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An approach to the description of subdynamics inside the nonrelativistic quantum field
theory is presented, in which the notions of relevant observable, time scale and com-
plete positivity of the time evolution are stressed. A scattering theory derivation of
the subdynamics of a microsystem interacting through collisions with a macrosystem is
given, leading to a master equation expressed in terms of the operator-valued dynamic
structure factor, a two-point correlation function which compactly takes the statistical
mechanics properties of the macrosystem into account. For the case of a free quan-
tum gas the dynamic structure factor can be exactly calculated and in the long wave-
length limit a Fokker—Planck equation for the description of quantum dissipation and
in particular quantum Brownian motion is obtained, where peculiar corrections due to
quantum statistics can be put into evidence.

1. Introduction

A subject of major interest in recent research work in quantum mechanics is the
study of time evolutions other than unitary, allowing for the description of irre-
versible dynamics. At the macroscopic level the motivation is partly shared with

I and

classical physics, lying in the manifest irreversibility of natural phenomena,
partly rests on the quest for a clear connection between the extremely well working
quantum mechanical description of physical systems at microphysical level and our
classical perception of reality, hardly compatible with the superposition principle.?
At microscopic level the phenomenon which now attracts most of the attention
is decoherence,® certainly because of its relevance in the understanding of the
appearance of a classical world,? but perhaps even more because of its fundamen-
tal role in answering the question whether practically useful quantum computers
will be feasible in a more or less distant future;* besides this, nonunitary time evo-
lutions are essential for the description of quantum dissipation and approach to
equilibrium,’ issues whose relevance at the level of applications is increased thanks
to the growing ability to deal experimentally with microphysical probes. The emer-
gence of such irreversible dynamics is strictly linked to the study of subdynamics,
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i.e. of the dynamics of a restricted set of degrees of freedom. In the case of a micro-
system this corresponds to the usual procedure in which one takes the trace over
the degrees of freedom of the environment, or more precisely of the macroscopic
system with which the system of interest is interacting, often leading to a dynamics
in which memory effects can be neglected, describable in terms of a master equa-
tion. More generally for a system with many degrees of freedom one considers a
subset of relevant observables, suitably chosen with respect to the quantities that
can be effectively measured on the system, and looks for the subdynamics of this
restricted subset of degrees of freedom, determining the statistical operator sig-
nificant for this coarse-grained physical description with reference to the relevant
observables, typically obtaining kinetic equations.®” These effective descriptions
should be meaningful on a coarse-grained time scale over which the considered
observables are suitably slowly varying, typically being densities of conserved
charges.310

In this paper we shall review some recent work on the formulation of sub-
dynamics in which the main emphasis lies in the field theoretical description of the
relevant degrees of freedom both for macrosystems and microsystems, together with
a scattering theory approach to the description of the interaction and a particular
attention to the structural properties of the mappings describing the nonunitary
time evolution, such as complete positivity''™'3 or a less stringent generalization
of it,%10 viewpoints also considered in Ref. 14. The approach has already led to
some new results in the treatment of the subdynamics of a microsystem, namely
in the case of neutron optics,'® and most recently especially in connection with the
description of quantum Brownian motion and of the so-called Rayleigh gas;'6720 it
is presently under study for the treatment of subdynamics of relevant observables
inside macroscopic systems,” as to be discussed later on. The whole treatment is by
now nonrelativistic, thus relying on a second quantization formalism where particle
number conservation plays an important role; some work has however already been
done along similar lines of thought for the generalization to the relativistic case.?!
The use of quantum field theory is central in putting into evidence the interplay
between the locality of the interactions and the confinement pertaining to any
real physical system, expressed through suitable boundary conditions on the fields,
which determine the relevant normal modes. Finiteness of any real physical system
that can be prepared in the laboratory is in fact a fundamental evidence that can
be removed through a thermodynamic limit, in order to recover more simple and
elegant results which may have general validity, only as a final step, provided finite
size effects are indeed negligible at the chosen level of description.

The paper is organized as follows. In Sec. 2 the formalism which leads to
a general structure of master equation for the description of the subdynamics
of a microsystem is outlined; in Sec. 3 its application to the case of the inter-
action of a test particle in a quantum gas is considered; in Sec. 4 the connection to
quantum Brownian motion is discussed; in Sec. 5 we comment on the results and
discuss future developments.
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2. Field Theoretical Approach to the Derivation of Subdynamics

We consider a microsystem interacting through collisions with a macroscopic sys-
tem, in other words a particle interacting with matter, both being confined in a finite
region which may be taken for simplicity to be a box, looking for the subdynamics
of the microsystem, essentially referring to Ref. 22, where a short derivation of
the structure of the master equation is given, although a more thorough derivation
based on the same physical approximations can be given and will appear shortly. In
the absence of external potentials the Hamiltonian for the particle can be written

Hp = ZEhaLah, [ah,alh = Ok
h

where [A, Bl = AB F AB, aj and aL denote annihilation and creation operators
for the particle (obeying either Bose or Fermi statistics) acting in the Fock-space
He = > 00 o PHE (where H} is the symmetrized or antisymmetrized n-particle
Hilbert space) and the index f labels a complete set of states {uf} in H5, the normal
modes of the single-particle Hamiltonian with the suitable boundary conditions.
The whole system is then described in the Fock-space Hpy = Hp ® Hym by the
Hamiltonian

HPM:HP+HM+VPM7
where Hy; describes matter and satisfies
[Hm,ap] =0,

while Vpy is the interaction potential. We are interested in the description of a
single microsystem (and therefore the statistics of the microsystem will not play

Np = Z a}:ah
h

is a conserved quantity, [Vpm, Np] = 0 and as a consequence [Hpy, Np] = 0.
We therefore only describe scattering without absorption or creation phenomena,
according to the nonrelativistic treatment. Since we are considering a single particle
we take for the statistical operator describing the whole system at the initial time
the following uncorrelated expression:

ppM = Y alomarogy (1)
9f

where oy is a statistical operator in H3y; = HY ® Hy, the subspace of Hpy in
which Np = 0, describing the macroscopic system alone, so that

any role), so that

agom = QMG} =0 Vf. (2)
In terms of the conserved charge Q@ = Np Eq. (2) means that gy has charge zero,

Qom = 0, i.e. the microsystem is not part of the macrosystem, while (1) means
that ppy describes the system perturbed by a single microsystem, i.e.:

