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Abstract

We describe and realize an experimental procedure for assessing the incompatibility of two qubit
measurements. The experiment consists in a state discrimination task where either measurement is
used according to some partial intermediate information. The success statistics of the task provides
an upper bound for the amount of incompatibility of the two measurements, as it is quantified by
means of their incompatibility robustness. For a broad class of unbiased and possibly noisy qubit
measurements, one can make this upper bound coincide with the true value of the robustness by
suitably tuning the preparation of the experiment. We demonstrate this fact in an optical setup,
where the qubit states are encoded into the photons’ polarization degrees of freedom, and
incompatibility is directly accessed by virtue of a refined control on the amplitude, phase and
purity of the final projection stage of the measurements. Our work thus establishes the practical
feasibility of a recently proposed method for the detection of quantum incompatibility.

1. Introduction

Quantum incompatibility is one of the most striking and fascinating features of the quantum world. It roots
in the very essence of quantum physics as a noncommutative probabilistic theory: in such a theory, there
necessarily exist measurements that are mutually exclusive, in the sense that their statistics cannot be
post-processed from any single and more informative joint measurement [1, 2].

Despite its statistical nature, however, quantum incompatibility is elusive in practical experiments.
Indeed, being a no-go statement about the theory, its empirical verification can only be of indirect type.
Usually, quantum incompatibility is detected by means of the violation of Bell-type or steering inequalities
[3-5]. These inequalities are violated only in entangled states, and thus generally may require a demanding
preparation to be performed by the experimenter.

The situation considerably changed after some recent works pointed out that quantum incompatibility
can be assessed also in a state discrimination task with intermediate information [6—8]. Such a task does not
involve multipartite quantum systems, and for this reason it is easier to be performed in the laboratory. The
task is actually a variation of the usual state discrimination, from which it differs only in the following extra
step: before guessing the unknown state, the experimenter receives some classical information, and, based
on it, he performs a measurement chosen from some predetermined possible alternatives [9—12]. It then
turns out that the probability of guessing the correct state is connected to the incompatibility of the
measurements used in the experiment. More precisely, the success probability yields an upper bound for the
incompatibility robustness of these measurements, a quantifier of incompatibility that is widely used in the
literature [13—15]. The bound is device-dependent, meaning that the experimenter needs to have full
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control over the states to be discriminated. Nevertheless, if the states are suitably tuned, the bound actually
coincides with the true value of the robustness for a quite broad class of measurements.

In this paper, we devise and experimentally demonstrate a concrete and versatile strategy to determine
quantum incompatibility via a state discrimination task with intermediate information. For the
experimental implementation, we employ a two-level system realized in a quantum optical setup. Qubit
states of the system are encoded into the photon polarization degrees of freedom, while the measurements
are realized by means of a spatial light modulator, capable of introducing both any wanted phase and any
programmed noise [16—19], and also ensuring a high degree of control on the final polarization
projections. For a large family of measurements, we show the agreement between the theoretical evaluation
of the incompatibility robustness and its assessment via the experimentally determined success statistics of
our state discrimination task. Moreover, we explore a class of measurements whose incompatibility
robustness still lacks an analytic derivation, but nonetheless can be upper bounded via the experimental
procedure proposed here.

The realization of experiments aimed at testing and assessing quantum incompatibility is a very novel
field of research, to the point that, up to our knowledge, only two recent articles addressed this topic before
the present one. In [20], the degree of incompatibility of two qubit measurements was evaluated by
determining the success probability of a communication protocol based on random access code. In the
proposed experiment, incompatibility was detected and quantified by means of the violation of a classical
bound in the quantum version of the protocol [21]. More directly related to our approach, the authors of
[22] employed a state discrimination task with intermediate information in order to determine the
incompatibility robustness of two mutually unbiased bases in a three dimensional system. They considered
noisy versions of a fixed pair of such bases, and assessed incompatibility under different levels of the noise.
In the present work, we drop the mutual unbiasedness hypothesis, thus extending the results of [22] to a
considerably more general class of measurements.

The paper is organized as follows. Section 2 recalls the basic facts about quantum incompatibility and,
in particular, the notion of incompatibility robustness and its relation with state discrimination tasks with
intermediate information. We then focus on the specific state discrimination task of our experiment and on
the noisy unbiased qubit measurements that constitute the target class of measurements. Section 3 contains
the main results of the paper. After illustrating the experimental apparatus, we perform our state
discrimination task and, by means of its results, we empirically determine the incompatibility robustness of
all pairs of equally noisy unbiased qubit measurements. Moreover, by considering qubit measurements with
different amounts of noise, we demonstrate that the same procedure provides a nontrivial upper bound for
the incompatibility robustness even in circumstances where its analytic evaluation is still an open problem.
Finally, section 4 discusses the conclusions and future outlooks of our work.

2. Detecting quantum incompatibility

2.1. Incompatibility robustness

We consider finite-dimensional quantum systems, i.e., systems in which a state is described by a complex
matrix o whose eigenvalues are nonnegative and sum to one; in symbols, ¢ > 0 and tr [p] = 1. If

X = {x1,...,x,} is any finite set, a measurement with outcomes in X is a collection A = {A(x1), ..., A(x,)}
of d x d complex matrices such that A(x) > 0 forallx € Xand >, A(x) = 1, where 1 denotes the
identity matrix [23]. The probability that the measurement A gives the outcome x when performed in the
state g is given by the Born rule tr [ pA(x)]. Measurements constitute a convex set, meaning that, if A and B
are two measurements both having outcomes in the same set X, we can form their mixture

C = nA + (1 — n)B for any 7 in the interval [0, 1]. The mixture C is realized by measuring either A or B
with respective probabilities 17 and 1 — 7, see figure 1. If we fix A as the reference measurement, C can be
interpreted as a noisy version of A, in which B is the noise and 7 is the visibility of A in C [15].

