiliary network of pseudomodes simplifies considerably if one restricts
to non-interacting pseudomodes. For nj pseudomodes at temperatures Tj,k, one has [68]

CM,j (t) =

nj∑
k=1

cj,ke
−

Γj,k
2 t

(
coth

(
Ωj,k

2Tj,k

)
cos
(
Ωj,kt

)
− i sin

(
Ωj,kt

))
, (39)

which is directly expressed in terms of the parameters of the pseudomodes configuration. The latter can be
thus easily determined by matching Cj(t) with the expression in equation (39).

3.1.1. Multi-time quantities
Recently [49, 64] it has been shown that the pseudomode approach can be employed also to describe the
multitime correlation functions of open-system quantities. We briefly recall here the general result, which
will be later applied to get a unified framework to treat the multi-time open-system expressions of the
thermodynamic quantities presented in section 2.3.

The most general multi-time expectation value for an open quantum system reads [69–71]

〈En (tn) . . .E1 (t1) ;F1 (t1) . . .Fn (tn)〉= TrSE
{
Ên (tn) . . . Ê1 (t1)ρSB (0) F̂1 (t1) . . . F̂n (tn)

}
, (40)

where ρSB(0) is the initial system-environment state, the time dependence of the operators is indeed in the
Heisenberg picture,

Êk (tk) = Û†tot (tk) Êk ⊗1BÛtot (tk) , (41)

and analogously for F̂k(tk), where Êk ⊗1B and F̂k ⊗1B are generic open-system operators; we will always
refer to time-ordered expectation values, i.e. with tn ⩾ . . .⩾ t1 ⩾ 0. If the operators on the right of the initial
state are the adjoint of those on the left, F̂k = Ê†k for any k, we recover the multi-time probabilities associated
with a sequence of generic measurements [72], while if the right-side operators are equal to the identity,
F̂k = 1S, we recover the multi-time correlation functions of the left-side observables, which are associated
with perturbative expansions [1], as well as with the expressions of the thermodynamic quantities in
equations (19)–(22).

Under the same assumptions that lead to the equivalence of the reduced dynamics, and in particular
under the validity of equation (37), the open-system multi-time expectation values in equation (40) are
equal to those in the auxiliary pseudomode configuration fixed by the generator LSM in equation (25), which
are given by

⟨En (tn) . . .E1 (t1) ;F1 (t1) . . .Fn (tn)⟩L = TrSM
{(

Ên ⊗1M

)
ΛSM (tn, tn−1)

×
[
. . .ΛSB (t2, t1)

[(
Ê1 ⊗1M

)
ΛSM (t1) [ρSM (0)]

(
F̂1 ⊗1M

)]
. . .
](

F̂n ⊗1M

)}
,

(42)

where ρSM(0) is the initial system-pseudomode state, and we introduced the system-pseudomode
propagators

ΛSM (t, s) = T←e
´ t
s LSM(s), (43)

with ΛSM(t) = ΛSM(t,0). In other terms, by introducing the pseudomodes, one extends the set of considered
degrees of freedom in a way such that, not only the dynamics can be evaluated via a Lindblad equation on the
extended configuration, but also the multi-time expectation values are given by the quantum regression
formula [1, 63, 73], i.e. they are fixed by the same propagators that determine the dynamics (compare
equations (40) and (41) with equations (42) and (43)).

8
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3.1.2. Product of environmental interaction operators
The transition from the original unitary configuration to the pseudomodes reduces considerably the number
of degrees of freedom that are relevant to determine the time evolution of open-system observables.
However, since it is not an overall unitary transformation, there is a priori no inherent connection between
quantities associated with the original bath and those associated with the pseudomode environment.

As recently proved in [48], an important exception to this is represented by the expectation values of
tensor products of system operators and strings of environmental interaction operators. Explicitly, under the
same assumptions of the equivalence theorem for the reduced dynamics, in particular equation (37), one has
the identity

TrSB
[
ÔS ⊗ X̂j1 . . . X̂jkρSB (t)

]
= TrSM

[
ÔS ⊗ X̂M,j1 . . . X̂M,jkρSM (t)

]
, (44)

where ÔS is a generic open-system operator, X̂j1 , . . . , X̂jk is a sequence of k environmental interaction

operators of the unitary configuration, as defined in equation (6), and X̂M,j1 . . . , X̂M,jk is the same sequence of

the k corresponding interaction operators for the pseudomode configuration, see equation (35). Note that X̂j

and X̂M,j are in general different operators, but they refer to the same jth bath, so that the sequence j1, . . . , jk
univocally determines the involved environmental interaction operators in both configurations.

In appendix B we provide an alternative proof of the statement above, which goes along the same lines as
the proof of the equivalence theorem in [45] and is essentially based on considering the global evolution in
Heisenberg picture. In section 3.3, we will show how such a relation establishes a direct connection between
the thermodynamic quantities we are investigating and the expectation values of appropriate global
system-pseudomode quantities.

3.2. Two-time expressions
The most direct way to exploit pseudomodes to evaluate the thermodynamic quantities of heat, interaction
work and interaction energy is indeed to refer to their expressions in equations (19)–(21), which involve the
environmental autocorrelation functions Cj(t)—that are supposed to be known—along with the two-time
correlation functions of the open-system interaction operators

〈
AS,j(t)AS,j(s)

〉
. The latter are in fact special

instances of the general expression in equation (40), for n= 2, Ê1 = Ê2 = ÂS,j and F̂1 = F̂2 = 1S, so that if
equation (37) holds, we can evaluate the average thermodynamic quantities in equations (19)–(21) by using
the two-time expression of

〈
AS,j(t)AS,j(s)

〉
provided by the pseudomode configuration, i.e.

〈AS (t)AS (s)〉= TrSM
{(

ÂS ⊗1M

)
ΛSM (t, s)

[(
ÂS ⊗1M

)
ΛSM (s,0) [ρSM (0)]

]}
. (45)

In principle, knowledge of the propagator ΛSM(t, s) would allow to evaluate all the relevant quantities.
Concretely, the expression in equation (43) corresponds to a numerical integration of the time-dependent
Lindblad equation d

dtΛSM(t, s) = LSM(t)ΛSM(t, s), starting from t= s with the initial condition ΛSM(s, s) = I
(the identity superoperator). This approach is quite computationally intensive: if d is the dimension of the
overall Hilbert space of system and pseudomodes (after a suitable truncation of the Fock space of the
pseudomodes), then ΛSM(t, s) corresponds to a d2×d2 matrix, which quickly becomes hard to handle
numerically.

