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Abstract

It is well established that nucleons in the atomic nucleus can organize their motion, leading to quadrupole deformed
shapes of the average field and to rotations of the nucleus as a whole. At an excitation energy of few MeV above the yrast
line, rotational bands become very closely spaced in energy. Any single band can be viewed as a collective sequence of
related states embedded in a dense background of other (more or less complicated) states, to which it will couple by
residual interactions. This coupling leads to stationary states of the system (the compound nucleus) which are
complicated mixtures of unperturbed configurations. The rotational degree of freedom is “damped” in these compound
states in the sense that the electric quadrupole decay of a single quantum state with angular momentum I will not go to
a unique final state with spin I — 2 (as for the unperturbed bands) but will exhibit a spectrum of final states all having spin
I — 2.1In other words, for each compound nucleus formed in an experiment, the cascade of ~ 20 y-rays, which eventually
will cool the system, will find many transitions through which to proceed in the regions where bands mix strongly
{(damped region) and only few in the region of discrete bands. In actual experiments, the cascade of y-rays associated with
each of the members of the ensemble of compound nuclei will use each of the “discrete™ transitions many more times than
the “continuum” transitions. Relatively large and small fluctuations in the recorded coincidence spectrum will ensue,
respectively. The analysis of the fluctuations will be shown to be instrumental to gain insight into the phenomenon of
rotational damping. For this purpose, two- and higher-fold coincidence spectra emitted from rotating nuclei are
analyzed with respect to the count fluctuations. The coincidences from consecutive y-rays emitted from discrete
rotational bands generate ridges in the E,, - E,, spectrum, and the fluctuation analysis of the ridges is based upon the
ansatz of a random selection of transition energies from band to band. This ansatz is supported by a cranked mean-field
calculation for the nucleus *®8Yb, as well as by analyzing resolved bands in "*®Yb and its neighbors. Consecutive y-rays
emitted from the region of rotational damping spread out more in the E,,E,; plane than those associated with
transitions between members of discrete rotational bands, and are studied most clearly in the central valley (E,; = E,).
The fluctuation analysis of the valley is based upon the ansatz of fluctuations in the intensity of the transitions of
Porter—Thomas type superposed on a smooth spectrum of transition energies. This ansatz is again supported by
a mixed-band calculation. The mathematical treatment of count fluctuations is formulated in general terms, and the
connection to earlier treatments of one-fold spectra of high level density is established. The statistical assumptions
underlying the fluctuation analysis imply the existence of a principal uncertainty, which is examined in detail. In the
experimental section, the fluctuation analysis is applied to two-dimensional y-spectra, the only available data at present
with sufficient intensity to warrant a meaningful analysis. Large fluctuations are observed in the ridge structures from the
four cases analyzed, showing that only a rather low number ( = 30) of discrete rotational bands exist. In contrast, only
weak fluctuations are found along the central valley, revealing that the spectrum in the valley effectively contains different
(of the order of 10°) coincidence combinations. This number is considerably larger than what is found assuming that the
rotational decay leads to a unique final state, showing that the transition strength through each decay step is spread over
many states within a given energy interval, the damping width, and thus providing fairly direct evidence of the rotational
damping picture.
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1. Introduction

It is well known that nucleons in the atomic nucleus can organize their motion, leading to
quadrupole deformed shapes of the average field (intrinsic states), and to rotations of the nucleus as
a whole. Discrete rotational bands have been observed extending up to angular momenta as high
as 60 units of A. It is equally well known that nuclei excited to tens of MeV behave like equilibrated
systems at finite temperature. The subjects of both rotating nuclei and of hot nuclei have been
extensively studied during the last forty years. On the other hand, the question of how a warm nucleus
rotates is still quite open, and the concepts to answer this question are only now being developed.

In this endeavor one can try to make use of the obvious analogies existing between the damping
of the variety of collective motions in finite quantum Fermi systems without much avail. This is
because, for example, giant resonances have large excitation energies and even when based on the
ground state they are embedded in a background of high density of complicated states to which
they couple, eventually acquiring a width. On the other hand, the two states at spin [ and spin I — 2
connected by a collective rotational transition are essentially at the same excitation energy, as
measured from the lowest states of the corresponding angular momenta (so called “yrast band”). In
a statistical treatment, this results in the fact that along the whole rotational band, the density of
background states to which the rotational states couple, does not change. Consequently, the
eventual damping of rotational motion due to this coupling will be associated with the different
behaviour rotational bands display as a function of rotational frequency. In fact, if all the rotational
bands behaved equally as a function of the rotational frequency, their coupling would lead to a new
set of rotational bands displaying the same sharp transitions as the original set. The intrinsic states,
on which the rotational bands are built, react instead in different ways to Coriolis and centrifugal
forces. Because of this variety of responses, the rotational decay from a state at spin I will not populate
a single state at spin I — 2, but rather a whole distribution of them. This spreading of the rotational
transitions is the phenomenon of rotational damping. The width of the associated strength function,
the rotational damping width, measures the time it takes for the rotating system to lose coherence
at the level of the constituting intrinsic configurations. A new facet associated with the study of
rotational damping, as compared to that of vibrational motion, is connected with the fact that to
properly identify transitions within a band, one needs to make use of coincidence measurements of
y-decays. In particular, the higher folds (higher number of y-rays measured in coincidence) are very
important in this quest.

While the difference between a sharp transition and a resonant-like response is simple to
characterize and eventually measure, the consequences of the loss of coherence in the rotational
motion on the y—y coincidence spectrum are subtle. This spectrum is produced by all the couples of
rotational transitions recorded in coincidence. Each of these transitions connects two levels at
angular momenta I and I — 2. By recognizing that the y-decay which cools the compound system
along damped rotational bands will use each possible decay path, that is, each possible couple of
transitions in coincidence, fewer times than when the process moves along sharp, discrete bands
close to the “yrast band”, a method has been developed to enhance the recorded signals (Herskind
et al., 1992a). It is based on the well-known property that the larger the number of choices available
for each event, the smaller the associated fluctuations in the counting rate, and vice versa. This
simple fact is the basis of a delicate probe developed to analyze rotational y-decay from compound
nuclei. Its proper characterization, mathematical formulation and application to the analysis of the
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available data constitute the main core of the present paper. It will be concluded that the fluctuation
analysis acts as a powerful microscope, enhancing the specific signals of each spectrum and
allowing for a simple yet accurate elimination of undesired background. While much work still
remains to be done in the quest of extracting an accurate value for the rotational damping width as
a function of spin and excitation energy, one has now a solid foundation to further build the case. In
particular, we have now quantitative indications of the number of rotational bands participating in
the decay process both in the damped and in the undamped rotational regimes. We have also
obtained a fairly good knowledge of the range of excitation energies above yrast where the
rotational motion becomes progressively damped.

Because different rotational bands at the same excitation energy above the yrast line relax
differently, it is expected that one can see the remnants of discrete rotational bands in regions of
damped rotational motion. This is the reason why the study of rotational damping may also shed
light on the damping width of the compound nucleus in regions of moderate excitation energy
which have been forbidden until now. Because this information is central in the study of the
statistical description of excited nuclei and reliable data on it are essentially non-existent, the study of
the damping of rotational motion opens a new chapter in the study of the compound nucleus at large.

The plan of the paper is the following. Section 2 contains a pedestrian tutorial to the subject of
how the statistical phenomenon modifies rotational motion. Section 3 gives a qualitative discussion
of the rotational decay, with emphasis on fluctuation properties. In Section 4, the mathematics of
the fluctuation analysis is presented. In Section 5, the effective numbers of decay paths expected in
the undamped and damped rotation regimes are calculated and discussed. Section 6 deals with the
application of the fluctuation analysis to experimental spectra, and Section 7 presents the results
for the effective number of paths extracted from E,1—E,> energy correlation spectra. Section
8 provides a summary of the results. Some mathematical details are collected in the Appendix.

2. Outlook

A new generation of y-ray detector systems is being constructed in these years and applied to the
study of the nuclear structure. The scope of this research is to resolve all the discrete transitions in
the region of undamped rotational motion, and to become quantitative in the study of the spectrum
of unresolved transitions.

2.1. Discrete and quasi-continuum spectroscopy

A richer information on discrete rotational bands will eventually shed light on a variety of
phenomena related to the role played by Coriolis and centrifugal forces in the nuclear spectrum
(Garrett et al., 1986), among which one can mention those associated with doublets of rotational
bands (Nazarewicz et al., 1990; Baktash et al., 1992), interactions between bands (Jensen et al., 1991;
Radford et al., 1992), mixing of K-quantum numbers (Bengtsson et al., 1989; Walker et al., 1990),
the tilted rotational scheme (Frauendorf, 1981; Brockstedt et al., 1993), coupling of rotations to the
octupole degree of freedom (Hagemann et al., 1993), quenching of pair-correlations (Shimizu et al.,
1989), level structures in potentials with new exotic shapes (Nazarewicz and Dobaczewski, 1992),
etc.
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Along with the study of discrete transitions, investigations of unresolved y-spectra have extended
our knowledge of nuclear structure at high angular momentum and heat energy (namely, excitation
energy above the yrast band). This field, appropriately named quasi-continuum y-ray spectroscopy,
started with studies of the “E2 bump” in the y-spectrum through excitation functions (Banaschik
et al.,, 1975), angular correlations (Deleplanque et al., 1978), lifetimes (Hiibel et al., 1978) and
y-multiplicities (Hagemann et al., 1975; Hillis et al., 1979), which showed that rotational motion
with full collective strength extends to very high angular momentum in deformed prolate nuclei
(Diamond and Stephens, 1985). Later, the new technique of E,1—F,> correlations in two-dimen-
sional (2-D) spectra was introduced (Andersen et al., 1979), and showed that the transition energy
correlations in the quasi-continuum are much weaker than expected for a regular rotational band
structure (Herskind, 1984a, b). It was soon proposed that for the main part of y-decaying cascades,
the rotational motion is damped (Leander, 1982; Bacelar et al., 1985; Draper et al., 1986; Lauritzen
et al., 1986; Broglia et al., 1987; Dgssing and Herskind, 1992). More recently, the use of 3-D spectra
(Herskind et al., 1992b) and the study of count fluctuations (Herskind et al., 1992c) allowed for
a more complete analysis of the y-decay of warm rotating nuclei, confirming the picture of
rotational damping.

With the new generation of y-ray detectors, a large number of cross-talking rotational bands will
be resolved, making it possible to look at them in statistical terms. An ensemble of many bands also
implies the excitation of many quasiparticles, and this is in some sense equivalent to the situation
found in a thermal ensemble. Thus, the field of discrete spectroscopy is expected to merge with that
of the quasi-continuum spectroscopy developed in the last few years, focusing its attention on the
coupling between heat motion and rotational motion in deformed nuclei, namely on rotational
damping.

2.2. y—Y coincidence spectroscopy

A central question in the study of rotational decay from hot nuclei is how to recognize the regime
where statistical phenomena play an important role, as opposed to the discrete rotational regime where
the decay goes to a single final state along a rotational band.

The various patterns expected in the 2-D coincidence y-spectra are schematically shown in
Fig. 1. The coincidence y-spectrum of the decay of a single rotational band displays a very simple
structure, as shown in Fig. 1(b). In particular, there are no events along the diagonal E,; = E,2, and
each event is separated from the neighboring event by an energy which is inversely proportional to
the moment of inertia. Making a cut perpendicular to the diagonal [cf. Fig. 1¢)] one observes a very
regular distribution of peaks. In the case of a number of discrete rotational bands displaying
different moments of inertia and alignments, i.e. the amount of angular momentum carried out by
specific individual configurations, the same pattern as before is observed but somewhat more fuzzy
[cf. Fig. 1(e)]. The cut perpendicular to the diagonal still leads to a series of regular peaks and
valleys [cf. Fig. 1(f)].

Already at about 1 MeV above the yrast line, the density of levels is sufficiently high for the basis
rotational bands to mix strongly. In other words, any state of a strongly rotating hot compound
nucleus will be a linear combination of basis rotational bands displaying different alignments and
moments of inertia, and the y-decay will reflect this admixture. The E2 decay out of a state at spin
I will not go to a unique state, as it does for bands close to the yrast line, but to a range of final
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states with spin (I — 2), weakening the y—y correlation pattern [cf. Figs. 1(g—i)]. It is as if each single
point (event) of the discrete spectrum displayed in Fig. 1(b) were smeared out over a circular area
around the event. The quantity which controls the degree to which this smearing is accomplished is
the rotational damping width T o, defined as the full width at half maximum of the strength function
associated with the stretched (i.e. Al =2) quadrupole transitions. This phenomenon can be
interpreted in terms of the damping of the rotational degree of freedom, in the sense that the
quadrupole—quadrupole response function associated with the population of a mixed-band state
displays a finite lifetime #/T ro.
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Fig. 1. This schematic figure shows the relation between the different decay modes in form of level schemes in the three
left panels, the corresponding patterns expected in the 2-D E,; - E,, spectra in the middle panels and finally in the right
side, the corresponding 1-D perpendicular cuts performed for constant E,, + E., on the 2-D spectra shown in the middle
panels. Panels (a) and (b) show how one regular rotational band with a constant moment of inertia generates a grid
pattern in E,, - E,, spectra, with the diagonal missing. Panels (d) and (e) display the pattern of ridges generated by an
ensemble of bands with variations in alignment and moment of inertia, the ridges becoming wider as one moves away
from the diagonal at E,, = E,,. Panels (g} and (h) describe the situation of rotational damping. Here, the average
transition energies form a grid pattern, which is then smeared out in both directions by a width I',,,. This results in
a smooth spectrum with a valley in the middle. Cuts in the direction perpendicular to the diagonal are shown in panels (c),
(fy and (i) for the three different situations [from (Herskind et al., 1992a)].
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Fig. 1. (Continued.)

In this damped region, the y-decay from angular momentum / to I — 2 will spread out over
many possible transitions. As a consequence, the decay through consecutive angular momenta,
I > (I —2)— (I — 4) will populate many decay paths. In other words, for each compound nucleus
formed in an experiment, the cascade of ~ 20 y-rays, which eventually will cool the system, will
find many transitions through which to proceed in the region where bands strongly mix (damped
region) and only few in the region of discrete bands.

An example of an experimental y-coincidence spectrum is shown in Fig. 2. It displays a system of
ridges spaced 60 keV apart, and running parallel to the main diagonal, confirming to a large extent
the schematic picture of Figs. 1(e) and (f). Along the diagonal there exists a rather featureless
domain. This is in fact a valley, which represents a 10% depression relative to the surroundings, in
correspondence with Figs. 1(h) and (i). Such a coincidence y-spectrum will carry information on the
properties of rotational motion as a function of temperature along the region where the decay flow
goes through (cf. Fig. 3). However, because the main contribution arises from the continuum paths
where correlations between successive y-rays are progressively being washed out, it has proved
difficult to extract detailed nuclear-structure information from such a spectrum, particularly about
the picture of rotational damping which is at the basis of the present discussion. Under these
circumstances, a statistical treatment of the counting rate seems to be called for. This treatment is
instrumental to determine the average number of decay paths at various excitation energies above
yrast as well as the eventual threshold energy separating the “continuum paths” from the “discrete
paths” region. Fluctuations in rotational spectra and their interpretation in terms of the number of
decay paths were first discussed by Stephens, (1988).

