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Abstract. The description of the dynamics of an open quantum system in the presence
of initial correlations with the environment needs different mathematical tools than the
standard approach to reduced dynamics, which is based on the use of a time-dependent
completely positive trace preserving (CPTP) map. Here, we take into account an approach
that is based on a decomposition of any possibly correlated bipartite state as a conical
combination involving statistical operators on the environment and general linear operators
on the system, which allows one to fix the reduced-system evolution via a finite set of time-
dependent CPTP maps. In particular, we show that such a decomposition always exists,
also for infinite dimensional Hilbert spaces, and that the number of resulting CPTP maps
is bounded by the Schmidt rank of the initial global state. We further investigate the
case where the CPTP maps are semigroups with generators in the Gorini-Kossakowski-
Lindblad-Sudarshan form; for two simple qubit models, we identify the positivity domain
defined by the initial states that are mapped into proper states at any time of the evolution
fixed by the CPTP semigroups.

Keywords: Initial correlations, completely positive trace preserving maps, frame theory,
positive frame, Schmidt rank.

1. Introduction

The dynamics of open quantum systems in the presence of initial correla-
tions with the environment has been attracting a renewed interest, driven by
both fundamental questions and the need for a realistic description of con-
crete physical systems [17, 33, 2, 25, 20, 30, 34, 29, 42, 38, 26, 28]. Relaxing the
assumption that the open system and the environment are uncorrelated at
the initial time, the very existence of a reduced dynamics defined in terms
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of a time-dependent map acting on the whole set of open-system states is no
longer guaranteed. Most of the recent theoretical literature on the subject has
thus been focused on how to extend the notion of dynamical maps to the sce-
nario with initial system–environment correlations, resorting to the identifi-
cation of a restricted domain of allowed initial states, and possibly preserving
the notion of complete positivity in such a scenario [21, 22, 37, 39, 6, 7, 15].

Very recently [32], a different approach has been introduced, which, rely-
ing on the frame decomposition of the bipartite initial state, leads to the defi-
nition of a set of completely positive trace preserving (CPTP) time-dependent
maps that describe the evolution of a precisely identified set of initial states.
More specifically, the exploited decomposition relies on the introduction of a
positive frame on the set of the open-system Hilbert-Schmidt operators and,
provided that such a positive frame exists, it allows one to deal with fully
general initial conditions. The number of involved CPTP maps depends on
the chosen initial state and it is anyway bounded by the square of the di-
mensionality of the open system. This approach has been used to devise
an efficient control of general open-system evolutions [10] and to character-
ize multipartite photonic systems [18]; furthermore, it has been combined
with perturbative projection-operator techniques [5] to derive an uncoupled
system of homogeneous master equations that can be applied under general
initial conditions [40].

In this paper, we introduce two different positive decompositions, one
starting from the generalized Pauli matrices for a generic finite dimension,
and one directly built on any orthonormal basis of a possibly infinite di-
mensional Hilbert space. The latter, in particular, explicitly shows that the
description of the open-system evolution in the presence of initial correlations
via a set of time-dependent CPTP maps can be defined in full generality, for
any initial global state and for any dimension of the open-system Hilbert
space. Moreover, in the finite dimensional case, we prove that the number
of needed CPTP maps always coincides with the Schmidt rank of the initial
global state, both for pure and mixed states. This clarifies in a quantita-
tive way the enhanced complexity needed to describe open-system dynamics
when moving from an initial product state, where one CPTP map is enough,
to initially correlated states. In the latter case, CPTP maps can still be used,
but at the price of increasing their number according to the Schmidt rank
of the initial global state, which will be indeed strictly larger than one in
the presence of correlations. Finally, in the last part of the paper, we have
considered the case in which the CPTP maps are semigroups with genera-
tors in the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) form. For the
case of qubit Pauli channels, we have derived and investigated an explicit
condition that defines the set of initial open-system states that are mapped
into positive states at any subsequent time of the evolution, when each of
the semigroups is applied to a different term of the conical decomposition
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yielding the initial reduced state.
The rest of the paper is organized as follows. In Sect. 2, we briefly recall

the framework of open-system dynamics in the presence of initial system–
environment correlations and how it can be described through a family of
time-dependent CPTP maps via the approach introduced in [32], and we
further recall the elements of the theory of frames that we will exploit in
the following. In Sect. 3, we show that this approach can be extended to
infinite-dimensional Hilbert spaces of the open-system, and we prove that in
the finite dimensional case the number of required CPTP maps can be linked
in full generality to the Schmidt rank of the initial global state. In Sect. 4,
we specialize our analysis to the case were the CPTP maps are semigroups
and we give a detailed characterization of initial reduced states compatible
with such a choice, in the case of qubit Pauli channels. Finally, in Sect. 5,
the conclusions of our work are presented.