A more efficient and standard approach to evaluate the two-time expression in equation (45) is to first
integrate the Lindblad equation for ρSM(s), i.e. using ρSM(0) as the initial condition, and then integrate the
same equation from s to t using ÂSρSM(s) as the initial condition. Thus, one can compute the expectation
values by solving multiple times the Lindblad equations for states, without dealing with the propagator
ΛSM(t, s), which allows working with larger Hilbert space dimensions. A third approach is to use the Monte
Carlo wave-function method, see e.g. [74, section 3.2.2]. This is certainly convenient in terms of memory,
since the computation handles with d-dimensional vectors instead of d×d density matrices; however this
procedure requires a large number of samples to ensure convergence of all the quantities. Regardless of how
the values of 〈AS(t)AS(s)〉 are obtained, they must then be inserted in the integrals over (t, s) that define the
thermodynamic quantities of interest in equations (19)–(21). The most straight-forward approach is to
approximate such integrals with finite sums (e.g. with the trapezoidal rule). For this reason, one needs to
obtain the values on a (t, s) grid fine enough so that the numerical error of this last integration step can be
negligible; this may pose an additional challenge to get numerically accurate results.

3.3. One-time expressions
Exploiting the correspondence between the expectation values involving a generic sequence of environmental
interaction operators, one can derive expressions of the average thermodynamic quantities that only involve
one-time system pseudomode quantities, following what has been done in [48] for the exchanged heat.
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In fact, taking the unitary expression for the interaction work in equation (11)—for ti = 0—and using
equation (6), we have

WI,j

(
tf
)
=

ˆ tf

0
dt

dλj (t)

dt
TrSB

{
ρSB (t)

(
ÂS,j ⊗ X̂j

)}
. (46)

So that equation (44) for k= 1 and ÔS =
dλj(t)
dt ÂS,j, along with equations (26) and (35), leads us to

WI,j

(
tf
)
=

ˆ tf

0
dt TrSM

{
∂ĤIM,j (t)

∂t
ρSM (t)

}
, (47)

where ρSM(t) denotes the system-pseudomode state and ĤIM,j(t) is the interaction Hamiltonian between the
system and the pseudomodes associated with the jth bath in equation (26). Analogously, for the interaction
energy in equation (14) we directly get

Ij
(
tf
)
= TrSM

{
ĤIM,j

(
tf
)
ρSM

(
tf
)}

. (48)

Crucially, we can apply the equivalence in equation (44) also to the expression for the heat, by rewriting it
according to elementary manipulations (see equation (A23)) in the form

Qj

(
tf
)
= i

ˆ tf

0
dt TrSB

{
ĤI,j (t)

[
ĤB,j,ρSB (t)

]}
(49)

so that we have

Qj

(
tf
)
= i

ˆ tf

0
dt TrSB


ĤI,j (t) , Ĥtot (t)− ĤS (t)−

NB∑
j′=1

ĤI,j ′ (t)

ρSB (t)


=−i

ˆ tf

0
dt

TrSB


ĤI,j (t) , ĤS (t)+

NB∑
j′=1

ĤI,j ′ (t)

ρSB (t)
− d

dt
Tr
{
ĤI,j (t)ρSB (t)

}
+Tr

{
∂ĤI,j (t)

∂t
ρSB (t)

}
=−i

ˆ tf

0
dt

TrSM


ĤIM,j (t) , ĤS (t)+

NB∑
j′=1

ĤIM,j ′ (t)

ρSM (t)

−Tr

{
ĤIM,j (t)

d

dt
ρSM (t)

} . (50)

In the second line we have explicitly expressed heat in terms of expectation values of system and interaction
operators only; for the third line we have used equation (44) to replace system-bath quantities with
system-pseudomodes ones. Note that since the equivalence holds for any t, it must hold also for the
time-derivative of the expectation value. Using the equation of motion for the pseudomodes in
equations (24) and (25), one gets [48]

Qj

(
tf
)
=−
ˆ tf

0
dtTrSB

{
ĤIM,j (t) LM,j [ρSM (t)]

}
, (51)

where LM,j is the generator of the pseudomodes’ free dissipative dynamics in equation (36). We notice that
this final expression is formally equivalent to the one for the original bath, cf the first equality in
equation (50), since−i [ĤB,j,ρSB(t)] is the generator of the bath’s free unitary dynamics applied to the system
and bath state. We conclude that the calculation in the pseudomode picture amounts to replacing the
original environment and the (Hamiltonian) generator of its free dynamics with the pseudomodes and their
(Linbdladian) generator. We reiterate that this is possible because heat can be expressed in terms of
open-system and environmental-interaction operators only. We stress that the expressions in equations (47),
(48) and (51) only involve single-time expressions, and then one-time integrals, so that their explicit
evaluation is considerably less expensive than the two-time expressions in equations (19)–(21). We will
therefore rely on this approach in the following analysis of concrete examples.

4. Examples

In this section we apply the pseudomode framework to calculate thermodynamic quantities presented in the
previous section to a couple of concrete exemplary problems. In both cases, we consider a two-level system
(TLS), i.e. the well-known spin-boson model. More specifically, we choose a free Hamiltonian ĤS = ω0

σz
2

and a coupling operator ÂS = σx. As the first application, we study the entropy production of a TLS in
contact with a single bath with an ohmic spectral density. In the second example, we consider the TLS in
contact with two thermal baths, studying a simple instance of a thermal machine obtained by modulating the
coupling between the TLS and the cold bath.
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4.1. Entropy production of a TLS dissipating in a structured environment
We consider a TLS in contact with a single thermal bath and the main quantity of interest is the entropy
production. This quantity is defined in equation (17) and, in principle, requires knowledge of the
expectation value of a bath observable, thus we need at least some insight into the global dynamics of system
and bath. Since it was introduced by Esposito, Lindenberg and van den Broeck (ELB) [54], this definition of
entropy production will be denoted as ΣELB in this section. For a single bath it reads:

ΣELB (t) = ∆S(t)+βQ(t) = ∆S(t)+β [−U(t)− I(t)+WS (t)+WI (t)] , (52)

where the second equality is due to energy conservation as expressed in equation (16). One of the most
appealing features of this definition is that entropy production is always nonnegative ΣELB(t)⩾ 0, regardless
of the system-bath coupling strength. Physically, this can be interpreted as a general statement of the second
law of thermodynamics; we refer the reader to [16, 54] for more details.