2.3. Count fluctuations

In actual experiments, the cascade of y-rays associated with each of the members of the ensemble
of compound nuclei will use each of the discrete transitions many more times than the continuum
transitions. Increasing the efficiency of the detection system or the beam intensity will increase the
number of cascades detected and consequently reduce the error with which each of the associated
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Fig. 2. Anexperimental 2-D E,; - E,; spectrum for '®7-1°8Yb from 700 to 1100 keV is shown after a background has been
removed by the Cor-minimization procedure discussed in the text in Section 6.2.1.

y-rays is measured. However, this will not alter the fact that each of the continuum paths will be
recorded fewer times than each of the discrete paths.

The coincidences associated with discrete paths will populate only selected regions of the y—y
plane, while the events associated with continuum paths are expected to be distributed more
uniformly. More precisely, the decay going through continuum paths is expected to lead to
a smooth background with a gentle valley along the diagonal in the y—y coincidence plane, while
the decay going through discrete paths will produce rather spiky ridges. The spectra resulting from
the ratio of the first and second moments of the number of counts observed in the experimental
channels, display a much clearer ridge structure than the original spectrum, making it easier to study
the evolution of the rotational spectrum as a function of temperature and spin.

It is important to realize that the very existence of a finite number of “paths™ leads to enhanced
Sfluctuations, whose magnitude is fixed by the number of paths, as compared to a purely statistical
spectrum, in which case the events are randomly distributed directly over the experimental channels,
and the relative fluctuations in the counting rate can be diminished at will simply by increasing the
number of counts. However, in the limit where each path is used only once, there is no difference
between distributing events over paths or directly over the experimental channels, and the purely
statistical limit is recovered. A situation similar to the latter one is encountered high in the
quasi-continuum, where at a given spin each cascade can choose among an extremely large number
of available transitions. The opposite situation is encountered close to the yrast band, where the
v-decay can flow only along a limited number of discrete rotational bands. In this case, if
the number of counts is sufficiently high, and if the experimental resolution is adequate, one can
reach enough sensitivity so as to resolve all the individual paths. This is what is expected to happen
in the next years with the new detector systems. The fluctuation analysis may become an important
tool in this quest, because it can be used to amplify signals from specific, weakly populated
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Fig. 3. The black curves show the distribution of excitation energy above yrast at I = 50,40, 30,20 kA, as obtained in
simulation calculations describing the y-decay of '*¥Yb. Also shown are curves describing the neutron binding energy B,
the “flow line”, namely the average heatenergy U as function of I, and the line of “equal competition” between E1 and E2,
where the E1 and E2 transition probabilities are equal.

configurations, which otherwise could hardly be separated from the surrounding background. In
the meantime, the fluctuation analysis can give important indications concerning the number of
bands, which are yet to be discovered, as well as on the excitation energy region where the
transition from discrete to continuum paths takes place. In any case, it is likely that the fluctuation
analysis will remain the only method to deal quantitatively with the continuum part of the
spectrum.

Recapitulating, the large and small number of paths associated with the continuum and discrete
parts of the rotational spectrum, respectively, are expected to lead to relatively small and large
fluctuations in the number of counts of the recorded spectrum. With a number of caveats (cf. the
next two subsections), this expectation can be formulated in a compact way in terms of concepts
appropriate to describe “chaotic” and “ordered” behavior of quantal systems with many degrees of
freedom. The strongly interacting bands are expected to be related in general to a spectrum whose
rigidity is associated with the Gaussian orthogonal ensemble (GOE), or Gaussian unitary ensemble
(GUE) type of fluctuations, both in energy and in intensity, while the non-interacting bands will
display Poisson-like fluctuations. In other words, a rigid spectrum will display much less fluctu-
ations than a spectrum whose details depend on unmixed nuclear structures. Let us now expand
these statements, and make explicit the caveats mentioned above.
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2.4. Rotational damping and compound damping

The shell model provides a powerful basis to describe any state of the atomic nucleus, in
particular the intrinsic states of deformed nuclei with high contents of excitation energy and of
angular momentum. The residual interaction mixes these simple basis states, leading to complex
compound nuclear states, eigenstates of the nuclear Hamiltonian.

Each simple state is then spread over many compound nucleus eigenstates. The energy interval
over which this phenomenon takes place is known as the damping width I'ex ( = I') of the intrinsic
states. If all the intrinsic states behaved equally as a funtion of the rotational frequency, the
quadrupole rotational decay pattern would correspond to discrete, sharp transitions, unaffected by
the residual interaction. However, because each intrinsic configuration responds differently to the
effect of Coriolis and centrifugal forces, the rotational bands at spin I will display a dispersion of
frequencies Aw. Consequently, rotational bands which are situated in a narrow energy interval at
spin I are spread out in energy at spin I — 2. Diagonalizing the residual interaction at both spins
I and I — 2 will lead to a pattern of quadrupole rotational transitions which, starting from a given
state at spin I, populate a distribution of states at spin I — 2. The width I',,, of the associated
strength function is the rotational damping width. The two quantities I'cy and I o have completely
different physical origins and are thus, in principle, not related to each other.

In fact, the quantity #/I'cy is related to the time the nucleus spends in a simple shell-model
configuration. On the other hand, the quantity 4/l measures the time it takes for a compound
nucleus eigenstate at spin /, to get distributed over a range of compound nucleus eigenstates at spin
I — 2, still collecting the full rotational transition strength.

In other words, at finite temperature any particular intrinsic eigenstate can be represented as
a random superposition of many different configurations. The individual configurations in this
combination respond differently to the Coriolis force resulting from the nuclear rotation, depend-
ing essentially on the difference in the value of the aligned angular momentum of each configura-
tion. This implies that on changing the rotational frequency slightly, as the system moves from spin
I to spin I — 2, the different configurations in the given compound nucleus state will become
somewhat out of phase with each other and will no longer represent an eigenstate of the intrinsic
Hamiltonian. Rather, the particular combination that was an eigenstate at [ will represent a wave
packet of eigenstates at I — 2, and it is the energy width of this wave packet that is observed as the
rotational damping width. Rotational damping reflects the varying effect of the Coriolis force on
the compound states as a function of rotational frequency. On the other hand, the spreading width
I'cx of the compound eigenstates measures the energy interval over which a “typical” shell-model
configuration couples to compound nucleus eigenstates. Consequently, it is a local quantity
depending only on the properties of the system at fixed values of the parameters determining the
physical state of the nucleus (e.g. spin and excitation energy).

Rotational damping, as well as the mean energy of rotational transitions, depends on the details
of the Hamiltonian. On the other hand, compound nucleus damping is expected to be insensitive to
the particular details of the Hamiltonian. It will lead, once diagonalized, to universal fluctuations of
intensities and energies. In principle, this part of the Hamiltonian is represented by a random
matrix Hamiltonian, in particular that associated with the GOE (or GUE).

It is important to keep in mind the above discussion to properly understand the fact that the
rotational damping width is controlled by two quantities: the spread in rotational frequencies Aw
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of the unperturbed shell model states, and the time (hopping time) a compound nucleus state stays
in any single shell-model configuration, a quantity which is measured by A/ cn. In fact, 1t turns out
(Lauritzen et al., 1986) that I',, is equal to 2(2AAw) when I'cy 1s smaller than 2AAw, while I, is
equal to 2(2hAw)?/T'cx when I'en > 2hAw. This last relation reflects the phenomenon of “motional
narrowing”, a phenomenon which occurs quite generally where the frequency of a resonant process
may be influenced by time-dependent perturbations. In other words, as temperature increases,
many intrinsic configurations take part in forming a nuclear level, and the time the nucleus spends
in each of the intrinsic configurations associated with an unperturbed band decreases. When this
time becomes shorter than the typical times associated with the spread in rotational frequencies,
I, will decrease with temperature. This is because the system has not enough time to feel the full
range of rotational frequencies at that temperature. In other words, spatial inhomogeneities are
averaged out by time inhomogeneity. This phenomenon, first observed in the study of the
relaxation of the nuclear magnetic resonance in solids and liquids, is at the basis of a far-reaching
analogy which can be carried out between nuclear rotational motion and nuclear magnetic
resonance (Broglia et al.,, 1987). The predicted behaviour of I',,, seems to imply that the rotational
motion can be defined at all temperatures, as I',,, is expected to be always a fraction of the stretched
electromagnetic quadrupole transition energy.

Quite independently from I',,, the quantity I'¢y controls, together with the average level spacing
D =p ', p being the density of levels, the range of validity of concepts like chaos and the
associated presence of GOE (or GUE) level statistics and Porter—Thomas intensity fluctuations.

These phenomena are at the basis of the fluctuation analysis presented in the present paper, and
aimed at learning about the damping of rotational motion. It is expected that most of the
experimental information in such analysis arises from regions of the spectrum where:

(@) Iy < p ' and I'cy < p™ ', that is, the case of discrete rotational transitions giving rise to
ridge-like structures in the y—y coincidence spectra.

(b) Iw>Ten>p 'Ten > ey > p~ 1Y), that is, rotational rotations displaying damping
without (with) motional narrowing, and leading to valley-like regions in the y—y coincidence
spectra.

2.5. Ordered and chaotic motion

In connection with the discussion above, the energies of the rotational transitions associated
with the regime (a) will depend on the particular intrinsic configurations of the associated
rotational bands. In such a situation, the level statistics (nearest-neighbor spacings and A,
statistics, also known as “spectral rigidity”), is expected to follow a Poisson distribution typical of
ordered motion. On the other hand, in the regime (b) of strongly interacting bands, the expectation
for the level statistics and intensities is that associated with the GOE, i.e. Wigner-like behaviour for
level spacings and A;, and Porter—-Thomas fluctuations for rotational intensities, typical of chaotic
motion.

In this connection one can remember that the eventual successful analysis of the high-resolution
electron scattering data for the excitation of the isoscalar giant quadrupole resonance in *°®Pb
(Kilgus et al., 1987), was based on assumptions like those discussed in relation with the regime (b);
this is in spite of the fact that the width of the giant resonance is associated with the coupling to
specific doorway states (2p—2h configurations containing a surface vibration). However, at an
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excitation energy of the order of 10~11 MeV, the intensity distribution of the associated level
spectrum has to display a Porter-Thomas distribution even if the overall distribution of the
observed transition strength follows rather closely the theoretical distribution of doorway states.

To be noted, however, that situations where I',,, < p~! < I'cn could also be found along the
rotational decay path (Mottelson 1993a, b). In this case the intrinsic states will exhibit
Porter-Thomas intensity fluctuations, except for the collective E2 transitions, which from spin
I will populate a single rotational state at spin I — 2. Also, examples exist of the appearance of
GOE level statistics already at the stage of the coupling of a collective state (giant resonance) to
surface doorway states (Drozdz et al., 1994).

Situations like the ones discussed above testify to the subtle nature of chaos in many-body
quantal systems like the atomic nucleus. They also remind that damping of collective motion, like
rotational motion, is, in principle, unrelated to chaotic motion, although the boundaries between
the two phenomena are somewhat fluid.

The perspectives of studying the coexistence of collectivity and chaos in nuclei through studies of
the rotational strength functions were pointed out by Guhr and Weidenmiiller (1989). This
question was addressed in the cranking model with random two-body interactions by Aberg (1990,
1992), and with more realistic interactions by Matsuo et al. (1993a). The statistical properties of
level spacings with regard to ordered or chaotic behavior has been taken up by Garrett et al. (1991).

2.6. Statistical treatment

After the above discussion, one can restate that the subject of the present review is the study of the
consequences of the interweaving between discrete rotational bands, damped rotational motion and
compound nuclear states, on the statistical properties of the y-decay of warm, strongly rotating nuclei.
The emphasis will be on the fluctuation of counts in E,; - E,, rotational spectra.

Two quantities characterizing the rotational spectrum are the transition energies and probabilit-
ies. These are fluctuating quantities. In fact transition energies of discrete bands do depend on
details of the nuclear spectrum. On the other hand, transition strengths at higher excitation
energies will display a Porter-Thomas distribution. The quantitative connection between the first
and second moments of the y-ray count distribution in the experimental channels and the number
of paths available for the de-excitation of the nucleus, depends on the fluctuation properties of
either the rotational transition energies (in the discrete region) or the transition probabilities (in the
continuum region). We find that the fluctuations are determined by the effective number of double
coincident transitions that are sampled by the nucleus in its y-decaying cascade. The notation
decay path is used for such a double coincident transition, thereby signaling their role of stepping
stones which guide the decay cascade down in excitation energy and angular momentum. To each
decay path is attached a probability that the path will be followed in the cooling process associated
with a given compound reaction. This feeding probability is the third element characterizing the
rotational spectrum. It will also influence the recorded fluctuations, and the distribution of feeding
probabilities for the different paths must be taken into account when one relates the fluctuations to
the existing number of decay paths. An estimate of the feeding probability requires a quantitative
description of the y-flow in the decay process. Such a process, which is mainly the result of the
competition between statistical dipole transitions and collective quadrupole transitions, is illus-
trated in Fig. 3 [for more details, cf. (Dgssing and Vigezzi, 1995)]. The typical y-decay cascade is
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initiated at around angular momentum I ~ 604, and a heat energy of about U ~ 4 MeV. For these
values of heat energy and angular momentum, the decay probability for rotational E2 transitions is
about equal to that for statistical E1’s. Following the decay cascades down in angular momentum,
the competition shifts in favour of the E1’s, which will cool the nucleus. The states populated during
a typical decay cover a band of (heat) energy approximately 2 MeV wide, whose centroid follows
a “flow line”, which can be parametrized as Uy, = (I/c)?, a reasonable value of the constant being
¢ = 30h.

The use of statistical methods in the analysis of the nuclear spectrum is a mature research subject,
and, for example, the paper by Hansen et al. (1990), provides an excellent discussion of important
applications to nuclear physics. The present fluctuation analysis applies techniques used in these
investigations. However, E.; ' E,, spectra are in many respects quite different from the spectra
treated earlier by the fluctuation analysis. First, it should be emphasized that to allow for a separate
study of damped and undamped transitions, the spectra must be at least two dimensional.
Secondly, the spectrum is composed of a very large number of transitions, some of which are very
probable, while others occur rarely in decay cascades. To deal with this new situation, we have
generalized the formalism of Hansen et al. (1990), deriving expressions that are directly related to
the experimental situation for rotational decay. In some cases, we explicitly relate our expressions
to (Hansen et al, 1990). The mathematics required to evaluate the first two moments of the
fluctuating spectrum is straightforward, and we have chosen to make the presentation complete.
A descriptive presentation is given of the more involved mathematical derivation of the variance of
the moment distribution.,

3. Theoretical models to simulate fluctuations in the decay pattern of rotational bands

Having introduced in the previous section the main concepts needed to discuss the physics of the
rotational decay of compound nuclei, as measured in y-coincidence experiments, we shall apply
them to the study of concrete situations. Before this, it may prove useful to clarify the workings of
the fluctuation method which is at the basis of the analysis of the experimental data, in terms of
simple theoretical models. We shall divide the discussion in two parts. The first will refer to the
analysis of the ridges, while the second will concentrate on the valley.

3.1. Discrete bands, random transition energies

In the region of discrete bands, the energy of the intra-band E2 transitions can be related to the
rotational frequency. The rotational frequency is expected to vary from band to band, whereas the
intra-band stretched E2 transitions connecting states of the same configuration at neighboring
angular momenta have the full collective rotational strength. This is because the response of each
intrinsic configuration to the rotational frequency depends on the detailed distribution of indi-
vidual nucleons on levels around the Fermi energy, while the nucleus essentially acts as a whole in
the collective decay process.