2. One-Sided Positive Decomposition

2.1. Open quantum system dynamics via completely positive maps

We consider the standard framework to describe the dynamics of an open
quantum system [5]. We have a bipartite global system, consisting of the open
system S, which is associated with the Hilbert spaceHS , and the environment
E, associated withHE , so that the global system is associated with the tensor
product Hilbert space HS ⊗HE . Moreover, the global system is assumed to
evolve unitarily, i.e., the joint system–environment evolution is fixed by the
unitary operators U(t) (here and in the following, t0 = 0 is the initial time).
Let S(H) denote the set of statistical operators, i.e. positive linear operators
with unit trace, on H. The reduced open-system state ρS(t) can be written
at any time t as a map from S (HS ⊗HE) to S(HS),

ρS(t) = TrE

[
U(t)ρSEU

†(t)
]
, (1)

where TrE is the partial trace on the environmental degrees of freedom. The
map defined in (1) is CPTP, but its domain involves the whole S (HS ⊗HE),
while when dealing with the evolution of an open quantum system, one would
like to describe the dynamics via maps defined on S(HS) only.

This goal is achieved in [32], relying on the the decomposition of the
bipartite statistical operator ρSE ∈ S (HS ⊗HE) as

ρSE =
N∑
α=1

ωαDα ⊗ ρα , (2)

where ρα ∈ S(HE) and ωα ≥ 0, while the Dα are operators within the set
L2(HS) of Hilbert-Schmidt operators on HS , i.e., the trace of the square of
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their absolute value is finite; note that these operators are indeed not neces-
sarily positive. We will call the representation of ρSE in (2) one-sided positive
decomposition (OPD), to stress that positive operators on the environmental
side are needed; we will further call cost of the OPD the minimum number N
of terms with which the sum in (2) can be expressed. If the Dα are positive
operators, ρSE in (2) is a separable state [3]; if, in addition, the Dα or the ρα
or both are given by a family of orthogonal projections, ρSE is a zero discord
state [31, 19, 29]. On the other hand, let us stress once more that general
bipartite states, including any kind of classical or quantum correlations, can
be decomposed via (infinitely many) OPDs.

From the point of view of the description of open-system dynamics, the
key advantage of the OPD is that, starting from it, the reduced state at time
t can always be obtained by means of a family of time-dependent CPTP maps
defined on operators acting on HS only. Replacing (2) into (1), we have in
fact

ρS(t) =
N∑
α=1

ωαΦα(t)[Dα] , (3)

where

Φα(t) : L2(HS) −→ L2(HS) (4)

A 7−→ Φα(t)[A] = TrE [U(t)A⊗ ραU(t)†] .

The initial reduced state

ρS =
N∑
α=1

ωαDα (5)

is mapped into the reduced state at time t by the N CPTP maps {Φα(t)}1,...,N
on L2(HS). An initial product state corresponds to the case N = 1, which
directly reduces to the usual description in terms of a single CPTP map
[5, 36]. The presence of initial correlations implies that generally N > 1
CPTP maps are needed; on the other hand, the same set {Φα(t)}1,...,N of
maps can be used for all the states connected by any local operation on S
[32].

2.2. Theory of frames: reconstruction formula and positive
frames

Here, we briefly present the main features of the theory of frames that will be
relevant for our purposes, directly referring to the set L2(HS); we will further
restrict to frames consisting of a countable set of operators, but, indeed,
extensions to uncountable sets are possible. For a more general treatment of
frame theory, the interested reader is referred to [1, 35].
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Consider the Hilbert space of Hilbert-Schmidt operators L2(HS) equipped
with the scalar product

(A,B) = TrS [A†B] , A,B ∈ L2(HS) , (6)

where TrS denotes the trace over HS , and a family of operators {Fα}α∈I ,
where each Fα ∈ L2(HS) and the index α takes values in the countable set
I, such that ∑

α∈I
|(Fα, A)|2 < ∞ (7)

for every A ∈ L2(HS). The associated map on L2(HS)

Ξ : L2(HS) −→ L2(HS) (8)

A 7−→ Ξ[A] =
∑
α∈I

(Fα, A)Fα

is called frame map; the operators Fα are indeed not necessarily orthogonal,
nor linearly independent. Now, one says that the family of operators {Fα}α∈I
is a frame of L2(HS) whenever (7) holds and the corresponding frame map
Ξ satisfies the following lower and upper bound:

m‖A‖2 ≤ (A,Ξ[A]) ≤ M‖A‖2 , ∀ A ∈ L2(HS) , (9)

for some 0 < m ≤ M <∞, where ‖A‖2 = TrS
[
A†A

]
is the Hilbert-Schmidt

norm induced by the scalar product in (6); in particular, the lower bound
with m strictly larger than zero implies that {Fα}α∈I spans L2(HS). On
the whole, the definition of frame is equivalent to the requirement that Ξ is
bounded and invertible, with bounded inverse Ξ−1. Using such properties,
so that we can write

A = Ξ−1 [Ξ[A]] =
∑
α∈I

(Fα, A) Ξ−1 [Fα] ,

we decompose any Hilbert-Schmidt operator according to

A =
∑
α∈I

(Fα, A)F̃α , A ∈ L2(HS) , (10)

where we defined

F̃α = Ξ−1[Fα] . (11)