Quantum incompatibility is a property involving two or more measurements, and it consists in the
impossibility of deriving the statistics of all of them by post-processing the results of a single measurement.
Formally, if A and B are measurements with respective outcome sets X and Y, we say that A and B are
compatible if they admit a joint measurement J with outcomes in the product set X x Y such that
Alx) = Zer J(x,») and B(y) = >~ . J(x, ) for all x and y; otherwise, A and B are called incompatible.
The case with more than two measurements is similar. We denote by M (X, Y) the set of all pairs of
measurements (A, B) with respective outcome sets X and Y, and we write CM (X, Y) for the subset of those
pairs in which A and B are compatible. The two sets M (X, Y) and CM(X,Y) are convex, that is, if
(A,B) and (C, D) belong to either of them, then the same is true for the mixtures (nA + (1 — 1)C,nB +
(1—=m)D)=:n-(A,B)+ (1 —n)-(C,D) for any choice of € [0, 1].
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Figure 1. In the mixture of two measurements, either measurement is randomly selected and then performed in the state of the
system. For each measurement, the probability of being selected is the respective weight in the mixture. Only measurements
sharing the same outcome set can be mixed.

(C,D)

Figure 2. The incompatibility generalized robustness 7%(A, B) is the maximal visibility of the pair of measurements (A, B) in a
compatible mixture. The noise model for 78 is the full set N = M (X, Y) of all pairs of measurements (C, D).

A natural way to quantify the incompatibility content of a pair of measurements is by determining the
minimal amount of noise which renders them compatible. Such an approach obviously depends on the
choice of a noise model, that is, of all pairs of measurements A" C M(X, Y) which are regarded as noises
affecting the reference measurements. Common choices for the set A" are e.g. all pairs of trivial [24, 25] or
uniform [26] measurements; see [15] for a detailed account of other possibilities. In the present paper, we
fix as our noise model the full set A' = M(X, Y) of all pairs of measurements. The corresponding
incompatibility quantifier is then the incompatibility generalized robustness n8, which is defined as

178(A,B) = max {n € [0,1]|7- (A,B) + (1 — ) - (C,D) € CM(X,Y) for some (C,D) e M(X,Y)} (1)

for all pairs of measurements (A, B) € M(X,Y). The geometric meaning of n%(A, B) is depicted in figure 2;
a detailed mathematical description can be found in [14]. Here, it is enough to observe that the smaller is
n&(A, B), the more incompatible is the pair of measurements (A, B), and that n8(A, B) = 1 if and only if

(A, B) is a compatible pair. The quantity 78(A, B) is directly related to the incompatibility robustness
introduced in [13], which is defined as IR (A, B) = 1/58(A, B) — 1 and decreases to 0 as long as the pair

(A, B) becomes compatible. Our preference for using n8(A, B) in place of the equivalent quantity IR(A, B) is
due to the more immediate geometric interpretation.

2.2. State discrimination with intermediate information
We now introduce the state discrimination task with intermediate information that is at the root of our
strategy for experimentally assessing the incompatibility content of an arbitrary pair of measurements.

In the usual state discrimination task [27-29], a quantum system is prepared in a state g;, which is
randomly picked from a fixed collection of states S = {0, ..., 0,}. A measurement is then performed with
outcomes in the set {1,...,n}, and the objective is correctly guessing the value of i with the outcome i
given by the measurement. Clearly, in general the equality i = i’ cannot be achieved with certainty. The best
one can do is achieving it with the highest possible probability, and to this aim the measurement used for
the task needs to be properly optimized.
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In a state discrimination task with intermediate information [10—12], the above scenario is modified by
adding one extra step to it. Namely, before the measurement is performed, the experimenter receives some
classical partial information about the index 7 of the unknown state, and he is then allowed to optimize the
measurement accordingly. Thus, two or more different measurements can be used to detect the value of i,
and the experimenter can switch from one to the other based on intermediate information.

In order to illustrate the latter scenario in more detail, we focus on the simplest case in which the
original collection of states is partitioned in two subsets S, = {0,,[x € X} and S, = {g,y|y € Y}, and
intermediate information consists in knowing which subset Sy the unknown state g; belongs to. Here, X and
Y are arbitrary label sets (reducing to the index set {1,...,n} in the usual scenario) and K = {a, b} is the
set containing intermediate information. We also fix two target measurements A and B with outcomes in X
and Y, respectively. The experiment then consists in the steps below:

(a) choose either k = a or k = b with respective probabilities g, and g,;

(b) if k = a, pick the label z € X with probability p,,, otherwise pick the label z € Y with probability p,;;

(c) prepare the system in the state g,

(d) depending on the chosen k, perform either the measurement A (if k = a) or B (if k = b) in the state
Ok

(e) compare the obtained measurement outcome z' with the label z picked in step (b);

(f) the experiment is successful whenever z and Z' coincide.

