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Coulomb Fields of Finite Charge Distributions

24‘ ~, arbitrary nuclear charge distribution
(r") . e 3oy pem
with normalization  [d*r'p(F')=Z

Coulomb . _e-p(r
. | V(F) = e [d3F ()
Interaction r'—r ‘
X Expansion of |[F—r'|" for r>r’
L - L2 . ~1/2
r—r b (r—r’)2 z‘r2+r’2—2rr’cost9
2 ' ' 1-1/2
1 r’r
4 :_{1+—(——20036’)
. r rr
X|<«1: X" +..... - -~ , -
é | | 246 ((1
g 11 r' r'\ 1 1 o (rY
= \F—F’_ == 1+(—jcos@+(—j —[300529—1J+... ==Y (—j P,(cos 6)
| r r r) 2 r r=o\ I

! (3 cos® 9—1)

Legendre Polynomials Py =1, P, (cos8) = cos 6, P, (cos 0) >

W. Udo Schroder, 2004



Multipole Expansion of Coulomb Interaction

31 (= e’z
r'p(r')|e-1] “—
2
*r'p(f")[er'cosd] <—erzzd
2

3Fp(F')[er,2 %(3 cos’ 9—1)} «—Q

Point Charges @ e—-)

Monopole Dipole =1
Quadrupole =2

Nuclear
distribution
W. Udo Schroder, 2004
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A Quantal Symmetry

symmetric nuclear shape > symmetric p(r’)

Invariance of Hamiltonian against space inversion
[IH(-r) = H(r) Parity Operator F ———>—1

— |H,I1]=0 - simultaneous eigen functions i/

+1 even
-1 odd

Hye =E-wg Tlyg =7 -y, ﬂ={

Electrostatic multipole moments of p(r):

E both even or odd%

Me o <r”Pn(cose)>p o [d3Fy*(F) [{”Pr](cos&;)]w(ﬂ

I st | neven= 1 =+1
strong nuclear nodd = 7 =-1

interactions |:> ME' = 0 for n =odd
parity conserving

W. Udo Schroder, 2004
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Nuclear Deform

Restrictions on Nuclear Field

Expt: No nucleus with non-zero electrostatic dipole moment

Consequences for nuclear Hamiltonian
(assume some average mean field U, for each nucleon i):

~ A | pH?
H=7Y {p—'+Ui(F1,...., FA;...)} parity conserving

i=1 [ 2m,

—>[HA,1£I}:O

2 2
Since p? =—h2;—2=—h2 a(a . —|B7,11]=0
X —X

A n
and {2 Ui(ry, ...y Mo ...),H} =0
=1 Average mean

A . . A . . field for nucleons
%% -ZlUi(rl,....,rA,...):-Zlui(_rl,....,_rA,...) Consel’veSTC
| = 1=
A - Inversion
— Zq(| Fl|,__,,,| FA|;___) Invariant, e.g.,
i=1 central potential

W. Udo Schroder, 2004



Neutron Electric Dipole Moment

Guide changer

|

VYacuum vessel

—

=2 1.B
|

[

=
<

]

q, =0, possible small d,, #0.
CP and P violation = could explain matter/antimatter
asymmetry

Measure NMR HF splitting for ET! B

Interaction |¢ = -y, BFd E
et et = 24,.B+2d E = haot } Transition

energies
& =2uB-2d E=ho Ao=4d E

Five layer mu-metal shield

Nuclear Deform

Polarizing| | Flip
foit 4 coil

door

Pumps
~
UCN

W. Udo Schroder, 2004

detector

Neutron

T

High voltage

lead B=0.1mG,
tune with B_..L B.

\ E=1MV/m

o= 30Hz spin-flip
of ultra-cold (kT~mK)
E..=107eV, AL =670A
neutrons in mgn.bottle
guided in reflecting Ni

im

Rubidium ' tubes

magnetometers



Experimental Results for d,

d, experimental sensitivity

—
o
I
(8]
o

|
(%]
wun

Neutron EDM Experimental Limit (e cm)
s
o

| | I | | ] Theoretical
Prediction:

From size of neutron (ry= 1.2fm):
d, <101 em.
So far, only upper limits for d

-Electromagnetic

=Milliweak

-Left-Right Symm.

-Weinberg Multi-
Higgs

~ -Supersymmetry
:-Cosmology PNPI (1996)
| -Superweak dn < (26 + 40 116)10-26 e-cm
Beams| UCN -
0 ILL- Sussex- RAL (1999):
B l r d, < (-1.0+ 3.6)-10%6 e-cm

-Standard Model

1 ] | 1 ]

1950 1960 1970 1980 1990 2000

YEAR



Intrinsic Quadrupole Moment

Consider axially symmetric nuclei (for simplicity),
body-fixed system ('), z =z’ symmetry axis

Q, =eZ [d°F'p(r)r " (3 cos® &' —1)

z=r"-cosfd —|Q, :3<22>—<r2>

Soners: (1) = {x°) () + () =3(2")

sph _
— Q7 =0

Nuclear Deform

- Q, measures deviation from spherical shape.