Importantly, (10) allows us to reconstruct any operator in L2(HS) in terms of
the elements of the chosen frame. Indeed, this is a generalization of the recon-
struction formula of any vector of a Hilbert space by means of an orthonormal
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basis. In fact, orthonormal bases are a special case of frames, for which Ξ
corresponds to the identity map and thus (9) holds with m = M = 1.a

It is easy to see that the family {F̃α}α∈I is itself a frame, whose frame
map coincides with Ξ−1, so that the corresponding reconstruction formula
reads

A =
∑
α∈I

(F̃α, A)Fα , A ∈ L2(HS) ;

{F̃α}α∈I is called the canonical dual frame of {Fα}α∈I . More in general, a
dual frame of {Fα}α∈I is a frame {Dα}α∈I , such that for any operator A the
following reconstruction formula holds:

A =
∑
α∈I

(Fα, A)Dα =
∑
α∈I

(Dα, A)Fα , A ∈ L2(HS) ; (12)

as seen, every frame has at least one dual frame, which is the canonical dual
frame.

We can now move back to the bipartite setting that is of interest for us,
so that, besides the open system S, we also consider the environment E and
we deal with Hilbert-Schmidt operators on the tensor product HS ⊗ HE ,
i.e., OSE ∈ L2(HS ⊗ HE). Given a frame of operators referred to the open
system, {Fα}α∈I , and a dual frame {Dα}α∈I , with Fα, Dα ∈ L2(HS), together
with a frame of environmental operators, {Xβ}β∈J , along with a dual frame

{Yβ}β∈J , with Xβ, Yβ ∈ L2(HE), one can readily see that {Fα ⊗Xβ}α∈I,β∈J
and {Dα ⊗ Yβ}α∈I,β∈J provide us with a frame of L2(HS⊗HE) and its dual.
We can thus apply the reconstruction formula to any system–environment
Hilbert-Schmidt operator,

OSE =
∑

α∈I,β∈J
(Fα ⊗Xβ, OSE)Dα ⊗ Yβ

=
∑

α∈I,β∈J
TrSE

[
(F †α ⊗X

†
β)OSE

]
Dα ⊗ Yβ

=
∑
α∈I

Dα ⊗
{∑
β∈J

TrE

[
TrS [(F †α ⊗ 1lE)OSE ]X†β

]
Yβ

}
,

where in the second identity we used the definition of the Hilbert-Schmidt
scalar product of L2(HS⊗HE), as in (6) but where the trace is now taken over
all the global S − E degrees of freedom, while in the third identity we used

that TrSE [(F †α⊗X†β)OSE ] = TrE [TrS [(F †α⊗1lE)OSE ]X†β], with 1lE the identity
operator on HE . Hence, noting that the expression in the curly brackets

aWhenever (9) holds with m = M = 1, the frame {Fα}α∈I is called a Parseval frame,
as (10) reduces to A =

∑
α∈I(Fα, A)Fα; interestingly, there are Parseval frames that are

not orthonormal bases.

2250008-6



On the Use of Total State Decompositions for the Study of Reduced Dynamics

in the last line is simply the reconstruction formula for the environmental

operator TrS [(F †α⊗1lE)OSE ] on the frame {Xβ}β∈J and its dual {Yβ}β∈J , we

conclude that any global S–E Hilbert-Schmidt operator OSE ∈ L2(HS⊗HE)
can be decomposed as

OSE =
∑
α∈I

Dα ⊗ TrS

[
(F †α ⊗ 1lE)OSE

]
; (13)

in other terms, a frame of open-system operators naturally induces a decom-
position formula for the global operators.

Comparing (13) with (2), we see that in order to define an OPD we
have to guarantee that when we focus on system–environment states, ρSE ∈
S(HS ⊗HE) ⊂ L2(HS ⊗HE), the decomposition can be expressed in terms
of environmental statistical operators and positive coefficients. Indeed, this
is the case if we have a positive frame, i.e., a frame {Fα}α∈I made up of

positive operators, Fα ≥ 0 for any α, which implies that TrS [(F †α⊗1lE)ρSE ] =
TrS [(Fα ⊗ 1lE)ρSE ] ≥ 0. In fact, introducing the trace of these operators

ωα = TrE

[
TrS [(F †α ⊗ 1lE)ρSE ]

]
≥ 0 (14)

and defining the environmental statistical operators ρα ∈ S(HE) via the
assignment

ωαρα = TrS

[
(F †α ⊗ 1lE)ρSE

]
(15)

(so that ρα is arbitrary when TrS [(F †α ⊗ 1lE)ρSE ] = 0), we end up with an
OPD. Furthermore, we note that the coefficients ωα only depend on the
reduced system state ρS = TrE [ρSE ], since they are equivalently expressed
by

ωα = TrS [F †αρS ] . (16)

In the next section, we present two different explicit choices of positive
operators allowing us to express every initial global state with an OPD,
but before that let us note the following. Once we have assigned a certain
initial global state ρSE , there is a (slightly) weaker sufficient condition than
using a positive frame to define an OPD. We could allow some elements of
the frame not to be positive, as long as the corresponding environmental

operator TrS [(F †α ⊗ 1lE)ρSE ] is equal to the null operator, and then also the
corresponding ωα as in (14) is equal to zero. More in general, it might be
useful to consider an OPD where the frame is chosen according to the specific
initial state (or set of initial states) at hand, and possibly even according to
the global unitary evolution, so as to simplify the dynamical representation
in (3) as much as possible. We leave the study of how to optimize the choice
of the frame in the sense now indicated for future investigation.
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3. Existence and Cost of the Decomposition