In the task described above, the success probability is

P(E;AB) =40 paatr [0:0A@D] + @Y _ paptr [05B()] s (2)

zeX zeY

where the symbol £ —which we call a partitioned state ensemble—collectively denotes the two sets of labeled
states S, and S together with the three probability distributions {p, .|z € X}, {p,,|z € Y} and {q;|k € K}.

It is important to remark that the probability (2) can be empirically determined by collecting the success
statistics obtained from many repetitions of the above experiment.

2.3. Detection of incompatibility
In this section, we establish the connection between the incompatibility generalized robustness introduced
in section 2.1 and the state discrimination task described in section 2.2. We essentially follow [7, 8].

The success probability (2) easily allows to express an upper bound for the incompatibility generalized
robustness (1), which holds for all pairs of measurements (A, B) € M(X,Y):

M(E)
8 < ——v.
n*(A,B) < F(E.AB) (3)
In the right-hand side of this expression, the quantity
M(€) = max{P(&;C,D)|(C,D) € CM(X,Y)} (4)

only depends on the partitioned state ensemble and can be evaluated analytically. On the other hand, as we
already pointed out, the probability P(£; A, B) is experimentally assessable by collecting the success statistics
of many runs of the experiment.

The essential point proved in [7, 8], however, is that there always exists a particular choice of the
partitioned state ensemble £ for which the inequality (3) actually becomes an equality. Such a choice, of
course, depends on the measurements A and B. We thus see that, if the preparation is suitably tuned, then
the incompatibility generalized robustness can be determined in a state discrimination task with
intermediate information.

2.4. Unbiased qubit measurements
In our experiment, we focus on a qubit system H = C? and we want to determine the incompatibility of
two dichotomic measurements A and B. For simplicity, we assume that the outcome sets of A and B
coincideand X = Y = {+, —}.

As a remarkable fact, for a particular choice of the partitioned state ensemble &£, the inequality (3)
becomes an equality for a quite large class of measurements. Namely, for all z € {+, —} and k € {a, b}, we
set

1 1 I,
pz\k:qkzi) Qz\k:E(l+Zuk'U) (5)

4
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with

. 1 ., R r .
ua:ﬁ(el“‘eZ)) szﬁ(el—ez)- (6)
In these expressions, €j, &, and &; are the unit vectors along the coordinate axes of R3, and for any vector
U = v1€] + 1,8, + 1383 we set U - & = v,0] + v,0, + v303, where 0}, 0, and o3 are the three Pauli matrices.
For two fixed directions @ and b and real numbers 0 < a, B < 1, we consider measurements of the form

Am;(z):%ﬂ%—za&'-&’), Bﬁg(z):%(lﬂﬁé.&). (7)

These measurements constitute two noisy unbiased qubit measurements along 4 and b with possibly
different noise parameters o and 3. The smaller are the parameters a and 3, the more intense is the noise
in the respective measurements. In the noiseless case a = 3 = 1, the measurements A,z and B ;; are
projective. ‘

For the partitioned state ensemble defined in (5) and (6), the maximum (4) was evaluated in [10, 11]

and found to be
1 1
ME==-(1+—], 8
&) 2( +\/§> (8)

so that the quantity on the right-hand side of (3) reduces to

V2+1

XEAB) = e AB)

9)

Remarkably, it turns out that the bound (3) is saturated by the measurements (7) when 4 and b lie in the
plane spanned by € and é,, they are symmetric around €;, and we further enforce the same noise parameter
in the two measurements (see figure 3). More precisely, for

d = cos B¢, + sin 08, b = cos 0¢, —sin 0é,, 0< 6 < g, (10)

we have
77g(A~,5, B“/E) = X(gv A’yﬁ) B,)i,’) (11)

provided that the noise parameter -y satisfies

1
— <y <1 12
cos 0 + sin 6 K (12)
(the proof can be found in [15] for the case v = 1 and in appendix A for v < 1). For the other values of a,
b, a and (3, the inequality (3) still holds true and yields

ng(AaE) ng) < X(ga Aaﬁ) Bgi,’) (13)

In particular, the inequality is trivial when A,z and B(ﬁ? are compatible, since in this case 78(A.z BSE) =1
and P(&; Ana, B(ﬁ?) < M(€) by definition. This happens e.g. when

1

R —— 14
cos 6 + sin 0 (14)

a=p0<
which motivates the constraint on «y given in (12).
Summarizing, the success probability in the partitioned state ensemble (5) and (6) is the quantity we are
going to estimate through our experiments, as it allows to evaluate the incompatibility of the measurements
A,z and B ; via (9) and (11), or at least upper bound it via (13), depending on the values of the noise

parameters o and 3 and on the directions d and b.

