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Stochast ic Nuclear ObservablesStochast ic Nuclear Observables

2 sour ces of st ochast ic obser vables x in nuclear science: 
1) Nuclear phenomena ar e gover ned by quant al wave f unct ions and 
inherent statistics
2) Det ect ion of pr ocesses occur s wit h imper f ect ef f iciency ( < 1) 
and f init e r esolut ion dist r ibut ing shar p event s x0 over a range in x. 
Stochastic observables x have a r ange of values wit h f r equencies 
det er mined by pr obabilit y dist r ibut ion P(x).
char act er ize by set of moment s of P

< xn> =  xn P (x)dx;    n 0, 1, 2,

with the normalization <x0> = 1.  First moment of P: 

E(x) = <x> = xP (x)dx

second cent r al moment = var iance of P(x):

x
2 = <x2- <x2> >



Uncertainty and Stat ist icsUncertainty and Stat ist ics

Nucleus is a quant al syst em descr ibed by a wave f unct ion (x, ;t )

(x, ;t ) ar e t he degr ees of f r eedom of t he syst em and t ime.

Probability densit y (e.g., f or x, int egr at e over ot her s)

2

2

2
12

21

( , )
| , |

( , )
( , ) | , | 1

1 2, | | ( )
2

( , )
| | 1

t t

dP x t
x t

dx
Normalization

dP x t
P x t dx dx x t

dx

Transition between states M E

dP x t
x e e state disappears

dx

1

2

Probability rate f or disappear ance (decay of 1) can var y over 
many or der s of magnit ude no certainty
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The Normal Dist ribut ionThe Normal Dist ribut ion

10 8 6 4 2 0 2 4 6 8 10
0

0.05

0.1

0.15

0.2

G ( )x

G ( )

x

30 38 46 54 62 70

0.02

0.04

0.06

0.08

Normal (Gaussian) Probability
1 10 1

10 8

G xn

7030 xn

2

22

1
( ) exp

22

2 2ln 2.352FWHM x

XX

x

x x
P x

Continuous function or discrete 
distribution (over bins)

Nor malized pr obabilit y

1

1

2

22

1
( ) exp

22 X

x

X

x x
P x x dx

2 x

P(
x

)
P(

x
)

x

x

<x>
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Experimental Mean Counts and VarianceExperimental Mean Counts and Variance

1

2 2 2

1

2
2 2

1

:

1
( )

1
( )

1

(" ")

1
( )

( 1)

N

i population
i

N

i
i

population

N

n i
i

Average count n in a sample

n n n unknown
N

Variance of n in the individual samples

s n n
N

Variance error of the

sample average n n

s
n n

N N N

n n-<n> (n-<n>)2

36076 129.6 16796.16
35753 -193.4 37403.56
35907 -39.4 1552.36
36116 169.6 28764.16
35884 -62.4 3893.76
36136 189.6 35948.16
35741 -205.4 42189.16
35640 -306.4 93880.96
36124 177.6 31541.76
36087 140.6 19768.36
35946 -1.5E-12 3463.76
<n> <n-<n>> n

What can be measur ed: ensemble (sampling) aver ages (expect at ion 
values) and uncertainties 236U (0.25mg) sour ce, count 

par t icles emit t ed dur ing N = 10 t ime 
int er vals (samples @1 min).  =?? 

2

1

. : / 5

(35496 59) n

9

i: m
pop

n nStd deviation n N

R n nesult
same for 1 sample 
10 times as large
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Sample Stat ist icsSample Stat ist ics

0 2 4 6 8 10

0.1

0.2

0.3

101 105.50

5

10
Normally Distributed Events

10

0

i

300 304.50

5

10
Normally Distributed Events

10

0

i

2

22

1
( ) exp

22

pop

XX

x x
P x

vv

x

P(
x

) Assume t r ue populat ion dist r ibut ion f or var iable x

wit h t r ue ( populat ion ) mean <x>pop = 5.0, x =1.0 

Result s of 3 samples (measur ement s):

