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Abstract

The treatment of quantum thermodynamic systems beyond weak coupling is of increasing
relevance, yet extremely challenging. The evaluation of thermodynamic quantities in
strong-coupling regimes requires a nonperturbative knowledge of the bath dynamics, which in
turn relies on heavy numerical simulations. To tame these difficulties, considering thermal bosonic
baths linearly coupled to the open system, we derive expressions for heat, work, and average
system-bath interaction energy that only involve the autocorrelation function of the bath and
two-time expectation values of system operators. We then exploit the pseudomode approach,
which replaces the physical continuous bosonic bath with a small finite number of damped,
possibly interacting, modes, to numerically evaluate these relevant thermodynamic quantities. We
show in particular that this method allows for an efficient numerical evaluation of thermodynamic
quantities in terms of one-time expectation values of the open system and the pseudomodes. We
apply this framework to the investigation of two paradigmatic situations. In the first instance, we
study the entropy production for a two-level system (TLS) coupled to an ohmic bath, simulated via
interacting pseudomodes, allowing for the presence of time-dependent driving. Secondly, we
consider a quantum thermal machine composed of a TLS interacting with two thermal baths at
different temperatures, showing that an appropriate sinusoidal modulation of the coupling with
the cold bath only is enough to obtain work extraction.

1. Introduction

Thermodynamics can be regarded as one of the most successful and useful branches of physics, finding
application in many different scientific and technical fields. Although it was initially developed to address
concrete technological applications, it encompasses deep foundational questions, such as the relationship
between the microscopic and the macroscopic domains. Going beyond classical physics, quantum
thermodynamics seeks to combine concepts from the classical theory with a quantum mechanical
description of systems and their dynamics.

In the paradigmatic description of a quantum thermal machine, the working medium is a quantum
system coupled to thermal reservoirs; the theory of open quantum systems [1, 2] provides the tools to deal
precisely with such scenarios. Indeed, the initial investigations about the interplay between thermodynamic
concepts and quantum dynamics arose in the open quantum systems community decades ago [3]. However,
only in the past decade quantum thermodynamics has blossomed and evolved into a fully-fledged research
field [4-7], branching into several directions. On the one hand, a more abstract approach has stressed the
interplay with quantum information processing, mostly distancing itself from specific models [8, 9]. On the
other hand, a more pragmatic approach focuses on engineering and realizing useful quantum
thermodynamic devices [10], beyond the current generation of proof-of-concept experiments. More in
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general, in the whole field of quantum technologies, which is rapidly advancing, thermodynamic and
energetic considerations are starting to become operationally relevant [11, 12].

In this work, we tackle the problem of computing thermodynamic quantities from a dynamical point of
view, by considering the nonperturbative evolution of an open quantum system that interacts strongly with
one or multiple thermal baths. Since the dynamics of the system and baths is customarily modeled as purely
unitary, the standard definitions of heat and work for unitary systems can be applied [13—16]. In this
framework heat corresponds to the variation of a bath’s average energy, while work corresponds to the
variation of the total (system and bath) average energy due to an explicit time-dependence in the
Hamiltonian, which describes the influence of an external (classical) agent who supplies or collects energy to
or from the system and baths®. Crucially, to evaluate these quantities one needs to track the values of bath
observables and the reduced dynamics of the open quantum system is generally not enough. This is at odds
with the weak-coupling regime, where the interaction energy is negligible and heat and work become
properties of the open quantum system only. It is to be stressed that proposals have been put forward to
define thermodynamic quantities through the open system’s dynamics only, even for the case of arbitrary
strong coupling, see e.g. [19-22].

In this work, we will consider bosonic baths initially in a thermal state and linearly coupled to the open
quantum system: this guarantees that the dynamics of the open system is fully determined by the
autocorrelation function of the bath. Under these assumptions, we can introduce our first result, which
consists in explicit expressions for heat, work and system-bath average interaction energy in terms of
two-time correlation functions of the open quantum system, equations (19)—(21). While similar results have
appeared previously [13, 23], the present derivation may be of independent interest, in that it provides a
strategy combining Heisenberg’s equations of motion with the thermofield approach.

While the result mentioned above is formally exact, to concretely compute those figures of merit beyond
weak coupling, the dynamics must be studied almost inevitably by means of numerical simulations. Various
techniques have been proposed for this task, by adapting and extending numerical methods originally
devised to study only the reduced dynamics of the open system. These include: hierarchical equations of
motions [13, 24-27], reaction-coordinate mapping [28—-33], tensor-network techniques based on the
Feynman—Vernon path-integral approach [23, 34-36], stochastic Liouville~von Neumann equations [14, 37]
and hierarchy of pure states [38]. We also mention that for Gaussian systems of harmonic oscillators,
semi-analytical solutions are available [39, 40], which made it possible to highlight a range of useful
applications as quantum thermal machines [41-43].

In this paper we focus on the pseudomode approach to simulate the dynamics of an open quantum
system [44, 45]. This strategy provides a Markovian embedding, in which the non-Markovian dynamics of
the open quantum system is effectively described by the Markovian dynamics of a larger system. More
specifically, as long as the autocorrelation function of the two environments is the same, the exact reduced
dynamics is identical to the one obtained by replacing the physical environment with an effective dissipative
environment, i.e. the so-called pseudomodes, whose free dynamics is governed by a Lindblad master
equation.

Within the pseudomode framework, we show that the quantum state of system and pseudomodes
contains enough information to conveniently compute work, heat and interaction energy in terms of explicit
expressions that only involve one-time expectation values of observables. Closely related results have
appeared in [46, 47], where the focus is on fermionic systems (known as the ‘mesoscopic leads’ approach)
and [48] which focuses on non-physical pseudomodes governed by non-Hermitian Hamiltonians. In
particular, a crucial result for our treatment first appeared in [48] relying on the use of functional derivatives
of time-ordered exponentials, for which we provide an alternative derivation based on Heisenberg’s equation
of motion and the formalism of [45, 49].

We showcase our pseudomode approach to strong-coupling quantum thermodynamics by means of two
applications. We first study the entropy production of a spin-boson model with ohmic spectral density, by
approximating the environment with interacting pseudomodes [50]. In particular, as done in [51] but for a
harmonic oscillator, we compare the definition of entropy production based on the open system
dynamics [52, 53] to the global definition involving also the bath degrees of freedom [16, 54]. We show that
indeed the two definitions match in the weak-coupling limit, also in the presence of external time-dependent
driving on the system. The second result refers to the realm of strong-coupling and non-Markovian quantum
thermal machines, which has recently attracted great interest, see e.g. [14, 27, 28, 38, 55] or [56] and
references therein. In analogy to [41], we show that it is possible to obtain a thermal machine just by

4 In this work we will only consider average thermodynamic quantities. In fact, following ideas in stochastic thermodynamics, the prob-
ability distribution of heat and work can be defined, and higher-order moments studied. However, even for unitary dynamics, there exist
nonequivalent ways to proceed beyond average values, and considerations about measurements become crucial [17, 18].
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performing a periodic driving of the coupling term in a spin-boson model coupled to two thermal baths. We
stress that also in this case the previous results have been obtained for a harmonic oscillator coupled to
Gaussian baths.

The rest of the paper is structured as follows. In section 2 we revise quantum thermodynamics in the
context of a global system-baths unitary dynamics, then we provide expressions of the relevant quantities in
terms of two-time correlations functions. In section 3, we first revise the pseudomode framework for open
quantum systems and then we provide the expressions of the same thermodynamic quantities in term of
one-time expectation values. In section 4 we present the two exemplary applications described above. In
section 5 we critically summarize our results and point to perspectives for future work.

2. Quantum thermodynamics with unitary system-baths dynamics

2.1. General model with bosonic thermal baths
We consider a generic finite-dimensional open system S coupled to Ny bosonic baths (we keep this fully
general for now, but in the examples we will only consider N = 1,2). Crucially, we include the possibility of
time-dependent terms both in the system Hamiltonian and in the coupling Hamiltonian. The former allows
us to describe arbitrary control strategies implemented via a time-dependent driving on the open system.
The latter plays an important role when moving beyond weak coupling. For example, a time-dependent
interaction Hamiltonian can describe finite-time thermodynamic cycles in strongly-coupled quantum
thermal machines [14, 38], where the corresponding work contribution cannot be neglected.