To study the transition energies in the region of discrete bands, a cranked shell model calculation
was carried out for the nucleus '°®Yb (Matsuo et al., 1993b). The lowest 200 intrinsic states for
a given parity and signature, obtained by promoting neutrons and protons to produce np-nh
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configurations were considered. They cover an interval in heat energy up to approximately 2 MeV.
To each cranking model state corresponds a rotational band, which has one y-transition within
each interval of width 4/3?, 3 being the second moment of inertia. An experimental setup with
a window divided in ten channels was assumed to be able to measure these energies. The results for
the configurations with positive parity and signature zero are shown in the middle of Fig. 4 in the
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Fig. 4. Three sets of count distributions are illustrated in this figure for comparison. In the top panels five different trials
have been carried out, in which 20 counts are distributed on ten channels randomly by means of a ten-sided dice. The
middle panels display an equivalent result for the transition energies of calculated discrete bands generated by the
cranking model for the nucleus *°8Yb. The first bin here corresponds to the 20 bands of lowest energy, the next to no.
21-40 etc. The bottom panel shows experimental transition energies from six nuclei, with a channe! width of 8 keV. The
vertical lines in the bottom panel divide the spectrum into 4/3* = 60-keV-wide bins.
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form of a ten-bin histogram, first for the 20 states of lowest excitation energy, then for states no.
21-40 etc.

No single pattern is displayed by the distributions. This fact becomes more evident comparing
the results of the cranked-shell-model calculations with a random distribution shown at the top of
Fig. 4, obtained by throwing a ten-face die 20 times, and repeating the operation five times.
A quantitative assessment of the randomness of the nuclear-structure results is obtained by
calculating the second moments associated with the distributions calculated in the cranking model.
It is seen in Fig. 5 that already for a frequency of the order of 0.4 MeV, the random statistical limit,
shown by the thick horizontal line, has been reached. In other words, transition energies depend on
details of the shell structure. Consequently, from a statistical averaging point of view, they are likely
to be random in nature. The main reason why randomness is approached on increasing rotational
frequency is because the spectrum becomes less and less degenerate as the external field progress-
ively breaks Kramers symmetry.

Further insight into this question can be obtained from experimental data on discrete bands. For
this purpose, we select the known rotational bands in five different nuclei. At the bottom of Fig. 4,
the distribution of rotational transition energies is shown for these bands, binned in 8-keV
intervals, and then shown for windows of width 60 keV. Each band will then on the average place
one transition within each window. Comparing with the random distribution, one sees that the
experimental energies also behave in a random way. Fig. 6 shows a perspective plot of these
coincidences in the y—y energy plane within a wide window of 200 x 200 keV? centered around the
valley. A clear ridge structure is seen, the ridges becoming blurred as one moves from the first to the
second ride, etc., in accordance with the schematic Figs. 1(e) and (f). The E,; — E,, direction
displays strong correlations, whereas the random picture, shown also at the bottom of Fig. 4, is
obtained moving in the E,; + E,, direction along the first ridge.

I (+,6)

9 N @

Fig. 5. The averaged second moment p, of the cranking model spectra of the type shown in the middle panel of Fig. 4
is shown as function of rotational frequency. For each frequency, ten bins are included in the calculations, covering
the lowest 200 states of parity and signature (+.,0). The thick horizontal line shows the average value
iz = p; (1 — 1/Ny,) = 1.8 valid for random transition energies.
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Fig. 6. The 2-D coincidence energies of known bands in the six nuclei !#4:!1°6158Yb_Er are shown with a channel width
of 8 x 8 keV over an interval of the E,, - E,, plane. On the sides of the 2-D plot are shown 1-D cuts, namely (i) the energies
of the first ridge (also shown at the bottom of Fig. 4), and (ii) a perpendicular cut covering 60 keV, centered around
970 keV of sum-energy %(E\,l + E,z).

Varying proton and neutron number is to some extent equivalent to having a temperature within
one nucleus, since both cause a variation of the occupation probability of the neutron and proton
states around the Fermi surface. The reason for the apparent randomness of transition energies is
first that the alignments of single-nucleon states, as well as their contributions to the moment of
inertia, can take on a continuous set of values. Secondly, the excitation of one neutron or proton
state can shift the energies significantly relative to the width of the window. The subsequent
thermal averaging or averaging over nucleon number is then able to generate the required
randomness. Note, however, that this result does not apply in a strict sense to bands in a single
nucleus, since, of course, there can be no interaction between rotational bands belonging to
different nuclei. Interactions between the bands may tend to make them go parallel to each other.
Specific rules for alignment, such as for example seen in the superdeformed case (Nazarewicz et al.,
1990; Baktash et al., 1992), may also tend to cluster their energies. Thus, our basic assessment of the
band energies as random within the typical energy window for one transition should be taken with
some reservation.

3.2. Mixed bands, transition strength fluctuations

In this section, we move to the region of higher level density, where the rotational motion is
expected to be damped. This is studied within the framework of the cranked shell model, by adding
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to the cranked mean field a residual two-body interaction acting between the nucleons. We use here
the surface-delta interaction (Green and Moszkowski, 1965; Fissler, 1968). Our procedure is
similar to that of Aberg (1990, 1992), except for the choice of a realistic residual interaction in the
present work (Matsuo et al., 1993a, c).

The following calculations are carried out for the nucleus '°8Yb at a rotational frequency
hw = 0.5 MeV, corresponding to an average angular momentum I ~ 40h. The diagonalization is
performed for each parity and signature, with the lowest 1000 np—nh basis states producing stable
solutions for the lowest 300 levels, covering an interval of excitation energy from yrast up to
2.3 MeV. As an ansatz of the model, the E2 transition strength is taken to be diagonal in the
unperturbed basis of cranked mean-field configurations. The stretched E2 strengths are calculated
between the levels resulting from the diagonalization at the two different rotational frequencies
w = 0.5MeV and w — 2/3 =047 MeV, corresponding to angular momenta [ and [ — 2.

Fig. 7 illustrates the change in structure of the rotational E2 transitions, as the excitation energy
above yrast increases. The E2 strength from the yrast level goes just to one state belonging to the
same rotational band [cf. Fig. 7(a)]. With increasing internal excitation energy of the rotating
nucleus, the rotational transition strength out of the levels at spin I becomes fragmented, as the
residual interaction progressively mixes unperturbed rotational bands with different alignments
and moments of inertia. We find that the onset of fragmentation takes place in the energy region
around U ~ 800 keV above yrast, as exemplified by the level at 860 keV in Fig. 7(b). Further up in
excitation energy [Figs. 7(c) and (d)], the rotational strength exhibits fragmentation, but one can
also recognize an underlying smooth profile of the strength function, having a width I',, ~
150-200 keV. This is the rotational damping width.

A quantitative measure of the fragmentation of the E2 strength out of a level is provided by the
branching number

nbranch(a) = l/ZSaz*ﬂa Zsz—d} = 1a (31)
B B

where S,_; denotes the normalized rotational transition strength from the level « at angular
momentum [ to the levels § at angular momentum I — 2. The branching number measures the
effective number of transitions out of one state, as one can check for the special case of n equiprob-
able transitions out of o, for which the definition (3.1) yields ny.ancn(2) = 1. Also, the branching
numbers shown in Fig. 7 are seen to give a good measure of the branching of the decay from each
state.

The branching number may be used to define empirically the excitation energy for onset of
damping. If the branching number is less than 2, at least one transition out of the level in question
must be stronger than 50%. Conversely, if the branching number is larger than 2, there can be no
transition stronger than 71% out of the state. The excitation-energy dependence of the branching
number is shown in Fig. 8. Defining the onset of rotational damping by the condition nyranen > 2,
the characteristic excitation energy U, for the onset of damping is extracted from Fig. 8 as
Uy~ 08-1MeV. The number of undamped rotational bands defined by the condition
Aprancn(®) < 2 1s counted to be 36.

Fig. 7 displays fluctuations in the height of the individual peaks. To understand the origin of
those fluctuations properly, one has to remember that the diagonalization takes into account not
only the coupling to doorway states of each interacting band (i.e. configurations differing by one
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Fig. 7. Results of a mixed-band calculation, in which cranked np—nh bands interact with a surface-é residual two-body
interaction. Shown is the rotational E2 strength distribution out of representative states at different heat energies U for
rotational frequency w = 0.5 MeV. Note the change of scale between the different strength distributions.

Fig. 8. The figure shows the effective number of final states for rotational decay out of calculated mixed bands, expressed
through the branching number averaged over states within 100-keV-wide bins. The onset of rotational damping is
marked by the line ny.nen = 2. The dashed line expresses the branching number obtained for a Gaussian strength
distribution of width I',,, = 156 keV with superimposed Porter—Thomas fluctuations [cf. Eq. (3.18}].

exciton from the number of excitions of the intrinsic state in question), which leads to a breaking of
the transition strength over an energy interval of the order of I',,, but also couplings to more
complicated configurations, which represent the compound nucleus states. These latter couplings,
for the situations displayed in Figs. 7(c) and (d), imply that each intrinsic configuration is spread
over an energy range [cn. The range over which the rotational decay is distributed
( = 150-200 keV) does not essentially change as a function of the heat energy [cf. Figs. 7(b)-(d)],
indicating that I'cy is, in these calculations, smaller than I',,. Therefore, the system under
discussion seems to be in a situation like the one discussed in scenario (b) in Section 2.4.
Consequently, most of the results displayed in Fig. 7 are manifestations of a regime where
rotational damping and chaotic motion coexist. In the energy region close to yrast. where doorway
coupling is likely to dominate, one would expect fluctuations in the rotational transition strengths
to be connected to Poisson fluctuations, and to result from the interaction of pairs of close-lying
bands at spin I and I — 2. At higher excitation energies above yrast, where the coupling to
complicated configurations is fully active, one should instead find Porter-Thomas fluctuations,
characteristic of a completely mixed situation with GOE-type fluctuations. The strength distribu-
tions shown in Fig. 7 exhibit an overall smooth profile (at least for U = 1627 and 2291 keV), which
may be characterized by a central peak position and by a full width at half maximum, namely, the
rotational damping width. The strength fluctuations displayed by the results shown in Fig. 7
should be measured relative to this smooth profile. For a transition from a level « (at spin I) to
a level B (at spin I — 2), the normalized strength is defined by

Sup = Saep/{Samep) - (3.2)
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where (S, ;) represents the strength in the absence of fluctuations. By definition, the normalized
strength should have unit mean. The smoothed strength {(S,- ;) should be a function of the y-ray
energy E,; = E; — E, and the excitation energy of the levels. One can evaluate it by

(Samp) = S(Ep)/ p(Ep), (3.3)

the quantity p(E;) being the level density at excitation energy Ez. The smooth strength function
S(E) is calculated by taking a Strutinsky-type smoothing of the microscopically calculated strength
distribution,

S(E)= %sz_,ﬁf(E —Eu) (3.4)

where the average over initial levels « is taken to provide a reliable smoothing. The quantity f'is
a Gaussian function with a width of 50 keV. The level density p(E) is determined by a fit to the
constant-temperature formula p(E) = T~ ! exp[(E — Eo)/ T ] [for more detail, cf. (Matsuo et al.,
1993b)].

If the band-mixing leading to I'cy has a random character, the strengths normalized relative to
a smooth strength distribution should display Porter—-Thomas fluctuations (Brody et al., 1981):

P(syp) = (2Tfsa~/;)~l’f2 exp( — %Sa—nﬁ) . (3.5)

Plotting the distribution as a function of the square root of the normalized strength, the P-T
distribution becomes Gaussian. The distribution of the normalized strengths is shown in Fig. 9. For
the lowest excitation energies there is an excess of small and of large transition strengths relative to
the P-T distribution. With increasing excitation energy, the strength fluctuations approach the
P-T distribution. In other words, at these excitation energies, rotational damping and chaotic
motion coexist. This is not a trivial result, and depends sensitively upon the residual interaction,
and in particular on the high multipoles of the interaction, as documented in (Matsuo et al., 1993a).

Further insight into the results displayed in Fig. 7 can be obtained by studying the “rigidity” of
the spectrum. In other words, in an ensemble a particular level does not move very much from one
member of the ensemble to another. Numerical calculations using GOE levels, confirmed by
analytical studies, show that it is unlikely for a level to move more than a distance D, the average
distance between levels, away from its average position in the ensemble. A quantitative measure of
this fact can be obtained by means of the A; statistics (Brody et al., 1981). In this case the
fluctuations are measured by evaluating the deviations of levels from a smooth spectrum in terms
of a staircase function N(x) with energy as the variable. At the position of each level, the value of
N(x) goes up by one unit. The 45 statistics is defined as

Ay(L) = (As(L, Eg)> = <minA,BZ j N NE) — 4 - BE)sz>. (3.6)

Here, the angle bracket denotes an average over the initial point of integration Ey, and L is given
in units of the mean level spacing D. For a random distribution of levels, 43(L) = L/15, while for
equally spaced levels A3(L) = 1/12.

In other words, if levels do not interact, 45 increases linearly with the number of levels, while if
they are completely locked by a strong interaction between levels above and below it will tend to
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Fig. 9. The probability distribution of normalized rotational E2 strengths out of mixed-band states situated within the
FWHM of the strength function. The dashed curve represents the Porter—Thomas distribution. To display the
dependence on the excitation energy above yrast, the lowest 300 levels for each parity and signature are grouped into four
bins, containing the 1st—50th level, and so on, as indicated in the figure. The heat energy interval covered by the bins is
indicated.

Fig. 10. The A; statistics of the normalized energy differences among the lowest 1-100, 100-200 and 200-300
mixed-band states is shown together with the limiting cases Poisson (random energies) and GOE (large random matrix
diagonalization).

a constant value. Consequently, A5 measures the “rigidity” of the spectrum. The GOE result
A5(L) = (1/m*)[In(L) — 0.0687] (3.7)

lies in between the random and the equally spaced distributions. The A5 statistics associated with
the cranked-shell-model calculations discussed above is displayed in Fig. 10. It is seen that with
increasing excitation energy the rigidity of the spectrum approaches the GOE limit.

Combining the information in Figs. 8-10, one sees that the band-mixing calculation with
a surface-delta interaction predicts an onset of rotational damping around a heat energy of
Uy = 800 keV. The energy interval over which the quadrupole decay is spread is of the order of
150keV [cf. Fig. 7(b)]. This quantity, which can be identified with I',,,, does not change much as
a function of the excitation energy, although the strength function becomes smoother [cf. Figs. 7(c)
and (d)]. The associated strength fluctuations resemble to some extent that associated with random
distributions at low heat energy [U < 1.4 MeV, cf. Figs. 9(a), (b) and 10], while they approach the
GOE limit at higher excitation energies [cf. Figs. 9(c), (d) and 10]. These results emphasize the
different origin of the rotational damping phenomenon, which is related to the coupling to
doorway states, and of the damping associated with compound nucleus damping. Furthermore, it
seems to imply that I'cy is sizably smaller than I',,,, at least within the range of heat energies under
discussion. In keeping with this result, one should remember that we are discussing local properties
of the level structure and statistics. This is because strength functions are around 100-200 keV
wide, compared to the whole excitation-energy region of 2.3 MeV, covered by the lowest 1200
states (300 of each parity and signature).