401 405.50

5

10
Normally Distributed Events

10

0

m i

Sample aver age <x> = (5.11+4.96+4.96)/ 3 = 5.01

Sample variance s2= 2 = [(5.11-5.01)2+2(4.96-5.01)2]/2 = 0.01  s = 0.0075

x
2 = 0.0075/3 = 0.0025    x = 0.05  Result: <x><x>poppop 5.01 ± 0.055.01 ± 0.05

<x>-s

<x> =5.11  =1.11 <x> =4.96  =1.23 <x> =4.96  =0.94

<x>+s
<x>
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ExampleExample

0 25 500

5

10
Normally Distributed Events

10

0

xm i

x0

x0

x0

500 m

0 5 100

10

20
50MC Events in 10 x bins

ii FRAME

0 5 100

5

10
Normally Distributed Events

xm i

x0

x0

x0

m

0 5 100

10

20
10MC Events in 10 x bins

xm xm

Sample size

n = 10                                n = 50

The larger the 
sample, the 
narrower the 
distribution of x 
values, the more 
it approaches the 
true Gaussian 
(normal) 
distribution.
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Cent ralCent ral-- Limit TheoremLimit Theorem

The dist r ibut ion of t he sample means appr oaches a 
Gaussian nor mal dist r ibut ion, if t he size n of t he sample 
incr eases, r egar dless of t he f or m of t he or iginal 
(populat ion) dist r ibut ion.

The means (aver ages) of dif f er ent samples in t he pr evious 
example clust er t oget her closely. general property:

The aver age of a dist r ibut ion does not cont ain inf or mat ion on t he 
shape of t he dist r ibut ion.

The aver age of any t r uly r andom sample of a populat ion is alr eady 
close t o t he t r ue populat ion aver age. Consider ing many samples, or 
lar ge samples, nar r ows t he choices. The Gaussian widt h becomes 
nar r ow. The st andar d er r or of t he mean decr eases as t he sample 
size increases.
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I nt eger r andom var iable m = number of events, out of N total, of a 
given type, e.g., decay of m (from a sample of N ) radioactive nuclei, 
or detection of m (out of N ) phot ons ar r iving at det ect or .  
p = pr obabilit y f or a (one) success (decay of one nucleus, det ect ion 
of one photon)

Choose an ar bit r ar y sample of m trials out of N trials
pm = probability for at least m successes
(1- p)N- m = probability for N-m f ailur es (sur vivals, escaping det ect ion)
Probability for exactly m successes out of a total of N trials 

How many ways can m event s be chosen out of N ? Binomial 
coefficient

Tot al pr obabilit y (success r at e) f or any sample of m events:

Binomial Dist ribut ionBinomial Dist ribut ion

( ) 1
N mmP m p p

P m
N

m
p pbinomial

m N m
( ) 1

! ( 1)
! ( ) ! 1

N N N m N
m N m mm
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Moments and LimitsMoments and Limits

( ) 1
N mm

binomial
N

P m p p
m

0 0

1 ( ) 1
N N

N mm
binomial

m m

Normalization

N
P m p p

m

Dist r ibut ions f or N=30 and 
p=0.1 p=0.3
Poisson Gaussian

2 (1 )

(1 ) 1

m

m

Mean and variance

m N p and N p p

N p p

m N p N

0 5 10 15 20
0

0.1

0.2

0.3
Binomial Distributions N=30

0.236

0

Pb N m 0.1( )

Pb N m 0.3( )

200 m

2

22

1
lim ( ) exp

22
binomial

N
mm

x m
P m

Pr obabilit y f or m successes out of N 
trials, individual probability p
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Poisson Probabilit y Dist ribut ionPoisson Probabilit y Dist ribut ion

0 5 10 15 20
0

0.2

0.4

0.6

0.8
Poisson Distributions

0.607

0

Pp 0.5 m( )

Pp 3 m( )

Pp 5 m( )

Pp 10 m( )

200 m

P m
e

mPoisson

m

( , )
!

Pr obabilit y f or obser ving m 
events when average is <m> = 

m=0,1,2,

= <m> = N· p and 22 = = 

is the mean, the average number 
of successes in N trials.

Observe N counts (events) 
uncertainty is = 

Unlike t he binomial dist r ibut ion, 
the Poisson distribution does not 
depend explicitly on p or N !