The total system-baths Hamiltonian reads (h = 1)

Hyj = ) wiad) bk
k
Hij(t) = /\j(f)gs,j@?Zgj,k(Ej,kﬂLZ;ky (1)
k

where H(t) is the free system Hamiltonian, which may include a classical driving term, and H, B,; is the free

Hamiltonian of the bath j, where b; ; and bjT , are the corresponding annihilation and creation operators of
excitations at frequency wj x, which satisfy the canonical commutation relations

/I;Lkv/b\j’,k’ =0, Zj,k,?b\}’k/ :6jj’5kk’- (2)
Budra] =0 [hudl]

Furthermore, H 1,j() is the interaction Hamiltonian between the open system and the bath j; the time
dependence is encoded in the function \;(#) acting as an overall multiplicative factor, which may be used to
model the coupling and decoupling of the system and the bath. The parameters gj ; are the coupling
strengths between the system and each bosonic mode, while the open system interacts with each bath with
possibly different operators KSJ. As the initial condition of the dynamics, we restrict to the factorized state

pss(0) = s (0) ) s, (0). (3)
j
where the bosonic baths are initially in Gibbs states, possibly at different inverse temperatures /3;,

exp [_BjﬁB,j] N
ppj(0) = ———=  Z=Tr {eXP {—@HB,]} } : (4)
j

The thermal state of each bath can be further written as a tensor product of thermal states for each frequency,
since the bosonic modes are not interacting. The model fixed by the Hamiltonian in equation (1) with the
initial state in equation (3) is a paradigmatic model of thermal environments in open quantum systems [1],
which predicts both dissipation and decoherence effects. It is a particular instance of an open system
interacting with Gaussian environments, meaning that the initial state of the environment is Gaussian, its
free Hamiltonian is quadratic, and the environmental interaction operators are linear in the creation and
annihilation operators.
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Now, further exploiting that the initial environmental state is stationary with respect to the free
dynamics, has zero mean values with respect to the environmental interaction operators, and is a product
state among the different baths, we have that the open system’s dynamics is completely determined by the
following autocorrelation functions of the baths:

Gi(1) = (%;(1)X;(0)) = Trs { Ui (0 XUy (1) Ry (0) } (5)
where
)A(j = Zgj,k (Z;j,k +j?\;k) (6)
k

are the Hermitian bath operators that appear in the interaction Hamiltonian, while a&j(t) = exp|—iH, B,jt]
fixes the free environmental dynamics. Introducing the spectral densities of the baths

Jiw) =D g (W - W/,k) ) (7)
k

the autocorrelation functions can be equivalently written as

G0 = [ awp ) |con (Y cos )~ sinen)| = [ gy et 0

where the dependence on the bath’s temperature is fully enclosed in the hyperbolic cotangent factor. We have
also introduced the ‘thermalized’ spectral density J5, j(w) = sign(w)J;(|w|)[1 4 coth(Bjw/2)]/2, i.e. the
Fourier transform of the autocorrelation function, in which the frequency spans both positive and negative
values [57].

2.2. Average thermodynamic quantities

Let us now see how to specifically define average thermodynamic quantities by referring to the global

system-environment Hamiltonian; in doing so, we will essentially follow the definitions of [13-16, 54].
Given a global time-dependent Hamiltonian (in the Schrédinger picture), its expectation value can

change:

dit Tr{ pos () B ()} = Tr { pes (1) aHg;(") } = P (), ©)

and a global energy change in a unitary transformation is considered as work, so that the right-hand side
corresponds to the total power, which can be integrated on a generic time interval [t;, ] to obtain work
during that interval. The total work can be further split into work related to the system and to the interaction
Hamiltonians:

Weot (17, 1i) = [tfdtp(t) = /t_tfdt (Tr{pss(t) Blgt(t) } +Tr{pszs(f) ahgt(t) }) = Ws (tr.1) + Wi (1,1:)
(10)

and the interaction work can be further split into contributions pertaining to each environment
RNT X S
Wi (tf, ti) = Z t dtT Tr < pss (t) Asi® Zgjk (bj»k+bj,k) = ZWI’j (tf, l‘i) . (11)
=174 k j=1

Integrating the left-hand side of equation (9) we can split it into variations of internal energy of the open
system, variations of the interaction energies and variations of the baths energies, which we interpret as heat,
according to

Afdti Tr {psg (£) Hyot (t)} =U(tp,t) + ; I (1 1:) + Qi (11, 1) | (12)
with
U(t, 1) = Tr {pss (%) H (%) } —Tr {PSB (t;) Hs (ti)} (13)

4
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I]' (tf, ti) =Tr {pSB (tf) f‘\llﬁj (tf) } —Tr {PSB (ti) ?Il,j (t,')} (14)
Qi (17.1)) = Tr{ (pss (1) = pss (1)) Hln (15)
Energy conservation is thus written as
Np
U (1) + Z (tp,6) +Q (1r.1:)] = Ws (17.1:) + Y [Wi (1r.11)] (16)

=1

We notice that in this setting we are taking the ‘point of view’ of the total system (open system and baths),
not of the external agent or system responsible for the time-dependence in the Hamiltonian. Thus, the
situation in which energy is being extracted from the system and baths in the form of work corresponds to a
negative value of the instantaneous power Py (), which means that the average energy of the total system is
decreasing.

Furthermore, the exchanged heat is directly related to the entropy production, which quantifies the
degree of irreversibility of the transformation experienced by the system. In fact, in the case of an open
quantum system interacting with N bosonic baths initially in thermal states with temperatures 3;,

j =1,...Np, see equation (4), the entropy production X(#,t;) in the time interval [t;, #] is given by [16, 54]

Np
S (1,1;) = ASs + Z BiQj (11, 1) , (17)

j=1

where ASgs = Ss(t;) — Ss(t;) is the change in the system von Neumann entropy
Ss(t) = —=Tr{ps(t)Inps(t)}. (18)

2.3. Connection to correlation functions of the open-system
The expressions derived so far allow us to deal with general dynamical regimes, including in principle
arbitrary strong coupling and memory effects, but involve global system-environment quantities. Exploiting
the linearity of the environmental interaction operators, it is however possible to define the same quantities
in terms of two-time expectation values involving open-system observables only. While the actual evaluation
of multi-time (two-time) expectation values can be in principle as challenging as the evaluation of one-time
expectation values of system-environment observables, having two-time open-system expressions is
important from an operational point of view, since it relates the evolution of energy, heat and work to
quantities that can be accessed via measurements on the open-system only, along with the knowledge of the
environmental correlation function. Moreover, as discussed in section 3.2, these expressions can be useful
when combined with an effective description of the environment on a reduced set of degrees of freedom. To
simplify the notation, from this section onwards, we assume that ¢; = 0 and we denote all the quantities as
dependent only on the final time .

In appendix A, we exploit the Heisenberg picture of the global system-environment dynamics and a
proper Bogoliubov transformation on the environmental modes derived from the framework of the
thermofield dynamics [57-62], to get the following expressions:

Qj (tf) = —Z/tfdt)\j (t) /Otds)\]' (S) Im {C] (t— S) <A57]' (l‘)AS’]‘ (S)>} R (19)

Wi (1) =2 / Il / s\ () G (£ - 9) (As; (1 As; (5)) ). 20)
I; (t) :2/\j(ff)/ofdﬂj(s)lm{cj 5) (As; (1) As(5)) } (21

where the dot denotes the time-derivative function C(f) = dC(t)/dt, and (As;(t)As(s)) denotes the
two-time expectation value of the open-system interaction operator Ag j, defined as [1, 2, 63]

<AS,] (t)As(s > Tr { Utot (1) (;\s,j ® ]13) Dtot (1) /U;rot (s) (z/‘\\s,j ® ]13) ﬁwt (s) pss (0)} , (22)
with the global unitary evolution operator
Ui (t) = Tee™ Ho (), (23)

with T the time-ordering operator. Analogous expressions have been derived previously, employing a
generating functional approach [13, 23].
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3. Thermodynamic quantities from system-pseudomode dynamics

As anticipated in the introduction, we are going to exploit a nonperturbative method for the open-system
evolution, which is based on the replacement of the physical bath with a simpler effective environment
composed of dissipative surrogate oscillators, the pseudomodes [44, 45, 50].