QppM = ppPM -
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We will assume that the macrosystem is not appreciably perturbed by the presence
of the microsystem, so that its dynamics is given by

ds—y = _%[HM7QM]'

The coefficients gq¢ in (1) build a positive, trace one matrix, to be seen as the
representative of a statistical operator ¢ in H{ spanned by the states {u #} accord-
ing to pgr = (ug|d|us), so that ppym is indeed a statistical operator. According
to the general purpose we are only interested in the subdynamics of a subset of
slowly varying observables, generally given by linear operators in Hpy, and not
in a dynamics to be considered reliable for any observable of the system. In this
specific case the relevant degree of freedom is the particle, whose subdynamics we
are looking for, so that we restrict to operators of the form

A= Za}:Ahkak = Zal(uh|A|uk)ak ) (3)
hk hk

where A can generally be an operator in Hpy; = Hp®@H or equivalently Apy can be
operator-valued in Hys. In order to determine the dynamics of the microsystem we
consider the following simple reduction formula from Hpy to Hy, for the expectation
value of observables of the form (3) in the state (1):

Trppn (Apprt) = Y 0kn Tra (Anom) = D oknAnk = Trag (0A) (4)
hk hk

where
Apk = (up)| Trpgy, (Aon)ur) = (un|Alug) .

Let us note that even if Ay is initially a c-number, it becomes operator-valued in
Hy due to the time evolution.

In order to obtain the subdynamics of the particle, given by the time dependence
of the coeflicients g, f, we are led to consider in particular the operator

A= a}ag ,
so that A is given by the rank one operator |uf)(uy| and one has, according to (4)

TrHPM (A,OPM) = Ogf -

The microsystem represents here the selected degree of freedom, with a character-
istic variation time 7 which is much longer than the relaxation time of the macro-
system, which is a microphysical time 7g, typically of the order the duration of a
collision. The slow variability will naturally depend on the physical features of the
normal modes {uy} and of the interaction Vpyi. We determine the generator of the
time evolution of the statistical operator for the microsystem, which according to
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23,13

irreversibility will be generally given by a semigroup, on a time scale 7 much

longer than the correlation time for the macrosystem, approximating dog s (¢)/dt by:

Aoys(t) _ 1

T T

1 _im ipg

== [TrHPM (a}age REPMp(t)en PM) — ggf(t)] . (5)

We then exploit the cyclic invariance of the trace, working in Heisenberg picture

and shifting the action of the temporal evolution operator on the simple operator

expression a}ag, thus concentrating on the observables and considerably simplifying

the calculation, without introducing restrictive assumptions on the structure of

om or of the interaction. We have to study the expression e+%HPMta2ak6_%HPMt,

relying on the slow variability of the considered observable, corresponding to the

quasi-diagonality in the indexes h, k. To proceed further we introduce the following
superoperators (the prime recalling the Heisenberg picture):

H = —[H, ) Ho =~ -7

= [Hewm, ] 0= % -
acting on the algebra generated by creation and annihilation operators. Note
that the operators (a};l)nl ((1;;2)”2 e (a;;r)nr (akl)‘m1 (akQ)m2 e (aks)ms are eigen-

vectors of the superoperator H(, with eigenvalues %(Z:Zl niEp, — >0, miEki), in
particular:

[Hp + Hui, -, V' Vem, 1], (6)

i

hEha];L .

)
’H(’)ah = —ﬁEhah, ’H(/)CLIL = +

In order to calculate (5) we set U'(t) = e™'t and evaluate Ll’(t)(a};ak) by means of
the following integral representation:

+icotn g, 1

U= [ ES 1), W) = (0 ).
—ico4n 2'/TZ

For the mappings defined in (6) identities hold that are reminiscent of the usual
ones in scattering theory:

—H) "= -H) NV (E-H) =1+ -H) VI -H) . (T)

In particular we can introduce the superoperator 7 (z)

-1

TE) =V +V(e-H) "V, (8)

satisfying

-1

(z=H) = (2= HY) T+ (2= Hy) T(2) (=~ Hy) (9)

and

T(z)=V +V(z—H) '"T(z), (10)
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corresponding to the Lippman—Schwinger equation for the 7" matrix. Exploiting
[Hpm, Np] = 0 the restriction to Hpy, of the operator 7(z)[ax] has the simple
general form:

ihT (2)[ag] #1,, E:T’C (thz)ay, (11)

and similarly, taking the adjoint

—iﬁT(z*)[a;;]m%M = Z [Tf (ihz)] af = Z T(ihz)a

f

where Tf(z) is an operator in the subspace H%,,. This restriction is the only part of

interest to us, since we are considering a single microsystem. One can also express
k .
TF(2) in terms of 7(z) as

ihT (2)[axlal, o = Th(ihz),
PM (12)
—ihanT (2)[a]]jpe,, = T (ihz*).

Denoting by |A\) = |0) ® |\) the basis of eigenstates of Hy spanning H3,;,

Hwu|A\) = E\|)), and exploiting (11) we obtain the following explicit representation
of U’(t)ale})M as a mapping of Hpy, into HOy

U'(t)a = /-HOO—H7 dz et [(z —HY) T (2 = HY) T T (2) (2 — H )‘ﬂa
ElHLy - 0 0 0 kI Hbm

—ico4n 2'/TZ

+ico+n
/ dz oot 1
Ciootn 2T 2+ LB

) +ioco+n
ipt 1 / dz

1 .
ap + (z — H6)71i71 ZT}“(zhz)af
f

—=e *h ak}+_ i
T

ih

AN —100+n
f

o INYN[TF (ihz)| X) (A
T IE) (et (Bt Ex—Bxy) (13)

The operator 7(z) has poles on the imaginary axis for z = (i/h)(eq — €g), €a
being the eigenvalues of Hpys. In the calculation we assume that the function 7(z)
for Rez positive and much bigger than the typical spacing between the poles is
smooth enough, so that the only relevant contribution stems from the singularities
of (2 — M)~ !: this smoothness property is linked to the fact that the set of poles
of (z—H')~! goes over to a continuum if the confinement is removed yielding an
analytic function with a cut along the imaginary axis, that can be continued across
the cut without singularities if no absorption of the microsystem occurs. The T
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matrix will therefore be taken to depend very smoothly on energy. Evaluating the
integral (13) becomes

i WTHEI

u,(t>ak|H%>M - +67%Ekta‘k + Z |)\/> Ek; + E)\/ — Ef - E)\

AN/
f

NITF(Ef + Ex — Ex)|A)
E;+E\ — Eyx — Ey
and similarly for the adjoint mapping. On a time scale ¢, much longer than the
collision time 7y, but still much shorter than the typical variation time inside the
reduced description 7 (79 < t < 7), considering suitable slow variables, so that

|Eh;Ek| <<%’ |Eh+E)\/7;Ef—E)\|<<%7

+e B PA Bt (May,

one obtains the following expression for the generator of the time evolution in
Heisenberg picture, denoted by £’:

L{/(t)(azak)m}m = a}:ak + tﬁ’(a}:ak)

)
ﬁt(Eh — Ek)a;flak

tZaILTf (B +ie)ay + tZa*T’” En +ie)ag

= a;;ak +

of ° a|T’”(Eh+ze)|a)
+ Z E' + FEy — Ep — Ey —ic

)\CYCY

(a’|T}“(Ek +ig)|\)
Ef—l—E,\—Ek—Ea/ + i€

(Aag, (14)

where ¢ is a positive quantity, which can tend to zero after the thermodynamic
limit has been taken. In view of (14) let us define the operators

Za*T (Er +ic)ag,

Tt = Z al T{T(By + ie)ay

gr
R = ZRkAfaf
—Z 2e(NT%(Ey, + ic)(Ef + Hy — Ey, — Ex +1ie) ay,
1
R[ ]T ZafR:L)\g

= Za e(Ey + Hy — En — Ex — ie) 'TH (B, +ig)|N)]
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so that we can write

1 1
L' (a}ay) = E[Ho,a};ak] + ﬁ[TMT, allay,
+ Fa [T, ay] ZRMTRkA

Introducing the following one-particle operators

Vil = Z alVigag = = [T 4 THIT]

i — Zairrgag - %[Tm — 7]
gr

so that
T =y _pl vl =yt i = it
the generator of the time evolution may be written
i
£(apar) = 7 [Ho + V1, ajax]
1 1
— ﬁ{[f‘m, ajlar, — a} [TM, ax]} + - Z Rgl\TRL{l . (15)

A

Let us observe that V.4, and I',, are not c-number coefficients, but operators act-
ing in the Fock-space for the macrosystem Hp;: they are connected respectively
to the self-adjoint and anti-self-adjoint part of what can be considered as an op-
erator valued T matrix. The last contribution displays a bilinear structure typical
of the generators of completely positive time evolutions,'® directly connected to
irreversibility, as we shall see in Subsec. 2.1.

2.1. Particle number conservation and complete positivity

It is worth mentioning that within the approximations exploited in its derivation
(15) accounts for particle number conservation, that is to say £'(Np) = 0 and
therefore U’ (¢t)(Np) = Np. Due to

Z [F[I],au ap =T Za}: [F[l],ah} = it
h

h

we have

2 1
£'(Np) = -3 4+ ST RNTRIY
hA
and therefore particle number conservation amounts to

1 1+
ril = 523%*32;. (16)
hX
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The structure of (15) is moreover such that U’(t) satisfies a property analogous
to, but weaker than complete positivity. We first briefly recall the definition of
complete positivity.!!® Consider a system described in a Hilbert space H and the
set B(H) of bounded linear operators on H, containing the observables. A mapping
M’ defined on this set,

M’ : B(H) — B(H),

e.g. a mapping giving the dynamics in Heisenberg picture, is said to be completely
positive provided it satisfies the inequality
n

> M(B[B))ly;) >0 YneN, V{y;} € H, V{Bj}eB(H). (7)

i,j=1
For n =1 the usual notion of positivity is obtained, the condition n € N implying
that complete positivity is in general actually a stronger requirement. It is worth-
while observing that unitary evolutions are not only positive, but also completely
positive. Equation (15) satisfies a weaker version of complete positivity®1? in that
an inequality like (17) only holds for a restricted subset of observables, bilinear in
the creation and annihilation operators a and af, that is to say

n

> il (t)

i,j=1

)| > af (un|BB; |uk>ak] ;) >0 VYneN (18)
hk

with {4;} vectors in Fock-space and {I:%l} operators in the one-particle Hilbert space
Hi. Setting

1 _ 1 1 1] _
y k| — ) ) -
T a] = —F, [Tl al] = F Hy+ Vvl =¢C

we have in fact, at first order in ¢

n

> (il (¢

ij=1

Zah (un|BIB; |Uk>ak] ;)

hk

= 30 (unlBIBjur) (ila) ax + tL (afar) ;)

i,j=1 hk

n o ) T
= 3> (unlBIB;ur) (vl {ah +t%[C, an] — %Fh:|

i,j=1 hk

t t
X |:ak +t- [C ak] - ﬁFk] + ﬁZRQ)]\TRghwﬁ
A

n t
=y (ZZ un|BYug) wzl[awt [C,an] — ;;Fh:| )
i=1 h

|

NE

Z ug|B |ug) {ak +t= [C’ ax] — %Fk:| |¢j>>

1 k
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53 (Sl ) (S
k

gA \i=1 h j=1
n 2
=3 S g 5 ) [ak+t il - ]wm
g Jj=1 k HpMm
t " ?
1

+ 5 ST (gl By lun) RIS ) >0 for t>0. (19)

gX llj=1 k Hpm

Note that according to (19) the condition in (18) holds provided ¢ is a positive time,
thus expressing the irreversibility of the obtained time evolution, which gives rise
to a semigroup law.

2.2. The master equation

Exploiting the reduction formulas (4) and (5), together with (14), we come to the
master equation for the statistical operator describing the microsystem

2% = T (£ (@) ar) prn)

1
= +ﬁ(Eh — FEx) ZTrHPM (a’]}laka‘;gMaq‘qu)
pq

1 .
-3 Z Tropn (a}LLT’} (B + zs)afaLQMaquq)
pqf

) .
+ 7 Z Tr oo, (aI]TZT(Eh + zs)akaLQManpq)
prag
€ (a|TM (B, + ie)|a)
2— T i g
#2537 T (o) L F