3. Experimental procedure and results

3.1. Experimental apparatus

The logical scheme of our experiment is illustrated in figure 4(a). The two main parts are the state
preparation stage, where the input states are generated by a polarization rotator and a phase gate, and the
measurement stage, which consists of a phase gate, a phase diffusion, a polarization rotator and finally a
projection element realized by a polarizer. By using a polarization rotator and a phase gate, it is possible to
generate a pure state of arbitrary polarization starting from a single photon with horizontal polarization.
This allows us to obtain the 4 states (5) and (6) with a high degree of purity (as shown in the next section),
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2

Figure 3. Geometric representation of the directions identifying the measurements (7) considered in the experiment. The red
arrows represent the vectors @ and b defined in (10), which are symmetric with respect to €, and span the angle 26. The blue
arrows represent the vectors (17) obtained by tilting the previous vectors @ and b by the angle ¢ around ;.

as well as to realize general projective measurements, in particular the measurements (7) for « = g = 1.
Denoting by |H) and |V) the horizontal and vertical polarization vectors and setting

1 . 1 .
aal®)) = 5 (H) +2€°1V)), (9@ = 7 (H) +2e7|V)) (15)
for z € {4, —}, the 4 pure states (5) and (6) are realized as

Qz\a = |wz\u(7r/4)><wz\a(ﬂ—/4)‘) Qz\b = |wz\b(7r/4)><wz\b(ﬂ—/4)‘ (16)

Concerning the measurements (7) with « = 8 = 1, we first choose d and basin (10), which corresponds to
A; and B; being the projective measurements in the bases {|w+‘a(9)>, W—\u(9)>} and

{1%415(0)), [_5(0)) }, respectively. In addition, we also consider the case where  and b are rotated around
€; by an angle ¢, while the angle between them remains fixed and equal to 20 = /2. In the latter case,

1 - 1
—— (€, +cos p&;, +sin ¢e3), b=—= (€ —cos ¢p& —sin ¢é;), (17)

V2 V2

and A; and Bj are the projective measurements in the bases {|g0+‘a(¢)>, |g0_‘a(¢)>} and
{lo416(0))s lo_15(¢)) } respectively, where

|S02\u(¢)> Y/ 772(¢)|H> + Zeigw)\/ 1— nz(¢)‘v>>
(@) = V1 — 1.(@)|H) + ze 5D/, (¢)|V) (18)

a:

with )
z sin ¢

n.(p) = % (1 + NG ) , ¢(¢) = arctan cos ¢. (19)

In the experiment, the phases ¢(¢) and the amplitudes 7,(¢) are set by the phase gate and rotator in the
projection stage. Finally, it is possible to implement the noisy measurements A, and B ;; by adding a phase
diffusion. This follows by rewriting (7) as

1 1
A(,“}‘:CVAE"—(I—CV)EL BﬂE:BBE—i_(l_ﬂ)EI’ (20)

and observing that the right hand sides are mixtures of the projective measurements A; and B;; with the
uniform trivial measurement, i.e., the measurement that outputs + or — with equal probabilities and
independently of the system state.

The actual experimental implementation of the scheme described above is depicted in figure 4(b). Twin
photons are generated via parametric down-conversion by a 1 mm thick beta-barium borate non-linear
crystal (BBO), which is pumped with a radiation at 405 nm generated by a laser diode. One of the two
photons (i = idler) is merely detected. The other photon (s = signal) is used to implement the procedure
illustrated in figure 4(a). First, its polarization is rotated by the proper angle by means of a half-wave plate
(HWP). Then, the phase gate is implemented by a spatial light modulator (SLM), which is a 1D liquid
crystal mask (640 pixel, 100 pm/pixel). The SLM is controlled by computer along the x direction and it is
used to introduce the desired phase for each pixel. By means of a single SLM, it is possible to implement
both the phase gate operation in the preparation stage and the phase gate as well as the phase diffusion in
the projection stage. The two phase gate operations are performed by setting all the pixels to the same
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(a)

e &
preparation stage measurement stage

(b)

coincidence counts

Figure4. (a) Logical scheme of the experiment. The system goes through state preparation and measurement stages. In the
preparation stage, a rotation and a phase gate operation generate a pure polarization state, starting from a horizontally polarized
photon. Analogously, in the measurement stage, a phase combined with another rotation and the action of a polarizer on the
horizontal direction realize a polarization projective measurement. Possibly, the presence of phase diffusion leads to noisy
measurements (see (20)). (b) Sketch of the experimental apparatus. The signal photon (s) exiting the non-linear crystal (BBO) is
first rotated by means of a half-wave plate (HWP). The phase-gate operations as well as the introduction of noise are then
realized via a spatial light modulator (SLM) affecting the photon phase with control in the x direction. A second HWP and
polarizer (P) fully determine the measurement.

proper value in the signal part of the mask. On the other hand, in order to implement the phase diffusion,
we add a random phase that is different for each pixel. In particular, we use a random function consisting in
a flat distribution between the two values —¢/2 and ¢/2, so that the mixing factors o and /3 of the noisy
measurements (20) are functions of £. Finally, we use a second HWP and a polarizer (P) with axis on the
horizontal direction to complete the projection stage. In the first part of the experiment, these last two
devices allow us to select among the projective measurements in the bases {|¢_Ha(9)>, W_‘a(Q))} and
{|¢_Hb(9)>, [v_,(6)) }, while in the second part we use them to set the proper values of ¢(¢) and 7,(¢) in
(19) and to select among { |¢1a(9)), [0—a(9)) } and {|¢115(#)), [0-15(¢)) }. The two HWPs are rotated by
step motors controlled by computer. The coincidence counts are detected by two home-made single photon
detectors.