Given an open quantum system linearly coupled to a Gaussian environment, be it bosonic or fermionic,
the pseudomode approach allows one to replace the original environment, typically made up of a continuous
infinity of modes, via an auxiliary network of (possibly few) modes, which are in turn damped by a Lindblad
equation. While the approach is valid for a general Gaussian environment, being interested in a
thermodynamic description we will only consider thermal states as initial environmental states. These
stationary states have the further advantage of leading to autocorrelation functions that are invariant under
time translation and thus depend on a single time variable. If the autocorrelation functions of such a network
match the autocorrelation functions in equation (5), the reduced dynamics of the two configurations will be
the same by virtue of the theorem proved in [45] for bosonic environments and in [64] for fermionic ones;
note that a generalization of the approach via the use of non-Hermitian Hamiltonians has been
introduced [65] and recently applied to the study of quantum thermodynamics [48]. In general, the
autocorrelation functions in the two configurations will not be exactly the same and this will introduce a
discrepancy in the corresponding reduced dynamics, which however can be kept under control by means of
general bounds [66] or by checking the numerical convergence as the number of auxiliary modes
increases, which is guaranteed by virtue of the results in [67].

3.1. The pseudomode setup
The evolution of the open system interacting with the network of damped pseudomodes is fixed by the
Lindblad equation

d

3P (1) = L (1) [psm ()], (24)

where psy(t) denotes the system-pseudomodes state at time ¢, while Lg(t) is the generator

Np N 7
Lo (1) [psu] = =i | Hs () + ) (HMJ +H1M,j(t)) psv |+ Diklpsul, (25)
i=1 j=1 k=1

where we have introduced a different set of n; pseudomodes for each of the N baths. The system
Hamiltonian Hy(#) is the same as the one in equation (1), the interaction Hamiltonian between the open
system and the pseudomodes is

nj
Hij(8) = N (DAs; @Y \/Gx (ajk +af'v’<) , (26)

k=1

where the time-dependent function \;(t) and the open-system interaction operator KSJ are the same as those
of the original interaction Hamiltonian in equation (1), and @; s and a]T . are the annihilation and creation
operators of the kth pseudomode associated with the jth bath.

In the following, we will focus on two kinds of networks of damped harmonic oscillators:
nearest-neighbor interacting pseudomodes at zero temperature or non-interacting finite-temperature ones.
In the former case, the free Hamiltonian of the pseudomodes of the jth bath is

n; n}-—l
Hu,j= E :Qﬂﬂj,k‘lj,k‘F E 8k Ajik+1 1 & kA kA y1 ) 5 (27)
k=1 k=1

where we have separated the free Hamiltonians of each pseudomode and the interacting terms among the
pseudomodes, while the dissipative term acting on the kth pseudomode of the jth bath is

—~ —~ | R OIS
Djxlpsm] =Tk <aj,kpSMajT,k —3 {a;kaj,k,psm}> ; (28)

where I'; ; > 0 are the damping rates. Finally, the initial system-pseudomode state is a product state
psm(0) = ps(0) ® pa(0), with

N 1

p (0) = Q) (X)10),.4(0];.x (29)

j=1 k=1
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the vacuum of the pseudomodes.
For the case of non-interacting pseudomodes at finite temperature, their free Hamiltonian is indeed of
the form

1
Huj=> Q@ aj, (30)
k=1
while the dissipator now reads

_ ~ —~ (4~
Djk[psm) =Tk (1 + nj,k) (uj,kpSMajtk ) {ajtkaj,k»pSM}>

_ [~ ~ 1. o
+ L it (“},kPSMﬂj,k —5 {aj,kﬂjT,kaPSMD ; (31)
where (using units such that kg = 1 so that §3;; = T;;:

1

eS%ik/Tik — 1 (32)

fjk =

is the thermal occupation number of the pseudomode at frequency 2; ;, given its temperature T ;. The initial
system-pseudomode state is now the product state psp(0) = ps(0) ® par(0), with the pseudomodes initially
in the thermal state

Ng 1 e_ITIMJ/rﬁk

8 B
0) = e L S )
mO=@@0lk |

j=1 k=1

In both cases, the expectation values of the pseudomode interaction operators on the initial state are zero,
and the initial state is stationary with respect to the free dynamics. Then, the reduced dynamics of the open
system is fixed by the pseudomode autocorrelation functions

Cu,j(t) = Try {)A(M,je’cm’ft |:§M,ij,j (0)} } ) (34)

where we introduced the pseudomode interaction operators appearing in equation (26)

n;
Xuj=> /G @,k +aj,k) (35)
k=1

and the Lindblad generators

1

Ly [pmj] = —i [ﬁM,j,PM,]} + ZD',k [ou ] (36)
k=1

that act on the pseudomodes associated with the jth bath only and determine their free dynamics, i.e. their
dynamics when decoupled from the open system (and then also from the other baths, since there is no direct
interaction among them and the initial state is factorized also with respect to the Nj baths). The equality

Gi(t) = Cu,j(t) V£=0,Vj (37)

guarantees the equality of the open-system dynamics, respectively, in the original unitary configuration fixed
by the Hamiltonian equation (1), and in the configuration with the network of pseudomodes fixed by
equations (24) and (25).

The key point is then of course to find appropriate parameters for the network of damped modes so that
Cwm,j(t) approximates C;(t) as accurately as possible and equation (37) approximately holds, for any given
number of pseudomodes. In the case of 1; possibly interacting zero-temperature pseudomodes, the
autocorrelation functions is of the form [50]

1
Cum,j (1) = Z Wj,kex’f’kt, (38)
k=1

as follows from the semigroup evolution in equation (34). The coefficients w;; and x;x depend nonlinearly
on the parameters fixing the network of damped harmonic oscillators, i.e. the free frequencies {); s, the

7
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couplings among the pseudomodes g; x, the couplings with the open system ¢; s, and the damping rates I'; .
Starting from a generic unitary autocorrelation function Cj(t), one can then first perform an exponential fit
of the latter, Cj(f) = >_,._, #; xeXi+'—such that C;(f) approximates C;(t) as closely as possible—and then
determine the coefficients of the pseudomodes so that w; ; and ; x are good approximations of w; ; and ; .
Remarkably, in the case of interacting pseudomodes the coefficients w; ; can be complex numbers, which can
significantly reduce the number of exponentials needed to fit a given correlation function. A procedure that
can deal with a general configuration of the pseudomodes by solving a nonlinear inversion problem has been
developed in [50]; in particular, when dealing with zero-temperature interacting pseudomodes, we will
consider unitary autocorrelation functions that have been already treated there and whose set of auxiliary
pseudomode coefficients are thus already known.

The procedure to determine the auxiliary network of pseudomodes simplifies considerably if one restricts
to non-interacting pseudomodes. For n; pseudomodes at temperatures Tj x, one has [68]

il T Q
Cumj(t) = ch’ke_]Tkt (coth (27{7‘1) cos (Qj,kt) —isin (Q];kt)) ; (39)
k=1

Js

which is directly expressed in terms of the parameters of the pseudomodes configuration. The latter can be
thus easily determined by matching Cj(t) with the expression in equation (39).

3.1.1. Multi-time quantities
Recently [49, 64] it has been shown that the pseudomode approach can be employed also to describe the
multitime correlation functions of open-system quantities. We briefly recall here the general result, which
will be later applied to get a unified framework to treat the multi-time open-system expressions of the
thermodynamic quantities presented in section 2.3.