It is likely that the most important region to learn about the specific mechanisms which are at the
basis of the rotational damping is in the onset region (U =~ 0.8-1 MeV). At higher excitation
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Fig. 11. Tlustration of the basic results of the discrete cranking-band and mixed-band calculations, which are relevant
for the fluctuation analysis.

energies, one should take properly into account the ubiquitous role of the coupling to compound
states, and the associated GOE fluctuations, to be able to extract from it information concerning
the fluctuations in the mean-field properties like alignments and moments of inertia, which are at
the basis of the phenomenon of rotational damping.

The above discussed properties of transition energies and strengths will determine the fluctu-
ations of the y—y energy spectrum. The level repulsion generates a rather smooth sequence of
transition energies, but taking into account the associated intensities, the smoothness 1s lost, and
fluctuations will arise. Thus, in the region of mixed bands, the Porter-Thomas fluctuations are
believed to be dominant, whereas transition energy fluctuations are of minor importance. This is
a general feature of chaotic spectra (Hansen et al., 1990).

The general picture emerging from our investigations based on the cranking model with
interacting bands is illustrated in Fig. 11.

4. Fluctuations and number of paths
4.1. An illustrative example

As an introduction to the mathematical evaluation of the fluctuations, we shall illustrate in
a simple case how the y-events distribute themselves in the channels in the presence of a finite
number of decay paths. In particular, we shall discuss the laws followed by the mean value and the
standard deviation of the number of counts,

A schematic realization of count fluctuations in the presence of decay paths is shown in Fig. 12. It
has been worked out making use of a computer, but it could be reproduced with a multifaced die.



T. Dassing et al. | Physics Reports 268 (1996) 1-84 23

path/ch m counts event/path event/ch
randomly in each path randomly randomly
20 —
! Npsth ~> infinity
18
a) c) d)
16 =
14 s
»nl2 i
£ o
810 2) "—‘
Bo ]
’ .= I y
4 % i E i
i
N ! : ]
0 Jﬁ\ V§ i 1 \ L
012893 ,6012345601234560123456

Z .

1 45
CHANNELS CHANNELS CHANNELS CHANNELS

Fig. 12. Illustration of fluctuations in spectra with the presence of ten equiprobable paths, (a)—(c), and with infinitely

many paths of random energy. (d). (a) Distribution of paths on channels, (b) spectrum resulting from the distribution of
4 counts on each path, and (c) a realistic distribution of counts into the paths for the ten-path calculation.

In Fig 12(a), ten paths have been randomly distributed over five channels, and the resulting number
of counts in each channel is shown in histogram form. Because of the low number of paths (ten), it is
quite likely that one of the channels will have zero counts, as is the case in the present realization of
the distribution of paths on channels. The particular histogram displayed in Fig. 12(a) is actually
quite representative of the situation being discussed, when the number of paths and channels are
comparable.

Next, we assume that each path carries a fixed number of four events, for a total of 40 events. The
result is shown in Fig. 12(b), which is just the same as Fig. 12(a) scaled by an enhancement factor
Neve/ Npamn = 4. In Fig. 12(c) the 40 events are distributed randomly over the ten paths and then
further randomly distributed over the five channels, leading to almost the same distribution of
counts on channels as in Fig. 12(b). If the events were to be distributed randomly directly into the
channels, equivalent to having infinitely many paths, as shown in one example in Fig. 12(d), it
would be very unlikely to obtain zero counts in one of the channels, or, generally, to obtain such
large fluctuations as displayed in Figs. 12(b) and (c).

These considerations can be expressed quantitatively through the first two moments of the
spectra displayed in the panels of Fig. 12. The fluctuations of the spectrum in Fig. 12(d), displaying
a complete random distribution of events on channels, follow a binomial distribution, with the
associated standard statistical relations for the mean value and the variance of the number of
counts per channel:

py(counts) ~ N/ Noy s

wa{counts) >~ (Nyo/ Nop) (1 — 1/Ngy) 4.1)
yielding approximately unit ratio between the second and the first moment

Ja{counts)/ i (counts) ~ 1 4.2)

[cf. standard textbooks on statistics, for example (Kendall and Stuart, 1958)].
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In the case of Fig. 12(a), we can use the same relations, but this time applied to the statistics of the
number of paths, rather than events:

Hy (pathS) = Npath/Nch s

pa(paths) ~ (N an/Nen) (1 — 1/Ny) (4.3)
and again
i, (paths)/ uy(paths) ~ 1. 4.4)

When we turn to Fig. 12(b), we can use the fact that each path carries a fixed number of events,
Neye/ Npam, s0 that in this case we have for the mean values

u;(counts) = gt (paths) (Neve/ Npam), (4.5)
and for the second moment, which is quadratic in the number of counts

tz(counts) = 5 (paths) (Neye/ Npan)?, (4.6)
so that now

f2(counts)/ p, (counts) >~ Neyo/ N pan - 4.7)

We then see that, due to the scaling factor N,,./N,,m, when there are many events per path the
resulting ratio between second and first moments is very different from the statistical limit (4.2),
obtained in the absence of paths.

In our view of the actual case, the nucleus selects its band energies from a random distribution,
and then each event selects one of the bands, yielding a result of the type shown schematically in
Fig. 12(c). The statistical randomness in both selections has to be taken into account, adding Egs.
(4.2) and (4.7), yielding the basic equation for the fluctuations in the number of counts:

{t>(counts)/ p (counts) = Noye/ Npgn + 1 . (4.8)

Eq. (4.8) expresses for the schematic case the result that we have already anticipated, namely that
few paths lead to strong fluctuations of the spectrum, and vice versa.

In the following, Eq. (4.8) will be generalized to the actual case in which the spectrum is two
dimensional, the path probabilities are not uniform, and the detection system has a finite
resolution. The aim is to be able to extract the number of paths from fluctuations of experimental
spectra.

4.2. Definitions: events, paths, channels

The typical spacing between two consecutive transitions in a rotational cascade is 4/3‘®) where
32 s the second effective moment of inertia (Deleplanque et al., 1983). Each cascade puts on the
average one count in every (4/3?) x (4/3?) interval of the E., - E,, energy spectrum, cf. Fig. 1.
Aiming at extracting statistical properties of two consecutive rotational transitions
I -1—2—>1—4, we define the number of events N.,. as the number of recorded events within
such a (4/3?) x (4/3?") interval close to the diagonal and centered around the first ridge, for the
study of the fluctuation analysis of the rotational spectra associated with damped motion and
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discrete bands, respectively. Thus, the number of events N,. should not be confused with the total
number of events in a given experiment.

Any two y-rays with energies within the selected (4/3®) x (4/3‘*) interval, and which can be
emitted in coincidence in a cascade, define a decay path, denoted by the letter i. The fusion reaction
and the nuclear structure determine for each path a probability W; for following that path:

W; = Probability for following decay path no. ;. 4.9)

The largest probabilities are carried by the most relevant paths, such as two consecutive transitions
in a discrete rotational band, or two consecutive damped rotational transitions of energies close to
the average. The rest of the paths, especially false paths with Compton transitions, will form
a background, which can be taken care of by background-reducing procedures.

The channels are denoted by the letter j. Actually, both paths and channels have two indices. For
a path of energy E; = (E; , E;,), there is a certain probability P;(E;) for detection in channel j, being
the product of the 1-D probabilities for detecting each transition P;(E;) = p; (E;)p;.(E;.). The
number of channels is denoted by n,, for 1-D spectra, and N,, N, = nd for 2-D spectra.
(Generally, we shall denote functions of 2-D quantities by capital letters, and functions of 1-D
quantities by small letters).

The process of an event following a path and being recorded in a channel is illustrated
schematically in Fig. 13.

4.3. First and second moments

For given energies E; and path probabilities W, the probability Q; for an event to be recorded in
channel number j is found by summing over paths:

Q= ZWiP}-(Ei) ) (4.10)

The probability distribution for detecting M ; out of N, events in channel j is hinomial, governed
by the probability Q; for saying “yes” to channel j, and the probability 1 — Q; for saying “no”. This

event — path —_— channel

El

Fig. 13. Illustration of the basic definitions of events, paths and channels. Out of all possible decay cascades of a hot
rotating nucleus, the pairs of y-rays are considered. Such a pair forms a decay path. In a detector system, pairs of detectors
are able to record events. Each recorded event must have followed one of the possible paths, and is finally added to the
number of counts in one channel.
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results in the following first and second moments of the number of counts (Kendall and Stuart,
1958):

<M_]> = Never = NeveZWin(Ei) » (411)

<M12> = Neve(Neve - I)QJZ + Neve Qj

~ Nezvez WiP{E)W PAE; )+ (M;) . (4.12)

i’

4.4. Average over realizations

The aim of the fluctuation analysis is to determine the number of paths without knowing
in detail the transition energies and the transition probabilities. In this context, the
selection of energies and transition strengths by a specific nucleus is viewed as a particular
realization of the random distribution of nuclei, or in the words of Jonson et al. (1976); “the
individual spacings and widths are considered as stochastic variables, and the experimental
spectrum represents a ‘sample’ of this variable”. The first and second moments for the average
nucleus are obtained by averaging the expression (4.11) and (4.12) over realizations, and it will be
shown that the second moment resulting from this averaging is directly connected with the number
of paths.

As was discussed in Section 3 and illustrated in Fig. 11, two different scenarios for the random
distributions underlying the realizations shall be considered.

First, there is the probability of random transition energies and smoothly varying probabilities,
assumed to be appropriate for transitions on discrete rotational bands, which are recorded in the
ridges of the E,; - E,, spectrum, cf. Section 3.1. For rotational bands, the first energy E; is a random
number within the interval chosen, and the second energy E;, is determined by the random
selection of the second band moment of inertia from a distribution. As we shall see below, the ridges
display strong fluctuations, which makes it possible to separate them from the underlying part of
the spectrum, cf. Section 2.3.

Secondly, we shall consider a smooth spectrum of transition energies, combined with consider-
able fluctuations in the transition probabilities, assumed to be appropriate for damped transitions.
Here, the smooth spectrum is caused by the repulsion of levels resulting from the diagonalization of
a large matrix, and the fluctuations are of Porter-Thomas type, associated with random matrices.

Averaging over realizations, the first moment of counts yields a smooth spectrum, relative to
which the fluctuations are measured:

<<Mj>>real. = Nevez <Win(Ei)>real. 5 (413)

where the subindex real. stands for the average over realizations, while the average introduced in
the previous subsection refers to the average for given values of W; and P;(E;), namely, to the
average over counts for a given realization. Sampling all channels within the interval, the first and
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the second moment are determined from Egs. (4.11) and (4.12):

Hy = (l/lNch)Z<<Mj>>real. = Neve/Nch » (414)
#z = (1/New) LMY = CM D)) rea,

= (N::ve//lvch)zz‘,[<wi Wl"Pj(Ei)Pj(Ei')>rcal.

— AW P{E) drear, Wi PUE: ) Deear ] + 11 - (4.15)

For both cases of random transition energies and of Porter—Thomas fluctuations, the energies and
path probabilities will fluctuate independently, so that

<WiWi’Pj(Ei)Pj(Ei‘)>rea]. = <Wi Wi'>real. <Pj(Ei)Pj(Ei’)>real. . (4-16)
It is then an advantage to split up the expression (4.15) for u,:

Mo = Nezve/Nch)ZZKWi Wi D — Wiy W) (PUE) P(E;:))
Jjoii
+ (N&e/ New) Y AW DLWy ((PHENPHE:)Y — (PHENY {PHE)Y) + ptys (4.17)
Joii’
where the subscript “real.” for the averaging over realizations has been dropped.

In Eq. (4.17), the two types of fluctuations in the spectrum have been separated, and this equation
will form the general basis for the evaluations carried out in the different scenarios. For random
transition energies, and smoothly varying probabilities, the second term of (4.17) dominates. This is
supposed to be the case for transitions along rotational bands, contributing to the ridges. For
random matrix spectra, the second term becomes small due to the rigidity of the spectrum, while
fluctuations in the strengths become important, so that the first term dominates (Hansen et al.,
1990). For a small number of events, one will approach the statistical limit, p, = u,, described by
the third term of Eq. (4.17).

4.5. Transition energy fluctuations

4.5.1. Moments of recording probabilities

The random selection of transition energies by a particular realization is governed by a spectral
distribution function f(E). For the case of interest here, namely that of ridges in a 2-D vy-ray
spectrum, f(E,, E,) will have a maximum on the ridge, as a function of E, — E,, and fall off rather
rapidly on both sides of this maximum, whereas it will vary more slowly along E, + E,.

It is an advantage to define moments of the recording probabilities with selection of energies
governed by the function f(E):

P = j (P,(E))" f(E) dE/Jf(E) dE . (4.18)

Here the energy integral covers an interval of width E, =4/3® for 1-D, and of width
(4/3) x (4/3?) of the 2-D spectrum. In the simple case of a uniform spectral distribution



28 T. Dassing et al. | Physics Reports 268 (1996) 1-84

function f(E), the moments only describe properties of the detectors, and become independent of
the particular channel j:

I-D: p® = J(pj(E))"dE/JdE,

2-D: P"":j(Pj(E))"dE/JdE, P® = (p™)? . (4.19)

One notes that p'"’ = 1/n_, and P'V = 1/N,.
In the case of ideal channels, with perfect resolution

; 1 1f E lies in channel j,
P,E) = . /
0 otherwise,
so that P" = 1/N, for all n.
For narrow channels and detectors which have a Gaussian resolution function, the moments are
analytical:

p/p = (1/ /) [AE/(/ 27 6exp) 1" " (4.20)

where 0., is the standard deviation of the experimental resolution function of the counters, and AE
is the width of the channel.

4.5.2. Second moment of counts
The independent selection of E; and E;. assures that only the diagonal term i =i’ of Eq. (4.17)
contributes to p,, and one obtains from the last two terms:

o = (Nezve/Nch){Z[Pj'Z) = (P10 AW + #1} : (4.21)

To obtain sufficiently general results, it must be assumed that f(E) varies smoothly over an energy
range of the order of the resolution of the detectors as well as of the order of the channel size. Then
(P$")? can be neglected compared to P, as in the case of uniform distribution and ideal channels,
and moreover

(1/Nep) Y PP~ P2 (4.22)

J

4.5.3. Number of paths

In Eq. (4.21), the structure and decay properties of the nuclear states only enter through the sum
y . {W;>* which may also depend upon the fusion reaction and experimental gating conditions.
The other quantities entering, Neye, New, P, PY and p, are known and exclusively given by the
experimental conditions. Thus, the aim of the fluctuation analysis must be to determine the sum
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¥ {W:>?, whose inverse we shall name the effective number of paths of order 2:
-1
nit, = (Z <wiy > for 1-D,

-1
N = (Z<Wi>2> for 2-D . (4.23)

This definition makes sense for the special case of a number N, of equiprobable paths,
i = {W;> = N, in which case one just obtains N2, = N, In the general case, the averages
in Eq. (4.23) are taken over transitions of approximately the same energy, emitted from states of
approximately the same excitation energy at a fixed value of the angular momentum. The sum is
over paths with energies within the selected (4/3®) x (4/3'?) interval.
Inserting the definition of N{2),, keeping the main terms of Eq. (4.21) [(P'V)* < P‘¥], and
dividing by the first moment one obtains

2/ ~ (Neve/ N (PP /PD) + 1. 4.24)

This equation provides a generalization of the schematic result (4.8). For ideal channels, the ratio
P2 /PW is unity, and Eq. (4.8) is regained. For actual channels, the ratio P‘*'/P") describes
a dilution of the fluctuations of the spectrum due to the finite channel resolution.