3.1. Positive decomposition in finite and infinite-dimensional sys-
tems

We introduce now two different constructions of an OPD valid for any global
state ρSE ; the first one is referred to a finite dimensional Hilbert spaceHS and
relies on the definition of a positive frame, which generalizes straightforwardly
the frame for qubit systems introduced in [32]. The second OPD, instead,
includes fully general Hilbert spaces HS and is defined in terms of a family
of positive operators that, in the infinite dimensional case, do not constitute
a frame but still allow us to exploit a reconstruction formula as in (13).

Let us then first consider a d-dimensional HS , with d < ∞, and the d2

generalized Pauli matrices (also known as generalized Gell-Mann matrices)
[23]

f
(d)
kj =

1√
2

{
|k〉 〈j|+ |j〉 〈k| ; for k > j

−i(|j〉 〈k| − |k〉 〈j|); for k < j

h
(d)
k =


1√
d
1ld; for k = 1

h
(d−1)
k ⊕ 0; for k = 2, . . . , d− 1

1√
d(d−1)

[1l(d−1) ⊕ (1− d)]; for k = d ,

(17)

where {|k〉}k=1,...,d is an orthonormal basis of HS and ⊕ denotes the matrix

direct sum; these matrices are Hermitian and traceless, apart from h
(d)
1 with

trace
√
d, and they correspond to the Pauli and Gell-Mann matrices for d = 2

and d = 3, respectively. A positive frame is thus defined by setting (with a
mapping of the index α to the couple (k, j))

F
(d)
11 = h

(d)
1 ;

F
(d)
kk =

√
d

√
k − 1

k
h

(d)
1 + h

(d)
k ; for k = 2, . . . , d

F
(d)
kj =

1√
2

1ld + f
(d)
kj ; for k 6= j = 1, . . . , d . (18)

The positivity of the frame elements in (18) directly follows from the fact

that the minimum eigenvalue of h
(d)
k is −

√
(k − 1)/k, while

√
d h

(d)
1 is equal

to the identity matrix, and the minimum eigenvalue of f
(d)
kj is −1/

√
2. The

inverse of the frame map provides us with the canonical dual frame, see (11),

D
(d)
11 = h

(d)
1 −

√
d

d∑
k=2

√
k − 1

k
h

(d)
k −

√
d

2

∑
j 6=k

f
(d)
kj ;
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D
(d)
kk = h

(d)
k ; for k = 2, . . . , d

D
(d)
kj = f

(d)
kj ; for k 6= j = 1, . . . , d . (19)

We will then call Pauli-OPD the decomposition in (2) fixed by the positive
frame in (18) and its dual in (19), see also (14) and (15). Importantly, we

note that since D
(d)
11 is the only element of the dual frame with non-vanishing

trace, (2) implies that ρE = TrS [ρSE ] coincides with the first environmental
statistical operator appearing in the Pauli-OPD, ρE = ρ1.

Let us now consider a possibly infinite dimensional Hilbert space HS
and an orthonormal basis {|k〉}k=1,...,d;k∈N (where the first set of values of k
refers to a finite d-dimensional Hilbert space and the second to an infinite
dimensional one; to simplify the notation, from now on the range of values
of k will be implied). We start by defining

bkj =
1√
2

{
|k〉 〈j|+ |j〉 〈k| ; for k > j

−i(|j〉 〈k| − |k〉 〈j|) ; for k < j
(20)

bkk = |k〉 〈k| ,

that is an orthonormal basis of Hermitian operators in L2(HS); note that in
d dimensions this basis differs from the basis of generalized Pauli operators
only in its diagonal elements. Using a basis of L2(HS ⊗HE) made of tensor
product operators between the elements of, respectively, the basis in (20) and
a basis of L2(HE) (analogously to what has been done to derive (13)), we
can decompose any OSE ∈ L2(HS ⊗HE) as

OSE =
∑
kj

bkj ⊗ TrS [(bkj ⊗ 1lE)OSE ] . (21)

If we now consider two families of operators Pkj =
∑

k′j′M
k′j′

kj bk′j′ and Qkj =∑
k′j′ N

k′j′

kj bk′j′ such that the corresponding real coefficients satisfy∑
k′′j′′

Mkj
k′′j′′N

k′j′

k′′j′′ = δkk′δjj′ , (22)

equation (21) is equivalent to

OSE =
∑
kj

Qkj ⊗ TrS [(Pkj ⊗ 1lE)OSE ] ; (23)

indeed, if the operators Pkj are positive, with the same reasoning as the one
at the end of Sect. 2.2, we can conclude that the previous relation provides
any ρSE ∈ L2(HS ⊗ HE) with a valid OPD. Our choice for the positive
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operators, aimed at reproducing the non-diagonal elements of (18) and using
simple diagonal operators, is the following:

Pkk = |k〉 〈k| ;

Pkj =
1√
2

1l + bkj for k 6= j . (24)

Using (22), we can thus complete the decomposition in (23) with the family
of operators

Qkk = |k〉 〈k| − 1√
2

∑
k 6=j

bkj ;

Qkj = bkj for k 6= j . (25)

We will call the OPD fixed by (23)–(25) basis-induced OPD, to stress its
connection with the initial choice of the basis {|k〉} of HS . Such an OPD can
be used both for finite and infinite dimensional systems, but we stress that
only in the former case the family of operators defined in (24) is actually a
frame. In the infinite dimensional case, in fact, the upper bound in (9) does
not hold, as, e.g., if we consider the operator A = bkk = |k〉 〈k| we find the
divergent series ∑

k′j′

|TrS [bkkPk′j′ ]|2 = 1 +
∑
k′ 6=j′

1

2
.

Thus, the basis-induced OPD shows that, strictly speaking, frames are not
necessary to define a proper OPD, the key point rather being the definition
of a reconstruction formula as in (13), or, equivalently, (23) via a family of
positive open-system operators (Fα or Pkj).

3.2. Cost of the decomposition and Schmidt rank of the initial
global state

Moving back to a finite-dimensional Hilbert space HS with dimension d, both
the Pauli and the basis-induced OPD allow us to express any global state by
means of an OPD with d2 terms. On the other hand, assigned a certain state
ρSE , it might well be that it is possible to write it equivalently via an OPD
with a lower number of terms. Recall that we denote with N the minimal
number of terms appearing in the OPD of a given state ρSE , that is the
cost of the OPD of ρSE ; moreover, since we deal now with finite-dimensional
Hilbert spaces, we will consider OPDs induced by positive frames. Here, we
show that the cost N of the OPD of a given state ρSE is equal to the Schmidt
rank of ρSE .

As first step, we show that given a bipartite statistical operator ρSE , the
cost N of its OPD equals the number I of linearly independent operators in
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the set of environmental states ρα associated with non-zero coefficients ωα.
Importantly, this number does not depend on the specific frame chosen to
perform the decomposition and therefore the cost is a property of the operator
itself. Hence, consider any positive frame {Fα}α=1,...,D of L2(HS), with D

elements (D ≥ d2 as the frame spans L2(HS)), along with a dual frame
{Dα}α=1,...,D. As shown Sect. 2.2, given any bipartite statistical operator
ρSE , we can write its OPD with respect to this frame as

ρSE =

N∑
α=1

ωαDα ⊗ ρα ,

where ρα are environmental statistical operators defined via (15) and we have
ordered the frame elements such that the first N ≤ D coefficients ωα defined
as in (14) are strictly positive, while the last D−N are equal to zero. Now, let
us denote as I the number of linearly independent ρα in the set {ρα}α=1,...,N ,
which indeed coincides with the number of linearly independent operators in
the set {ωαρα}α=1,...,D; if N > I, we can write ρN =

∑N−1
α=1 cαρα for some

coefficients cα ∈ R, from which it follows that ρSE is equivalently represented
by

ρSE =

N−1∑
α=1

ωαDα ⊗ ρα ,

where we introduced the new frame

Dα = Dα +
ωN
ωα

cαDN for 1 ≤ α ≤ N − 1

Dα = Dα for N ≤ α ≤ D . (26)

Correspondingly, the duality relation is preserved if we also define

Fα = Fα for 1 ≤ α ≤ N − 1

FN = FN −
N−1∑
α=1

ωN
ωα

cαFα

Fα = Fα for N + 1 ≤ α ≤ D . (27)

This frame is not necessarily positive since FN may have negative eigenvalues,
but this does not affect the resulting OPD, as

TrS [(FN ⊗ 1lE)ρSE ] = 0 ; (28)

compare with the discussion at the end of Sect. 2.2. Indeed, this procedure
can be repeated if also {ρα}α=1,...,N−1 are linearly dependent, i.e., N−1 > I,
and so on: if there are I linear independent operators in {ρα}α=1,...,N , it
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is always possible to write an OPD with only I terms. Crucially, no fur-
ther reduction is possible as can be shown by reductio ad absurdum. Sup-
pose, in fact, that one can construct a different OPD with I′ < I terms

ρSE =
∑I′

β=1 λβQβ⊗ηβ, starting from a possibly different frame of operators

{Qβ}β=1,...,D′ , dual to a positive frame {Pβ}β=1,...,D′ . For what seen above,
the set of statistical operators {ηβ}β=1,...,I′ can be taken linearly independent
and λβ = TrSE [(Pβ ⊗ 1lE)ρSE ] = 0 for β > I′, see (28), without loss of gen-
erality. But then using the decomposition of Fα on the frame {Pβ}β=1,...,D′ ,

Fα =
∑D′

β=1 qβαPβ, we obtain

ωαρα = TrS [(Fα ⊗ 1lE)ρSE ] =
D′∑
β=1

qβαλβηβ =
I′∑
β=1

qβαλβηβ . (29)

Eq. (29) states that the set of linearly independent vectors {ωαρα}α=1,...,I is
generated by a family {λβηβ}β=1,...,I′ with I′ < I, which is a contradiction.
We can thus conclude that, starting from any OPD, it is always possible to
reduce the number of terms appearing in it to the number I of independent
operators in the set {ωαρα}α=1,...,D, but not more, i.e., N = I; note that
the reasoning used in the reductio ad absurdum also implies that I does not
depend on the specific frame used to define the OPD of ρSE .