W. Udo Schroder, 2004



Collective and s.p. Deformations

deformation  sijngle hole deformation single particle
\cigar around gore Y disc aroundjore
Y
Q,> 0 “prolate” Q,<0 “oblate”
Planar single-particle orbit: Q;° =eZ - {32}2\/2 _ <r2>} — _eZ -<r2>
Z (a+b)
— a—+ AR
Ellipsoid R= S AR=b-a ; 5:=?

Nuclear Deform

principal
axesa, b |geol _ 2 oz .(bZ _aZ) _ ez B .5
5 5

Deformation parameter 6
W. Udo Schrdder, 2004



Spectroscopic Quadrupole Moment

body-fixed {x’, y’, z'}, Lab {x, vy, z}
Symmetry axis z defined by the experiment

Q,/eZ =3 <Z'2> = <r2> intrinsic

What is measured in Lab system?

10

Q,/eZ =3<22>—<r2>: ....... :(Qo/ez)%(?acosZ 9—1)

— |Q, = Q - B, (cos(0)) finite rotation through 6

Measured Q depends on orientation of deformed nucleus w/r to
Lab symmetry axis. - define Q, as the largest Q measurable.

Nuclear Deform

How to control or determine orientation of nuclear Q?

- Nuclear spin L to symmetry axis, no quantal rotation about z’

W. Udo Schroder, 2004
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Nuclear Deform

Angular Momentum and Q

Q, =maximum measurable - maximum spin (l) alignment

Q. /e7 = (322 -7 :< | m|l= |>=<<§>

m, =|
o [d3F " (F)P,(cos A)y, (F) v, nucl. wave funct.

37% —r*¢

21
Leggndre polyn. complete [dgwi(6,8) - w,(0,4) = Y. a,P(cosb)
basis set = (=0

21
Q, « [d°F y; (FR(cosO)y, () = ¥ «,[d*F R,(cos )P, (cosh)
(=0~ —
S

Q, =0 for 21<2 > 1=0, 1/2

| couples
with | to for any Q,
L =2

in the lab.

b Y
\ 3
.
L Y
| -

W. Udo Schroder, 2004

Spins too small to effect alignment of Q



Vector Coupling of Spins

z | £0:
| Q, = ! Q | =—(3c0329—1)Q
o \m, =1 |m, =1 0
O/ J1 (1 +1)
&I F\\/ m, =I :\/I (I +1)cosd — cosé = |
JH(1+1)
Any 3m? —1(1 +1)
orientation Q, (M) = II(2| =y -Q (my =1)

quadratic dependence of Q, on m,

Nuclear Deform

“"The” quadrupole _ 21 -1 . _ _
oment Q, 2(I +1) Q, | (=0 for 1 =0,1/2)

W. Udo Schroder, 2004



Electric Multipole Interactions

F+AF Inhomogeneous external electric field E = VU
=+ exerts a torque on deformed nucleus.
A5 > orientation-dependent energy Wy

g il
Examples: crystal lattice,

76 )
-~ fly-by of heavy ions
TTTTTTT = Axial symmetry of [ 6°U ] (82Uj5_ X, =X, y,2
ij i 1 Y

_

|

Taylor expansion of scalar potential r =0 center of nucleus \

2 2 :
U(r) =U, + T VU 2| Y L2J + 27 _8[; +... Mo mixed
oy ) 0z° ), dervs.

N

field assumed: OX;0X ox°

W =eZ [d°F p(NU(r) =

= 62U, +€Z (VU) «(F) + ezz {(f:(g )O (x?) + [Z;—gjo (y?)+ (Zi—g]o <22>} .

Nuclear Deform

C—r N ~ o

mono _ —

pole dipole —~

W g 30 quadrupole W

W,g: isomer shift, Wy: quadrupole hyper-fine splitting

W. Udo Schroder, 2004



Electric Quadrupole Interactions

Maxwell equs. > AU=47p(0)=0 No external charge

2
o(a_u
OX

14

Nuclear Deform

W. Udo Schroder, 2004

N

[azuj _(aqu B 1[@%]
2| | A2 T ol Au2
X )y \oy*“ ), 2\ 0z ),

= axial symmeft

o= 2422 [o)+ )]+ (23] ()
o 2 (28] {-[fer) )] o2 ()

S22 L)~ (22)] 2 (22)

Q,(m,) Field gradient x spectroscopic
0 quadrupole moment « m ?