Eq. (4.24) can be solved with respect to N2,

Niain = (P@/PD) [Neye/(1a/ 1 — 1] . (4.25)

This equation is pivotal to the fluctuation analysis. By means of this equation, an experimental
effective number of paths can be determined from the experimental quantities, and this can be done
for all the different intervals of y—y energy. This number can be compared to the number of paths
calculated using Eq. (4.23), on the basis of a model or theory of the nuclear states.

Elsewhere (Herskind et al,, 1991), we have also investigated the higher moments of the E,; - E,
spectrum, thereby extracting information about the higher orders of the path probability distribu-
tion, defined through the effective number of paths of order n:

—1/(n—1)
Ny = (Z <Wi>") : (4.26)

It turns out, however, that the determination N}, becomes rather uncertain when the number of
paths exceeds the number of channels. The numbers of paths of higher order, n > 3, are completely
unreliable, cf. Eq. (A39)+(A41) and Figs. 39 and 40 in the Appendix.

4.6. Porter—Thomas transition strength fluctuations

For spectra dominated by transition strength fluctuations, the first term of Eq. (4.17) has to be
evaluated. 2-D spectra are somewhat involved, so we consider for simplicity first the 1-D case.

4.6.1. One-dimensional spectrum
In the results of the band-mixing model, Fig. 9, the local strength fluctuations were found to be
quite well described by the Porter-Thomas distribution. For transition probabilities, the P-T
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distribution reads:

P(Wsmep) = [20(Wamp/ (Wameg) ]2 expL — wamp/ s )] 427)

(relative to the average (w,_z)).

Because of the requirement of normalization of the total strength out of one state, each transition
strength cannot be picked randomly according to the P-T distribution independently of all the
others. In our case we do not know how to treat exactly this requirement, but it will probably be
equivalent to the case of finite random matrices, which are easily handled. For states |a) and |8
arising from the diagonalization of two independent random matrices on the same basis of
a certain dimensionality d, fluctuations in the overlaps are given by (Brody et al., 1981):

Y B2 — (Ll B?) (LI B3

3 1 , ,
(d(d+2)_d2> for z=o and F =1

_ d+1 1 , ,
= (—————(d—l)d(d+2)_a—2> for « # o' and f # f'.

(4.28)

| 1
(m — F) otherwise.

For rotational damping, the « states refer to angular momentum / and the f§ states refer to angular
momentum I — 2. The transition probabilities are given by

Wamp =<2l B2 (4.29)

where f'denotes the (non-fluctuating) average probability for the decay to feed into the states under
consideration. The effective dimensionality is given by the number of final |f) states for the
rotational decay out of one |a) state. These are located within the rotational damping width ',
that is

d~T..pU)/4, (4.30)

where p(U) is the density of levels of both parities and signatures at heat energy U (cf. Section 5.1).
For states 2, «’, §, #” within the range of I',,,, the normalization requirement will result in relations
equivalent to (4.28), with the dimensionality given by (4.30), but with somewhat modified coeffi-
cients.

In the evaluation of the second moment, we shall ignore the normalization condition, taking
independently fluctuating probabilities for the transitions. This corresponds to taking the limit
d > 1 in Egs. (4.28) and (4.29):

{wiwi ) — {wp {wyp ) = 2w % 0y (4.31)

Inserting the strength fluctuations (4.31), the first and the third term of the basic Eq. (4.17) yield the
result

Ho =205/ ni2) P 4y (1= D). (4.32)
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4.6.2. Two-dimensional spectra
For 2-D spectra, the same considerations are repeated, leading to the result

{8<Wi>2 for i =1,
(WiW 5 — KWWy =~ 2{WH(W;.> if i and i’ share one transition, (4.33)
wO otherwise.

With the standard labeling of the 2-D paths as i = (i}, i), and E; = (E;, E;,), the sum in (4.17) is
ordered according to the number of shared transitions:

Z,(<VV1‘Wi'> — (Wi KW D) CPAE) PAE:))
=8 KW PUEN> +2 % W Wiy <[ (Ei) 1ol Ei) pia(Ei))

Q.0 # iy

+2 Z <Wi><Wi/><pjl(Eil)pjl(Ei;)[pj:(Eiz)]2>

iy #1502

2
=42 (W (PUE)? + ZZ[ZWGXP;Z(EI-ZD] (LpiE)T

2
+ 22[2 <Wz><pj1(Ei,)>} Ipi(Ei)T?) s (4.34)
where statistical independence of the transition energies has been assumed:

P (Ei) 1 pin(E)pia(Ei)y = (Lpj (Ei )12 <pi(Ei)y {pjs(Eir)) - (4.35)

For damped rotational transitions, this will be fulfilled generally, because the damping width is
larger than the average spacing between transitions (I',o, > 4/3'?). For a given iy, the sum in Eq.
(4.34) over probabilities of all coincident transitions ¥, { W,> within the interval of width 4/3®,
will just yield the average probability for following the 1-D path {w; . Inserting this into Eq. (4.17),
one obtains

Hy = 4N§vez<Wi>2P(2) + 2N§vez <Wil>2p(2)(p(l))2
+ 2N wi ) (PP 4wy (4.36)

Here, the first term accounts for the fluctuations due to spikes in the spectrum, made out of two
strong consecutive transitions, coming from the i = i’ fluctuations of Eq. (4.33). The second and
third terms account for stripes along the coordinate axes of all transitions coincident with one
strong transition.

If the interval is chosen close to the diagonal, E;, ~ E;,, the two stripe-terms are of the same
order, and one obtains

2 = 4N/ NG PP+ 4(NEe /@) pP (pV) + g (4.37)
Defining the number of paths relevant for P-T fluctuations by

(Ngawpr) "' = 4/NGw + [4/n@a] (V) /p2) (4.38)
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[remembering that P‘z‘ = (p'?)?], Eq. (4.25) can still be used for determining the experimental
number of paths N2}, pr. However, now the calculation of the expected number of paths from
a theoretical model needs in addition some purely experimental input, since the channel resolution
enters through the ratio (p‘V)?/p‘®.

Eq. (4.38) completes the mathematical foundation of the fluctuation analysis of E,; - E., spectra,
as it is being applied presently. In order to point to future directions, and to make the connection to
the fluctuation analysis of Hansen et al. (1990), we shall treat, in what follows, autocorrelation
functions also.

4.6.3. Autocorrelation function
The spike and stripe terms of the second moment (4.36) can in principle be separated by
investigating the autocorrelation function, defined as

V(AJ) = (M — M) (M a; — KMjaa D)) s (4.39)

where the averaging is with respect to both realizations and counting statistics.

For the 2-D spectrum, one may choose Aj = (Aj;, Aj,) to yield a “parallel-type” autocorrelation
function when Aj; = 0 or Aj, = 0, or a “diagonal-type” function when Aj; = Aj,. For Aj = 0, the
autocorrelation function is just the second moment p,, and it is straightforward to generalize the
derivation of y, to yield the autocorrelation function. First, for a given number of events, the
distribution of counts in either channel j, channel j’, or outside these two channels is multinomial
(Kendall and Stuart, 1958), and averaging over counting statistics for a given number of events, one
obtains

<M1M)> = Neve(Neve - 1)Q1QJ + Neveéjj'Qj . (440)

Averaging next over realizations, one again follows the steps leading through Eqgs. (4.34)—(4.36),
except that the displacement Aj of the channel now enters into the averaged sums over transition
energies.

It is an advantage to define correlated moments of the recording probabilities as

1-D: pij’ = J[p,( )]"[pJ-Mj(E)]"'dE/JdE, (4.41)

and likewise for 2-D.
For a 1-D spectrum, the procedure is straightforward, leading to the result

Y(Aj) = 2(neve/n§3721)th)p(Alj” + 110450 - (4.42)
For parallel-type 2-D correlations, one obtains
. Nezve (11) (2) gve (11) (12 Ngve (112 ,.(2) N
l//(AI’O) =4 N(z)(hp j + 2— (z)h A} (P ) + 2 m(p ) p + M ()Aj,O . (443)
pa pal pat

For diagonal correlations, one obtains likewise

. . Neve Neve
w(AJsA]) =4 (2) P(ll) (2) ( (1))2 (11) + HIOA_] o - (444)

Npath palh
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Fig. 14. Illustration of how the autocorrelation technique may work for the valley fluctuations. For the illustration,
niay and N2}, are taken from the calculation of Fig. 19 for the initial energy U; = 3 MeV, performed with a level-density
constant a = 16 MeV ™! and onset energy U, = 0.7 MeV. The channel width is chosen to be 1 keV, and the dispersion of

the detector resolution function is chosen as o.,, = 2 keV.

For narrow channels, the recording moments are analytical, cf. Eq. (4.20), and given by

Phj’ = N exp|: - <AJAE>2] : (4.45)

2 MOexp EO 20exp

Fig. 14 displays schematically the autocorrelation function for stripe and diagonal type displace-
ments of narrow channels. One sees how the long tail of the stripe-type autocorrelation function
allows one to extract niay, and then N, can be determined from the behavior of ¥/(Aj,Aj) at
small Aj. Note, that the amplitude of the autocorrelation function at the origin Aj = 0 is identical
to the second moment, and the dependence on Aj is purely given by the counter resolution.
Therefore, the autocorrelation function will not necessarily allow for a more precise determination
of the number of paths than just the second moment u,. However, it looks attractive to work with
the autocorrelation function, because it offers the possibility of separating the number of 2-D from
1-D paths.

4.7. Connection to previous fluctuation analysis

The basic statistical assumptions underlying our approach are very similar to the ones adopted
by Hansen and collaborators in a series of papers, dealing mostly with f-delayed particle emission
[see e.g. (Hardy et al., 1978)]. This and important related work has been recently reviewed (Hansen
et al., 1990).

The energy spectra of particles emitted from excited levels in a daughter nucleus after -decay
from a precursor are observed with a resolution much wider than the level distance in the daughter
nucleus, and show considerable fine structure. Using a purely statistical model, in which the
fluctuations of the strength of the f-transitions followed a Porter-Thomas distribution, it was
possible to create simulated spectra with the same statistical properties as observed in the
experimental spectra. In particular, many peaks were produced, and they turned out to result not
from the decay to individual levels, but from several transitions which accidentally come close in
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energy, while being unresolved in the spectrum. On that basis it was possible to conclude that very
likely the fine structure observed in such experiments is of statistical origin, and is not due to special
nuclear structure properties.

In the analysis, these authors also deduced the level density in the daughter nucleus from the
observed fluctuations. It is supposed that the transition strength follows a statistical distribution,
and that all transitions have the same average intensity; in our formalism, one can then write the
variance of the transition strength as

(WiWpy — (WK Wiy = ad Wid? 0y . (4.46)

For Porter—Thomas fluctuations, x = 2 [cf. Eq. (4.28)]. The level distance D is then extracted from
the autocorrelation of the spectrum, which is written

.= aD ?
v =dEJE+70))=1+———exp| — 75 (4.47)
2\/ MO exp 4Jexp
where T is the spectrum intensity divided by its average value. For the intensity itself, one has
‘ aD{I>? 72
) = UE) — CDONIE + 9 = <)y = 225 exp = ). (449
2\/;[(73”, aexp

It is straightforward to show the strict correspondence between Eq. (4.48) and our expression
(4.42) for the autocorrelation in the 1-D case. First of all, it is seen that the exponential dependence
in  is the same, identifying t with AjAE; in fact, Hansen et al. do not divide the spectrum explicitly
into channels, but analyze the fluctuations in a single energy window of length L, much larger than
the experimental resolution. We then identify L with the product n.,AE. The number of levels in
this window is L/D = n,, AE/D. But the number of levels gives the number of states which can be
reached in the B-decay, namely, the number of “paths” in this experiment. We then write

D= nchAE/nfa)‘h R (449)

where we have identified n,,;, with n{2), because the paths are assumed to be equiprobable.
Identifying <I> with u; = R/, we finally can write

ngve 1 AE (A]AE)Z ng‘ve (11
ngl)th Zﬁoexp Nen Xp|: 4U§xp ] B g;):hij ’
which coincides with the first term of Eq. (4.42), because for Porter-Thomas fluctuations x = 2. We
then see that the expression of Hansen et al. (1990) reduces to a particular case of our formalism. In
the analysis by Hansen et al. (1990), the level distance was determined from the autocorrelation
function at small but finite 7. The shape of the experimental autocorrelation matched well with the
theoretical expression, so that the difference between the two at © = 0 could be identified with the
contribution from counting statistics. The use of the autocorrelation function was also useful,
because its shape allowed a consistency check on the nature of the fluctuations as well as the value
adopted for .y,

It is interesting to observe that the number of channels does not enter explicitly in Eq. (4.47),
showing that in the case of a rather uniform average intensity, one can extract the relevant
information from the fluctuations of the global spectrum. However, it is necessary to introduce the

(1) = % (4.50)
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notion of channel if one wants to determine how reliable the obtained number of paths actually is.
This basic question is addressed in the next section.

We remark that Hansen et al. applied the fluctuation analysis also to more complex physical
situations, considering not only particle, but also y-decay. In this case one has to consider also the
statistical distribution of the partial width for particle decay, leading to different values for the
variance .

The fluctuation analysis based on Eq. (4.47) was also successfully employed by Richter and
co-workers (Miiller et al., 1982; Kilgus et al., 1987), in an analysis of the fine structure in inelastic
electron scattering experiments. The fluctuation analysis provided an essential consistency check
for the assumed background subtraction.

4.8. Principal uncertainty

Even if the nuclear energies or transition strengths may behave like random numbers, their
actual values in a given nucleus have been chosen once and for all. The specific choice may lead to
stronger or weaker fluctuations relative to the fluctuations averaged over all the possible realiz-
ations. This implies an uncertainty in the derived number of paths, which cannot be avoided in the
statistical approach.

An estimate of the fluctuations around the average is provided by the variance of the distribution
of second moments, which we denote by p, (u,). This is a somewhat unorthodox notation. Statistics
texts prefer to denote by u, only the variance of the random variable itself, as it can in principle be
obtained in the limit of many samples, and by s? or m, the second moment of an actual
distribution. Thus, for example, the more correct notation for p,(u,) is “varm,” (Kendall and
Stuart, 1958):

palp) = varm;

= (/N KL (M = (MDY (M = (MDY D, = (2D Ve - (4.51)

As in the simpler evaluation performed for u,, we have to average twice, first with respect to the
random distributions of counts on paths, and then with respect to realizations. Appendix A pres-
ents the mathematical derivation of p,(u;). The most transparent result is obtained for random
transition energies and ideal channels:

ta(pa) ~ (2/New)[(12 — uy)* + pi]  (ideal channels) . (4.52)

This shows that our statistics allows effectively for N, independent samples of the distribution of
counts on paths on channels. When the channels are too narrow relative to the experimental
resolution, the counts in neighboring channels will not be independent, and one can understand
qualitatively that the appropriate measure of the finite sampling effect will be the number of
channels of width given by the detector resolution. This will be the main conclusion of our evaluation
of u,(p,), which we illustrate by a numerical simulation of pu,-values.

