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Recap:

1. Jump unravelings on the level of density operator

In the pervious lectures GKSL master equation was derived, which described open quan-

tum system dynamics with semi-group property (¢(t)o(s) = o(t + s), ¢(t)[p(0)] = p(t)).
It has following form

%gzﬁ(t) = Lo(t) = (Cr+ > L1)O(E), (1)

——
Ly

with
Lrp = —i(Hegp — pHesr),
Ha=H — § >l
Lip = yuLipL}.
The solution of Eq. (1) reads
o(t) = elrteat, (2)

As was seen in the previous lectures Eq. (2) can be written as an infinite sum of different

"jump trajectories" , which can be easily seen by defining
Rt = eERt = 7?'u = (U - ‘CR)_17

where R, is the Laplace transform of R, and (€)= oo



Write (2) in Laplace representation
qu - 7é”u<]- - £J7~2’u)_17

which in time domain reads (— Neumann series)

plt) = 6(1)p(0) = Ryp(0) + 3 / dt.. / ARy LoRor—o s LsRup(0)  (3)
n=17y 0

One can consequently "unravel" the reduced state p(t) in "jump trajectories"

t Klg&tl) t to ’C2(tji27tl)
p(t) = Rtp(O) + / dtl Rt,tl EJRtlp(O) + / dtQ / dtl Rt—tQEJRtQ—tlﬁthlp(O) +... (4)
——
no jump 9 P 9 0 J
all trajectorie;, with one jump all trajectories‘vrvith two jumps

and a particular n-jump trajectory has a form
’Cn(t, tn, kn, ) = Rt—tnﬁkn-"Rtg—h‘ckthp(O); (5)

with IC,, (¢, L, ) = Y Ku(t;tn, ks -..).
Krye..
Interpretation

e L} describes the jumps which occur (due to interaction with the environment) at

random times with a rate 7

e In-between the jumps the system undergo the relaxing/free evolution generated by
Lg.

However, R;p(0) is not normalized, R; is trace decreasing:

—itHegr

eLRtp —e peitHeff > 0

%Tr(eLRtp) = Tr(Lge " p) = —Tr(L e " p) < 0.

Interpretation
e Tr(R;p(0)) = Po(t) - the probability that no jump occurs till time ¢

o Tr(fC,(t;tn, kn;...)p(0)) = Py(t;tn, kn;...) - the probability density that (solely) n

jumps k, in the vicinity of times ¢, ... occur till time ¢

e As the events corresponding to different trajectories are mutually exclusive, the



probability density that some n jumps in the vicinity of times ¢, ... occur till time
t equals Tr(KC,, (¢, ty,..)p(0)) = Po(t, tn,...) = > Pu(t;tn, kn;...)

Tyees

Indeed the interpretation makes sense, as

| = Te(p(t)) +g/dtn /dt1 () (6)

So by defying normalised states

Kot tn, by .)
Tr(KC,, (t; L, ks o))

P (bt ks ) =
one obtains
p(t) :i Po(t;tn, ks o) pn(tstn, kns o) = M(pp(t; tn, kn; ..0)).

e To find p(t) one can find individual trajectories and then build a weighted average.

e The state transformation for single trajectory has a form of POVM measurement, ac-
cordingly measurement interpretation of the trajectories is given (Ozawa theorem).

Interpretation: The open system is continously monitored by the environment.

e Each trajectory corresponds to some measurement record - clicking of an apparatus
at some fixed times; no clicking is also an event - H.g driving the free evolution is

not Hermitian.

e By the absence of information which record was detected one builds unconditional
state: p(t).

e We gain a physical interpretation: Discontinuous/jump trajectories

For more reading see "Introduction to Decoherence Theory" by Hornberger in "Entangle-
ment and Decoherence, Foundations and Modern Trends" edited by Buchleitner, Viviescas

and Tiersch.

2. Jump unravelings on the level of pure states

In the above examined situation trajectory at fixed time is a N2-dimensional object (for
N-dimensional system) - for large N difficult to handle. However, each density operator
can be decompose in pure states - N-dimensional objects, p(0) = > p™|¢™(0))(¢™(0)].
Constructing the jump trajectories on the level of these pure states can be computationally

advantageous!



The construction of these jump trajectories is analogous to the above case. One firstly
draw an initial pure state |¢™(0)) with probability p”. Then one can construct with this
initial state a trajectory. The unnormalized trajectory with n-jumps k,, till time t at fixed

times (t,,...,t1) and a fixed initial state m is

|6 (5t Kin ... )) = e Hen=in) Ly e el ) ALy e et gm (),

so one gets the connection IC,,(¢;t,,, kn;...) = D p™ o0 (t; b, ks .. ) ) (O (E; L, ks ..)|. The
corresponding probabilities and the normalised state can be obtained analogously to above

consideration.