Quadrupole Hyper-Fine Splitting

Use external electrostatic field, align Q by aligning nuclear spin I,
Measure interaction energies W (I >1/2 )
Quadrupole hyper-fine splitting of nuclear or atomic energy levels

i m, =x2
e;(f;izd/ | Slight “hf” splitting of nuclear
|=2 P and atomic levels in U__#0
q A ? m=x1 “
m,=0 —>splitting of
E2 y emission/absorption lines
iIsomer
=0 _W¥ shif m,=0 |
ground state Estimates:
e U, =0 U,,#0 atomic energies ~ eV
3 atomic size ~ 10-8cm
% Ad N/dE, X potential gradient U, ~ 108V/cm

field gradient U,, ~ 10%%V/cm?
Q, ~ 10-2%e cm?

S>W, = 10-8 eV
small !

W. Udo Schroder, 2004



Experimental Methods for Quadrupole Moments

Small “hf” splitting W, of nuclear and atomic levels in U,,#0
- splitting of X-ray/ y emission/absorption lines
Measurable for atomic transitions with laser excitations

nuclear transitions with Mdssbauer spectroscopy

16

muonic atoms:

107 times larger hf splittings W, with X-ray and y spectroscopy

scattering experiments U_,(t)

Nuclear spectroscopy of collective rotations
- model for moment of inertia

S
o 71 (1 +1)
2 23
J - @
h2
— ~ (10 - 20)keV

C\-‘
23
W. Udo Schroder, 2004
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Collective Rotations

4
3

7 AR
5 R

a+b

Al

R(6,9) = Ry |1+ BYS(6,9)

B : deformation parameter

p=

- AR=a-Db

Nuclei with large Q, consistent w. collective

_3ez rotations - lanthanides, actinides
o Roﬁ[1+o.16ﬂ] e
\/ Fi ‘m 49 o 'ﬁ
Rotatlonal and inversion n? e, B T we, W
£ (keV) —— ~15-18keV 3 4 B H LG TRE
symmetry — even | | 23 il L By
hZ b= é 10? 3 ;‘3"“ E
- 26— 4172 413 O s & ]
E, 3 I (I +1) 1000
2’ 3662 3678
& o'
22* 3163 3206
T : .| 3000} -
5 rigid body mom.o.inertia: g S8 o =
S = ] " "oy 1 = =
o 2 2 18° 2236 2282 CE. ® = =al b B 3
8 Sig = — M 1+0.31 2000 b st T T2 e Sty
s N9 g R L 4 16° 1816 1858 o 1% NI 1
S o ™~y
“ hydro —dynamical : Fw %31 1467 £ ° 4
' + ulﬂ’
9 1000 12 — 1084 M4
- 2 10" 778 801 s
Sir ==—— MRy S 518 53 2Ry
8r 6 306 318 2
oL 4 1% 15 N DI AT EP R
& 0 35 0 200 250 300 350 400 450 500 550
IT[ E[MPU} E[zu.m} ENERGY (keV)

W. Udo Schroder, 2004 Wood et al.,Heyde



Systematics of Electric Quadrupole Moments

I | I I |

Mostly prolate (Q>0) heavy nuclei
115 176 167
Al’ 2sMN, 497N, 777 Ly, gg" B
Q>0 : e.g., hole in spherical core

- pattern not obvious. If such
nuclel exist, weak effect of hole

for Q

Tightly b@und nuclei are
spherical: “Magic” N or Z =
8, 20, 28, 50, 82, 126, ..

10 AR "y
(3 o7 5 - = Q(lG?Er)
30 /R R =30R?%
odd-N e
25 o —
odd-Z [
Prolate
gJ' —]
9. 0 n
ZR*? .;:: U?:lo'”m
IS 153G &
S g G
g Eo
o O *'Hg
E . &
S \ :
= Oblate
126
o 1(;0 I 1:10 I 14{0

W. Udo Schroder, 2004

no. of odd nucleons

Q<0 : e.g., extra particle
around spherical core. pattern
recognizable

17 123 209
g O, 29CU’ 51 Sb, 53



Q, Systematics

140
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80

60

Proton Number Z

40

20

Nuclear Deform

0

W- Udo S\JIII\JU\/I, —\uwvsT

58

Q,=0 close to magic numbers

RN (I L LRl Dmmummomomonmnmmnnnnnnnn,

E

TTHIIII’IIIIIIIII|IIIIIIIII|IIIIIIHI|TIIIIH|I|IIIIIIIII|Ii||IIIII|IIIIIIIIIIIIIIIIIIIIIIHIIII

Ground-state quadrupole deformation
Q, large between magic N, Z numbers

FRDM (1992)

3

IIIIIII|IlllllIIJJII]IIIIII|II[IIIIII|II"-'.--4’.'4

O 20 40 o0 80 100 120 140 160 180 200

Neutron Number N

Mgaller, Nix, Myers,
Swiatecki, LBL 1993



No more deformations!

o
Y
S
S
G
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