For comparison, we also consider a definition solely based on the local reduced dynamics of the open
system, originally introduced by Spohn [52] for time-independent Lindblad dynamics:

ΣSpohn (t) = S(ρS (0) ||ρS,Gibbs)− S(ρS (t) ||ρS,Gibbs) = ∆S(t)−βU(t) , (53)

where ρS,Gibbs = e−βHS/Tr
[
e−βHS

]
is the Gibbs thermal state of the system. We notice that there are no

time-dependent terms in the Hamiltonian, thus we haveWS(t) = 0=WI(t) and the two definitions match
when Q(t) =−U(t), i.e. when the interaction energy is equal to zero. Even though this generally does not
happen exactly, there are situations of interest where the interaction energy can be neglected, as is usually the
case in classical thermodynamics for macroscopic systems.

This equation was generalized to the case of a time-dependent system Hamiltonian ĤS(t) by Deffner and
Lutz [53]

ΣDL (t) = S(ρS (0) ||ρS,Gibbs (0))− S(ρS (t) ||ρS,Gibbs (t))−
ˆ t

0
dsTr [ρS (s)∂s logρS,Gibbs (s)] (54)

=∆S(t)−βU(t)+βWS (t) , (55)

where ρS,Gibbs(t) = e−βHS(t)/Tr
[
e−βHS(t)

]
is the instantaneous Gibbs state of the time-dependent system

Hamiltonian. We stress that, despite the appearance of the instantaneous Gibbs state in this expression, there
are no assumptions of fast relaxation, and it is just a convenient way to rewrite the familiar thermodynamic
expression in the second line. Similarly to the time-independent case, this definition corresponds to the
global one when the contribution due to the interaction is equal to zero, i.e. when β(−I(t)+WI(t)) = 0. We
stress that, contrary to the ELB definition, the Spohn and DL definitions of entropy production are
guaranteed to be nonnegative only in the weak coupling regime.

Related studies on the comparison of different definitions of entropy production include [51, 75] for a
harmonic oscillator system, by direct access to the bath of harmonic oscillators and [76], which studied two
spins in contact with a bosonic bath with hierarchical equations of motion.

4.1.1. Results
We show results for a thermal bath with an ohmic spectral density with exponential cutoff

J(ω) = πωe−ω/Ωc , (56)

where Ωc is the cutoff frequency. We fix the temperature to the particular value T=Ωc and the frequency of
the system Hamiltonian to ω0 = 2Ωc. In particular, we employ the parameters tabulated in [50] to obtain the
effective pseudomode description of the bath. In figure 1 we show a comparison between the time evolution
of the global entropy production (52) and the local definition (53). As the system-bath coupling strength λ
decreases, we can see that the two quantities get closer, as expected from the previous general arguments.

We then consider the situation in which the system Hamiltonian contains a time-dependent part

ĤS (t) = Ĥ0 + f(t)σx, (57)

with the following choice of a sinusoidal driving [51] of duration Tf = π/Ωf:

f(t) =

{
F0 sin

(
ωft
)
sin2

(
Ωft
)

t⩽ π
Ωf

0 t> π
Ωf
.

(58)
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Figure 1. Comparison of the ELB and Spohn definitions of entropy production as a function of time, for an open TLS interacting
with a bosonic thermal bath with ohmic spectral density with exponential cutoff at frequencyΩc. The temperature of the bath is
set to T=Ωc, the frequency of the TLS is ω0 = 2Ωc, time t is in units ofΩ−1

c . This figure shows the static case without any
time-dependent driving. Panels (a) and (b) correspond to relatively strong and weak coupling, respectively.

Figure 2. Comparison of the ELB and Deffner-Lutz definitions of entropy production as a function of time, for an open TLS
interacting with a bosonic thermal bath with ohmic spectral density with exponential cutoff at frequencyΩc. The temperature of
the bath is set to T=Ωc, the frequency of the TLS is ω0 = 2Ωc, time t is in units ofΩ−1

c . The TLS is driven by the time-
dependent Hamiltonian (57) with F0 = 10, ωf =Ωc andΩf =Ωc/20. Panels (a) and (b) correspond to relatively strong and weak
coupling, respectively.

Keeping the same parameters of figure 1, and further choosing F0 = 10 and Tf = 20/Ωc and ωf =Ωc, in
figure 2 we show again a comparison between the dynamics of the global and local entropy production
definitions. Also in this case, we see that as the system-bath coupling strength λ decreases, the two quantities
get closer. An interesting open research question is thus to understand the conditions under which the two
definitions of entropy production coincide in the weak coupling limit, from general analytical arguments and
beyond numerical studies of particular models.

4.2. Thermal machine with sinusoidally-modulated system-bath coupling
A minimal setup to obtain a heat engine that extracts useful work from two baths consists of a harmonic
modulation of one the two system-bath couplings, under some conditions on the spectral densities and
frequency of the modulation [41]. This behaviour was shown for a harmonic oscillator coupled to two
bosonic baths, for which analytical or semi-analytical solutions are available [39, 41]. We investigate the same
protocol numerically using our nonperturbative framework when the role of the thermodynamic ‘working
substance’ connecting the two baths is played by a TLS instead of a harmonic oscillator. We remark that the
interaction Hamiltonian between the bath and the harmonic oscillator system assumed in [41] contains an
explicit time-dependent Hamiltonian term acting only on the system, needed to ensure the translational
invariance [77]. Since here we consider a TLS, this term is absent [78].