The most general multi-time expectation value for an open quantum system reads [69-71]

<En(tﬂ)...El(tl);Fl(tl)...Fn(tn»:TrSE{Eﬂ(tn)...a(tl)psg(o)ﬁl(tl)...’ﬁn(tn)}, (40)

where psg(0) is the initial system-environment state, the time dependence of the operators is indeed in the
Heisenberg picture,

/E\k (tk) = i\]:rot (tk)Ek ® ]lBatot (tk) y (41)

and analogously for ﬁk(tk), where Ex ® 15 and Fy @ 1 are generic open-system operators; we will always
refer to time-ordered expectation values, i.e. with ¢, > ... > t; > 0. If the operators on the right of the initial
state are the adjoint of those on the left, IAJk = E}: for any k, we recover the multi-time probabilities associated
with a sequence of generic measurements [72], while if the right-side operators are equal to the identity,

1A3k = 1, we recover the multi-time correlation functions of the left-side observables, which are associated
with perturbative expansions [1], as well as with the expressions of the thermodynamic quantities in
equations (19)—(22).

Under the same assumptions that lead to the equivalence of the reduced dynamics, and in particular
under the validity of equation (37), the open-system multi-time expectation values in equation (40) are
equal to those in the auxiliary pseudomode configuration fixed by the generator Lgy in equation (25), which
are given by

(Ea(ts)...Er (1) F1 (8) ... Fy (ta))1 = Trsy { (E ® ]1M) At (b tn1)

X [ - Asp (12,11) [(E ® 11M) Asut (1) [psn (0)] (ﬁl ®1M)] ] (ﬁn ® ]1M) }
(42)

where psp(0) is the initial system-pseudomode state, and we introduced the system-pseudomode
propagators

ASM (t,S) = Tﬁej;rLSM(S)7 (43)

with Agy(t) = Asm(#,0). In other terms, by introducing the pseudomodes, one extends the set of considered
degrees of freedom in a way such that, not only the dynamics can be evaluated via a Lindblad equation on the
extended configuration, but also the multi-time expectation values are given by the quantum regression
formula [1, 63, 73], i.e. they are fixed by the same propagators that determine the dynamics (compare
equations (40) and (41) with equations (42) and (43)).
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3.1.2. Product of environmental interaction operators

The transition from the original unitary configuration to the pseudomodes reduces considerably the number
of degrees of freedom that are relevant to determine the time evolution of open-system observables.
However, since it is not an overall unitary transformation, there is a priori no inherent connection between
quantities associated with the original bath and those associated with the pseudomode environment.

As recently proved in [48], an important exception to this is represented by the expectation values of
tensor products of system operators and strings of environmental interaction operators. Explicitly, under the
same assumptions of the equivalence theorem for the reduced dynamics, in particular equation (37), one has
the identity

TI‘SB [OS ®)(]1 .. -XjkPSB (t)i| = TrSM |:Os ® XM,jl .. -XM,jkPSM (t)i| y (44)
where Og is a generic open-system operator, )A(jl b ,)A(jk is a sequence of k environmental interaction
operators of the unitary configuration, as defined in equation (6), and Xy, ..., X, is the same sequence of

the k corresponding interaction operators for the pseudomode configuration, see equation (35). Note that )A(J
and )A(M,]- are in general different operators, but they refer to the same jth bath, so that the sequence ji, ..., jk
univocally determines the involved environmental interaction operators in both configurations.

In appendix B we provide an alternative proof of the statement above, which goes along the same lines as
the proof of the equivalence theorem in [45] and is essentially based on considering the global evolution in
Heisenberg picture. In section 3.3, we will show how such a relation establishes a direct connection between
the thermodynamic quantities we are investigating and the expectation values of appropriate global
system-pseudomode quantities.

3.2. Two-time expressions

The most direct way to exploit pseudomodes to evaluate the thermodynamic quantities of heat, interaction
work and interaction energy is indeed to refer to their expressions in equations (19)—(21), which involve the
environmental autocorrelation functions C;(t)—that are supposed to be known—along with the two-time
correlation functions of the open-system interaction operators <A57]( )AS J( s)). The latter are in fact special
instances of the general expression in equation (40), for n =2, E1 As jand F1 = 1g, so that if
equation (37) holds, we can evaluate the average thermodynamic quantmes in equatlons (19)—(21) by using
the two-time expression of (As ;(t)As j(s)) provided by the pseudomode configuration, i.e.

(As () As (5)) = Trom { (25 ® 11M) At (8,5) [(Zs ® ]1M) Aspr (5,0) [psar (o)]} } . (45)

In principle, knowledge of the propagator Agy(#,s) would allow to evaluate all the relevant quantities.
Concretely, the expression in equation (43) corresponds to a numerical integration of the time-dependent
Lindblad equation %ASM(t, s) = Lom(t) Asm(t, s), starting from ¢ = s with the initial condition Agp(s,s) =7
(the identity superoperator). This approach is quite computationally intensive: if d is the dimension of the
overall Hilbert space of system and pseudomodes (after a suitable truncation of the Fock space of the
pseudomodes), then Agy(t,s) corresponds to a d* x d* matrix, which quickly becomes hard to handle
numerically.

A more efficient and standard approach to evaluate the two-time expression in equation (45) is to first
integrate the Lindblad equation for pgy(s), i.e. using pspr(0) as the initial condition, and then integrate the
same equation from s to t using Ag psm(s) as the initial condition. Thus, one can compute the expectation
values by solving multiple times the Lindblad equations for states, without dealing with the propagator
Asp(t,s), which allows working with larger Hilbert space dimensions. A third approach is to use the Monte
Carlo wave-function method, see e.g. [74, section 3.2.2]. This is certainly convenient in terms of memory,
since the computation handles with d-dimensional vectors instead of dxd density matrices; however this
procedure requires a large number of samples to ensure convergence of all the quantities. Regardless of how
the values of (As(#)As(s)) are obtained, they must then be inserted in the integrals over (1, s) that define the
thermodynamic quantities of interest in equations (19)—(21). The most straight-forward approach is to
approximate such integrals with finite sums (e.g. with the trapezoidal rule). For this reason, one needs to
obtain the values on a (¢, s) grid fine enough so that the numerical error of this last integration step can be
negligible; this may pose an additional challenge to get numerically accurate results.

3.3. One-time expressions

Exploiting the correspondence between the expectation values involving a generic sequence of environmental
interaction operators, one can derive expressions of the average thermodynamic quantities that only involve
one-time system pseudomode quantities, following what has been done in [48] for the exchanged heat.

9
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In fact, taking the unitary expression for the interaction work in equation (11)—for ¢; = 0—and using
equation (6), we have

Wi (tf) = / dr d)\d( ) Trsp {pSB (t) (1/4\5,]‘ ®5\(]) } . (46)

So that equation (44) for k=1 and Os = 2 ( 2y}

tr OHms :
Wi (t) = /0 dt Trey { %(t) Psm (t)} , (47)

where psy(f) denotes the system-pseudomode state and H iv,j(t) is the interaction Hamiltonian between the
system and the pseudomodes associated with the jth bath in equation (26). Analogously, for the interaction
energy in equation (14) we directly get

1 () = Trsae { Fne (1) psns (1) (48)

Crucially, we can apply the equivalence in equation (44) also to the expression for the heat, by rewriting it
according to elementary manipulations (see equation (A23)) in the form

Ay ;, along with equations (26) and (35), leads us to

Q(y) =i /O tfdl‘TrSB {Hl,j(f) [HBJ,PSB(t)]} (49)

so that we have

Qi(y) —1/ dtTrss{ [HI]() Hu (f ZHI] }psg }
=—i /t/dt (TI‘SB{ [H[] +ZH]] ] pSB } — d%Tr{ﬁL]‘(t)pSB (t)} —&-Tr{alg’i(t)psg (t)})

=1

= _i/ot/dt (TI‘SM{ [HIM](t Hs —|—ZH[MJ ] psm ( )} —Tr {ﬁI[M’j (t) C(iitpSM(t)}> . (50)

In the second line we have explicitly expressed heat in terms of expectation values of system and interaction
operators only; for the third line we have used equation (44) to replace system-bath quantities with
system-pseudomodes ones. Note that since the equivalence holds for any ¢, it must hold also for the
time-derivative of the expectation value. Using the equation of motion for the pseudomodes in

equations (24) and (25), one gets [48]

Q) = _/OtfdtTrSB {ﬁIM,j(f) Lo, [pSM(t)]}v (51)

where L),; is the generator of the pseudomodes’ free dissipative dynamics in equation (36). We notice that
this final expression is formally equivalent to the one for the original bath, cf the first equality in

equation (50), since —i [H, B> Ps(t)] is the generator of the bath’s free unitary dynamics applied to the system
and bath state. We conclude that the calculation in the pseudomode picture amounts to replacing the
original environment and the (Hamiltonian) generator of its free dynamics with the pseudomodes and their
(Linbdladian) generator. We reiterate that this is possible because heat can be expressed in terms of
open-system and environmental-interaction operators only. We stress that the expressions in equations (47),
(48) and (51) only involve single-time expressions, and then one-time integrals, so that their explicit
evaluation is considerably less expensive than the two-time expressions in equations (19)—(21). We will
therefore rely on this approach in the following analysis of concrete examples.