The connection between the cost N of an OPD and the number I of
linearly independent environmental states appearing in the OPD directly
leads us to link N with the Schmidt rank. Any bipartite state ρSE ∈ S(HS⊗
HE) can be associated with a Schmidt decomposition, which reads:

ρSE =

R∑
k=1

λkG
S
k ⊗GEk , (30)

with λk > 0 and {GS,Ek }k=1,...,R orthonormal Hermitian operators onHS ,HE ;
R is the Schmidt rank of ρSE and R ≤ d2; importantly, the Schmidt rank
is directly related with the amount of correlations in ρSE [8, 9]. Now, from
(30) it follows

λkG
E
k = TrS [(GSk ⊗ 1lE)ρSE ] (31)

and that the operators {λkGEk }k=1,...,R are linearly independent. For an
OPD, see (2), we have the similar relation (15) and we can always take into
account a minimal OPD of ρSE such that the N operators {ωαρα}α=1,...,N

are linearly independent, as discussed above. In addition, we consider, re-
spectively, an orthonormal basis {GSk }k=1,...,d2 of L2(HS) whose first R ele-
ments coincide with the open-system Schmidt operators in (30), also imply-
ing TrS [(GSk ⊗ 1lE)ρSE ] = 0 for k = R + 1, . . . , d2, and a complete frame
{Fα}α=1,...,D whose first N elements coincide with those defining the minimal
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OPD, while the others satisfy TrS [(Fα ⊗ 1lE)ρSE ] = 0 for α = N + 1, . . . ,D,

see (28). Exploiting the decompositions, GSk =
∑D

α=1 gkαFα and Fα =∑d2

k=1 fαkG
S
k , we thus obtain from (15) and (31)

λkG
E
k =

N∑
α=1

gkαωαρα ;

ωαρα =

R∑
k=1

fαkλkG
E
k . (32)

Hence, since the linearly independent sets {λkGEk }k=1,...,R and {ωαρα}α=1,...,N

generate each other, they have the same number of elements, i.e., N = R.
We thus conclude that the cost N of the OPD coincides with the Schmidt
rank of the global statistical operator ρSE , in this way generalizing to mixed
states the link between Schmidt rank and OPD discussed in [32] for pure
global states.

4. Case Study: Combination of Semigroup Maps

We now provide an explicit example of an open-system evolution fixed by
a family of CPTP maps Φα(t) according to (3). In [40] we exploited the
possible relevance of OPD in order to obtain a perturbative expansion of
a microscopically motivated open system dynamics in the presence of initial
correlations. We will here take a complementary phenomenological approach,
exploring whether convenient choices of the CPTP maps Φα(t) can lead to a
well defined description of the system evolution. In particular, we take the
maps Φα(t) to be CPTP semigroups, i.e.,

Φα(t) = eLαt, (33)

where Lα are generators in the GKLS form [24, 16]

Lα[ρ] =
d2−1∑
j=1

γα,j

(
Lα,jρL

†
α,j −

1

2

{
L†α,jLα,j , ρ

})
, (34)

with γα,j ≥ 0 and Lα,j linear independent linear operators on HS , and we
recall that d is the finite dimension of the open-system Hilbert space HS .

The idea of combining a family of semigroup maps to go beyond the
description of Markovian dynamics has been used by Chruściński and Kos-
sakowski in several pioneering works [11, 12, 13], aiming at the identifica-
tion of well-defined integro-differential master equations accounting for non-
Markovian dynamics. In [4] a system of GKSL evolutions was used to take

2250008-13



A. Smirne, N. Megier, and B. Vacchini

into account statistical correlations between system and environment leading
to a non-Markovian dynamics within a projection operator approach. Here,
by using Eq.(3) to connect the initial reduced state with its value at a generic
time, we explore whether a family of semigroups can be exploited in the con-
text of open-system dynamics in the presence of initial correlations with the
environment. Indeed, while every eLαt is CPTP, so that also a convex com-
bination of these maps would be CPTP, we are now applying each eLαt to a
distinct element of the dual frame Dα, which needs not to be positive. As
a consequence, it is a-priori not guaranteed that even though we start from
an initial positive state ρS in (5), the state at time t fixed by (3) will be
positive, too. In the following, we show that it is actually possible to identify
a proper set of initial states that are mapped into states at any time t, for a
relevant class of two-level system dynamics. Let us stress that, as common in
phenomenological approaches, the fact that we can introduce a well-defined
evolution on open-system states does not mean by itself that the evolution
can be derived from a full microscopic model. Within the formalism exploited
here, the existence of a microscopic model would consist in the presence of
initial global states and a global unitary evolution such that the action of
the maps Φα(t) could be expressed as in (4); whether this is the case is a
challenging question, which we leave for future investigation.