Aaa!
pagf

(/| TH(Ex + ig)|A) asal
X
Bt + Ex — By, — B 12 4 9pOM%aCpa

which due to (2) and using the decomposition om = >, me[€) (€| becomes

77 0kh = _ﬁ(Ek — En)okn — ZTYHPM [T%(Ey + i€) omlofn

i .
+ 7 Z Okg Tripn [TZT(E;L + i€) om]
9

Z 77|Tk Ey +i€)|€) . <£|T§LT(Eh+is)|n>
h Ef+ B — By, — Ey +ice gQngg‘HE&_Eh_EW_i‘?'
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The master equation describing the irreversible time evolution of the statistical
operator on the chosen time scale can also be written:

d
77 0k = h(Ek — En)own — ZQkafh +e Zngth

+ % D (Iaerers(Ine)yy (20)

9f
xé
the quantities appearing in (20) being defined in the following way:
Qkf = Trypn [T?(Ek + iE)QM} )
ng = TrHPM [TET(E}L + iE)QM] ;

(N T%(Ex +ie)|€(t))
(Exedis = v 2”5Ef +Ee— Ep— B\ +ie

If we now introduce in H3, the operators I:Io, Q, I:,\g and 0

(glHolf) = Efdys (91QIf) = Qus
Gllelf) = (Lne),r {alolf) = ogs-
Equation (20) takes the operator form:
R T (VU [
-Ez—%&m+wd—7;n@+ﬁ§;uwgp

where
R A AT R A _ Of
¢_Q+d L .4-Q
2 2

Verification of the conservation of the trace of the statistical operator leads accord-
ing to (16) to the following relationship:

~ 1 N
I
I3

and therefore to
do RN “ 1]1 ar oA 1 A A
Ez—ﬁ[HO‘FV;Q] —ﬁ{§ZL§5LA£7Q}+ﬁZLA£QL;g~ (22)
EA EX

We have thus obtained a general structure of master equation for the subdynamics
of the microsystem, which we shall now apply to some specific example, making
a suitable Ansatz for the 7" matrix appearing in (21) and describing the collisions
which drive the interaction between microsystem and macrosystem. This matrix,
obtained averaging over the state of the macrosystem the matrix (11), operator-
valued in Hyp, takes the statistical mechanics properties of the macrosystem into
account and is a natural place for fundamental or phenomenological Ansatz.
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3. Master Equation for a Test Particle in a Quantum Gas

We now aim to apply the master equation (22) to the case of a test particle inter-
acting through collisions with a quantum fluid considered in Ref. 18, a physical
example corresponding to the so-called Rayleigh gas.?* Exploiting the fact that
interactions at microphysical level are translation invariant, a general Ansatz for
the T' matrix (12) is given by

Th(2) = / dx / @y §T (Ul (y)t (s X — y)un(¥ (). (23)

where the integrals are extended over the region in which the system is confined.
We now only want to consider local dissipation effects, so that we will suppose the
system to be homogeneous and use as quantum numbers momentum eigenvalues.
This picture holds provided we are sufficiently far away from the boundaries and
the peculiar features of the normal modes do not play a relevant role, which for
a real confined system will generally be true only for a finite time. According to
this picture at a later stage we will take a thermodynamic or continuum limit, thus
obtaining an expression describing an idealized situation in which the confinement is
completely removed, actual calculations are made easier through the introduction
of integrals instead of sums and invariance properties with respect to symmetry
transformations are more directly formulated and checked.!®

Using as quantum numbers momentum eigenvalues and introducing creation
and destruction operators b);, b, in the Fock-space of the macrosystem #y one
obtains from (23) the following expression in terms of the Fourier transform of the
translation and rotation invariant interaction kernel, which therefore only depends
on the modulus of the momentum transfer

Ty = Z 6Pn+Pk7Ph+Puf(|pP« - pn|)bi,bu ) (24)
np

and where the slow energy dependence of the T-matrix has been neglected for
simplicity, this in turn implying that the potential term in (22), expressible in
terms of the forward scattering amplitude,'® is in fact a c-number, of relevance

only for wave-like, coherent dynamics.'®> Equation (22) then becomes
do ier R
pri _ﬁ[Hm o)+ L[a], (25)

where Hg is the Hamiltonian for the free particle Hy = % and according to (24)

2¢ > o Opntps prtp ,t~(|p,1 - pn|)<)‘|bTbu|§>
L5 = < np “PnTPf, M n
2 +h§§%"’f) Ex — By + Be — By +ic

Zn’u’ 5p,7/+pg PhAD, t~*(|p,/ — Py |)<§|b2:/ bay | A) (

x (Pk|opn)me E), —E;+ E¢ — E\ —ic Py|
g
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Z > Z{| , }ZW potpiopg o L ([Pu — Pyl ) (D] b, [€)
- pf pg 0 B, B B By i

Zn/;/ Op,+pr 7pf+puff*(|pu/ - pn/|)<§|b2:'bn’|)‘>
Eg—Ek-f—Eg—E)\-l-iE )

(26)

X e

Due to translation invariance of the interaction it is now natural and convenient to
introduce as variables the momentum transfers q = p, — p,, 4’ = py — pyy and
accordingly the operators p,

Pq = Z bLbu+q ) (27)
o
so that (26) becomes

ZZZ 9)F* (¢)e %% |p) (p|2lp’) (p'Je ™+~

A pp’
y 1 1
E,-E, g+FE:—FE\+icEy —Ey g+ E—E\ —ic

x (Nlpgl€)me (€lpk 1X) — Z Z Z Z){Ip)(p +d —dl, 0}

1 1
X , .
By —Eprg + Be — Ex —ic Bprg—q — Eprg + B¢ — Ex +-ie

x (Alpgl€)me (€L 1) ,

where the contributions for q = q’ = 0 have canceled out, as denoted by the primed
sum. Expressing the denominators through a Laplace transform and denoting the
energy transfer E,,, — E, by AE,(p), the ensemble average over gyp by (---), the
Heisenberg operator e*r;HMtp e~ wHut by pq(t), we have

_iqg’x 1 —£7
ZZ ¢)er*p)(plolp’)(p'le Vo5 | dreT
[e.¢] , . i N
x / dr' e #7 o RAP®IT HRAB 0T (o1 (7 1))
0

ZZ Ot (@) {Ilp)(p+d — ql,é}%/owdm—%f

o X
></ dr' e 77 ¢t i OBy (P)T e~ ABy(Pra —a)T <p2/pq(7'—7'/)>.
0
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Using the identity 1 = [ dt (¢t — ) and giving for the Dirac ¢ a Fourier represen-
tation one obtains

=+ 30 Y ) PR b plolp!) ol P [ et [T
h — R J, .
pp q
i i ’ ;1 i
x /dEe*ﬂAEdP)*Eﬁeﬁ[AEq(P )= Bl —/dteﬁEt@j;Pq(t»
2rh
17 2 A~ 1 o _Er ° ) —Eeq!
S @) el a g [ dreit [are
q 0 0