4. Examples

In this section we apply the pseudomode framework to calculate thermodynamic quantities presented in the
previous section to a couple of concrete exemplary problems. In both cases, we consider a two-level system
(TLS), i.e. the well-known spin-boson model. More specifically, we choose a free Hamiltonian Hs = wj %
and a coupling operator As = 0y. As the first application, we study the entropy production of a TLS in
contact with a single bath with an ohmic spectral density. In the second example, we consider the TLS in
contact with two thermal baths, studying a simple instance of a thermal machine obtained by modulating the
coupling between the TLS and the cold bath.
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4.1. Entropy production of a TLS dissipating in a structured environment

We consider a TLS in contact with a single thermal bath and the main quantity of interest is the entropy
production. This quantity is defined in equation (17) and, in principle, requires knowledge of the
expectation value of a bath observable, thus we need at least some insight into the global dynamics of system
and bath. Since it was introduced by Esposito, Lindenberg and van den Broeck (ELB) [54], this definition of
entropy production will be denoted as Yy p in this section. For a single bath it reads:

Sps (1) = AS() + 6Q (1) = AS(1) + B[-U(t) — I(t) + Ws (1) + Wi (1)], (52)

where the second equality is due to energy conservation as expressed in equation (16). One of the most
appealing features of this definition is that entropy production is always nonnegative g1 5(#) > 0, regardless
of the system-bath coupling strength. Physically, this can be interpreted as a general statement of the second
law of thermodynamics; we refer the reader to [16, 54] for more details.

For comparison, we also consider a definition solely based on the local reduced dynamics of the open
system, originally introduced by Spohn [52] for time-independent Lindblad dynamics:

Yspohn (t) = S (ps (0) || ps,Givbs) — S (s (t) || ps,civbs) = AS(t) — BU(1), (53)

where ps Gibbs = e AHs /Tr [e_ﬁHS ] is the Gibbs thermal state of the system. We notice that there are no
time-dependent terms in the Hamiltonian, thus we have Ws(¢) = 0 = W;(t) and the two definitions match
when Q(t) = —U(t), i.e. when the interaction energy is equal to zero. Even though this generally does not
happen exactly, there are situations of interest where the interaction energy can be neglected, as is usually the
case in classical thermodynamics for macroscopic systems.

This equation was generalized to the case of a time-dependent system Hamiltonian Hg(f) by Deffner and
Lutz [53]

t

YL (t) = S(ps (0)]]ps,cibbs (0)) — S (ps (2) || ps,cibbs (1)) —/0 dsTr[ps (s) Oslog ps,Gibbs (5)] (54)

=AS(t) - BU(t) + BWs (1), (55)

where ps Gibbs () = e H5() / Tr [e7AHs(] is the instantaneous Gibbs state of the time-dependent system
Hamiltonian. We stress that, despite the appearance of the instantaneous Gibbs state in this expression, there
are no assumptions of fast relaxation, and it is just a convenient way to rewrite the familiar thermodynamic
expression in the second line. Similarly to the time-independent case, this definition corresponds to the
global one when the contribution due to the interaction is equal to zero, i.e. when 5(—I(t) + W;(t)) = 0. We
stress that, contrary to the ELB definition, the Spohn and DL definitions of entropy production are
guaranteed to be nonnegative only in the weak coupling regime.

Related studies on the comparison of different definitions of entropy production include [51, 75] for a
harmonic oscillator system, by direct access to the bath of harmonic oscillators and [76], which studied two
spins in contact with a bosonic bath with hierarchical equations of motion.

4.1.1. Results
We show results for a thermal bath with an ohmic spectral density with exponential cutoff

J(w) = Twe @/, (56)

where € is the cutoff frequency. We fix the temperature to the particular value T = ). and the frequency of
the system Hamiltonian to wy = 2€).. In particular, we employ the parameters tabulated in [50] to obtain the
effective pseudomode description of the bath. In figure 1 we show a comparison between the time evolution
of the global entropy production (52) and the local definition (53). As the system-bath coupling strength A
decreases, we can see that the two quantities get closer, as expected from the previous general arguments.

We then consider the situation in which the system Hamiltonian contains a time-dependent part

Hs (1) = Ho +£(1) 0, (57)

with the following choice of a sinusoidal driving [51] of duration Ty = 7/

0 , (58)

£ty = {Fo sin (wft) sin (th) t i

ENER
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Figure 1. Comparison of the ELB and Spohn definitions of entropy production as a function of time, for an open TLS interacting
with a bosonic thermal bath with ohmic spectral density with exponential cutoff at frequency 2. The temperature of the bath is
set to T = €, the frequency of the TLS is wy = 2§, time ¢ is in units of 2! This figure shows the static case without any
time-dependent driving. Panels (a) and (b) correspond to relatively strong and weak coupling, respectively.
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Figure 2. Comparison of the ELB and Deffner-Lutz definitions of entropy production as a function of time, for an open TLS
interacting with a bosonic thermal bath with ohmic spectral density with exponential cutoff at frequency €2.. The temperature of
the bath is set to T = ), the frequency of the TLS is wy = 2, time ¢ is in units of Q7 !. The TLS is driven by the time-
dependent Hamiltonian (57) with Fo = 10, wy = Q¢ and Qy = Q./20. Panels (a) and (b) correspond to relatively strong and weak
coupling, respectively.

Keeping the same parameters of figure 1, and further choosing Fy = 10 and Ty = 20/€) and wy = Q, in
figure 2 we show again a comparison between the dynamics of the global and local entropy production
definitions. Also in this case, we see that as the system-bath coupling strength A decreases, the two quantities
get closer. An interesting open research question is thus to understand the conditions under which the two
definitions of entropy production coincide in the weak coupling limit, from general analytical arguments and
beyond numerical studies of particular models.

4.2. Thermal machine with sinusoidally-modulated system-bath coupling

A minimal setup to obtain a heat engine that extracts useful work from two baths consists of a harmonic
modulation of one the two system-bath couplings, under some conditions on the spectral densities and
frequency of the modulation [41]. This behaviour was shown for a harmonic oscillator coupled to two
bosonic baths, for which analytical or semi-analytical solutions are available [39, 41]. We investigate the same
protocol numerically using our nonperturbative framework when the role of the thermodynamic ‘working
substance’ connecting the two baths is played by a TLS instead of a harmonic oscillator. We remark that the
interaction Hamiltonian between the bath and the harmonic oscillator system assumed in [41] contains an
explicit time-dependent Hamiltonian term acting only on the system, needed to ensure the translational
invariance [77]. Since here we consider a TLS, this term is absent [78].
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Figure 3. Comparison between the physical antisymmetrized Lorentzian spectral density and the spectral density obtained by an
effective description in terms of a single thermal pseudomode. Left: cold bath spectral density with a sharp peak at @coiq,
parameters Teold = 0.20cold> Yeold = 0.05@Wco1d (the two lines are superimposed). Right: hot bath with a broader spectral density,
parameters Thor = 2@cold> Yhot = 2Wcold aNd Whot = 4Wcold-