4.1. Pauli channels

We consider a two-level open quantum system and we further exploit the
positive frame induced by the Pauli basis of operators, introduced in Sec.3.1.
In particular, the dual-frame operators Dα are as in (19), which for the case
d = 2 we are dealing with simply read

D0 =
1√
2

(
σ0 −

3∑
α=1

σα

)
,

Dα =
1√
2
σα for α = 1, 2, 3 , (35)

where σ0 is the identity, the σα, α = 1, 2, 3 are the usual Pauli matrices, and
we reordered the frame indices as α = 0, . . . , 3. Given a reduced operator of
the form (compare with (5))

ρS =
1√
2

3∑
α=0

υαDα , (36)

where for the sake of convenience we have set υα =
√

2ωα with ωα as in (5),
it has trace one if and only if υ0 = 1, while its positivity is ensured by the
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validity of

(1− υ1)2 + (1− υ2)2 + (1− υ3)2 ≤ 1 . (37)

Hence, the initial positivity domain, that is the set of points {v1, v2, v3} for
which ρS as in (36) can be taken as a proper initial state, is a ball with radius
1 and origin in the point {1, 1, 1}.

Our goal is then to determine whether there is a subset of the initial
positivity domain such that the state ρS(t) obtained via (3) is positive at
any time t. In particular, we take into account the maps corresponding to
the so-called Pauli channels [41, 14], whose generators are given by

Lα[ρ] =

3∑
j=1

γα,j(t) (σjρσj − ρ) . (38)

When the rates γα,j(t) are non-negative and time independent each of this
generator corresponds to a GKSL master equation, otherwise the dynamics
can be highly non-Markovian also for a single Lα [27]. Here, as said, we
restrict to semigroups; note that while the coefficients γα,j can be different
for the different Lαs, the Lindblad operators are always the same, i.e., the
Pauli matrices. The corresponding CPTP maps take the form

φα(t)[ρ] =
3∑
j=0

pα,j(t)σjρσj , (39)

where the coefficients pα,j(t) are readily expressed by introducing the vectors
~pα(t), whose components are (~pα(t))j = pα,j(t), so that one has

~pα(t) =
1

4


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

~λα(t) , (40)

where (~λα(t))j = λα,j(t) with

λα,0 = 1, λα,j = e−2(γα,k+γα,m)t, j 6= k 6= m = 1, 2, 3, (41)

i.e., the exponential decays characterizing semigroup dynamics. Note that
the {λα,j(t)}j=0,...,3 are eigenvalues of the map φα(t)

φα(t)[σj ] = λα,j(t)σj , (42)

while the coefficients {pα,j(t)}j=0,...,3 form a probability distribution, i.e.

pα,j(t) ≥ 0 and
3∑
j=0

pα,j(t) = 1.

2250008-15



A. Smirne, N. Megier, and B. Vacchini

For the sake of simplicity, we now restrict to two different semigroup
maps, one for the dual frame element D0, which we denote as φ(t) := φ0(t),
and another for the other elements, which we denote as φ̃(t) := φ1(t) =
φ2(t) = φ3(t); accordingly all the parameters referred to the first (second)
map will be indicated without (with) a tilde. The state at time t obtained
via (3) then reads

ρS(t) =
1

2

(
11 + (λ̃1(t)v1 − λ1(t))σ1 + (λ̃2(t)v2 − λ2(t))σ2

+ (λ̃3(t)v3 − λ3(t))σ3

)
, (43)

so that the positivity domain at a generic time is specified by the condition

(λ1(t)− λ̃1(t)v1)2 + (λ2(t)− λ̃2(t)v2)2 + (λ3(t)− λ̃3(t)v3)2 ≤ 1 , (44)

which defines the interior of an axis-aligned ellipsoid with semiaxes lengths
1/λ̃1(t), 1/λ̃2(t) and 1/λ̃3(t), centered at the point
(λ1(t)/λ̃1(t), λ2(t)/λ̃2(t), λ3(t)/λ̃3(t)).

4.2. Results

Summarizing the previous discussion, our primary goal is thus to find the val-
ues {v1, v2, v3} that satisfy both (37) and (44), where the former inequality
defines the initial positivity domain, while the latter depends on the dynam-
ical parameters λα(t) and λ̃α(t).

To this aim, it is advantageous to decouple the quantities referred to,
respectively, φ(t) and φ̃(t). Note that we can interpret (44) as an equation
of a ball with the axis rescaled by λ̃s:

(λ1(t)− x̃(t))2 + (λ2(t)− ỹ(t))2 + (λ3(t)− z̃(t))2 ≤ 1 . (45)

We call the set of points {x̃(t), ỹ(t), z̃(t)} satisfying this inequality an evolved
positivity ball, as for t = 0 it gives the initial positivity domain as in (37).
On the other hand, (37) after such rescaling takes the form

1

λ̃2
1(t)

(
λ̃1(t)− x̃(t)

)2
+

1

λ̃2
2(t)

(
λ̃2(t)− ỹ(t)

)2
+

1

λ̃2
3(t)