12



Quantum Sci. Technol. 10 (2025) 015041 F Albarelli et al

Figure 3. Comparison between the physical antisymmetrized Lorentzian spectral density and the spectral density obtained by an
effective description in terms of a single thermal pseudomode. Left: cold bath spectral density with a sharp peak at ω̄cold,
parameters Tcold = 0.2ω̄cold, γcold = 0.05ω̄cold (the two lines are superimposed). Right: hot bath with a broader spectral density,
parameters Thot = 2ω̄cold, γhot = 2ω̄cold and ω̄hot = 4ω̄cold.

We work in the following configuration: the system interacts with a cold structured bath that has a
spectral density peaked at a particular frequency ω1 (a Lorentzian peak was chosen in [41]) and this
interaction is modulated by a sinusoidal function (i.e. a harmonic drive). Simultaneously, the system
interacts with a hot bath without prominent spectral features (chosen to be ohmic in [41]); this interaction is
static and not modulated in time. Since we aim to capture the phenomenological features of this setup we
consider spectral densities that are simple to treat in the pseudomode approach, while keeping the qualitative
features of the setup of [41]. In particular, we consider a physical scenario in which the two bosonic baths
have an antisymmetrized Lorentzian spectral densities of the form

JAL (γ, ω̄;ω) = γ

(
1

1
4γ

2 +(ω− ω̄)
2 −

1
1
4γ

2 +(ω+ ω̄)
2

)
; (59)

the antisymmetrization ensures that these can indeed represent a physical spectral density describing a
continuum of harmonic oscillators. This class of spectral densities can be approximated by a single thermal
pseudomode in certain regimes [79], i.e. one can set nj = 1 in equations (24)–(26) and (30)–(32), so that the
free dynamics is described by the time-independent Lindblad generator

D [ρ] =−i ω̄
[
b̂†b̂,ρ

]
+(n̄+ 1)

(
b̂ρb̂†− 1

2

{
b̂†b̂,ρ

})
+ n̄

(
b̂†ρb̂− 1

2

{
b̂b̂†,ρ

})
, (60)

with n̄= (eω̄/T − 1)−1 where T is the temperature of the surrogate oscillator (again we use units such that
kB = 1).

We chose the cold bath to have a peak at ω̄cold, which we keep fixed and use as our unit of time and
frequency, a temperature Tcold = 0.2ω̄cold, and a narrow peak with γcold = 0.05ω̄cold. The hot bath parameters
are chosen as Thot = 2ω̄cold, γhot = 2ω̄cold and ω̄hot = 4ω̄cold, so that the spectral density does not show a
distinct peak in the region around the system frequency. We show the comparison between the AL
thermalized spectral densities, corresponding to a continuum of harmonic oscillators, and the spectral
density obtained from a single thermal pseudomode in figure 3. Clearly, while the narrow spectral density of
the cold bath is well approximated by a thermalized oscillator [79], the approximation is not as good for the
hot bath. Nonetheless, we expect the qualitative results to be independent of such details and we proceed to
use a single thermal surrogate oscillator as an effective qualitative description of the bath.

The coupling with the cold bath is modulated sinusoidally as

λcold (t) = gcold cos(Ωdt) , (61)

so that the period is τ = 2π
Ωd
. The system Hamiltonian is fixed and time-independent: HS = ω0

σz
2 . The

resonance condition highlighted in [41] (for weak-coupling) is ω0 = ω̄cold +Ωd. Concretely, in the numerical
simulations we start the dynamics from the excited state of the system |e〉, i.e. σz|e〉= |e〉, but this choice does
not play a relevant role, since a periodic steady state emerges.

To characterize the performance of the thermal machine we compute the total work (equal to the
interaction work, since this is the only time-dependent part of the Hamiltonian) per cycle:

Wtot (ℓ) =Wtot (ℓτ,(ℓ− 1)τ) =WI,cold (ℓ) =WI,cold (ℓτ,(ℓ− 1)τ) (62)
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Figure 4. Thermodynamic quantities per cycle as a function of the number of cycles ℓ. Panel (a): average power per cycle (useful
work output corresponds to negative power in our conventions); panel (b): normalized efficiency; panel (c): residual energy.
These are obtained for the parameters gcold = 0.1, ghot = 0.4 (relatively strong coupling),Ωd = ω̄cold and ω0 = 2ω̄cold, so that we
are at the resonance conditions ω0 =Ωd + ω̄cold.

and heat exchanged with the two baths per cycle:

Qhot (ℓ) = Qhot (ℓτ,(ℓ− 1)τ) Qcold (ℓ) = Qcold (ℓτ,(ℓ− 1)τ) . (63)

The main figures of merit will be the power and efficiency per cycle, defined as

P(ℓ) =
Wtot (ℓ)

τ
η (ℓ) =

Wtot (ℓ)

Qhot (ℓ)
. (64)

Notice that, with our sign conventions, a thermal machine extracting useful work from the temperature
difference between the two baths gives negative power values P(ℓ) and negative Qhot(ℓ), i.e. a decrease of the
energy of the hot bath, so that the efficiency is positive. In figure 4 we show these quantities during the
dynamics of the thermal machine. We see that all the quantities settle to the asymptotic value after some
initial warm-up cycles.

As a consistency check, we also compute the variation in system and interaction energy over each period:

A(ℓ) = U(ℓ)+
∑
j

Ij (ℓ) , with U(ℓ) = U(ℓτ,(ℓ− 1)τ) ,and Ij (ℓ) = Ij (ℓτ,(ℓ− 1)τ) . (65)

Following [15] we have also introduced a single quantityA(ℓ), that we dub ‘residual energy’. This is energy
that is still ‘trapped’ in the system and cannot be converted into work, which would lower the efficiency of
the thermal machine. All these energy differences are expected to vanish when a periodic steady state is
reached. While it has been pointed out that this is not always the case [15], we show that this happens for our
model, as shown for example in figure 4.