3. Time-continuous unravelings on the level of pure states

Now we will get to know an example of time-continuous trajectories on the level of
the pure states. The description is of course highly non-unique. Here, we consider the
unraveling where the single trajectories are driven by stochastic Schrédinger equations
(Didsi and Strunz, Phys. Lett. A, 235(6):569, 1997), see, e.g., "Stochastic Processes in
Physics and Chemistry" by Van Kampen for what the stochastic processes are. We start
with microscopic derivation of the description, so considering both the reduced state and

the environment.

We model the environment with harmonic oscillators:

H=Hq¢+H;+Hp=Hg+ Z(gj‘\La; + gaLlay) + Zw,\aiaA
A A

We go to interaction picture with respect to the environment

Hunt) = o8 He ™ — Hy = Hg + 3 (giLale™* + gaLlase ™) = Hg + LB (1) + L' B(1),
A

and assume that initially the system is a pure state and the environment is in the ground
state: [U(0)) = |¢0)]01)..|0x)... =:|b0)]0).

The Schrodinger equation describing the evolution of the total system reads
(0 W (t)) = Hiot ()W (1)) (7)

The key point is to expand the environmental degrees of freedom in terms of Bargmann

coherent states. They are defined in a following way

ZG,T 22
I2) = e [0) = e*"/2]z),



where |2) is a "standard" coherent state.

e The Bargmann coherent states are not normalized (2||z) = e**

e They form an overcomplete basis

dZ_‘|2
1 =

[12) (=]

e ||z) is analytic in z (no z* dependency).
o (zlla’ = 2" (2]
o (2lla= 5= (ll-

The total state can be consequently written as

/d221 % —(|Z1\2+--'+|3%‘2+"')‘|zl>...\|z/\)...<Z)\||-.-<2’1||\IJ(t)>
_. / %e”'ﬂizxznw» = / dﬁ ot 2))]l2).

o |o(t, 2%)) - the state "relative" to ||z) - is analytic in z}.

e By having |¢(t, 2*)) one can obtain the whole state! - statements about common
properties like correlations/entanglement between open system and its environment

possible.
Project Schrodinger equation (7) on the Bargmann coherent states

t

(2|0 ¥ (1)) = D|o(t, 27)) = Hslo(t, 27)) + Lzg|o(t, 7)) — LT/dSOK(t — )

0

Slo(t, =)

*
ZS

(8)
° - _Zzg* * zw>\t

fdsaz/\ ozk "

e a(t) is a bath correlation function at zero temperature a(t) = (B(t)B(s)), with

B(t) - bath coupling operator.

e No Born-Markov approximation used by derivation of Eq. (8) - in principle arbitrary
"memory effects" can be described (arbitrary correlation function «(t)). However,

one has to know what the functional derivative % is.



e Assume Wffg—’f*» = O(t,s, z%)|o(t, 2%)), then Eq. (8) is convolutionless/time-local

(this is also often the case when "memory effects" occur).

e The states |¢(t, z*)) are still not normalized: the equation for normalized state is

not linear!
e In general only single-shot measurement interpretation of the trajectories.

With the resolution of the identity in terms of Bargmann coherent states it is easy to see
that the |¢(t, z*)) indeed build the unraveling of the reduced dynamics

o) = Tes(wO) () = [ e

dz

(1w (@) (T ()]]2)
e o (t, 2@t 2%)| = Ma(I8(t, =) (6(t, 2°)])

and the function z; can be interpreted as a Gaussian complex noise (see, e.g., "Stochastic
Processes: Theory for Applications" by Robert G. Gallager for Gaussian complex process)
with

M. (z) =0, M (z2)) = at — s), M (zz5) = 0.

From the stochastic Schrédinger equation (8) one can derive a master equation for the

reduced state.

With O(t, 2*) = Oftdsoz(t —5)O(t, s,2%), p(t) = M. (|o(t, %)) (6(t, 2%)|) = M,(FP;) and

M, (2 Py) = /\/lz(ft dsa(t — s)%Pt) = M_(O(t, z*)P,)* one gets

aup(t) = —i[Hs, p(t)] + [L, Mo(PO' (¢, 2*))] + [M.(O(t, 2 P,), LT]. (9)

e If O(t,z*) = O(t) (no dependence on the noise) the Eq. (9) simplifies

up(t) = —i[Hs, p(t)] + [L, p()O' ()] + [O(t)p(t), LT].

e in Markov limit: a(t—s) = vd(t—s) and with O(¢, ¢, z*) = L we obtain again GKSL

master equation

dup(t) = —ilHs, p(t)] + 5 1L, p(t)L'] + Z{Lp(t), L1].

!'Novikov theorem, usmg the Gaussianity of the complex noise. Explicitly M, (tht) =
—ng glnt [ & Lz(_2 o=l p, —ng et [ & Ze*|z*‘ Pt and then use a = [ds2

8z 52