3.2. Measurement of the success probability

As explained in section 2.4, the incompatibility generalized robustness of the two qubit measurements A,z
and B ; can be assessed or at least upper bounded by knowing the value of the success probability

P(E; Anzs Bﬂg) for the partitioned state ensemble (5) and (6). Here, we recall that P(E; A,z 865) is obtained
either by performing the measurement A,; in a state randomly chosen with uniform probability among the
two states 0 ,, 0|, of the first subensemble, or by measuring B ;; in one of the two states of the second
subensemble, chosen again with uniform probability among ¢, 3, 0_|;- The two alternative preparation and
measurement procedures are also equally probable. We get a success each time the outcome z’ of A,z
(respectively, Bﬂg) coincides with the label z of the prepared state g, (resp., g,;). The resulting probability
P(&; ALz, B 55) is then half the sum of the occurrence probabilities of the latter coincidences.

In our setup, the success probabilities of the two alternative procedures are determined by the photon
counts in the presence of the respective states and measurements. In figure 5, we report the photon counts
along with their uncertainties for two exemplary pairs of measurements, namely, the two projective
measurements Az and By with @ and b given by (10) for § = 10°, and their uniformly noisy versions (20)
with equal noise parameters & = § = 0.6. Among the 8 resulting frequencies (two possible outcomes for
each initial state), only 4 ones contribute to the definition of P(£; A,z B ﬁg). We note that, in the case of
projective measurements, the uncertainties are dominated by the statistical fluctuations associated with the
number of photons, since these fluctuations are very close to the shot-noise distribution. From our data, we
can also deduce a purity of 0.985. On the other hand, in the presence of a noisy measurement, we have a
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Figure 5. Percentage of photon counts for the 4 prepared states 0 ,, 0|4, 045> 0 in (5), (6) and (16). For each state, the two
bars are the percentages associated with the two possible outcomes (respectively, + and —) of the corresponding measurement,
which is A,z for the states ¢, |, 0_|,» and B for the states 0, ;, 0_ ;. The vectors d and b are given by (10) with 6 = 10°. Left:
projective measurements with & = 3 = 1. Right: noisy measurements with & = 3 = 0.6. By (2), the success probability

P(E; Asa Bjj) is the equally weighted convex sum of the 4 empirical frequencies in dark red color.

further contribution that is due to the uncertainty introduced by the assessment of the actual value of the
equal noise v = o = 5. As mentioned above, such noise is implemented via random phases introduced by
the SLM, whose discrete grid of pixels induces an uncertainty on the value of the parameter  that increases
as the noise becomes larger. This leads to deviations from the shot-noise distribution that are progressively
more significant for larger values of the noise.

3.3. Incompatibility generalized robustness for equally noisy measurements
After experimentally determining the success probability P(€; Asz, B ), we can evaluate the quantity
X(E; Aa» B;) defined in (9). We begin with the case of equally noisy measurements, for which we fix

« = 8 = . Moreover, we first assume that the unit vectors @ and b are spanned by €} and ¢, and are
symmetric around €; as in (10) (see figure 3). In this case, by the discussion of section 2.4, the
incompatibility generalized robustness 1(A,z, BA, ;) coincides with x(&; Az, BA, ;) for all values of the noise
parameter v within the range (12). The latter values are exactly those that render the two measurements Az
and BA, ; incompatible. On the other hand, for the partitioned state ensemble (5) and (6), the quantity

X(€; Ay B ;) can be easily evaluated explicitly, resulting in

V2+1

V2 + v (cos 6 +sin 0)° 1)

X(g, A",Zi) BA/E) =

Therefore, by comparing this formula with the experimental data, we empirically verify the value of
1n%(Asa, B ;) predicted by the theory when A,z and B_; are incompatible. For the values of 7 below the
interval (12), the two measurements are compatible, hence 78(Az, B'yl;) = 1 and accordingly we must find
x(€:A@B ) > 1.

The experimental results are shown in figure 6 and confirm the theoretical predictions. In figure 6(a) the
semi-transparent surface is the theoretical value (21) of x(&; A,z BA,E)’ plotted as a function of 7y and 6. The
lozenges represent the results of the experiment, obtained from the photon counts described in section 3.2.
In figure 6(b) the 2D graph displays x (£; Az, BWE) as a function of 6 for several fixed values of -, and it
provides a clear-cut comparison with the experimental points and their error bars. We observe the
agreement between the experimental data and the theoretical predictions for all considered range of
parameters. As it clearly appears, the experimental uncertainties increase for small values of the parameter
7, 1.e., for more intense noise in the measurements, because the fluctuations of v become larger due to the
finite pixel resolution of the SLM. We already remarked that in the present situation the measurements Az
and Bq,l; are compatible exactly when x(&; Az, B'yl;) > 1. In the noiseless case with v = 1, this happens only
at the extreme values § = 0 and 6 = /2, where the projective measurements A; and Bj coincide (for
6 = 0) or coincide up to swapping their outcomes (for § = 7/2). For values of v smaller than 1, the range
of angles ¢ for which A,z and B_; are compatible progressively enlarges. On the other hand, for
X(E; A BA,E) < 1, the two measurements are incompatible and x(&; Az, BA,E) coincides with 75(A.z, BWE)'
Independently of the value of v, the incompatibility generalized robustness has a minimum for 6 = 7 /4,
where the measurements are then maximally incompatible. The most incompatible measurements are
indeed the projective measurements with 6 = /4, for which 18(Az B;) = (2 + V/2)/4 = 0.85. Regardless
of 0, the incompatibility of A ; and Bq,l; reduces by decreasing the noise parameter ~.
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Figure 6. The empirically assessable quantity x(€; Az, Bh’, ;) defined in (9) and evaluated for the measurements A,z and B,, 3

with @ = cos 0¢€, + sin 6¢, and b = cos 0€; — sin 0¢,. These measurements are obtained by mixing the uniform trivial
measurement with the projective measurements Az and B; in the respective bases {|/1.4(8)), [1/_a(6)) } and