After this brief examination of the dynamics, we move to consider the asymptotic values of the figures of
merit P∞ and η∞ as a function of the system parameters. Formally these would be the quantities obtained in
the limit ℓ→∞, but in the numerical simulation the evolution is stopped when convergence is
approximately reached and the average thermodynamical quantities settle to a constant value. In figure 5 we
show the asymptotic power and efficiency for fixed spectral densities of the cold and hot bath, as described
above, as a function of the driving frequency and for a few different values of TLS frequency. Since ω̄cold

remains fixed, in figure 5 it is possible to observe the system operating as a thermal machine around the
resonance condition ω0 = ω̄cold +Ωd, which roughly corresponds to the peak in the asymptotic power per
cycle. While this condition is found in [41] in the weak coupling regime, it is pointed out that the peak of the
power changes location for stronger coupling between the system and the cold bath. Consistently, since we
are not in the weak coupling regime, we also observe that the peak of the power shifts slightly from the
resonance condition.

Overall, these results confirm that it is possible to operate this configuration of baths and sinusoidal
driving as a thermal machine also for a TLS, going beyond the harmonic oscillator considered in [41].
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Figure 5. Thermal machine performance as a function of the driving frequency, for different values of the system frequency ω0,
each line is obtained in the rangeΩd ∈ [0,ω0]. Left: average power per cycle (left); right: normalized efficiency (lines shown only
for values ofΩd for which the system operates as a thermal machines, i.e. P̄∞ < 0). Apart fromΩd and ω0, all the other
parameters are fixed to the same values as in figure 4. All frequencies are in units of ω̄cold.

Interestingly, we also observe that the peak output power and the peak efficiency, i.e. those obtained for the
optimal value of Ωd, improve as the TLS frequency ω0 increases. This behaviour was not explicitly
highlighted in [41], but it may be due to the different spectral densities. Indeed, we stress that we are
considering here a structured hot bath, differently from [41] where a strictly ohmic hot bath is considered,
thus it may not be appropriate to make a direct quantitative comparison. Despite these differences, it is
evident from figure 5 that efficiency has a nontrivial behaviour as a function of the system and driving
frequencies, and similar nonmonotonic features were observed in [41]

In the context of this paper, these results show that the pseudomode approach is suitable to study the
operation and performances of a thermal machine obtained from a time-dependent driving of the
system-bath coupling. We leave a more detailed and systematic study of this class of thermal machines, as
well as practical considerations regarding physical implementations, for future works.

5. Conclusions

In this study, we explored the dynamics and thermodynamic properties of quantum systems coupled to
thermal baths, focusing on scenarios beyond the weak coupling regime. Our first result was to provide a
simple derivation of fully general expressions for average thermodynamic quantities in equation (19)–(21),
in terms of integrals of expressions involving two-time correlation functions, the bath autocorrelation
functions and its time derivative. From a fundamental point of view, this means that these quantities can be
in principle reconstructed from measurements on the system only. From a practical one, any numerical
method able to evaluate such correlation functions can be employed to study quantum thermodynamics
nonperturbatively, beyond weak coupling.

Then we specialized our analysis, focusing on the pseudomode approach, demonstrating the possibility
to evaluate thermodynamic quantities such as heat, work, and interaction energy through the dynamics of
the open system and its pseudomodes. In particular, we have shown that this approach is effective to study
quantum thermodynamics efficiently from a numerical point of view, in accordance with similar results
in [46–48], since it does not require the evaluation of two-time expectation values of the open system, but
only one-time expectation values of the system and pseudomodes.

We have applied this methodology to study a TLS coupled to an ohmic bath, showing that the
pseudomode approach can be used to calculate the entropy production. This was validated by comparing
results with known weak-coupling limits, confirming that the pseudomode method effectively handles both
strong and weak coupling scenarios. Finally, we analyzed a simple quantum thermal machine composed of a
TLS interacting with two thermal baths at different temperatures. By modulating the coupling with the cold
bath, we demonstrated that work could be extracted efficiently, extending the result of [41] to a
finite-dimensional open quantum system.

We also highlight that in the analysis of this application we have empirically observed the emergence of a
periodic steady state. A prospective area for further research is to understand the conditions under which a
steady state emerges for the system and pseudomodes, especially in presence of a time-dependent
Hamiltonian. For example, the sufficient conditions found in [80] do not apply to the standard pseudomode
scenario, because the dissipator acts only on the pseudomodes. On the other hand, embedding techniques
have proven effective in studying the steady state of strong-coupling non-Markovian dynamics [81].

15



Quantum Sci. Technol. 10 (2025) 015041 F Albarelli et al

Overall, our findings demonstrate the potential of the pseudomode approach in quantum
thermodynamics, offering a robust tool for studying complex quantum systems beyond the traditional weak
coupling approximations. Since the method relies on the solutions of Lindblad dynamics, techniques devised
to tackle more complex open systems, e.g. computational approaches introduced in other contexts [68] or
potentially even quantum algorithms [82, 83] and quantum simulations [84], will likely be useful also for
this application.
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Appendix A. Derivation of thermodynamic quantities in terms of two-time correlation
functions

In this appendix, we derive the expression of heat, work, and interaction energies of equations (19)–(21) that
depend only on the bath correlation function and two-time expectation values of system operators, relying
on the Heisenberg picture evolution of the global unitary dynamics, along with a unitary transformation on
the environmental modes.

A.1. Thermofield mapping
The first step is to use a Bogoliubov transformation, known as thermofield mapping, on the environmental
modes to map a bath initially in a thermal state at finite temperature into a zero-temperature bath [57, 58,
60–62]. This mapping will be applied independently to each bath, since they are initially uncorrelated and
there are no interaction terms in the Hamiltonian. Hence, we consider a system and a single bath with the
Hamiltonian specified in equation (1) (for a single value of j) and the initial global state in equation (3),
which we rewrite here for convenience:

ρ
(1)
SB (0) = ρS (0)⊗ ρβB ; (A1)

in this section we denote with the label (1) the states corresponding to the original configuration, to keep
track of the difference with the configuration resulting from the thermofield mapping. The state at time t can
be formally written as

ρ
(1)
SB (t) = Û(1)

SB (t)ρ(1)SB (0) Û(1)†
SB (t) ; Û(1)

SB (t) = Te−i
´ t
0 dsĤ

(1)
SB (s). (A2)

Consider now a second bosonic bath B′ such that the joint system S–B–B′ is ruled by the Hamiltonian

Ĥ(2)
SBB′ (t) = Ĥ(1)