4.8.1. Simulations of N3y, (random energies)
Two examples of the distribution of simulated values of u, for a 1-D spectrum are shown in
Fig. 15. Here, we first distributed at random 50 or 1000 (equiprobable) paths on 50 (ideal) channels,
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Fig. 15. Distribution of second moments (top) and the resulting number of paths (bottom) calculated with 40000
independent simulated realizations. The number of randomly selected energies (paths) is, respectively, 50 (left-hand side)
and 1000 (right-hand side).

and then we distributed 1000 events on these paths. In this way we have created a distribution of
counts in the channels, and have calculated its u,. The entire procedure has been repeated 40 000
times, corresponding to different realizations. The average value is in good agreement with Eq.
(4.24).

According to Eq. (4.52),

Vi2(p2)/ e = (/2/Ney

both for large (> > p;) and small (u, ~ p;) fluctuations. This approximation should be good in

the case shown on the left-hand side of Fig. 15, for which Eq. (4.53) yields 2./ u>(u3)/u; = 0.4,
a value which can be compared to the full width at half maximum of the distribution shown in
Fig. 15.

Associated with the distribution of values u,, there is a distribution of values of N2, the value
of N, for each realization is obtained from the value of u, using Eq. (4.25) with p® = p".
The resulting distribution is also shown in Fig. 15. When y, is not too close to py, N&ky, is a
smooth function of u, and the dispersion of the distribution, denoted ¢(N),), can be obtained

(4.53)
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differentiating Eq. (4.25) with respect to u,:

alh) \/_' |du path \/7 1 _+_ N(pza)lh ) (454)
Ni)za)lh LZa{h ch eve

where we have inserted Eq. (4.52). This expression shows that the counting statistics must be good

relative to the number of paths. If the counting statistics is poor (N,,. < N21,), each new event in an

experiment will have a large probability of selecting a yet untried path, and there is no chance of

determining how many paths there are.

For ideal channels, 6(N{2};) tends to zero with increasing number of channels. When the number
of ideal channels becomes much larger than the number of paths, it becomes in fact possible to
distinguish individual paths, and the fluctuation analysis then reduces to “counting” the number of
paths, so that the principal uncertainty becomes negligible.

4.8.2. Dependence on channel width

However, real detectors have a finite resolution. Increasing the number of channels, the channel
width will become smaller than the experimental resolution, and eventually o(N{2},) will increase
for very large number of channels.

Fig. 16 is based on the general expression (A20) for pu,(u,), and it illustrates the principle
uncertainty for different ratios between N.,., N2, and channel width. It is apparent from the
figure that the “natural” choice of the channel width of about the FWHM of the detectors gives the
best determination of N,,,. For wide channels, that is a small channel number, the relative

uncertainty in the number of paths decreases as /2/N,;, when the channels become narrower. For
bad counting statistics there is a quite well defined minimum in the uncertainty around the natural
number of channels, and for good counting statistics, there is a wide plateau, within which it does
not matter so much how wide the channels are. Eventually, for much too narrow channels, the
uncertainty increases again, as also expressed in Eq. (A35) of the Appendix A. In the Appendikx, it is
also shown that the same uncertainties result from extracting the number of paths on the basis of
the autocorrelation function, and a numerically simulated result from the literature is explained.

In the Appendix, the principle uncertainty for Porter—Thomas fluctuations is also discussed. The
same results are in principle valid, but with one pronounced difference. The p, for P-T fluctuations
is the sum of two terms of about equal size, stemming from 2-D type spikes and from 1-D type
stripes. Since the number n,y, of 1-D channels is significantly smaller than the number N, = n, of
2-D channels, the relative uncertainty for P-T fluctuations in the number of paths will be given

approximately by |, 1/nch, cf. the expression (A30).
4.9. Additivity of uncorrelated superimposed spectra

The experimental spectra contain several components of quite varying fluctuation behavior, as
we shall see in Section 6. It is important that the first few moments for uncorrelated spectra are
additive, i.e.

Hi = H1.4 + Hy B Ho = Ua 4 + H2.Bs Neve = Neve.A + Neve.B s (455)

where the two components are denoted by the letters 4 and B.
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Fig. 16. An interval of length E, is divided in a number of channels of varying size AE. The experimental resolution,
expressed by the standard deviation of the resolution function o, is taken to be equal to 10~ ?E,. The principal
uncertainty in the number of paths determined from fluctuations, is shown as a function of the ratio between ¢ and AE,
for various ratios between the number of events and paths. In the top figure, the transition from the ideal channels
situation to the narrow channels limit is emphasized.

By N2, 1 and N2, p are denoted the number of paths of these two components, determined by
the path probabilities W; 4 and W, g, normalized for each component:

1
NEVE‘
Maha=(ZWh) L Twiamt g=teme
iA eve
(2) ! _ I Neve.B
palhB— ZW s ZVI/IB_ 19 .fB_ N . (4'56)
i.B eve

The path probabilities for the total spectrum will be f,W; 4 and fz W, g, respectively. From this, one
obtains the total number of paths:

(2) "2 2 2 2 ! N(p"é):h.A'N;Za)th.B
Npath.lotal - jA Z{ Wi.A +fB %WI,B =f'f1N(2) 5 —+—f12;N(2) . (457)

path, path, A
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4.9.1. Spectrum superimposed on Compton background

A Compton spectrum is continuous by nature, and therefore it has infinitely many paths. When
N ;ﬁ{h. g = o0, we invert Eq. (4.57) to determine the number of photopeak events (component 4 in
this case):

2
P( ) Neve

"2
W m/ photopeak > (458)

Ngaza)th.photopeak = N(pza)th.tolal fﬁhotopeak =
where we have inserted the general Eq. (4.25) for determining the number of paths.

4.9.2. Additivity check with resolved peaks

One component of the ridges consists of strong transitions of resolved y-transitions along the
yrast line or close to the yrast line. As discussed in Section 6, it is an advantage to remove these
transitions from the ridges, and do the fluctuation analysis on the unresolved part of the ridge. The
relation (4.57) can then used to check the assumption of lack of correlation between resolved
(known up to now) transitions, and unresolved.

We consider the principal uncertainty in the total number of paths resulting from the additivity
check, in the limit of large fluctuations,

2 2 4 2
N, 3~ M4+ Mo all2p+— 5. (4.59)

Nch Nch Nch

With the energies of the paths of component A4 (in this case the unresolved ridge component)
chosen, the first term of (4.59) should not be included when evaluating the uncertainty arising from
the choice of energies for group B (the resolved discrete lines) and the superposition of the two
spectra. Carrying out the same kind of algebra as in the previous section on the principal
uncertainty, one obtains

(N toa) _ V(2/New) f3(INGn 4)* + (4/New) fAfEN G AN 5
NG total FaNEwa + NG 4

One sees here again a proportionality to 1/\/%;, but now with a coefficient that varies, typically
within the range of 0.5-2.

Thus, one may conclude that the components 4 and B are statistically independent provided
that the number of paths calculated on the basis of the separate components by means of Eq. (4.57)
falls within the limits +20 given by Eq. (4.60) of the number of paths extracted from the total
spectrum. This will be applied in Fig. 38.

t2(p2)a+ By =

(4.60)

S. Number of undamped and damped paths

In the present application of the fluctuation analysis to rotational spectra, the emphasis is on
average properties, representing a typical rare-earth nucleus. Such a nucleus is described by
average parameters, especially by a smooth single-particle energy spectrum. Future applications
to spectra of improved statistics may require more specific models of the individual nuclei or
excitation shapes.
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5.1. Level density of rotating nuclei

The level density is here taken as the one appropriate for the cranking model. Including both
parities and signatures, each cranking model state of a given frequency lies on a rotational band.
With respect to the level density, a cranked potential is not conceptually different from a potential
without cranking. Because of the lower symmetry of the cranked potential, the uniform approxima-
tion to the single-particle energy spectrum may actually be quite reasonable. There are no
additional quantum numbers besides the proton and neutron numbers, and the heat energy, which
is the energy above the yrast line. For a smooth single-particle spectrum, the level density becomes
(Bohr and Mottelson, 1969; Aberg, 1988)

p(N,Z,U) = (/n/12)(aU)~"* U~ ' exp(2./al) . (5.1)

Here the usual level-density parameter a is of typical size between 4/8 and A/14, A being the mass
number. For convenience, we shall drop the explicit reference to neutron and proton numbers from
now on.

5.2. Flow function

The flow function F(U, ) gives the intensity per heat energy unit in the cascades passing through
the nuclear states of both signatures at angular momenta I and I + 1.

A model calculation of the flow function can be carried out by numerical simulations of the
cascade, as for example illustrated in Fig. 3. In describing the typical behavior, it is an advantage to
apply a simpler parametrization for the flow function. This function is produced by the primary
neutron feeding, and the subsequent competition between rotational E2 and statistical E1 y-ray
transitions. Here, the flow function will be parametrized as the population of levels resulting from
E1 transitions out of levels at heat energy U, representing a typical initial energy. The associated
probability per state at heat energy U, is then proportional to

W(Uy) oc BEEL,U; = Up)(U; — Uy)? . (5.2)

The B(E1) can be parametrized as the Lorenzian tail of the giant dipole resonance built upon the
state of heat energy Uy:

E, 1

B(ELU; - U;) : : 53
( DB B T BT p(U) -
This implies a flow function following the decay from one state of heat energy U; as
a4
F(U,I) « E, AC (5.4)

(E; —E}? + EZI? p(UyY

Since the resonance energy E, is much larger than the transitions energy in question here, the
essential part of the parametrization (5.4) is the product of the fourth power of the transition energy
with the level density of the final states:

F(U,I)  p(U)U; — U)* . (5.5)
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In these considerations, we have neglected the possible E1 components at rather low energy which
may originate from coupling to the octupole vibration.

5.2.1 Choice of the parameter U; describing the flow function

The parametrization (5.5) of the flow function by the one parameter U; makes it easy to display
the resulting number of paths, as will be done in Figs. 18-20. When calculating the expected
number of paths to be compared to experiment, the results should be shown as function of the
y-transition energy. This is done by first relating the y-transition energy to an angular momentum
interval, and then a value of U; relevant for that angular momentum is found by comparing to
cascade simulations.

The left hand side of Fig. 17 displays the U-value at the maximum of F(U.I), U .,, as a function
of y-transition energy, resulting from a cascade simulation using the simulation code described in
(Garrett et al., 1986), with a realistic initial population of U and I resulting after neutron
evaporation. The right-hand side of Fig. 17 displays the connection between U; and Uy, for the
simple parametrization (5.5). In the comparisons to data, Fig. 17 is used, transforming E, to
Upmax via the left-hand part, and then U,,, to U; via the right-hand part.

It is found that simulated flow functions, like the one shown in Fig. 3, are quite well represented
by the simple parametrization (5.5). We have also found that more elaborate and consistent
applications of simulated flow functions result in numbers of paths which are quite close to those
obtained here by applying the simple parametrization (5.5) together with Fig. 17 (that is within
20% for the first ridge, and within a factor of two for the valley).

5.3. Number of undamped bands below heat energy U,

The average probability for populating a state at heat energy U and angular momentum [ is
given by F(U,I)/p(U). Since each state is populated by many different decay routes in the different
cascades, this probability will not be fluctuating.

Considering the lowest-excitation-energy region, the bands are not mixed, and the decay paths
consist of a pair of consecutive rotational transitions. Consecutive transitions give rise to coincid-
ences on the first ridge, cf. Figs. 1 and 2, but it is also of interest to find out how many decay paths
there are on the second and further ridges.

Assuming an abrupt onset of rotational damping, the discrete rotational bands only exist below
heat energy U,, which marks a sharp boundary between discrete and mixed bands. As can be seen
from the illustrations in Figs. 8 and 9, the damping does set in rather abruptly.

With this simplification, all the flow below U, goes along discrete bands, and the sum over
powers of the path probabilities will be

v F(U,I)\"
(Npaw)! " =) KW' = f (U (—> du, (5.6)
)’ =2 o ")
where (W) is normalized: ', {(W;> = 1.

Fig. 18 shows the resulting number of paths of second order calculated in this way, as a function
of the initial energy U;. For very large U; as compared to Uy, Nz, converges towards the actual
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Fig. 17. The left-hand side shows the value of the energy U,.., at the maximum of the flow function as a function of the
v-ray energy, obtained in simulation calculations of the decay. The right-hand side shows the relation between the
effective feeding energy U; and U,,,,, for the schematic flow function F(U,I) « (U; — U)* p(U). For the various reactions,
the figure is used to relate the parameter U; to E, via Up,,.

Fig. 18. The effective number of discrete bands, Ngft’h, is shown together with the absolute number of discrete bands,

Nirue. for various values of the borderline energy U, and of the level-density parameter a. The flow function applied is of
the form (U; — U)* p(U), parametrized through the effective feeding energy U;.

number of undamped bands N, of both parities and signatures up to energy U,. This is readily
understood, since an equiprobable population of the bands is approached when U; — .

For the U,-values given in the literature (Lauritzen et al., 1986), 700 ke V-1000 keV, the number
of paths should be in the range 30-150, and it is seen from the figure that the number of paths
depends sensitively on Uy. This is not surprising, given the rapid increase of the level density with
increasing excitation energy.

3.4. Number of paths for damped rotation above U,

In the evaluation for damped rotation, we apply a Gaussian parametrization of the average
strength function for decay out of one state, implying the following average probability for one-step
paths:

FU (E~,—<E,>)2> 4
ol =1 —2,U,E,)> = _ - . 57
ol V=W ﬁmmf"p( 205 ) p(U) 57

Here, the first factor yields the probability for populating the initial state during the cascade, the
second factor gives the average probability per heat energy interval for emitting a y-ray of the given
energy, and the last factor gives the average energy interval per final state (the factor 4 accounts for
parity and signature selection). The dispersion in the rotational decay strength is
Oror = ot/ /810g 2, where T, is the rotational damping width. {E;) denotes the average rota-
tional transition energy for decay out of states at angular momentum 1.

Since there are more final states now, the sum over paths is more complicated than for
undamped rotation: Summing over I and integrating over the heat energy above the energy U, for
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the onset of damping, one obtains

» 4
Z dwp'" = ZI: L dU @ <@ F) {wip™ . (5.8)

Here, p(U)/2 1s the level density of states at given angular momentum, and the factor in parenthesis
gives the number of final states with given parity and signature within the energy interval 4/3,

For the case of interest, I, > 4/3®, one can carry out the summation over I as an analytical
integral, inserting

(d/d) CEpy = 2/32) (59)
resulting in

. 1 [F(U,I) 4 >"’
"= |dU F(U,I : 5.10
Zi:<w> f ( )\/n<P(U) 21r0'ml (10

The relevant I for the flow function F here corresponds to the y-energy E, = (E;). As a special
case, one verifies the normalization of F(U,I) for n = 1.