For large N, p:

Poisson Gaussian (Normal 
Distribution)

Results from binomial 
dist r ibut ion in t he limit of small 
p and large N (N·p > 0)

0
lim ( , ) ( , )binomial Poisson
p

and N

P N m P m
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Moments of Transit ion Probabilit iesMoments of Transit ion Probabilit ies

23
17

4 1
14 1

17

14 1

7
1/ 2

6.022 10
: 0.25 0.25 6.38 10

236

3.5946 10 min
5.6362 10 min

6.38 10
( ) :

5.6362 10 min

" " 2.34 10

N mg mg
g

n
p

N
Probability for decay decay rate per nucleus

p

corresponds to half life t a

Small pr obabilit y f or pr ocess, but many t r ials (n0 = 6.38·1017)

0< n0· < 

Stat ist ical process f ollows a Poisson dist ribut ion: n= random  
Dif f erent stat ist ical dist ribut ions: Binomial, Poisson, Gaussian



W. Udo Schröder, 2004

S
ta

ti
st

ic
s

13

Radioact ive Decay as Poisson ProcessRadioact ive Decay as Poisson Process

Usef ul when only a mean count r at e is known: decay, 
backgr ound count s, or r eact ion. 
137Cs unst able isot ope, decays
t 1/2 = 27 year s p = ln2/ 27 = 0.026/ a = 8. 2· 10- 10s- 1 0
Sample of 1 g: N = 1015 nuclei (=t r ials f or decay)
How many will decay? 

= N· p = 8. 2· 10+5 s- 1

Count r at e est imat e dN/ dt = (8. 2· 10+5 ± 905) s- 1

est imat ed
Pr obabilit y f or m decays P ( ,m) = 

55 8.52 10(8.52 10 )
( , )

! !

m m

Poisson
e e

P m
m m
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Funct ions of Stochast ic VariablesFunct ions of Stochast ic Variables

Random independent var iables N1, N2, .,Nn
cor r esponding var iances          1

2, 2
2, ., n

2

Funct ion f (N1, N2, .,Nn) 

Gauss law of er r or pr opagat ion: 1 22 2 2
2 2 2
1 2

1 2

2 2 2

2, 3,.. 1, 3,.. 1, 2,.., 1

....

| | .. |

f n
n

N N N N N N Nn

f f f
N N N

f f f

Further terms if Ni not independent ( correlations)
Ot her wise, individual component var iances ( f)2 add.
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Example: Spect ral AnalysisExample: Spect ral Analysis

Background B

Peak Area A

B1 B2

Analyze peak in range 
channels c1 c2: beginning 
of backgr ound lef t and 
right of peak n = c1 c2 +1.
Total area = N12

N(c1)=B1, N(c2)=B2, 

Linear background 
B = n(B1+B2)/2

Peak Area A:

12 1 2

2
12 1 2

/ 2

/ 4A

A N n B B

N n B B

1 2

1

1

2 2

2

1

:N N N

N

N N

N NN

Adding or subt r act ing 2 Poisson dist r ibut ed number s N1 and N2:
Variances always add
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Conf idence LevelConf idence Level

2

22

2
(| | ) exp

22

x

pop

x

x x
P x x dx CL

( 1 ) 68.3% ( 2 ) 95.4%

( 3 ) 99.7%

CL CL

CL

Assume nor mally dist r ibut ed 
observable x:

2

22

1
( ) exp

22

pop

poppop

x x
P x

vv

Sample dist r ibut ion wit h dat a set  

observed average <x> and std. 
error approximate population. 
Confidence level CL 
(Cent r al Conf idence I nt er val):

Wit h conf idence level CL (pr obabilit y in %), t he t r ue value <xpop> 
differs by less than = n from measured average. Trustworthy exptl. 

results quote ±3
error bars!

1

2

3

Measured Probabilit y
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Set t ing Conf idence LimitsSet t ing Conf idence Limits

Example: Sear ch f or r ar e decay wit h decay r at e obser ve 
no count s wit hin t ime t . Decay pr obabilit y law 
dP/ dt exp {- ·t }.   Law is symmet r ic in and t : P( t )

0

0

0

0

0

0 0

0 | 1

( ) 1

1 1
ln[1 ( )] ln[1 ] 0

t t

tt

P t e with t e d

P t e d e

P CL
t t

nor malized P

nor malized P

Upper limit

The higher t he conf idence level CL (0 CL 1), t he lar ger 
t he upper limit f or a given t ime t inspect ed. Reduce limit 
by measur ing f or longer per iod.

no counts in t
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Maximum LikelihoodMaximum Likelihood

Measur ement of cor r elat ions bet ween obser vables y and x: {x i,yi| i=1-N} 
Hypothesis: y(x) =f(c1, ,cm; x). Parameters defining f: {c1, ,cm}
ndof=N-m degr ees of f r eedom f or a f it of t he dat a wit h f .