{Wﬂb(a [ (6) } see (15) and (20). As discussed in sectlon 2.4, the quantity x(£; A4, B b) coincides with the
incompatibility generalized robustness 78(A.z, B_;) whenever its value lies below 1, while x(&; ‘A @ B ;) = 1implies that the
measurements A,z and B_; are compatible. (a) Tfle quantity x(€;A.5 B b) as a function of v and 6. The semi-transparent
surface is the theoretical predlctlon (21), while the lozenges represent the experimental data. The solid lines connecting the
lozenges at fixed values of y only serve as a guide to the reader’s eye. (b) Sections of the plot on the left for different values of .
Here, the experimental data are reported with their error bars and the solid lines represent the theoretical predictions.

Figure7. The quantity x(&; Az, B;) plotted as a function of ¢ for the projective measurements Az and Bj; in the respective bases
{\gpﬁa(d) \gp ‘a(gb } and {|<p+‘b ))» |<p,‘b(¢)>} (see (18)). Now, the vectors @ and b are given by (17) and obtained from the
unit vectors i, and i, of (6) after a rotation by an angle ¢ around €, (see figure 3). By (13), the quantity x(£; Az, B;;) constitutes
an upper bound for the incompatibility generalized robustness 78(Az, Bj). The experimental data are indicated by the dots and
reported with their error bars, while the solid lines between one point and another are only guides for the reader’s eye. The
dashed line represents 78 (Agz, Bj;) for the chosen measurements. It does not depend on ¢ and coincides with x(€; Az, B;) only for

$=0.

In the second part of the experiment, we consider the projective measurements Az and By, in which

and b are the unit vectors (17). These vectors are obtained from the unit vectors i, and i}, of (6) after a
rotation by an angle ¢ around é; (see figure 3). Since the generalized incompatibility robustness is invariant
under unitary conjugation, the value of 18(Az, B;) coincides with n%(A;,, Bg,) = (2 + v/2)/4 and does not
depend on the angle ¢. The quantity x(&; Az, B;), however, varies with ¢, as it is confirmed by its
experimental values depicted in figure 7 for a range of angles around ¢ = 0. Therefore, according to (13), in
the present situation x(&; Az, B;) only provides an upper bound for the incompatibility generalized
robustness 75(Az, B;). Such a bound is attained solely in the special case with ¢ = 0, which thus represents
an optimal point for the assessment of 78(Az, B;) within the considered family of measurements.

3.4. The case of unequally noisy measurements

Up to now, we only considered pairs of equally noisy qubit measurements. For these measurements, we
managed to find the analytic expression of the incompatibility generalized robustness 78(A.z, B 55), so that
we could compare it with the upper bound x(&; A,z B ﬁg) and then determine the latter bound in our
experiments. Now, we move one step further, and deal with a situation where we lack an analytic formula
for n&(A.z, B ﬂg), but we can still use the experimental estimate of x(&; A,z B ﬂg) to provide an upper bound
via inequality (13).
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Figure8. The quantity x(£; A4, B;) for @ and basin (10), but with possibly different noise parameters v and /3. In the graph,
x(&; A B 55) is plotted as a function of 6 and v = (« + 3)/2. The experimental values are represented by the lozenges, while
the semitransparent surface is the theoretical prediction (21). The solid lines are sections for y equal to 0.5, 0.7 and 0.9. Along
each section, lozenges with different colors correspond to different values of @ and 8 which sum to the same . These lozenges
almost overlap, as we expect since X (£; Aua, B;) depends on o and /3 only through the sum a 4 3. For a = 3 = , the
theoretical prediction is the same as in figure 6. The quantity x(£; A.a, B ;) provides an upper bound for the unknown value of
ng(Auﬁ’ BBE)'

As in the first part of the experiment, we consider two noisy measurements A,z and B ;; with

da=cos 0¢é -+ sin ¢ and b = cos 0¢, — sin 0¢,, but now we no longer assume that the noise parameters
« and f3 are equal. Also in this case, the upper bound x(&; Az, B;;) defined in (9) can be easily calculated,
and one finds that the result is still given by (21) up to substituting v = (a + (3)/2. In particular,

x(&; Az B ﬁg) only depends on the angle 6 and the sum of the noise parameters o + 5. In figure 8, we
report the theoretical prediction of x(&; Az, B ﬁg) as a function of 6 and v and we compare it with the
experimental data. The lozenges represent the result of the experiment for several values of v and 3. The
fact that lozenges with different colors overlap confirms that x(&; A,z B ﬁg) depends on the noise
parameters o and /3 only through the sum « + j3. The essential point, however, is that x(&; Asz, B ;)
constrains the unknown value of n8(A.z, Bﬁg), so that the experimental determination of the former
quantity provides an empirical upper bound for the latter one. In turn, since by definition 7%(A.z, B ;) is
itself the upper bound (1), determining x(&; Asa BSE) provides a limit to the visibility of the pair ‘

(Aua Bjj) in the set of all pairs of measurements that are compatible.