SB (t)⊗1B′ +1SB ⊗ ĤB′ (A3)

with

ĤB′ =−
∑
k

ωk̂c
†
k ĉk, (A4)

with ĉk and ĉ†k the annihilation and creation operators associated with the B′ mode with frequency ωk (and

the set of possible frequencies is the same as the one of the modes b̂k, b̂
†
k). The corresponding global unitary

operator has indeed the factorized form

Û(2)
SBB′ (t) = Û(1)

SB (t)⊗ ÛB′ (t) ; ÛB′ (t) = e−iĤB′ t (A5)

and thus we have

TrSBB′

{
ÔSB (t)ρ

(2)
SBB′ (t)

}
= TrSBB′

{
ÔSB (t) Û

(2)
SBB′ (t)ρ

(2)
SBB′ (0) Û

(2)†
SBB′ (t)

}
= TrSB

{
ÔSB (t)ρ

(1)
SB (t)

}
(A6)
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for any initial state ρ(2)SBB′(0) such that

TrB′

{
ρ
(2)
SBB′ (0)

}
= ρ

(1)
SB (0) , (A7)

and for any, possibly time-dependent, operator ÔSB(t) on the S–B subsystem. As a consequence, any
expectation value on the original S–B configuration can be equivalently calculated in the auxiliary S–B–B′

configuration, provided that equation (A7) holds. As we will now show, this can be particularly convenient
after a suitable unitary transformation on S–B–B′.

Defining the new modes d̂k, êk via the Bogoliubov transformation

b̂k =
√
nk + 1d̂k +

√
nkê
†
k

ĉk =
√
nk + 1̂ek +

√
nkd̂
†
k , (A8)

with

nk =
1

eβωk − 1
, (A9)

the global Hamiltonian Ĥ(2)
SBB′(t) can be equivalently written as

Ĥ(2)
SBB′ (t) = ĤS (t)+

∑
k

ωkd̂
†
k d̂k −

∑
k

ωkê
†
k êk +λ(t) Â⊗

(∑
k

gk
(√

nk + 1
(
d̂k + d̂†k

)
+
√
nk
(̂
ek + ê†k

)))
. (A10)

Now, consider the vacuum state of d̂k and êk, d̂k|Ω〉= êk|Ω〉= 0, as the initial state of B–B′, so that

ρ
(2)
SBB′ (0) = ρS (0)⊗ |Ω〉〈Ω|, (A11)

Importantly, |Ω〉〈Ω| is a purification of ρβB , i.e. [62]

ρβB = TrB′ {|Ω〉〈Ω|} . (A12)

so that equations (A6) and (A7) tell us that the expectation value of any S–B operator can be equivalently
evaluated by replacing the bath with a double set of modes that are initially in the vacuum, but whose
coupling with the system is weighted by two factors depending on the temperature of the original
configuration. A further simplification can be made by introducing a unique family of creation and
annihilation operators; let I be the set of values over which k varies in equation (1), and thus in
equation (A10), and let us formally double it in I1 and I2 (i.e. I1 = I2 = I) and define the set J= I1 ∪ I2. Then,
introducing the annihilation and creation operators f̂k, f̂

†
k , with k taking values in J, via

f̂k =

{
d̂k if k ∈ I1

êk if k ∈ I2,
(A13)

along with

ω ′k =

{
ωk if k ∈ I1

−ωk if k ∈ I2,
(A14)

and the couplings

g ′k =

{
gk
√
nk + 1 if k ∈ I1

gk
√
nk if k ∈ I2,

(A15)

the Hamiltonian in equation (A10) can be written as

Ĥ(2)
SBB′ (t) = ĤS (t)+

∑
k∈J

ω ′k f̂
†
k f̂k +λ(t) Â⊗

∑
k∈J

g ′k

(
f̂ k + f̂

†
k

)
, (A16)

which takes the same form as the Hamiltonian of the initial configuration, apart from the different set of
values taken by k. Crucially, the coupling coefficients g ′k now encode the dependence on the bath temperature

due to equation (A15). In the following we will refer to the operators {̂fk}k as the thermalized annihilation
operators, or thermalized modes.
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Finally, given the free environmental Hamiltonian ĤBB′ =
∑

k∈Jω
′
k f̂
†
k f̂k and the environmental interaction

operator X̂ ′ =
∑

k∈J g
′
k (̂f k + f̂

†
k), the autocorrelation of the latter is defined as (see equation (5))

C ′ (t) = 〈X ′ (t)X ′ (0)〉= 〈Ω|eiĤBB′ tX̂ ′e−iĤBB′ tX̂ ′|Ω〉. (A17)

Introducing the spectral density for the zero-temperature bath, with the couplings as in equation (A15)

J ′ (ω) =
∑
k∈J

g ′2k δ (ω−ω ′k) , (A18)

one immediately sees that (compare with equation (8))

C ′ (t) =

ˆ ∞
−∞

dωJ ′ (ω)e−iωt. (A19)

But then the identity

ˆ ∞
−∞

dωJ ′ (ω)e−iωt =

ˆ ∞
0

dωJ(ω)

(
cos(ωt)coth

(
βω

2

)
− i sin(ωt)

)
(A20)

allows us to conclude that

C(t) = C ′ (t) , (A21)

i.e. one has the same autocorrelation functions for the environmental interaction operators, respectively, in
the configuration with an initial thermal state at finite temperature, and in the configuration with a
zero-temperature environment—each one with respect to their free environmental dynamics. This is the
property at the basis of the definition of the so-called thermalized TEDOPA [57] and J ′(ω) corresponds to
the thermalized spectral density Jβ(ω) introduced in equation (8).