For two dimensional paths, one has to make a distinction between paths consisting of consecut-
ive transitions | -1 —2 -1 —4 and paths with intermediate unobserved y-rays. Making a
straightforward generalization of the 1-D expression (5.7), the average probability for a consecutive
transition is parametrized as

Wil -1-2-1—-4UE, E,)»

_RU.) 1 (Ey = <Ep)? (Eo — CEr )P\ 4 Y
) mgmexp(——z;?m—)exp(_ 202, ><p(U>)' D

With one intermediate unobserved transition, that is a coincidence between rotational
transitions I — I —2and I — 4 — [ — 6, the path probability acquires an extra factor of the order
of 4/(I'op(U)), given roughly by the inverse of the number of possible unobserved linking
transitions I — 2 — I — 4. This justifies to some extent to include only consecutive paths in the
summation over {W;>" for n > 1.

The fraction of consecutive paths is largest around the valley diagonal E,; ~ E,,, and one can
again carry out the integration over I, yielding

U)(pU) 4\’
YAwy =2 J dI de ”‘2 ’(”(4 )ﬁ) (W

I R (U.1) 8 \»' 4
_ft(xdb F(b ) < (l]) n(’_rzm \///E(frm:‘(n' (512)

Here, the factor 2 takes into account that the y-ray of energy E,; may be emitted from I, and that of
E,, from I — 2, but also vice versa. For n = 1, the integral yields the fraction of consecutive to all
rotational transitions

Rconseculive = Z <VV1> = 4/( /TEU“,[J( )) (513)

i.consecutive
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Fig. 19. The figure shows how Porter—-Thomas transition strength fluctuations generate the effective number of paths
Néft)h_p]' in the valley from contributions from spikes N[(,azl)h and stripes nf,?,,)h. The interval (4/3) x (4/3) = 60 x 60 keV? is
divided into 4 x 4 keV? channels, and the FWHM of the resolution function is chosen to be 6 keV. U, is the effective
feeding energy, applied in the parametrization of the flow function.

Fig. 20. The number of paths in the valley resulting from different evaluations of valley fluctuations is shown as function
of the effective feeding energy U;.

Fig. 19 displays typical results of the number of 1-D and 2-D paths calculated by means of these
expressions, and then combined to form the P-T type number of paths (4.38).

1-D and 2-D paths contribute about equally to N{2}, pr. Incidentally, the coefficients weighting
n2y and N2y, have such values, that the value of the final N2}, sy comes close to the number of the
1-D value ni3,.

Fig. 20 displays the sensitivity in the calculated number of paths N2, pr with respect to the
input parameters for level density a and the boundary energy for rotational damping Uj.

It is relevant to compare the calculation of the predicted number of paths in the valley to
a calculation which assumes that the decay in each step goes to one final state, i.e. assuming no
branching, displayed also in Fig. 20. In the absence of branching, one shall use expression (5.6)
again, but now with the energy limits stretching from U, and up in energy to oc [actually to the
initial energy U, cf. expression (5.5) for F(U,I)].

If there is only one final state per initial state, it becomes difficult to justify the emergence of 2-D
spectra with weak correlations between consecutive rotational transitions, thereby filling the
valley. This must imply that the moments of inertia fluctuate wildly for rotational bands above Us.
Below U,, the bands should still be regular and contribute to the ridges.

A qualitative understanding of these results may be obtained by analytic approximations of the
integrals (5.6) and (5.10). First, the normalization integral of the flow function (5.5) can be evaluated
by a Gaussian approximation around its maximum value, with the result

U, —_— _ m+1
f (U, — Uy"p(U)dU ~ /21 m""“”2’<T _ '"4a 3> exp( — m)p(Uy) (5.14)

0
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where T =,/ U;/a is the temperature at U;. By repeated application of this expression, one obtains
for the undamped decay
_/mrl[T —(m—3)/4a]
Npath undamped - 22m( m/4aT)2m+1 P(Ul) (515)

where in our case (5.5), the value 4 is inserted for the power m. In the expressions (5.14)
and (5.15), the limit of integration has in principle been extended to the full interval from 0 up
to Ui-

In contrast to this, the number of paths in the damped case depends sensitively upon the low
integration limit and one may obtain, for one-step paths,

(T — (m — 3)/4a)?™*?
(Ui _ U0)2m+1

P = T22m + DmP™t exp( — 2m) oy, [p(U)1*. (5.16)

In this approximation, the normalization of the flow corresponding to the full flow expression
(5.14) has still been used. This 1s not severe, when U; > 3U,, in which case the numerical results
shown in the Figs. 18 and 19 with m = 4 are reproduced by the analytic approximations (5.15) and
(5.16) typically to within a factor of 2.

Due to the extra power on the level density in (5.16) as compared to (5.15), N'Zl, py will increase
more strongly with U; than Npath undamped- Only one rotational transition out of every state
is the least one can have, S0 N2\ undampea Must give an absolute lower limit to the number of paths
in the valley, given the level density and the feeding function (which is here parametrized by the
parameter U,;).

5.5. Lower limit to U,

Figs. 18 and 20 of N2, for both ridge and valley fluctuations display a very strong increase with
increasing energy for the onset of damping U,, showing that the analysis of experimental count
fluctuations will make it possible to obtain precise information about U,.

For the valley fluctuations, both Fig. 20 and the expression (5.16) show that the valley
fluctuations are generated by the coldest part of the damped decay, which flows in the
region of heat energy from U, up to around 2U,. It is important to point out here that U,
cannot take on arbitrarily small values, since there must at least be one level to go to within the
interval I,.

This can be expressed through the branching number, defined in equation (3.1), and illustrated
for the mixed-band model on Fig. 8. For P-T transition strength fluctuations, one expects the
following branching number for a state o around heat energy U:

-1 p(Up) 1 (Uy — U)*\? 4
S f : [2 Tmmtexp(— = )J(p(Uﬁ)>dU,;. (5.17)

Here, the factor 3 arises from the relations given in Eq. (4.28), while the factors of the integral are
equivalent to those which enter into Eq. (5.7).
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The Gaussian integral (5.17) is readily evaluated with the result
//_ /
Hpranch(¥) = vV Tcporot//6 = prrol/g . (518)

This value is shown as the dashed line in Fig. 8, where the values relevant to the mixed-band
calculation have been inserted (width of smooth strength function I',, = 156 keV, constant-
temperature fit to level density). The dashed line gives a very good account of the average
branching numbers found in the intervals, in accordance with the fact that the P-T distribution
also accounts well for the normalized strength distribution.

It makes no sense to let the lower limit of integration go below the value for which nynen = 1.
With the standard value I, = 100 keV, this happens at the level spacing 1/p = 12.5 keV, yielding
the limits:

a=20MeV 1 nyanen=1 for U =046 MeV
a=16MeV™L nyanen = 1 for U = 0.65 MeV . (5.19)

Thus, when the value a = 16 MeV ™! is used, the number of paths calculated for Uy = 700 keV is
close to the absolute lower limit of N2}, pr for damped rotation.

6. The experimental analysis

The fluctuation analysis method has been applied to four different 2-D E.;-E,, data sets
produced in high-spin experiments on rare-earth nuclei until now. The first analysis was made on
a 1°7-1°8YD data set, produced at the 25 MV SERC Tandem Accelerator in Daresbury, UK, with
the multidetector array, ESSA30, consisting of 30 Compton-suppressed Ge detectors. In this
experiment a total of 130 Mill. 3-fold coincidence events were collected, corresponding to
~ 400 Mill. counts when symmetrized and projected into a 2-D spectrum. The three other data
sets discussed here were produced with the NBI Heavy-lon Accelerator at Rise, Denmark, and
measured using the NORDBALL array, consisting of 20 Compton-suppressed Ge-detectors
and a BakF, calorimeter (inner-ball) of up to 60 elements covering 95% of 4r. The calorimeter is
used for a simultaneous measurement of the multiplicity and sum-energy of the y-cascades
in connection with each recorded 2- and higher-fold coincidences in the Ge-anti-
Compton-spectrometers. The compound residues in these cases were '#2143Ey, 162:1¢3Tm and
13- 19°Hf, and the collected multi-fold data were folded to 2-D spectra consisting of 3, 2.5, and
0.3 Giga-events, respectively. In the cases '°2-'®3Tm and '®°'°°Hf the calorimeter was not
completed yet and consisted only of 39 BaF, detectors covering only about = 60% of 4n. By
applying high sum-energy and y-multiplicity selection, it was possible in all three cases to
essentially isolate events from the 4n-evaporation channels originating from the highest-spin
region. Details about the Yb experiment made with the ESSA30 multidetector array several years
ago are given in (Schiffer et al. 1988). Details of the Eu, Tm, and Hf experiments, measured by the
NORDBALL multidetector, are given in (Atag et al., 1993), (Jensen et al., 1991) and (Bosetti, 1992)
respectively.
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6.1. The Raw spectrum

The data from all the 2-fold detector combinations in ESSA30 or NORDBALL are sorted into
a symmetrized E,; - E,, spectrum with 0.5 keV/channel. An example of such a Raw spectrum is
shown in Fig. 22(RAW).

The Raw vy-ray spectrum resulting from the decay of a rotational nucleus contains several
components. These arise from photopeak events from

(1) E2 transitions along discrete rotational bands,

(1) E2 rotational transitions from the damped regime,

(1) statistical E1 transitions,

(iv) M1 transitions,
and in addition, there is a background of

(v) Compton-scattered y-rays.

In the fluctuation analysis, we are only interested in the 2-D discrete-band—discrete-band
coincidences and damped—damped coincidences. Later, we may be interested in E1-E1 coinci-
dences. Fortunately, the discrete—discrete and damped—damped coincidences are located in differ-
ent regions of the 2-D spectrum, and the local structure of the spectrum allows for a quite clear
separation between interesting and uninteresting events.

A characteristic feature of the Raw spectrum shown in Fig. 22(RAW) is the large
number of intense stripes running parallel to the coordinate axes. Each stripe consists of
coincidences in which one of the transitions belongs to a rotational band on the yrast line or
close to the yrast line. A good part of the events forming the stripes consists of peak—Compton
events.

6.2. Peak- and background-subtraction procedures

Two different methods have been used to suppress the background stripes in the 2-D
Raw spectra, namely (i) the Cor-minimization, where the Cor-reduction (Andersen et al.,
1979, Herskind, 1980) is improved by directly making use of the fluctuation analysis
technique (Leoni, 1993), or by applying (ii) a subtraction technique developed by Palameta and
Waddington (1984), and extended by Radford (1992). The Cor-minimization analysis has been
applied to all the data, whereas the new and more elaborate analysis using the Radware programs
has been tested on the Tm data only. Since both analysis methods show similar results, as will be
discussed later, it is likely that the Radware reduction method will be employed as a rule for the
analysis of future experiments. This method is more straightforward, not least because it also
allows for an automatic subtraction of known discrete peaks as will be discussed later in this
chapter. The method has been further developed for analysis of 3-D data, including subtraction of
the 3-D peaks defined by possible 3-fold coincidences extracted from the level scheme file. The 3-D
analysis procedures will be important when analyzing the new high statistics, high-fold data
obtained with the new generation of multidetector systems such as EUROGAM in UK and
France, GAMMASPHERE in USA and GASP in Italy, and the European collaboration detector
EUROBALL.
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6.2.1. The Cor-minimization
The stripes can be removed subtracting from the spectrum a 1-D x 1-D product spectrum

Uncor(x,y) = PP, Y Raw(x,y)

X,y

_ [ Y, Raw(x, y) } [ 5. Raw(x,y) } [Z Rawlx y)}

Yoy Rawl, y) [ X, Raw(x,y) | |

_ L Raw(xp) 3, Raw(xy) (6.1)

Yy Raw(x,y)
Here, the channel numbers of the 2-D spectrum are denoted (x, y), and the normalization is chosen
such that Uncor spectrum contains the same number of counts as the Raw spectrum.

Gating on one photopeak transition, a coincident Compton event may be generated from one of
the other 30 or so y-ray energies of the full cascade. Such events will form a quite smooth spectrum,
from which the Compton-Compton spectrum will be even smoother and independent of the
energy of the gating transition. Therefore, peak—Compton and Compton—Compton event must be
uncorrelated to a high degree, and thereby contained in the Uncor spectrum. Still, the Uncor
spectrum contains also photopeak—photopeak counts, and it must be scaled accordingly by use of
an energy-dependent factor C(x, y) before it is subtracted from the original Raw(x, y) spectrum:

Cor(x,y) = Raw(x,y) — C(x, y) Uncor(x, y) . (6.2)

Since the best place to find the most disturbing components from the uncorrelated events, e.g. the
discrete peak - Compton coincidences, is in the valley around E,; = E,, where rotational correlated
discrete peak - peak coincidences are weak, the C(x,y) factor is obtained by minimizing the
fluctuations in the valley (x = y) as function of (E,, + E,,)/2. The deduced C-factor used in the
analysis of the data varies linearly from = 0.4 at 750 keV to ~ 0.8 at 1 MeV approaching =~ 0.9 at
1200 keV.

Because the Uncor spectrum is constructed from spectra containing the fully summed intensity,
the corrected Cor spectrum is obtained almost without loss of statistics, leaving essentially all the
correlated events as well as the fluctuations close to full intensity. This is illustrated in Fig. 21,
where 1-D cuts perpendicular to the diagonal (taken for constant (E,; + E,,)/2 with a width of

+ 30 keV) on both the original Raw- as well as on the Cor-2-D spectra are compared. To make the
1-D cuts more comparable, a constant value of 3000 counts per channel has been subtracted from
the Raw data. It is seen that the ridges of the spectrum retain almost their full intensity.

6.2.2. Subtraction of discrete lines

It turns out that the strongest rotational transitions at the yrast line or close to the yrast line are
very intense relative to the yet unresolved transitions on the ridge. To treat the ridge fluctuations, it
then becomes an advantage to remove the strongest discrete lines, identified and known from
level-scheme studies, to obtain a more homogeneous ensemble of the population probability W,
(Herskind et al., 1991). In the well-studied cases, this brings the unknown discrete-peak intensities
significantly below 1% of the total population of a given xn channel. In one of the actual cases
162.163Tm, where a separate discrete-line analysis was also performed on the same data set (Jensen
et al., 1991), the peak intensities of more than 600 discrete 2-D lines in the Cor-treated spectrum are
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Fig. 21. Perpendicular 60-keV-wide cuts on the Raw and the Cor 2-D spectra of 187-18Yb for the average energy
(E,; + E,»)/2 = 820 keV are shown. A constant number of counts, 3000, is subtracted from the Raw spectrum to make it
comparable to the Cor.

identified above E.; = E,, = 600 keV, and analyzed by the 2-D interactive Gauss-fitting program
“42” (Bergstrom and Ekstrom, 1991). A 2-D spectrum consisting of these discrete lines is calculated
with 0.5 keV/ch for the region E,; > E,, and subtracted from the Cor spectrum. A result of this
discrete-line subtraction can be seen in the top part of Fig. 25, where the ridge peaks in the right
part of each of the Cor spectra, E.; > E,,, are smaller than in the otherwise symmetrical left parts.
Because the fluctuation analysis is most accurate for a channel width of the order of the detector
resolution, it is an advantage to compress the Cor spectrum. The present data have therefore been
compressed into a 2-D matrix with 4 keV/channel before the fluctuation analysis is performed.

6.2.3. Background reduction by the Radware programs

A new and very powerful method for a careful background subtraction and subsequent
discrete-line analysis has very recently been developed by Radford. His program package Radware
is useful in order to improve the work of discrete-line spectroscopy. The package including the 2-D
GF2, ESCLS8R, and the 3-D LEVIT8R analysis programs has recently been improved further with
programs especially designed for a more systematic analysis of quasi-continuum data.