4. Conclusion

We have investigated both theoretically and experimentally the assessment of incompatibility for two qubit
measurements, and to this aim we have employed a strategy based on the success statistics of a
state-discrimination task with intermediate information. Our approach is applicable to a broad and
diversified class of measurements related to the photon polarization degrees of freedom in an optical setup.
The experimental implementation required us to have full control on the phase and purity in the projection
stage of the measurement. In particular, we have demonstrated that the generalized incompatibility
robustness can be empirically quantified by the proposed protocol in the presence of couples of unbiased
measurements along perpendicular directions in an optimal plane. This is the case for both projective and
noisy measurements, as long as they are characterized by an equal amount of noise. Furthermore, we have
shown that, in the more general scenario with unequal noises, the empirical success probability that can be
experimentally accessed in our setup still provides a significant upper bound for the incompatibility
generalized robustness. The data therefore allow to identify a region where a given pair of measurements are
incompatible, and to constrain the distance of this pair from the set of all compatible measurements.

Our results prove the effectiveness of a general strategy to investigate both qualitatively and
quantitatively the incompatibility of quantum measurements. Future studies will naturally address a larger
number of measurements and more complex physical systems, aiming at a comprehensive understanding
and control of this intrinsically quantum feature.
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Appendix A

In this appendix, we evaluate the incompatibility generalised robustness for the pair of qubit measurements
(A, B BE) defined in (7) under the assumption of equal noise parameters. Throughout the section, we let

20 € (0, ) be the angle between the two unit vectors 4 and E, and v € (0, 1] be the common value of the
noise parameters v and 3. We first employ the full symmetry properties of the pair (A, B_;) in order to
drastically simplify the measurements (C, D) involved in the maximization problem (1). Then, we use the
well-known characterization of compatibility for dichotomic qubit measurements in order to conclude the
calculation of 8(A.;, B,},l;). In this way, we provide the proof of (11) and (21) for v assuming the values
(12).

The result of this appendix expands that of [15, section 3.5], where the value of 75(A.3, Bw,;) was derived
by means of semidefinite programming in the noiseless case with v = 1.

A.1. Symmetric measurement assemblages

When o = f3, the symmetry properties of the two qubit measurements (7) involve permutations of their
outcomes as well as of the measurements themselves. Such a kind of symmetries are easily managed within
the general approach described in [30], which applies to tuples of measurements that are transformed by
some group action. In order to briefly illustrate this approach, we recall that a finite fiber bundle is a triple
(Z, T, ), in which Z and T are finite sets and 7 : Z — T is a surjective map. The set Z is the total space of the
bundle, T is its base space and 7 is the bundle projection. Further, for all t € T, the inverse image

Z, = m '({t}) is the fiber at the base point t. A measurement assemblage on (Z, T, ) is then a map

M:Z — M,(C), where M;(C) is the linear space of all d X d complex matrices, such that

(a) M(z) >0forallz € Z;
(b) ZzeZ, M(z) = 1forallt € T.

Properties (a) and (b) mean that, for all base points ¢ € T, the restriction M; = M| 7, 1s @ measurement
with outcomes in the fiber Z,.

A measurement assemblage on (Z, T, 7) is compatible if all the measurements (M;)cr are compatible.
This is more conveniently stated by saying that there is a measurement J with outcomes in the set
S(Z, T, ) of all the sections of the bundle,

SZ,T,m)={s:T—Z|w(s(t)) =1t forall r €T},

such that
M(2) = D Gosinizn J)
s€8(2,T,m)
forallz € Z
Symmetries of a measurement assemblage M are described by a finite group G, acting both on the
bundle (Z, T, ) and on the Hilbert space C4 of the system, in such a way that M intertwines the two
actions. More precisely, we assume that (Z, T, 7) is a G-bundle, i.e., there are two left actions
GxZ>3(gz)—~gzeZand G x T > (g t) — gt € T of the group G on the sets Z and T, respectively, such
that 7(gz) = gn(z) forall g € G and z € Z. Moreover, we fix a projective unitary representation of G on C,
that is, a map U : G — M,(C) which satisfies U(g)*U(g) = 1 and U(gh) o< U(g)U(h) for all g, h € G. The
two actions of G on (Z, T, 7) and on C? combine together, yielding the following action on any
measurement assemblage M : Z — M, (C):

gM(z) = U(gM(g '2)U(g)*

for all g € G and z € Z. The measurement assemblage M is G-covariant if

11
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(c) gM=Mforallg € G.

Property (c) implies that My, (gz) = U(g)M;(z)U(g)" for all g t and z, and, in particular, that the
measurement M, is covariant in the usual sense with respect to the subgroup G, = {g € G| gt = t} which
stabilizes the fiber at t (see [31, chapter 4]).

For a measurement assemblage M on an arbitrary finite fiber bundle (Z, T, 7), we can define the
incompatibility generalised robustness 178(M) by obviously extending (1),

73 (M) = max {n € [0,1] |[9M + (1 = n)N € CM(Z,T,x) for some N € M(Z,T,m)}, (A1)

where M(Z, T, ) is the set of all measurement assemblages on (Z, T, 7) and CM(Z, T, 1) denotes the
subset of all assemblages that are compatible.

The following standard symmetrization trick considerably simplifies the evaluation of #(M) in the
covariant case.