A.2. Connection with open-system two-time correlation functions
We now proceed by recalling the definitions of heat and work for the original configuration. Using

dρSB (t)

dt
=−i

[
Ĥtot (t) ,ρSB (t)

]
, (A22)

and the cyclicity of the trace, the heat in equation (15) can be written as (with ti = 0)

Qj

(
tf
)
=

ˆ tf

0
dtTr

{
ĤB,j

d

dt
ρSB (t)

}
= i

ˆ tf

0
dtTr

{[
Ĥtot (t) ,ĤB,j

]
ρSB (t)

}
= i

ˆ tf

0
dtTr

{[
ĤI,j (t) ,ĤB,j

]
ρSB (t)

}
, (A23)

so that equations (1) and (2) directly lead us to

Qj

(
tf
)
= i
∑
k

gj,kωj,k

ˆ tf

0
dtλj (t)Tr

{(
ÂS,j ⊗

(
b̂j,k − b̂†j,k

))
ρSB (t)

}
. (A24)

Now, the key point is that the expectation value of the system-environment operator ÂS,j ⊗ (b̂j,k − b̂†j,k)

can be actually turned into a two-time correlation function of the open-system operator ÂS,j. To show this,
we first exploit the thermofield mapping. Using equations (A5)–(A8) and (A13)–(A15), the heat exchanged
up to a time tf with the jth bath Qj(tf) in equation (A24) can be expressed with respect to the thermalized
creation and annihilation operators as

Qj

(
tf
)
= i
∑
k∈J

g ′j,kω
′
j,k

ˆ tf

0
dtλj (t)Tr

{(
ÂS,j ⊗

(
f̂ j,k − f̂

†
j,k

))
ρ
(2)
SBB′ (t)

}
, (A25)

where ρ(2)SBB′(t) denotes the global state of the system made of S, Bj and B ′j , for j = 1, . . . ,NB obtained from the
initial product state

ρ
(2)
SBB′ (0) = ρS (0)

NB⊗
j=1

|Ωj〉〈Ωj|, (A26)

18



Quantum Sci. Technol. 10 (2025) 015041 F Albarelli et al

with |Ωj〉 the vacuum state of the annihilation operators d̂j,k, êj,k of the bosonic systems Bj and B ′j , see
equation (A11). Moving to the Heisenberg picture, see equation (41), we have to evaluate

Tr
{(

ÂS,j (t)
(̂
fj,k (t)− f̂†j,k (t)

))
ρ
(2)
SBB′ (0)

}
= 2i Im

{
Tr
{
ÂS,j (t) f̂j,k (t)ρ

(2)
SBB′ (0)

}}
, (A27)

where Im denotes the imaginary part and the identity follows from the fact that (unitary evolutions preserve
observables commutativity) [

ÂS,j (t) , f̂
†
j,k (t)

]
= 0. (A28)

Then, we use the solution of the Heisenberg equation fixed by equation (A16) (straight-forwardly
generalized to the case of NB independent baths) for f̂j,k(t),

f̂j,k (t) = e−iω
′
j,k t̂fj,k − i g ′j,k

ˆ t

0
dsλj (s)e

−iω ′
j,k(t−s)ÂS,j (s) , (A29)

and we exploit once more the properties of the thermalized modes, for which the baths are initially in the
vacuum state of the f̂j,k fields, so that the contribution in equation (A25) due to the first term in
equation (A29) vanishes. Hence, introducing the two-time correlation function of the open system
observable OS(t) defined as

〈OS (t)OS (s)〉= Tr
{
ÔS (t) ÔS (s)ρ

(2)
SBB′ (0)

}
, (A30)

we get

Qj

(
tf
)
= 2

∑
k∈J

g ′2j,kω
′
j,k

ˆ tf

0
dtλj (t)

ˆ t

0
dsλj (s)Re

{
e−iω

′
j,k(t−s)

〈
AS,j (t)AS,j (s)

〉}
. (A31)

Introducing the spectral density defined in equation (A18) and taking the continuum limit, we get

Qj

(
tf
)
= 2

ˆ ∞
−∞

dωJ ′j (ω)ω

ˆ tf

0
dtλj (t)

ˆ t

0
dsλj (s)Re

{
e−iω(t−s) 〈AS,j (t)AS,j (s)

〉}
and then, using equation (A19),

Qj

(
tf
)
=−2

ˆ tf

0
dtλj (t)

ˆ t

0
dsλj (s) Im

{
Ċj (t− s)

〈
AS,j (t)AS,j (s)

〉}
.

We note that because of equation (A21)—and since the expectation value of the environmental
interaction operators on the initial states vanish—the equivalence theorem recalled in section 3.1 guarantees
that the autocorrelation function in equation (A30) for ÔS = ÂS,j coincides with the one in equation (22),
which then concludes our proof of equation (19).

Analogously, starting from equation (11) (see equation (A24)) and using the thermalized modes, along
with

Tr
{(

ÂS,j (t)
(̂
fj,k (t)+ f̂†j,k (t)

))
ρ
(2)
SBB′ (0)

}
= 2Re

{
Tr
{
ÂS,j (t) f̂j,k (t)ρ

(2)
SBB′ (0)

}}
, (A32)

and equation (A29), we can express the work due to the time-dependent interaction Hamiltonian as

WI

(
tf
)
= 2

∑
k∈J

g ′2j,k

ˆ tf

0
dt
dλj (t)

dt

ˆ t

0
dsλj (s) Im

{
e−iω

′
j,k(t−s)

〈
AS,j (t)AS,j (s)

〉}
, (A33)

so that, following similar steps as in the previous derivation, one arrives at equation (20). Finally, starting
from equation (14) and using

Tr
[
ĤI,j (t)ρSB (t)

]
= λj (t)Tr

{[
ÂS,j ⊗

∑
k

gj,k
(
b̂j,k + b̂†j,k

)]
ρSB (t)

}
, (A34)

one can similarly arrive at an expression for the interaction energy

Tr
[
ĤI,j (t)ρSB (t)

]
= 2λj (t)

ˆ t

0
dsλj (s) Im

{
Cj (t− s)

〈
AS,j (t)AS,j (s)

〉}
, (A35)

and then to equation (21), since the initial expectation value of ĤI is zero, as the state is thermal.
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Appendix B. Proof of the equivalence for a generic product of environmental
interaction operators

Consider two unitary configurations with Hamiltonians as in equation (1) and with the same open system
and number of baths, i.e.