—+[AE.(P)—E|T .+ [AE.(p)—E]T +E
X /dE'e 7l (P)—El7 +71 (p)—E] QWh/dte t<,0j1,0q(t)>,

where a major simplification has been given by the homogeneity of the macrosystem,
implying q = q'. We can now undo the Laplace transform coming to

2 - P i
)= 5 e ol e
pp

x/dEE 1 1
7 E— AE,(p) +ic E — AE,(p’) — i

1
x s [ dteFF (php, 1)

N %Z > ' Eg){Ip)(pl, 0}

1 1
E—
/d 7 E— AE,(p) —ic E — AE,(p) +ic

As a last step we exploit the quasidiagonality of ¢ in this representation, linked to
its slow variability, and substitute in the denominators of the first term p, p’ with
the symmetric expression %(p + p’), so that we obtain the expression

~ 2e e ig-x A~ _igx
lol = +3 > D [ia)*e#¥p)(plalp') (p'le”
pp’  q

/ ,
y /dm(E _AE, (%)) 2_171 /dte%E%pgpq(t»
Y

ZZ l€(q)*{Ip)(p|, 0}

< [ aB (B - B )5 [ dechP ol (e). (28)
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Apart from a factor N corresponding to the total number of particles in the macro-
scopic system the two-point correlation function appearing in (28) is the well-known
dynamic structure factor,?>26 here given in terms of momentum q and energy E
transferred to the particle in the collision

S(@E) =5 [t n ), (29)

and evaluated in (28) for energy transfers AEQ(%D') and AE,(p). The master

equation (25) obtained from (22) through the Ansatz (24) can therefore be generally

expressed in terms of the dynamic structure factor of the macrosystem through
do

2 21P0, 6+ L1d]

St

i o~ 2w -
——[Ho, 0]+ =N d "’/ 2
o+ N3 i)

P R _igk +p
X [Zeﬁq [p)(plolp’)(p'le™ " S<q’AEq<p o ))

pp’

5 S Up)pl, 6}S(a, AE, ()

In particular, provided an approximation of the form

s(q E*”) V5@ B)V5(@ F) (31)

can be assumed, Eq. (30) retains a Lindblad structure, typical of the generators of

completely positive time evolutions,?”>'® which in the continuum limit is given by
do T
_— = — — H 5 ) L )
7 = pHo. o]+ L[d]

:_ﬁ{;w] + 2 @mtyn [ dalito)?

[ #\[8(a, A, (5)ay/S(a. AE, (p))e#9% - {S(q,AE (b)), 0} -

Exploiting the fact that

2
q q-p
AEy(p) = Epiqg — Ep = +

we will use in the following the equivalent notations
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so that one can put in major evidence in the master equation the relevant quan-
tities: momentum transfer q and the operators position and momentum for the
microsystem X and p. In particular the dynamic structure factor is operator-valued
due to its dependence on the momentum operator for the microsystem p. According
to (33), Eq. (32) therefore becomes

dp i

% 1,0+ £l
- [;_M @] + 2 ea'n [ Eali)P
«|err BamaySame it - pis@n.a]. 6o

Equation (34) is one of the main results presented in this paper, giving a general
structure of master equation driving a completely positive time evolution for a test
particle interacting through collisions with a fluid. In its expression only quan-
tities with a direct physical meaning appear: the square modulus of the Fourier
transform of the T matrix, stating the relevance of the single collisions, and the
dynamic structure factor, which accounts for the statistical mechanics properties
of the macrosystem, giving its response to external perturbations; both together,
according to (35), essentially give the scattering rate, as appropriate in a master
equation. The two-point correlation function S defined in (29) appears operator-
valued, as to be expected in a quantum framework, thus determining the particular
structure (34). In fact (34), as well as the general Lindblad structure,?”
become meaningless if all operators appearing in it were c-numbers, thus all com-

would

muting and therefore loosing their distinctive quantum feature.

We note in passing that (34) gives a physical example (to our knowledge the
first one) of a recent general mathematical result on the structure of generators of
translation covariant quantum dynamical semigroups.?® The validity of the approx-
imation (31), which is in any case well-defined because the dynamic structure factor
is always a positive function, being related to the scattering cross-section as shown
n (35), depends both on the energy dependence of the dynamic structure factor
and on the quasi-diagonality of the statistical operator describing the microsystem,
which can be safely assumed if the microsystem is not-too-far from equilibrium and
correspondingly its dynamics are on a not-too-short time scale. For a discussion
of this point in a specific physical application see Sec. 4 and also Ref. 29, where
a master equation of the form (30) was considered for a free Bose or Maxwell-
Boltzmann gas, as can be recognized keeping (38) and (39) into account. In any
case the neglected terms are at least quadratic in the energy difference.

3.1. Dynamic structure factor

Let us now go back to the physical meaning of the dynamic structure factor.
This two-point correlation function translates into the master equation driving
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the subdynamics of the microsystem the statistical mechanics properties of the
macrosystem, giving in particular its spectrum of spontaneous fluctuations. The
relevance of the dynamic structure factor mainly lies in its direct experimental
access, in fact as first shown by van Hove® it appears in the expression of the
energy dependent scattering cross-section of a microscopic probe off the considered
system, which gives the physical reason for its being always positive: in particular
one has the result

d*a M \’yp -
2%  _ (2xh)® 2 I
Q) dE, (27h) (27rh2) » [t(q)|*S(a, E), (35)

which gives the scattering cross-section per target particle, if the momentum of the
incoming probe changes from p to p’ = p + q.