Proposition 1. If M is a G-covariant measurement assemblage on (Z, T, ), then
7¥(M) = max {n € [0,1] |[yM + (1 — n)N € CM(Z, T, x) for some G-covariant N € M(Z,T,m)}.

Proof. We first observe that the set
{nel0,1]|ngM+ (1 —n)N e CM(Z,T,n) for some N e M(Z, T,m)}

coincides with the closed interval [0, 78(M)] by an easy convexity and compactness argument (see e.g. [15,
pages 4-5]). Thus, n < n8(M) if and only if there exists N € M(Z, T, 7) such that

O=7yM+(1—nN e CM(ZT,7).

By defining
1 1
I Mg

gcG gcG

where |G| denotes the cardinality of G, the convexity of M(Z, T, 7) and CM(Z, T, 7) entails that 0% and
N are G-covariant measurement assemblages, and

0 =M+ (1 — )N € CM(Z, T, ).

The claim then follows. O

A.2. Incompatibility generalized robustness of two equally noisy unbiased qubit measurements
Now we show that the qubit measurements (7) are a particular instance of a G-covariant measurement
assemblage. We choose Z = {+a, —a, +b, —b} as the total space. Further, we let T = {a, b} be the base
space and define the bundle projection 7(+4d) = a and 71'(:5:5) = b. Assuming oo = = , the
measurements (7) are then collected in the measurement assemblage

M(£d) = Aa(),  M(£b) =B (), (A2)

which satisfies M, = A,z and M;, = nyl?' The symmetry group of M is the dihedral group G C SO(3), which
consists of the identity element I of R* together with the three 180° rotations Ry, R, and R; fixing the
orthogonal unit vectors ¢, = (4 + l;)/HE[—i— l;||, & = (@—b)/||a— b|| and & = & A &, respectively. Indeed,
G acts on the bundle (Z, T, ) in the natural way, and it acts on the Hilbert space C? by means of the
projective unitary representation U(I) = 1 and U(R;) = o; for i = 1,2, 3. It is then easy to see that M is
G-covariant.

By proposition 1, we can evaluate 78(M) by assuming that in the maximum (A1) the measurement
assemblages N are G-covariant for the dihedral group G. Any such assemblage is necessarily of the form

1 - 1 -
N(£@) = S (1£8-6) = C&),  N(£b) = (1 + d~&) — D(+) (A3)
with B
¢ = v (cos pe; + sin e,), d = v (cos pe| — sin pé) (A4)
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Figure 9. The set of all equally noisy pairs of qubit measurements (green disk D) and the subset of all compatible pairs (blue
square Q), with the geometric construction of the robustness (A5).

and ¢ € (0,27], v € [0, 1]. Indeed, N(+d) = (k1 + - &)/2 for some x € R and ¢ € R?, where the
positivity of N(+a) is equivalent to |¢] < k. Then,

N(-) = N(+R@) = URN(+U(Ry)” = 5 (61 + RsT 7).

The condition N(+a) + N(—a) = 1 implies x = 1 and R; ¢ = —¢, which yield the first two halves of (A3)
and (A4). The other two halves follow from

N(£b) = N(£R,4) = UR)N(FDU(R,)* = %(1 + R 7).

In order to evaluate 1#(M), now we recall from [32] that two unbiased qubit measurements
E(+)=(1+¢€-0)/2and F(+) = (1 £ f - &) /2 are compatible if and only if

E+fH+

E—f”gz.

From (7), (10) and (A2)—(A4), it then follows that the measurement assemblage M + (1 — )N is
compatible if and only if

[y cos @ + (1 —n)v cos | + |y sin 6+ (1 —n)v sin ¢| < 1,

or equivalently

<1

Hm&’Jr (1 —=n)]

1

where ||-||, is the ¢'-norm of R, i.e., i, = |u1| + |ua| + |us].
All the above discussion is summarized by the relation

(A ng) =max{n € [0,1]|nyd+ (1 —n)c € Q for some ¢ € D}, (A5)

where D = {ii € R*| ||ii]| < 1, us =0} and Q = {ii € R’ | ||ii]|, < 1, u3 = 0} are the unit disk and the
unit square in the plane spanned by ¢; and é,, respectively. The condition H'y('i |1 = (cos O +sin 0) < 11is
equivalent to the compatibility of A,z and ng, that is, n*(A,z, Byﬁ) = 1. Thus, from now on we only
consider the case with y(cos# + sin§) > 1.

In the maximum (A5), we can assume with no restriction that the optimal ¢ is given by (A4) with v =1
and ¢ € [7/2,27]. Indeed, if this is not the case, then either » = 1 and ¢ € (0, 7/2), which is impossible
(see figure 9), or v < 1, which implies that 7 is not maximal because we have ¢’ = (1 4 €)¢ — evd € D for
sufficiently small € > 0 and then n'vd + (1 — ')’ € Qwith ' = (n+¢)/(1 + &) > 7. For fixed ¢, the
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maximal 7) is attained when the vector @ = nyd + (1 — n)c lies in the upper right edge of the square Q, that
is, a) + a5 = 1, which gives

B 1 — (cos ¢ +sin ) _ %—'ycos(e—g)
U_fy(cose—i—sinﬁ)—(cosgo—l—sin o) 7cos(9—§)—cos(¢_%).

Maximizing over ¢ € [7/2,27], we obtain

_ V2+1
B V2 + ~(cos @ +sin 6)

(A58 p)
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