2

1
1 22

( ,.., ; )1
( ,.., ; ) exp

22

i m i
i m

ii

y f c c x
P c c x

for every 
data point

1 1
1

2

22
11

( ,.., ) ( ,.., ; )

1
exp

22

N

m i m
i

N N
i

ij ij

P c c P c c x

y

Maximize simult aneous pr obabilit y

Minimize chi-squared by varying {c1, ,cm}: 2/ ci = 0

2 2

12
1 2 2

1 1

( ,.., ; )
,.., :

N N
i i m i

m
i ii i

y y f c c x
c c

When is as 
good as can be?
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Minimizing Minimizing 22

2 2

2
2 2

1 1

, :
N N

i i i

i ii i

y y a bx
a b

Example: linear fit  f(a,b;x) = a + b·x to data set {x i, yi, i}

Minimize:

2
2

2 2
1 1

2
0 ,

N N
i i i i

i ii i

y a bx y a bx
a b

a a

2
2

1

2
0 ,

N
i i i

i i

x y a bx
a b

b

2 2 2
1 1 1

1N N N
i i

i i ii i i

b
x y

a

2

2 2 2
1 1 1

N N N
i i i i

i i ii i i

a
x

b
x x y

11 12 1

21 22 2

a

a

d d c

d db c

b 11 12

21 22

d d
D

d d

1 12 11 1

2 22 21 2

2
2 2

2 2

1 1

1 1 1i
a b

i i

c d d c
a b

c d d cD D

x
D D

Equivalent t o solving syst em of linear equat ions



W. Udo Schröder, 2004

S
ta

ti
st

ic
s

2
0

Dist ribut ion of ChiDist ribut ion of Chi-- SquaredsSquareds

Distribution of possible 2 f or dat a set s dist r ibut ed nor mally about a 
t heor et ical expect at ion (f unct ion) wit h ndof degrees of freedom:

2
2 12 2

2 2

2

2

1 2

2

2

2

e
( )

2 2

( ) 1 !

2.507 (1 0.0 )

2 1

833 /

d

ndof

n ndof d

of dof dof

of
dof

n n

P d d

n n n

n

n n

e n n

St ir ling s formula

Reduced 2:
2 2 2

2

( 1)

0 1.5 50%

r dof

r

n N m

For

Confidence

2

2
( , ) ( )dof ndof

P n P x dx

0 2 4 6 8 100

0.1

0.2

0.3

0.4
Chi-Squared Distribution

P u 1( )

P u 2( )

P u 3( )

P u 4( )

P u 5( )

u

< 2>ndof=5

u:= 2

Should be P 0.5 for a 
reasonable fit
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CL f or CL f or 22-- Dist ribut ionsDist ribut ions
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Correlat ions in Data SetsCorrelat ions in Data Sets

Cor r elat ions wit hin dat a set .  Example: yi small whenever x i small

x

y
uncorrel. P(x,y)

2 2

2 22 2

( , ) ( ) ( )

1
exp

2 24

unc

x yx

P x y P x P y

x x y y

2 2 2

2 22 2

2 2 2

1
( , )

2

2
exp

2

corr

x y xy

x y

x y xy

P x y

x x y y x x y y

22 22 2
21

cot
2 4

1 1

x yx y
xy

xy

xy xy x y xyr correlat ion coefficient r

x

y
correlated P(x,y)

( , )xy x x y y P x y dxdy covariance
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Mult ivariate Correlat ionsMult ivariate Correlat ions

ci

cj

initial 
guess

search 
path

2 surface Different search 
strategies software 
packages LI NFI T, 
MINUIT, .
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Correlat ions in Data SetsCorrelat ions in Data Sets

22
: 1 1

;

1 1
:

1

i i
xy xy

i j

xy
xy

x y

xy i i i j

x x y y
r r

x x y y

r

x y x y covariance
n n

uncer t aint ies of deduced most likely par amet er s ci (e.g., a, b for 
linear f it ) depend on dept h/ shallowness and shape of t he 2 surface

ci

cj

uncorrelated 
2 surface

ci

cj

correlated 2

surface

2 2

2 22 2

( , ) ( ) ( )

1
exp

2 24 x yx

P x y P x P y

x x y y