We work in the following configuration: the system interacts with a cold structured bath that has a
spectral density peaked at a particular frequency w, (a Lorentzian peak was chosen in [41]) and this
interaction is modulated by a sinusoidal function (i.e. a harmonic drive). Simultaneously, the system
interacts with a hot bath without prominent spectral features (chosen to be ohmic in [41]); this interaction is
static and not modulated in time. Since we aim to capture the phenomenological features of this setup we
consider spectral densities that are simple to treat in the pseudomode approach, while keeping the qualitative
features of the setup of [41]. In particular, we consider a physical scenario in which the two bosonic baths
have an antisymmetrized Lorentzian spectral densities of the form

Jar (7, 0;w) 1 : (59)
ALY, W W) =7y - )
- et )

the antisymmetrization ensures that these can indeed represent a physical spectral density describing a
continuum of harmonic oscillators. This class of spectral densities can be approximated by a single thermal
pseudomode in certain regimes [79], i.e. one can set n; = 1 in equations (24)—(26) and (30)—(32), so that the
free dynamics is described by the time-independent Lindblad generator

Dlp| = —iw [ETE, p} +(A+1) (Zp@* - % {ETE,pD +7 (ZTPZ— % {W,p}) , (60)

with 72 = (¢®/T — 1)~! where T is the temperature of the surrogate oscillator (again we use units such that
kg =1).

We chose the cold bath to have a peak at @14, which we keep fixed and use as our unit of time and
frequency, a temperature Teolg = 0.20¢014> and a narrow peak with yeo1g = 0.050W014. The hot bath parameters
are chosen as Thot = 2@cold> Yhot = 2Wcold AN Whot = 4Weold> SO that the spectral density does not show a
distinct peak in the region around the system frequency. We show the comparison between the AL
thermalized spectral densities, corresponding to a continuum of harmonic oscillators, and the spectral
density obtained from a single thermal pseudomode in figure 3. Clearly, while the narrow spectral density of
the cold bath is well approximated by a thermalized oscillator [79], the approximation is not as good for the
hot bath. Nonetheless, we expect the qualitative results to be independent of such details and we proceed to
use a single thermal surrogate oscillator as an effective qualitative description of the bath.

The coupling with the cold bath is modulated sinusoidally as

Acold () = Zeold €Os (241) (61)

so that the period is 7 = ?TW The system Hamiltonian is fixed and time-independent: Hs = w( % . The

resonance condition highlighted in [41] (for weak-coupling) is wy = Weold + €24. Concretely, in the numerical
simulations we start the dynamics from the excited state of the system |e), i.e. 0,|e) = |e), but this choice does
not play a relevant role, since a periodic steady state emerges.

To characterize the performance of the thermal machine we compute the total work (equal to the
interaction work, since this is the only time-dependent part of the Hamiltonian) per cycle:

Wiot (E) = Wiot (57—7 (Z - 1) 7_) = WI,cold (Z) = WI,cold (67_7 (e - 1) T) (62)
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Figure 4. Thermodynamic quantities per cycle as a function of the number of cycles £. Panel (a): average power per cycle (useful
work output corresponds to negative power in our conventions); panel (b): normalized efficiency; panel (c): residual energy.
These are obtained for the parameters golq = 0.1, ghot = 0.4 (relatively strong coupling), 2y = Weold and wo = 2@wcol4, SO that we
are at the resonance conditions wy = 4 + @Weold-

and heat exchanged with the two baths per cycle:
Qhot (ﬁ) = Qhot (67—» ([ - 1) 7—) Qcold (Z) = Qcold (67, (£ - 1) T) . (63)
The main figures of merit will be the power and efficiency per cycle, defined as

pioy= Yol = Wl (64
T Qhot (ﬂ )

Notice that, with our sign conventions, a thermal machine extracting useful work from the temperature
difference between the two baths gives negative power values P(¢) and negative Qo (), i.e. a decrease of the
energy of the hot bath, so that the efficiency is positive. In figure 4 we show these quantities during the
dynamics of the thermal machine. We see that all the quantities settle to the asymptotic value after some
initial warm-up cycles.

As a consistency check, we also compute the variation in system and interaction energy over each period:

A)=U¥)+ X:I](K)7 with U(¢) = U(lr,(¢ —1)7),and [;(£) = L;({T,(£ —1)T). (65)
J

Following [15] we have also introduced a single quantity .A(¢), that we dub ‘residual energy’. This is energy
that is still ‘trapped’ in the system and cannot be converted into work, which would lower the efficiency of
the thermal machine. All these energy differences are expected to vanish when a periodic steady state is
reached. While it has been pointed out that this is not always the case [15], we show that this happens for our
model, as shown for example in figure 4.

After this brief examination of the dynamics, we move to consider the asymptotic values of the figures of
merit P, and 7 as a function of the system parameters. Formally these would be the quantities obtained in
the limit £ — oo, but in the numerical simulation the evolution is stopped when convergence is
approximately reached and the average thermodynamical quantities settle to a constant value. In figure 5 we
show the asymptotic power and efficiency for fixed spectral densities of the cold and hot bath, as described
above, as a function of the driving frequency and for a few different values of TLS frequency. Since Weold
remains fixed, in figure 5 it is possible to observe the system operating as a thermal machine around the
resonance condition wy = @cold + {14, which roughly corresponds to the peak in the asymptotic power per
cycle. While this condition is found in [41] in the weak coupling regime, it is pointed out that the peak of the
power changes location for stronger coupling between the system and the cold bath. Consistently, since we
are not in the weak coupling regime, we also observe that the peak of the power shifts slightly from the
resonance condition.

Opverall, these results confirm that it is possible to operate this configuration of baths and sinusoidal
driving as a thermal machine also for a TLS, going beyond the harmonic oscillator considered in [41].
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Figure 5. Thermal machine performance as a function of the driving frequency, for different values of the system frequency wp,
each line is obtained in the range €4 € [0,wo]. Left: average power per cycle (left); right: normalized efficiency (lines shown only
for values of §2,4 for which the system operates as a thermal machines, i.e. Poo < 0). Apart from Q4 and wy, all the other
parameters are fixed to the same values as in figure 4. All frequencies are in units of Weolg-

Interestingly, we also observe that the peak output power and the peak efficiency, i.e. those obtained for the
optimal value of 24, improve as the TLS frequency wy increases. This behaviour was not explicitly
highlighted in [41], but it may be due to the different spectral densities. Indeed, we stress that we are
considering here a structured hot bath, differently from [41] where a strictly ohmic hot bath is considered,
thus it may not be appropriate to make a direct quantitative comparison. Despite these differences, it is
evident from figure 5 that efficiency has a nontrivial behaviour as a function of the system and driving
frequencies, and similar nonmonotonic features were observed in [41]

In the context of this paper, these results show that the pseudomode approach is suitable to study the
operation and performances of a thermal machine obtained from a time-dependent driving of the
system-bath coupling. We leave a more detailed and systematic study of this class of thermal machines, as
well as practical considerations regarding physical implementations, for future works.

5. Conclusions

In this study, we explored the dynamics and thermodynamic properties of quantum systems coupled to
thermal baths, focusing on scenarios beyond the weak coupling regime. Our first result was to provide a
simple derivation of fully general expressions for average thermodynamic quantities in equation (19)—(21),
in terms of integrals of expressions involving two-time correlation functions, the bath autocorrelation
functions and its time derivative. From a fundamental point of view, this means that these quantities can be
in principle reconstructed from measurements on the system only. From a practical one, any numerical
method able to evaluate such correlation functions can be employed to study quantum thermodynamics
nonperturbatively, beyond weak coupling.

Then we specialized our analysis, focusing on the pseudomode approach, demonstrating the possibility
to evaluate thermodynamic quantities such as heat, work, and interaction energy through the dynamics of
the open system and its pseudomodes. In particular, we have shown that this approach is effective to study
quantum thermodynamics efficiently from a numerical point of view, in accordance with similar results
in [46—48], since it does not require the evaluation of two-time expectation values of the open system, but
only one-time expectation values of the system and pseudomodes.