ĤSB (t) = ĤS (t)+
NB∑
j=1

ĤB,j +

NB∑
j=1

ĤI,j (t) ;

Ĥ ′SB′ (t) = ĤS (t)+

NB′∑
j=1

Ĥ ′B′,j +

NB′∑
j=1

Ĥ ′I,j (t) (B1)

with

ĤI,j (t) = λj (t) ÂS,j ⊗ X̂j, X̂j =
∑
k

gj,k
(
b̂j,k + b̂†j,k

)
;

Ĥ ′I,j (t) = λj (t) ÂS,j ⊗ X̂ ′j , X̂ ′j =
∑
k

g ′j,k

(
b̂ ′j,k + b̂ ′†j,k

)
,

where b̂j,k and b̂†j,k are the bosonic creation and annihilation operators of the jth bath in the environment B,

while b̂ ′j,k and b̂
′†
j,k are referred to the environment B′. The environmental free Hamiltonians ĤB,j and Ĥ ′B′,j are

at most quadratic in the corresponding creation and annihilation operators. Moreover, consider the initial
states ρSB(0) = ρS(0)⊗ ρB(0) and ρSB′(0) = ρS(0)⊗ ρB′(0), where ρB(0) and ρB′(0) are thermal states for
their free Hamiltonians, so that they are stationary with respect to their corresponding free dynamics and the
expectation values of the environmental interaction operators are zero (the analysis can be easily generalized
to deal with generic initial Gaussian states).

Given the autocorrelation functions of the environmental interaction operators,

Cj (t) = TrB
[
eiĤBtX̂je

−iĤBtX̂jρB (0)
]

C ′j (t) = TrB′

[
eiĤ

′
B′ tX̂ ′j e

−iĤ ′
B′ tX̂ ′j ρB′ (0)

]
, (B2)

if they coincide, then the expectation values of system-environment operators involving a generic product of
the environmental interaction operators coincide as well, i.e.

Cj (t) = C ′j (t) ∀j, t =⇒ TrSB
[
ÔS ⊗ X̂j1 . . . X̂jkρSB (t)

]
= TrSB′

[
ÔS ⊗ X̂ ′j1 . . . X̂

′
jkρSB′ (t)

]
, (B3)

where ÔS is a generic open-system operator. This implication directly follows from taking, for example, a
Dyson expansion in the expectation value involving the power of the environmental interaction operator:
given a Hamiltonian as in equation (B1) and working in the interaction picture, we have

TrSB
[
ÔS ⊗ X̂j1 . . . X̂jkρSB (t)

]
= TrSB

[
ÔS (t)⊗ X̂(t)j1 . . . X̂(t)jk T←e−i

∑NB
j=1

´ t
0 dsÂS,j(s)⊗X̂j(s)ρS (0)⊗ ρB (0)T→ei

∑NB
j=1

´ t
0 dsÂS,j(s)⊗X̂j(s)

]
(B4)

with5, indeed,

ÔS (t) = T→ei
´ t
0 dsĤS(s)ÔST←e−i

´ t
0 dsĤS(s), (B5)

(and analogously for ÂS,j(t)), while

X̂j (t) = eiĤBtÔSe
−iĤBt; (B6)

expanding the time-ordering operator, we get

TrSB
[
ÔS ⊗ X̂j1 . . . X̂jkρSB (t)

]
=

∞∑
k′,k ′ ′=0

(−i)k
′+k ′ ′

ˆ t

0
dt ′k′

ˆ t′
k′

0
dt ′k′−1 . . .

ˆ t′2

0
dt ′1

ˆ t

0
dt ′ ′k′ ′

ˆ t′ ′
k′ ′

0
dt ′ ′k′ ′−1 . . .

ˆ t′ ′2

0
dt ′ ′1

5 Notice that here we are using the reverse time ordering operator T→, which orders times from right to left.
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×
NB∑

j′1,...,j
′
k′=1

NB∑
j′ ′1 ,...,j ′ ′

k′ ′=1

TrS
[
ÔSÂS,j ′

k′

(
t ′k′
)
. . . ÂS,j ′1

(
t ′1
)
ρS (0) ÂS,j ′ ′1

(
t ′ ′1
)
. . . ÂS,j ′ ′

k′ ′

(
t ′ ′k′
)]

×TrB
[
X̂j1 . . . X̂jk X̂j′

k′

(
t ′k′
)
. . . X̂j′1

(
t ′1
)
ρB (0) X̂j′ ′1

(
t ′ ′1
)
. . . X̂j′ ′

k′ ′

(
t ′ ′k′
)]

. (B7)

So that due to the Gaussianity of the bath the latter factor can be univocally written in terms of the
autocorrelation functions Cj(t), and then equation (B3) follows. Note that this is the case only because the

environmental operator is a product of interaction operators X̂j1 . . . X̂jk , while expectation values of different
operators would not be directly relatable to Cj(t).

To prove the validity of equation (44)—i.e. that the expectation values of system operators times the
composition of environmental interaction operators can be evaluated via the network of pseudomodes
defined by equations (24)–(26) provided that equation (37) holds—it is enough to apply lemma 1 and
lemma 2 of [45]. Directly adapting them to the framework at hand here, lemma 1 can be formulated stating
that there is a Hamiltonian Ĥ ′

SMẼ
(t) as in equation (B1), with the identification B ′ 7→M–Ẽ, on the system,

the pseudomodes and some further degrees of freedom Ẽ such that the system-pseudomode evolution can be
obtained as the exact reduced dynamics from the unitary evolution on S–M–Ẽ, and then in particular

TrSMẼ

[
ÔS ⊗ X̂ ′j1 . . . X̂

′
jkρSMẼ (t)

]
= TrSM

[
ÔS ⊗ X̂M,j1 . . . X̂M,jkρSM (t)

]
. (B8)

Furthermore, denoting as C ′j (t) the autocorrelation functions of the configuration S–M–Ẽ, lemma 2 in [45]
tells us that they coincide with the pseudomode autocorrelation functions in equation (34), i.e.

C ′j (t) = CM,j (t) ; (B9)

thus, equation (B3), with the identification B ′ 7→M–Ẽ, and equations (B8) and (B9) lead us to

Cj (t) = CM,j (t) ∀j, t⩾ 0 =⇒ TrSB
[
ÔS ⊗ X̂j1 . . . X̂jkρSB (t)

]
= TrSM

[
ÔS ⊗ X̂M,j1 . . . X̂M,jkρSM (t)

]
, (B10)

which concludes the proof.
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