The dynamic structure factor, apart from being accessible through experiments
and a natural starting point for phenomenological expressions, can be exactly calcu-
lated in the case of a collection of free particles. In fact from the general expression
(29) one has, denoting with bf, b, creation and destruction operators associated to
the modes of the macrosystem

1 1 i
S(q,E) = h N dte"Et<P:5Pq(t)>
- Li/dte%EtZaﬁb b (b o (1))
2rh N o HIRTdn nra

11 i By e~ PHu i Hrt i Hnrt
= o [ AR Tray (=5 bbu—ge BT by ge BN )

2
and for free particles, setting p — p,, n = pp, Hv — Zu %bl:bm where m is the
mass of the particles, one has

11 § (et e
S(q7 E) = T_ /dte ( ) Z<bLbH—qu]b7]+q>07
N

n

where (---)o denotes the expectation value calculated with the free Hamiltonian.
Using Wick’s theorem at finite temperature one then has

Z<b}:bu*quybn+q>0 = (nu)o £ Z<b}:bi;bufqbn+q>0

= (nu)o + Z{<b;bu—q>0<b2:bn+q>0 + <bLbu—q>0<bj7bn+q>0}
= (nu)o £ (nu)o(nu—q)o + dg,0(nu)o Z<nn>0

n

= (nu)o(1 £ (nu—q)o) + dg,0(nu)o N,
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where the + and — signs refer to Bose and Fermi statistics respectively. Denoting
by Sg/r(q, E) the dynamic structure factor for a free quantum gas made up of Bose
or Fermi particles one therefore has

So/e(a.B) = 5 2 8(E— o+ B 0,01 o) + 5,08(E)N - (36

The last contribution in (36), physically corresponding to forward scattering (and
often neglected in the very definition of dynamic structure factor) is of no relevance
in the present context, since the contributions corresponding to zero transferred
momentum cancel out in the master equation, as stressed by the primed sums in
(30). In the continuum limit (36) can be further simplified evaluating the integral
and thus obtaining™®

1 2mm e

Sp/r(q, E) =+

2 _B.m p2 8
+ze7sm% e 247 ginh(SF
x arth Y (5) (37)
1Fze smle 242 cosh(gE)
or equivalently
1 2mm? 1
Spsr(a, E) = T @nh) nfg 1— PP

17F zexp {— gii(%quz)z}

x log - : (38)

—g2)2 ’
1 F zexp {—%7@"’22 ) }
where n is the particle density, G the inverse temperature and z the fugacity of
the gas, expressed in terms of the chemical potential ;1 by z = e®*. For a Bose
gas at finite temperature 0 < z < 1, while for a Fermi gas z > 0. If the statistical
correction in (36) is left out, so that one is describing a collection of Maxwell-
Boltzmann particles, the expression for the dynamic structure factor becomes much
simpler and is given by

1 2 2 2\ 2

Note the presence of the recoil energy in (39), corresponding to the % contribution
in the argument of the exponential, which is essential in order to give the correct
dependence on F in (44), determining the exact factorization property (45) and the
operator structure of (46), no matter how small the recoil energy in each single colli-
sion may actually be. For more complex systems a direct evaluation of the dynamic
structure factor is of course an extremely complicated task, nevertheless, even if
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a direct experimental determination is not available, approximated or phenomeno-
logical expressions can often be obtained, whose validity can be checked on the
basis of general features such as detailed balance condition and sum rules.?%-26

An important property of the dynamic structure factor, valid in complete gen-
erality, is the fact that it can be expressed as a Fourier transform, with respect
to transferred momentum and energy, of the time dependent density correlation

25

function®’ according to

S@E) = gy [ dt [dxet e [EyNeNEry), @0

a property which as we shall see in Subsec. 4.1 will have an important physical
interpretation in the case of the quantum description of Brownian motion.

4. Completely Positive Quantum Brownian Motion

We will now apply (34) to the description at quantum level of Brownian motion,3!

i.e. the dynamics of a massive test particle interacting through collisions with a
fluid of much lighter particles. This physical model, as a distinguished example of
quantum dissipation, has been the subject of extensive research in the physical and
32734 and is still a very debated topic.'%!7 On the one hand
Brownian motion is a paradigmatic example of irreversible process and its correct

chemical literature,

description at fundamental quantum level should be a natural gateway to more
complex irreversible phenomena; on the other hand quantum dissipative processes,
among which the Brownian motion of a heavy test particle, play a crucial role in
many fields of science, such as nuclear magnetic resonance,® quantum optics®® and
molecular dynamics in condensed phases,®3” thus leading to a particular interest
in physically and mathematically reliable structures for the description of quantum
dissipation.

We here first consider the case of a fluid made up of noninteracting Maxwell-
Boltzmann particles, where quantum statistics can be neglected. The relevant
dynamic structure factor is given by (39), where the energy transfer E is actu-
ally given by

2
q q-p
E=Epq—Ep=oprt 5> (41)

with M the mass of the test particle. Writing Smg(q, F) in the form

1 2mm2?2 5 2 Bn _Bmp?
Swn( E) = G g 2 T e

one immediately sees that the following identity holds:

E+E/ B m 2
SMB (q,T) = v/Sus(a, E)v/Sus(q, E)e® « (F=E) ; (42)
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so that the terms violating the factorization (31) are in fact at least quadratic in
the energy difference. Using (41) moreover (42) can be written

E+ FE
SmB (q, 5 ) = v/Sus(a, E)v/Sus(q, E)e

o S l(p-p')al® (43)

where we have denoted by o = m/M the ratio between the mass m of the particles
of the fluid and the mass M of the test particle. Considering (30) one now most
directly sees that the term violating the factorization in (43) is indeed negligible
provided the statistical operator is quasidiagonal. In the Brownian case, when the
test particle is much more massive than the other particles, the factorization is
actually exact, in fact denoting by Syfs the dynamic structure factor evaluated in
the limit oo < 1 one has

oo 1 27mm?
Sus(a, E) = ——=3

SE
(2wh)® nBq i

B 2
e 8md g7 2

2
1_2mm s (1420)0° =37 ap (44)

(2wh)3 nBq ?

and therefore the dynamic structure factor evaluated in the arithmetic mean of the
energies is exactly equal to the geometric mean of the dynamic structure factor
evaluated in the two different energies

E+FE

5t (0 55 ) = /Siinla. )y /S5 (a B (15)

Inserting (44) in (34) one has the following master equation, first obtained in Ref. 16:

o _ i
dt ~ h

il Pt 4m*m? 3 lt(q)|? — & (1+2a)¢?
[ L - d°q —2"—¢ 3m a)q
h[2M’9}+Z B 17 ¢
X [e%q'ie_ﬁﬂq'f’@e_&q"h’e_%q';‘ — %{6_2?‘/"1"3,@}} ) (46)

where 2 for a free gas of Maxwell-Boltzmann particles is given by nA3 , with )\, =
v/2wh?3/m the thermal de Broglie wavelength of the gas particles. Note that (46)
has in fact the structure of the generator of a completely positive time evolution.?”