We have applied this methodology to study a TLS coupled to an ohmic bath, showing that the
pseudomode approach can be used to calculate the entropy production. This was validated by comparing
results with known weak-coupling limits, confirming that the pseudomode method effectively handles both
strong and weak coupling scenarios. Finally, we analyzed a simple quantum thermal machine composed of a
TLS interacting with two thermal baths at different temperatures. By modulating the coupling with the cold
bath, we demonstrated that work could be extracted efficiently, extending the result of [41] to a
finite-dimensional open quantum system.

We also highlight that in the analysis of this application we have empirically observed the emergence of a
periodic steady state. A prospective area for further research is to understand the conditions under which a
steady state emerges for the system and pseudomodes, especially in presence of a time-dependent
Hamiltonian. For example, the sufficient conditions found in [80] do not apply to the standard pseudomode
scenario, because the dissipator acts only on the pseudomodes. On the other hand, embedding techniques
have proven effective in studying the steady state of strong-coupling non-Markovian dynamics [81].
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Opverall, our findings demonstrate the potential of the pseudomode approach in quantum
thermodynamics, offering a robust tool for studying complex quantum systems beyond the traditional weak
coupling approximations. Since the method relies on the solutions of Lindblad dynamics, techniques devised
to tackle more complex open systems, e.g. computational approaches introduced in other contexts [68] or
potentially even quantum algorithms [82, 83] and quantum simulations [84], will likely be useful also for
this application.
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Appendix A. Derivation of thermodynamic quantities in terms of two-time correlation
functions

In this appendix, we derive the expression of heat, work, and interaction energies of equations (19)—(21) that
depend only on the bath correlation function and two-time expectation values of system operators, relying
on the Heisenberg picture evolution of the global unitary dynamics, along with a unitary transformation on
the environmental modes.

A.1. Thermofield mapping

The first step is to use a Bogoliubov transformation, known as thermofield mapping, on the environmental
modes to map a bath initially in a thermal state at finite temperature into a zero-temperature bath [57, 58,
60—62]. This mapping will be applied independently to each bath, since they are initially uncorrelated and
there are no interaction terms in the Hamiltonian. Hence, we consider a system and a single bath with the
Hamiltonian specified in equation (1) (for a single value of j) and the initial global state in equation (3),
which we rewrite here for convenience:

pS) (0) = ps (0) @ ph; (A1)

in this section we denote with the label (1) the states corresponding to the original configuration, to keep
track of the difference with the configuration resulting from the thermofield mapping. The state at time  can
be formally written as

~ i [TdsAD
PSB Ug;) pSB Uggﬁ (1); Uéllg) (t)=Te Jo g’ (5), (A2)

Consider now a second bosonic bath B’ such that the joint system S—-B—B' is ruled by the Hamiltonian

Hga)sf (1) = ﬁg? () @1y + Ly @ Hy (A3)
with
Hy ==Y wilt. (A4)
k

with ¢, and ?l the annihilation and creation operators associated with the B" mode with frequency wy (and

the set of possible frequencies is the same as the one of the modes Ek,g,t). The corresponding global unitary
operator has indeed the factorized form

U0 (=05 (@ U (1);  Up (1) =e Bt (A5)

and thus we have

~

Trsu { Osn (1) P (1)} = Trsm { Osu (1) Uiy (1) il (0) UGS (0} = Trsn {Osu (0043 (0} (A6)
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for any initial state pggg, (0) such that
Tr { o3 (0)} = plf) 0), (A7)

and for any, possibly time-dependent, operator 653( t) on the S-B subsystem. As a consequence, any
expectation value on the original S-B configuration can be equivalently calculated in the auxiliary S—~B-B’
configuration, provided that equation (A7) holds. As we will now show, this can be particularly convenient
after a suitable unitary transformation on S-B-B'.

Defining the new modes dy, ¢ via the Bogoliubov transformation

/l;k =/n+ lﬁk + \/T’Tk/e\}:
G =V + Lo+ \/med], (A8)

with
__ 1 A9
nk - eﬂwk _ 1 ) ( )
the global Hamiltonian Itléé)B, () can be equivalently written as
HY) ( dldi — A(r)A di+d} Grel Al0
s ( +Zwk k ZwkekekJF ® ng Ve +1(d+d] ) + /i (e +e) . (A10)
Now, consider the vacuum state of di and 2, Ek\m ="ex|Q?) = 0, as the initial state of B-B’, so that
2
Py (0) = ps (0) @ |2)(€2, (A11)
Importantly, |2) (€| is a purification of pg ,ie. [62]
ph =Ty {|Q)(Q]}. (A12)

so that equations (A6) and (A7) tell us that the expectation value of any S—B operator can be equivalently
evaluated by replacing the bath with a double set of modes that are initially in the vacuum, but whose
coupling with the system is weighted by two factors depending on the temperature of the original
configuration. A further simplification can be made by introducing a unique family of creation and
annihilation operators; let I be the set of values over which k varies in equation (1), and thus in

equation (A10), and let us formally double it in I; and I, (i.e. I = I, = I) and define the set ] = I; U I,. Then,
introducing the annihilation and creation operators fk, f;t, with k taking values in J, via

~  [d if kel
k= Ak 1 : (A13)
€k if ke Iz,
along with
if kel
wi=q R (AL4)
—wp if ke,
and the couplings
o= gvm+1 if kel (AL5)
T \aw/m if kel,
the Hamiltonian in equation (A10) can be written as
~ -~ i N o
By () = H(+Y wlf it A0A0 Y g (fi+71). (A16)

kej kej

which takes the same form as the Hamiltonian of the initial configuration, apart from the different set of
values taken by k. Crucially, the coupling coefficients g/ now encode the dependence on the bath temperature

due to equation (A15). In the following we will refer to the operators {?k} k as the thermalized annihilation
operators, or thermalized modes.
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. . . g s . . .
Finally, given the free environmental Hamiltonian Hpp = ) ;;w;ff and the environmental interaction

operator X' = > oke ; g (? ‘ —I—ﬁ), the autocorrelation of the latter is defined as (see equation (5))
C' (1) = (X' () X' (0)) = (Qeifl X' e 1Him 1X| ). (A17)
Introducing the spectral density for the zero-temperature bath, with the couplings as in equation (A15)

= ngd(w—w,:), (A18)
keJ

one immediately sees that (compare with equation (8))
"(t) = / dw]’ (w)e ", (A19)

But then the identity

/ dwf’ (w)e ! / dw] (w (cos (wt) coth <ﬁ2w> —isin (wt)> (A20)

allows us to conclude that
C(n=C'(1), (A21)

i.e. one has the same autocorrelation functions for the environmental interaction operators, respectively, in
the configuration with an initial thermal state at finite temperature, and in the configuration with a
zero-temperature environment—each one with respect to their free environmental dynamics. This is the
property at the basis of the definition of the so-called thermalized TEDOPA [57] and J'(w) corresponds to
the thermalized spectral density J5(w) introduced in equation (8).

A.2. Connection with open-system two-time correlation functions
We now proceed by recalling the definitions of heat and work for the original configuration. Using

d ~
P80 [l (050 ()] (422)

and the cyclicity of the trace, the heat in equation (15) can be written as (with ; = 0)

Qi () = /OtfdtTr {ﬁ[&ji_ﬂsg(t)} :i/otfdtTr{ {ﬁmt(t),ﬁ&j} pSB(t)}
=i /OtfdtTr{ [I"\IL]‘ (1) ,ICIB,]} PsB (t)} ) (A23)

so that equations (1) and (2) directly lead us to
i3 ~ ~ ~
Qj (tf> =1 Zgj’kwj’k/ dt/\]' (1) TI‘{ (Asjj ® (bj7k — b;f,k)) PsSB (t)} . (A24)
P 0

Now, the key point is that the expectation value of the system-environment operator Esyj ® (bjx — b}: i)

can be actually turned into a two-time correlation function of the open-system operator ;\5,]-. To show this,
we first exploit the thermofield mapping. Using equations (A5)—(A8) and (A13)—(A15), the heat exchanged
up to a time # with the jth bath Q;j(#) in equation (A24) can be expressed with respect to the thermalized
creation and annihilation operators as