(
λ̃3(t)− z̃(t)

)2
≤ 1 ,

(46)
and the set of all evolved initial points is an axis-aligned ellipsoid centered at
(λ̃1(t), λ̃2(t), λ̃3(t)) with semiaxes lengths λ̃1(t), λ̃2(t) and λ̃3(t). Accordingly,
the intersection of this ellipsoid with the evolved positivity ball with radius
1 and origin in (λ1(t), λ2(t), λ3(t)) gives the wanted set of vs. If the whole
ellipsoid is contained within the evolved positivity ball at a given time t, all
initial density operators ρS stay positive at this point of time. By virtue of
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Fig. 1: Example 1: evolved initial points (red) and the evolved positivity ball
(blue). Left: γt = 1/10, Middle: γt = 1/2, Right: γt = 2.

the rescaling introduced above, the form and location of the ellipsoid is only
governed by the λ̃s, while the positivity ball evolves according to the λs.

In Fig. 1 and 2 we report the ellipsoid of evolved intial points defined by
(46) (in red) and the evolved positivity ball defined by (45) (in blue), for two
different choices of the parameters defining the semigroup maps.

EXAMPLE 1 In a generic case all the λs and λ̃s describe exponential decay,
i.e. according to (41) at most one of the γs and γ̃s is zero. In this case the
centers of both the evolved positivity ball and the evolved ellipsoid converge
to (0, 0, 0). Additionally, the ellipsoid asymptotically shrinks to a point,
while the size of the evolved positivity ball does not change. Hence, for large
enough times the ellipsoid will be completely contained into the positivity
ball. For intermediate times, a portion of the ellipsoid can leave the evolved
positivity ball, as seen in Fig. 1 for the following choice of the parameters:
γ1 = γ̃1 = 0, γ2 = γ3 = 2γ̃2 = 2γ̃3 = γ, which correspond to

λ1(t) = e−4γt, λ2(t) = e−2γt, λ3(t) = e−2γt,

λ̃1(t) = e−2γt, λ̃2(t) = e−γt, λ̃3(t) = e−γt. (47)

The larger values of the γs with respect to the γ̃s result in a quicker motion
of the positivity ball than of the ellipsoid. Accordingly, some of the states in
the initial positivity domain will anyhow lead to temporarily negative evolved
matrix ρS(t).

EXAMPLE 2 If, on the other hand, two of the γ̃s equal zero, one can see a
qualitatively different behaviour, as some of the choices of initial points lead
to eternally negative evolved matrix ρS(t). For example, for γ1 = γ̃1 = γ̃2 =
0, γ2 = γ3 = γ̃3 = γ, which correspond to

λ1(t) = e−4γt, λ2(t) = e−2γt, λ3(t) = e−2γt,

λ̃1(t) = e−2γt, λ̃2(t) = e−2γt, λ̃3(t) = 1 , (48)
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Fig. 2: Example 2: evolved initial points (red) and the evolved positivity ball
(blue). Left: γt = 1/10, Middle: γt = 1/2, Right: γt = 2.

the z-coordinate of the initial points is constant: (e−2γtv1, e
−2γtv2, v3). Ac-

cordingly, the semi-axes length in this direction of the ellipsoid does not
change in time and its center remains on the same x-y plane, see Fig. 2. All
of the choices of points with v3 > 1 will at some point of the evolution leave
the evolved positivity ball forever.

5. Conclusion

In this paper, we have considered an approach to describe the dynamics of
open quantum systems that allows one to take into account fully general ini-
tially correlated system–environment states. The starting point is the OPD
decomposition of the initial global state, which involves positive and normal-
ized operators on the environmental side and fixes the evolution of the open
system through a set of time-dependent CPTP maps. Such a decomposition
can be defined via a positive frame on the open quantum system and it is in
general highly non-unique. In particular, we introduced two OPD decompo-
sitions, one that is based on the generalized Pauli matrices and one directly
on the basis elements of the open-system Hilbert space; notably, the latter
can be defined also for infinite-dimensional Hilbert spaces, thus showing how
the OPD-based approach to open-system dynamics is not restricted to the
finite-dimensional case. In addition, we have demonstrated that the cost
of the decomposition, that is the number of terms involved in it and thus
the number of resulting CPTP maps fixing the reduced dynamics, is always
bounded by the Schmidt rank of the initial global state. This is a partic-
ularly useful feature of the approach, since it implies that the open-system
evolution can be fixed by a number of equations, for example as in [40],
that is a direct expression of the amount of correlations between the open
system and the environment and it is ultimately bounded by the dimension-
ality of the open system. Finally, we have studied the case where the CPTP
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maps defining the reduced dynamics along with the OPD decomposition are
semigroups fixed by the Gorini-Kossakowski-Lindblad-Sudarshan form. In
particular, in the case of qubit Pauli channels, we have derived explicit con-
ditions identifying the positivity domain defined by the initial reduced states
that are mapped to proper states at any time and we have distinguished two
qualitatively different regimes; one where all the states compatible with a
given initial decomposition are eventually mapped into proper states after a
transient time interval, and one where some states lead to eternally negative
evolved matrices.
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