One can directly check that an operator of the form

Wo(p) = e P9 (47)
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where 3 is the inverse temperature of the macrosystem and M the mass of the
microsystem, is a stationary solution of (46), in fact

ek oAby (p)e= Tor AP A% _ %{eﬁqﬁ,%(ﬁ)}
— B g (p—q) .~ [a — B qba /a
= e~y (p — q) — e TP, (p)
BN\ .
=2 h(| t—
sin (Mq p | Wo(P),

which is an odd function of q, so that the integral over the whole space vanishes.

In order to go over from the master equation (46) to a Fokker—Planck structure
describing quantum dissipation, corresponding to the quantum description of the
31 we consider the limit of small momentum transfer q,
corresponding through the physical interpretation of the dynamic structure factor
to long wavelength fluctuations in the macrosystem. Expanding the exponentials
containing the operators X and p up to second order in q or equivalently keeping
contributions at most bilinear in X and p one has

classical Brownian motion,

iq% —Logba —Loapr —igqx L B .g6 A
er XTI VP G I AP~ 7Y ——{e 2qu,g}

.3 I@ 2
Z Xz; + ( ) Z Qz(hpz@pj

3,j=1

:\Q

1
2 -
3,j=1

St =

Af\

) 23: a;q;{pip;, 0}
)

I@ 3
—M zzj idj le{pjvg}]

l\JI»—l
3*|,_.

3
Z q] Xis Xj7 ]]
1,j=1

1 2
- Z (%) Z Qz(h{pzpjyg}

i,j=1
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and therefore (46) in this limit becomes

do i p 2n%m? [ o @) 5o
@e_ P 5= d o ,
dt h[2M’Q " Bh Q=" ;ql

B 0l + b+ gl 0]} 49

where again because of the integration only terms bilinear in the momentum trans-
fer and with ¢ = j survive. Note that the result (49) heavily depends on an exact
compensation of the different coefficients in (48), leading to the particularly simple
structure of the last line of (48), which is a typical structure of generator of quan-
tum Brownian motion.?? Supposing without loss of generality the scattering to be
isotropic, we have q? = %qQ, and the following coefficients related to diffusion and
friction can be introduced:

2 2m? ~ _ B 2
Dy = 257 [ dalita)Pge %0
B\ 2
Dy = (f_M> Dppv (50)
B
v (m Drp
so that the Fokker—Planck equation (49) can be more compactly written
: 3
do Ty o D o e A
E = _E[H()v IQ] - % Z[Xi7 [Xiv IQ]]
i=1
3 .3
D n A A ? o fa A
=55 > B [bir 8l — 77 > _[i, {pi. &3] (51)
i=1 i=1

4.1. Structural features

We now consider some structural features of the mapping giving the dissipative
part of (51), given by

3

£90] = L8] = ~52 S [, ki 0]
D.o < - i
~ T 2o el = 5 ;[x {pi, W], (52)

where the dependence on the operators X and p has been put in major evidence. The
mapping £*P is said to be covariant under the action of a unitary representation
Uy of a symmetry group G provided the identity

LAPUg[W]] = Uy [L5P[W])
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holds, where U,[w] = U(g)wUT(g). Exploiting the simple relation

A, 0BOT, — 0[0TAU, BL0T
where U is a unitary operator, and considering the explicit structure (52) of L£XP
we have

LYP[U W) = U, [ﬁUT(g)iU(g)vUT(g)ﬁU(g) W],
so that covariance is granted if and only if the condition
£07(9)20(9),0"(9)p0(9) _ 2.

holds. Let us now consider the symmetry groups of relevance to our physical context.
Under translations the operators position and momentum of the particle trans-
form as

Uf(a)xU(a) =x+a,  Uf(a)pU(a) =p,
and one immediately has
[5+ap _ pxb
Considering the group of rotations one has the following transformation laws:
Uf(R)XU(R) = Rx,  UT(R)pU(R) = Rp,

and according to the relation

3 3
D _(R):, [(R)i Wl = D7 Rij Risli, [0, W]
i=1 i,9,k=1
3
= (RtR)jk [ﬁjv [\A/k?VAV]:F]:F
G k=1

[ﬂj7 [Ojvw]:!:]:F

J
valid for any couple of vector operators u, v, one still has invariance
[FARD _ piop

One can also see that an operator with the expected canonical structure (47) is a
stationary solution of (51) in that

LWo(p)] =0,
due to the relationship
v B
A 53
D,, 2M (53)

obeyed by the coeflicients defined in (50).
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The relaxation properties of the dynamics driven by the Fokker—Planck equation
(51) can be easily obtained considering the adjoint mapping £’, which gives the time
evolution of the single particle observables according to

dA i )
i +;L[HO,A] + L'[A]
. 3
7o~ A D A
= +E[H07 ] - % [Xiv [X%AH
=1
Dyw < SO A R
=25 D[P B Al + 2y D {pis [k AT} (54)

Considering the components of the momentum operator one has, setting in (54)
A — f)k

dpk .
—_9 59
7 VP ; (55)
while for the kinetic energy E = %
dE D A
— =3-22 _44E 56
at ~ "m (56)
and exploiting (53)
dE . 3
— =—4y|E——]|.
a7 ( 2,6) (57)

Due to (55), setting n = 2+, the mean value of the momentum relaxes exponentially
to zero, on a typical time scale 1/, recovering a result strictly analogous to the
classical one.% Correspondingly (57) implies that the mean value of the kinetic
energy of the microsystem reaches for long times the expected classical value

- 3 3
(E) = 206" kT,
where T is the temperature of the macrosystem, the relaxation being also exponen-
tial with a rate 1/2n.

Analogies and differences of (51) with the classical Fokker—Planck equations
for the description of Brownian motion can be perhaps most easily seen writing it
in terms of the Wigner function.?® The Wigner function, related to the statistical
operator by the identity

3 )
Fwxp) = [ s e (o k/2lalp — k2. (59)
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allows for a phase-space description in quantum mechanics,?? giving a phase space
probability density.® Using (58) Eq. (51) becomes

_% . fow(x, p) + DppAhW(xa p)

+ DmmAa:fW(Xv p) + 27Vp : (hW(X, p)) ’ (59>

that is to say a Fokker—Planck equation in which, apart from a dissipative contri-
bution, terms corresponding to diffusion in both position and momentum appear.
The appearance of both these contributions together is necessary in order that (51)
exhibits a structure of generator of a completely positive time evolution,'® and

0
Efw(X,p) =

therefore appears as a peculiar quantum feature.