Q(y) =i Zngkwj/,k/Otfdt)‘j (t) Tr { (XSJ ® (]A(]k _?}L,k» Pl (t)} ; (A25)

keJ

where pSBB,( t) denotes the global state of the system made of S, Bj and B/, forj = 1,..., Np obtained from the
initial product state

prB/ =ps(0 ® 1) (Y1, (A26)
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with [€3;) the vacuum state of the annihilation operators d k, ¢« of the bosonic systems B; and B/, see
equation (A11). Moving to the Heisenberg picture, see equation (41), we have to evaluate

Tr{<ASJ (Jvk ﬁk ))pSBB/ )}Zzilm{Tr{X&]()fk()pSBB’()}}1 (A27)

where Im denotes the imaginary part and the identity follows from the fact that (unitary evolutions preserve
observables commutativity)

s (0.7, (0] = 0. (A28)

Then, we use the solution of the Heisenberg equation fixed by equation (A16) (straight-forwardly
generalized to the case of Np independent baths) for f; x(t),

t
) =G —igly [ doy(9e 09,9, (A29)
0

and we exploit once more the properties of the thermalized modes, for which the baths are initially in the
vacuum state of the f; ; fields, so that the contribution in equation (A25) due to the first term in

equation (A29) vanishes. Hence, introducing the two-time correlation function of the open system
observable Og(t) defined as

(Os (1) Os(s)) = Tr {65 (1) 0s (s) o2, (o)} : (A30)
we get
t t
Q) (1) =23 gk [ Aoy (1) [ dsr(oRe {0 (g, (045, (9) ). (A3)
keJ 0 0

Introducing the spectral density defined in equation (A18) and taking the continuum limit, we get

Qi (1) =2 / ol (@) [ "aon (1) / a9 Re e 0 (g, (0 sy (9) )

and then, using equation (A19),

Qj (tf) = —2Atfthj (t) /(;tdS/\]‘ (S) Im {CJ (t— S) <As)j (t)ASJ' (S)>} .

We note that because of equation (A21)—and since the expectation value of the environmental
interaction operators on the initial states vanish—the equivalence theorem recalled in section 3.1 guarantees
that the autocorrelation function in equation (A30) for 65 = KSJ coincides with the one in equation (22),
which then concludes our proof of equation (19).

Analogously, starting from equation (11) (see equation (A24)) and using the thermalized modes, along
with

Te{ (A5 ) (5 (0 +70)) ol O} =2Re{Te {As, 0F 1 005 O} . (a32)

and equation (A29), we can express the work due to the time-dependent interaction Hamiltonian as
d)\ ' —iw! (1—s)
wi () =23 g3 4oy (9)1m {e 09 (A (1) As, (s)>} , (A33)
keJ

so that, following similar steps as in the previous derivation, one arrives at equation (20). Finally, starting
from equation (14) and using

Tr [ﬁl,j (1) psp (t)} A(6)T { As,] ® Zgj ( ik + b ) PsB (t)} ) (A34)
one can similarly arrive at an expression for the interaction energy
t
Tr {HLJ‘ (t) pss (t)] =22(1) / dsAj () Im { G (r — 5) (As, (1) As,i (5)) } (A35)
0

and then to equation (21), since the initial expectation value of H 1 is zero, as the state is thermal.
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Appendix B. Proof of the equivalence for a generic product of environmental
interaction operators

Consider two unitary configurations with Hamiltonians as in equation (1) and with the same open system
and number of baths, i.e.

Hig (1) = Hs (t) + Y _Hp;+ Y Hj; (1) (B1)
j=1 j=1

with
Hyj()=N0As; X,  X=) g« (bj,k + bjT,k) ;
k
Hij()=XN0As; X, X/ = ¢ (bj',ﬁ b]-'}),
k

where b; ; and b;r . are the bosonic creation and annihilation operators of the jth bath in the environment B,

while E]’  and ZJIL are referred to the environment B’. The environmental free Hamiltonians H, ,j and H! ,jare
at most quadratic in the corresponding creation and annihilation operators. Moreover, consider the initial
states psp(0) = ps(0) ® pp(0) and psp (0) = ps(0) ® pp (0), where pp(0) and pp (0) are thermal states for
their free Hamiltonians, so that they are stationary with respect to their corresponding free dynamics and the
expectation values of the environmental interaction operators are zero (the analysis can be easily generalized
to deal with generic initial Gaussian states).

Given the autocorrelation functions of the environmental interaction operators,

Cj (t) = TI‘B [eiﬁBthe_iHBthpB (0)}
Cj/ (t) — Try {eiﬁg, t%]_/e—iﬁé/tj\(j/pB, (0)} 7 (B2)

if they coincide, then the expectation values of system-environment operators involving a generic product of
the environmental interaction operators coincide as well, i.e.

Cj (t) = le (t) V], t — Trg {65 ®5\<j1 ...3\(]'kpSB (t)] = Trgp |:65 ®‘3\(J/| .. .5%1;753/ (t)} R (B3)

where O is a generic open-system operator. This implication directly follows from taking, for example, a
Dyson expansion in the expectation value involving the power of the environmental interaction operator:
given a Hamiltonian as in equation (B1) and working in the interaction picture, we have

Trsp {65 ® X, ... X;,psp (1)
=Trsy 05 () @ X (1), .. X(1), Tee™ 121 4R OBKE) o (0) @ pp (0) T e Zim SO ()
with’, indeed,
Os(t) = T_>eif01d5ﬁ5(5) OsT. e 'l dﬁs(s), (B5)
(and analogously for Xs,j(t)), while
X;(1) = eifbt Oge =it (B6)

expanding the time-ordering operator, we get

’1

el t t, t t I t
~ ~ ~ ’ ’r K 2 K/ 2
Trsg |Os @ X;, ... X; psp ()| = —) e [ dt g e [ detd Aty ... [ dy’
i i P k k k k
K k!'=0 0 0 0 0 0 0

> Notice that here we are using the reverse time ordering operator T_, which orders times from right to left.
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al al N h ! N ! N 1 N 1
Z Z Tl‘s [OsAS,jk’/ (tk’) .. 'ASJ,' (tl) Ps (O)AS,jl” (tl ) .. ‘ASJk’// (tk’ ):|

j{v“xjk//:lj{,""’jk////zl

X Trp [X X]kX]’ (t]:/) .. 3\(]{ (t{) PB (0)5\(]{/ (t]//) .. .j\(j):/// (t;:/)] . (B7)

So that due to the Gaussianity of the bath the latter factor can be univocally written in terms of the
autocorrelation functions C;(t), and then equation (B3) follows. Note that this is the case only because the
environmental operator is a product of interaction operators )A(jl ... X, while expectation values of different
operators would not be directly relatable to Cj(t).

To prove the validity of equation (44)—i.e. that the expectation values of system operators times the
composition of environmental interaction operators can be evaluated via the network of pseudomodes
defined by equations (24)—(26) provided that equation (37) holds—it is enough to apply lemma 1 and
lemma 2 of [45]. Directly adapting them to the framework at hand here, lemma 1 can be formulated stating
that there is a Hamiltonian H S/ME( 1) as in equation (B1), with the identification B’ —> M—E, on the system,

the pseudomodes and some further degrees of freedom E such that the system-pseudomode evolution can be
obtained as the exact reduced dynamics from the unitary evolution on S—~M-E, and then in particular

Trom 65 & 5\(/1 .. 'Xj;pSME (t)} = Trgpr [65 ®5\(M,j1 .. .XM,jkPSM (t)} . (B8)

Furthermore, denoting as Cj’ () the autocorrelation functions of the configuration S~M—E, lemma 2 in [45]
tells us that they coincide with the pseudomode autocorrelation functions in equation (34), i.e.

G/ (1) = Cm,i (1); (B9)
thus, equation (B3), with the identification B’ M-E, and equations (B8) and (B9) lead us to
C(t)=Cu;(t) Vj,t>0 = Trg [65 ®%X;, ... X, pss (t)] = Trsy [65 ® Xnt, ...)?M,,-kpm(t)} . (B10)
which concludes the proof.
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