Many other similar examples of Fokker—Planck equations describing dissipa-
tion can be found in the literature (for a review see Refs. 32-34), mainly relying on
phenomenological approaches or on a characterization of the formal structures com-
patible with complete positivity. They differ in the definition of the coefficients, in
their relative weight, and in the presence or absence of various dissipative contribu-
tions or of potential terms which determine the underlying free dynamics. All these
factors determine the general properties such as the existence of a stationary solu-
tion, invariance under symmetry transformations and complete positivity.!” These
properties for (51) and more generally for (34) are considered in some detail in
Ref. 19. In particular a distinguishing feature of (34) is the existence of a canonical
stationary solution provided the state of the macrosystem with which the micro-
system is interacting is a 3-KMS state.*!

The unique feature of the Fokker—Planck equation (51) from a physical point
of view is its derivation as a long wavelength limit of the master equation (34),
which gives the subdynamics of the microsystem in terms of the dynamic struc-
ture factor of the medium: this corresponds to a Kramers—Moyal expansion in the
small parameter q characterizing the size of the fluctuations.3”*? This connection
between (34) and (51) gives a profound justification for the selection of possible
dissipative contributions appearing in (51) and for the exact expressions of the co-
efficients in (50). More than this, observing that the dynamic structure factor can
also be expressed as a Fourier transform, with respect to transferred momentum
and energy, of the time dependent density correlation function according to (40),
one has a direct physical connection between Brownian motion of the test par-
ticle and density fluctuations in the medium. This physical intuition was in fact
the starting point of Einstein’s approach to the classical description of Brownian
motion, his key idea being that the random motion was due to the discrete nature

aThe Wigner function defined in (58) is not actually a well-defined probability density, since
its positivity is not granted. Well-defined probability densities can nevertheless be introduced in
quantum mechanics, exploiting the more modern formulation in terms of POV measures.40:13
Here we are only interested in drawing some simple analogies with the classical case, so that we
will use (58) because of its simplicity and popularity, together with the appeal of the compact
expression (59).
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of matter.*3 Equation (51) also has a mathematically distinguishing feature, since
it can be written in explicit Lindblad form in terms of a single generator for each

Cartesian direction, a feature also indicated by the general structure of translation

28 one of the few

44

covariant quantum dynamical semigroups obtained by Holevo,
characterizations of quantum dynamical semigroups with unbounded generators.
In fact introducing the operators

é,_g < +Z)\2
Z_)\M h4p$ )

where Ay = /h26/M and [a;, é;»] = 05, (51) can be also written as

do TN 4 D,, A2 . 12 A
% h[HO’ :vp MZ 2—a12,g

+ %A Z [ a;08] — —{a az,p}} (60)

2. Quantum statistics

As alast application of (34) we briefly sketch the completely new results one obtains
when considering the Brownian limit o < 1 in the case of a free Bose or Fermi
gas, 1819 st
compactly both statistics into account. A suitable expansion of (38), despite being
much more complicated than in the case of Maxwell-Boltzmann particles leads to
a structurally similar result. Apart from the linear dependence on the fugacity z in
the coefficients defined in (50) the dissipative part of (51) is now multiplied by an
overall factor

arting from expression (38) for the dynamic structure factor which takes

for Bose particles and

for Fermi particles, so that one has

. 3
o _ i L ) DmNg g
dt - h[HOMQ] l_z{ h2 ;[X’M [X’HQ]]

3 .

3
D, )
+ 55D _[bo b dl+ 37 xz,{pz,e}} (61)
i =1
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for the Fokker—Planck equation describing Brownian motion at quantum level in a
free gas of Bose particles and

do i 1 (D, &
— = —2[Ho, 0] - — Xiy [Xiy 0
g~ plHod 1+z{ B i:1[x,[x,g]]
D 3 i 3
+ 5 [m,[m,@n+ﬁ72[ﬁi,{ﬁi,@}]} (62)
=1 =1

for the corresponding dynamics in a free gas of Fermi particles. Comparing (51)
and (61) or (62) one immediately sees (recalling that the fugacity is a positive
number, restricted to be less than one for Bose particles) that the friction coefficient
v for Maxwell-Boltzmann particles given by the last contribution in (50) is now
enhanced to

Y
1—=2

in the case of Bose particles and suppressed to

Y
142

in the case of Fermi particles.

5. Conclusions and Outlook

In this paper we have presented some new results in the description of the sub-
dynamics of a microsystem interacting through collisions with a macrosystem that
have recently been obtained, especially in connection with quantum dissipation and
the quantum description of Brownian motion. These results rely on a recent gen-
eral approach to the formulation of subdynamics in a nonrelativistic field theoretical
framework, where a major emphasis has been put on the choice of a suitable subset
of relevant observables, whose subdynamics is to be studied on a time scale over
which they are slowly varying. Particular attention is given to structural proper-
ties of the mapping giving the reduced irreversible evolution, which should satisfy
complete positivity or some less stringent version of this property.

The main result presented is the master equation (34) describing the inter-
action of a probe particle with some macroscopic system in which the subdynamics
is driven by the dynamic structure factor of the system, a two-point correlation
function whose physical features are considered in Subsec. 3.1, embodying its sta-
tistical mechanics properties. Considering the long wavelength limit of this master
equation the Fokker—Planck equation (51) for the description of Brownian motion
is obtained, in which the quantum statistics of the fluid can be taken into account,
leading to (61) and (62). These corrections due to quantum statistics to the descrip-
tion of quantum dissipation have been introduced for the first time and deserve fur-
ther investigation, since they lead in principle to experimentally observable effects.
Apart from applications in the study of quantum dissipation and decoherence of
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a particle interacting with the surrounding medium (with regard to the problem
of decoherence considered in this framework see also Ref. 45), these results might
be used for the study of motion of test particles in degenerate quantum gases. De-
generate samples of dilute, weakly interacting Bose and Fermi atoms have in fact
recently been experimentally realized,*6:4” showing in particular the phenomenon of
Bose—Einstein condensation, which is now the object of intense study (see Refs. 48
and 49 for a review). Also expressions for the dynamic structure factor, which take
interactions into account and improve the result for the free case, have been recently
introduced and studied.?°

A natural extension of the formalism within this approach is of course the
application to many-body macroscopic systems, obtaining quantum kinetic equa-
tions for the subdynamics of suitable subsets of slowly varying observables, and will
be the object of future research work.
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