The Radware programs are available in many laboratories now, and we would therefore like also
to briefly describe the procedures and results from a fluctuation analysis of the '2:13Tm data set
by this new method and compare it to the results obtained by the Cor-minimization method
discussed above.

First a 2-D background is constructed by the GF2 program, by use of prepared efficiency- and
energy-calibration functions and “hand-drawn” 1-D backgrounds on projected spectra. It is then
inserted into the ESCL8R program to generate a background free 2k x 2k matrix of real numbers.
On the basis of a level-scheme file, containing the full information on the known level schemes of
162.163Tm an energy and intensity fit was performed and the level-scheme file iteratively updated.
The program allows fast and easy inspection and fitting of the matrix, by use of parametrized
values of peak shape, width, energy and efficiency in interactive routines. After a satisfactory fit to
the background-reduced spectrum is obtained, it is possible to subtract from the matrices all the
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known 2-D coincidence peaks expected on the basis of the defined level scheme and intensity
relations. Also we choose to subtract the background “stripes” from peak x background coincid-
ences as allowed by a switch in the program. If the background stripes are oversubtracted resulting
in “negative” stripes across the valley, better results may be obtained by minimizing the fluctu-
ations in the valley by scaling the background function, in a similar way as made by the C(x, y)
factor in the Cor treatment given in Eq. (6.2).

The resulting spectrum which we label Rad is shown in Fig. 22(*3Tm, RAD) together with the
original Raw, and the minimized Cor spectra in (1°3Tm, RAW) and (1®3Tm, COR) respectively.
A ridge-valley structure is clearly seen along the diagonal E,; = E,, in all three spectra, although
the known discrete lines have been subtracted. This indicates that many regular rotational bands
exist, which are undiscovered as yet. For comparison a Cor-treated spectrum for the '67-168YDb
experiment is also shown.

6.2.4. Remaining stripes in corrected spectra

Comparing the raw spectrum with the corrected spectra in Fig. 22, it is apparent that the two
procedures are successful in removing the major part of the stripes. In the valley, where the
fluctuations are minimized, the stripes are largely gone in the corrected spectrum of Fig. 22(*®*Tm,
COR), but away from the valley, stripes still exist. Taking for example the strong coincidence
transition at E,;, E,, = 826,892 keV, corresponding to the I =28" —26" —24" sequence
on the yrast line of '°®Yb, one recognizes a stripe in coincidence with the 826 keV line,
which extends upward in energy from about 900 keV, but only a very weak stripe below 892 keV.
This is exactly what one expects for the decay cascades of rotating nuclei. Damped transitions of
higher energy may be in coincidence with discrete band transitions, with one or two intermediate
unobserved cooling E1 transitions. Once a decay cascade has entered the regime of discrete
bands, it is not very probable that it goes damped again later, so photopeak stripes are not
expected to extend much into the valley down below the energy given by the discrete transition at
the ridge.

6.3. The program STATFIT

A program named STATFIT has been developed to extract the moments, uy, i, ..., g from the
experimental 2- and 3-D data. The general procedure used to produce the u; and u, spectra is
illustrated in Fig. 23 and described in detail below. The calculation of the higher-moment spectra
follows the same scheme.

After the data have been prepared for the STATFIT analysis with background and peak
subtractions as described above, the program starts producing a spectrum Fit(x, y) for a selected
range of interest, following one of the procedures described in Section 6.5.1.

To calculate the p; (xo, yo) and u,(xo, yo) values for each channel in the spectrum a small window
is selected around the given point (x,, yo) both in the Cor and in the Fir spectrum [see Figs. 24(a)
and (b)]. Point by point inside the window the quantities Cor(x,y)* f(x — X0,y — Vo) and
[Cor(x,y) — Fit(x,y)]1** f(x — xo,¥ — yo) are calculated [Figs. 24(e) and (f)], where
S(x — x0,¥ — yo) is a Gaussian weighting function with standard deviation ¢ [see Fig. 24(d)]
centered around (xo, yo) and normalized such that 5, , f(x — x¢,¥ — yo) = 1. The values p; and y,
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Fig. 22. Tllustration of the peak- and background-subtraction procedures. Shown are sections of the E,;-E,; Raw
spectrum of '®*Tm together with the same spectrum after background and peak reduction by the Cor and Radware
procedures. For comparison, a Cor-treated spectrum of *¢7-'63Yb is also shown. The energy scales are in keV.

for the point (xq, yo) can then be obtained according to the following equation:

Mn(X05¥0) = 3 An(x,¥) f(x — X0,y — ¥o) - (6.3)

x.y

Here A,(x,y) is equal to Cor(x, y) for n = 1 and equal to [Cor(x, y) — Fit(x,y)]"forn =2, ... ,6,
if e.g. Cor 1s the spectrum to be analyzed for fluctuations.
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Fig. 23. Scheme used by the program STATFIT to generate 2-D matrices of the moment distributions. For a given
energy window containing k x k experimental channels around the point (x,, o) the y;, and y, moments of the
distribution of counts are calculated with respect to a fitted curve and the results are assigned to (xo, yo). The calculations
are repeated for all channels in a selected range of the Cor spectrum.

The procedure is then repeated for each point (xg, yo) in the selected range of the Cor (x,y)
spectrum. The STATFIT program produces as output of 2-D E_; x E., spectra of the moments ,.
Typical spectra from the analysis of 167-168Yb are shown in Fig. 25. On the basis of the Cor and Fit
spectra shown in the upper part, spectra of u, are extracted and the ratio of moment spectra u,/u;
can be deduced as shown in the lower left part of the figure for a quadratic energy interval in the
750-950 keV range for *¢7-1¢8Yb. Corresponding perpendicular cuts are shown to the right of the
2-D spectra.

6.4. Analysis of the moment spectra

It is clearly seen in Fig. 25 that the ridge structures become enhanced over the valley in the
normalized moment spectrum u,/u; compared to the structure seen in the Cor. This is even more
clearly seen on the perpendicular projections in the right-hand side of the figure. This enhancement
is caused by the fact that only a relatively small number of regular rotational bands exists, which
concentrate their intensity in the ridge structures, inducing large fluctuations. In contrast, small
fluctuations are observed in the diagonal valley, which is dominated by transitions from the
damped region, with only a few exceptions produced by backbends from the regular rotational
bands. This points to a very large number of different pathways through the region of the main flow.

In order to analyze the fluctuation spectrum in a quantitative way, we divide the analysis up into
2 parts, (i) the ridge structures, which are treated as superimposed on a “background” of damped
transitions and Compton-scattered events, and (ii) the valley structures, which are analyzed in
sections along the valley, riding on a “background” of Compton-scattered events.

The analysis method is illustrated in Fig. 26, by displaying typical valley and ridge “windows” in
the Cor spectrum (a), and corresponding perpendicular cuts of the relevant spectra for the same
regions in (b)—(g). The regions used for the valley analysis is shaded in (b)—~(d) and for the ridge
analysis shaded in (e)—(g).
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Fig. 24. Different distributions calculated in the steps followed by the program STATFIT to evaluate the fluctuations of

the number of counts in a 2-D coincidence spectrum, based on a small k x k = 7 x 7 window. The full procedure is
described in the text.

6.4.1. Ridge analysis

For the ridge analysis, the intensity of the ridges defined over the same channels in the three
spectra of Cor, u;(Cor) and u,(Cor) [see Figs. 26(e)—(g)] are integrated and the best estimated
background (indicated as dashed lines) subtracted. The respective values of Ne,., ¢y and p, are
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Fig. 26. In the top part of the figure the transition energy region (780, 1020) x (780. 1020) ke V? for the Cor spectrum of
167,168y} is shown. The known discrete lines have been subtracted from the right-hand side of the E,; = E,; valley, and
the perpendicular 60-keV-wide cut is indicated by solid lines at the average energy (E,; + E2)/2 =900keV. In the
bottom part, corresponding perpendicular cuts on the Raw, Cor and moment spectra distributions are given, indicating
the integrated area used to extract the experimental quantities needed to calculate the effective number of paths, both for
the ridge (right part) and the valley (left part) region.
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inserted into the general equation (4.25) to determine N;fl’h of the ridges for each chosen energy
interval (E,; + E,;)/2 of the perpendicular cuts.

As long as the width of the perpendicular cuts is taken to be equal to 4/3‘*, no normalization is
needed for the ridge evaluation, since the ridges are made out of strong correlations among discrete
transitions, and we can assume that each discrete cascade will produce on an average one count in
the ridge regions only.

6.4.2. Valley analysis

For the valley analysis, the intensity of the valley is integrated for the Raw spectrum to give the
number of events N,,., #;(Raw) to give uy, and u,(Cor) to give u, as shown in Figs. 26(b)-(d).
These numbers are inserted in Eq. (4.25) together with the correction factors. The width of the
interval must be small to separate it from the ridges. The number of events N.,. obtained from the
chosen interval of the Raw spectrum has to be normalized to a (4/3'?) x (4/3*') window, in order to
ensure that each damped cascade, which is believed to populate the valley region uniformly, will
contribute with one count/cascade within the chosen energy window.

6.4.3. Correction factors for finite resolution

In the case of an ideal counter with infinitely good energy resolution each path would fall into
one and only one ideal channel, so that the probability p;(E) of detecting a y-ray of energy E in the
channel j would be a step function (1 for detecting, and 0 for not detecting the transition). Due to
the finite energy resolution of the system, the actual probability is distributed over several
experimental channels, with a finite bin width, e.g. 4 keV/ch.

The correction factors (p™/p")1"~ 1 needed in order to determine Ny, [cf. Egs. (4.25) and
(A39)—(A41)] are shown in Fig. 27(a) as a function of the ratio between the experimental resolution
given in FWHM and the channel width (bin width) of the analyzed spectrum. Fig. 27(b) shows the
measured resolution for the 1°8Yb and '®*Tm data sets used to estimate the energy-dependent
correction factor p?/p®) given in Fig. 27(c), for a bin width of 4 keV. A Gaussian resolution
function for the data has been assumed. The energy resolution of the '°®7-'°8Yb experiment is
slightly worse, because of a larger Doppler broadening, due to a larger v/c of the recoils in the
reaction, and a slightly larger solid angle of the individual detector in the ESSA30 array compared
to NORDBALL.

6.4.4. Fraction of photopeak events in the valley

The fraction f of photopeak—photopeak events in the valley can be deduced from the ratio
between the 2-D unfolded spectrum and the Raw spectrum, at any given energy interval. The
response function used in the unfolding procedure does not include the system efficiency and
depends only on the peak-to-total ratio of the anti-Compton spectrometers used.

Fig. 28 shows this fraction as a function of transition energy for the '%%-1°8Yb and '®3Tm data
sets. The values have been deduced from the 2-D spectra along the diagonal E,; = E,, + 6 keV.

6.5. Test of the STATFIT procedures

Before the final analysis of the ridge structures was made, the evaluation procedures were tested
on simulated spectra. In this case the number of paths, the number of events, and also the
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Fig. 27. The calculated correction factors for the finite resolution of the system as a function of the y-ray transition
energy are shown in the bottom of the figure for the '¢7-*¢8Yb and '¢2-'®3*Tm experiments. Panel (a) shows the 1-D
correction factors (p/p")}/"~ 1 ag a function of the ratio between the experimental resolution in FWHM and the
channel width of the analyzed spectrum. The resolution measured for the '°*Tm and '°®Yb data sets is shown in (b),
while the associated correction factors p'?/p'*) are shown in (c).

background, are precisely known. It is then possible to investigate the accuracy of the STATFIT
analysis and the dependence of the results on the adopted fitting procedure. We simulated
a spectrum with a typical ridge structure, as shown by one example in Fig. 29. In this example, 2500
channels are first populated with a random background of 800 events/channel. The ridge region is
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Fig. 28. The fraction of photopeak—photopeak events for °7-198Yb and !®3Tm, calculated along the diagonal
E,, = E,,. The higher values obtained in the '®3Tm case are related to the better peak-to-total ratio of NORDBALL
compared to the ESSA30 array, used for the 1¢71°8Yb experiment.

Fig. 29. Example of a simulated ridge created using paths with randomly selected transition energies. The ridge is defined
to be 45 channels long, and is obtained by populating 120 paths with 24 000 events, and it is superimposed on a simulated
random background of (Ny,ek,/Channel) = 800 events/channel.

then populated through 120 different paths with 24 000 events distributed randomly along the
ridge structure defined to be 45 channels long. The probability for landing in a direction
perpendicular to the ridge is distributed according to a Gaussian function having a width of 6 = 2
channels. Considering that the experimental value of N;azt’h is of the order of 30, and that the
dilution factor P®/P for 2-D is about 0.25, the calculations performed using 120 input paths,
Niree = 120, may actually be the most relevant. From Fig. 30 it can be seen that in this case the
value of N3}, obtained from the STATFIT analysis applied to the ridges underestimates the true
number of paths by about 25%, using a window of 7 x 7 channels, and the global smoothed fit
described below.

The details of these tests are given in (Leoni, 1993), and here we shall only show some typical
examples of the fitting procedures to illustrate how we have determined the best conditions for the
data evaluation.

6.5.1. The fitting procedure

In order to obtain a good basis for evaluating the experimental moments, two different fitting
procedures have been tested.

(i) Polynomial local fit (PLF). For each point (xq, yo), a polynomial fit is made to a surrounding
window of size k* in the Cor spectrum [cf. Eq. (6.3)]. The fluctuations are calculated relative to this
local fit, and the values resulting for u; and u, are assigned to the point (x,, yo). Fits of different
orders (linear, quadratic, cubic) were tested. As examples we show in the left-part panels of Fig. 30,
N;;’h calculated on basis of third order polynomial fits for different window sizes and for different
widths of the Gaussian weighting function. It is seen that the number of paths is considerably larger
than the true number for small window sizes. In fact, for the smallest window used, the number of
parameters in the fit is not much smaller than the number of channels, and the fit tends to
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Fig. 30. The effective number of paths N;f,’h, resulting from the analysis of three different simulated ridges consisting of

40, 120 or 200 “bands”, is shown as a function of the window size k, for different values of the standard deviation of the
Gaussian weighting function ¢. The two different fitting procedures discussed in the text are compared: (i) Polynomial
local fit (shown in the three left panels) and (ii) smooothed global fit (shown in the three panels to the right).
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reproduce the ridge, and thereby reduce the fluctuations and increase the number of paths. For
larger windows, the number of paths converges, displaying only minor deviation from the true
number. However, the use of a large window is computationally not convenient, and will often
smooth the real structures in the spectrum too much.

(1)) Smoothed global fit (SGF). More stable results can be obtained by use of an averaging
procedure, which reproduces the general structure of the ridges, almost independent of the
particular window size. One can create a global fit, assigning to each point (x,,yo) the average
value of the local fit described in (i). In this way a general fit to the spectrum is obtained, before
calculating the residuals A;(x, y) relative to it [cf. Eq. (6.3)]. An example of this treatment is shown
in the middle of Fig. 25. As seen in the right panels of Fig. 30, the number of paths in this case
depends only weakly on the size of the window, and the number obtained in this way is comparable
with larger windows in the polynomial local fit shown in the left part of the figure. The dependence
on ¢ is rather small. However, a value ¢ & 2 channels produces a smooth unidimensional ridge (cf.
Fig. 26), which is convenient to use in order to perform a good linear background subtraction.

It should be noted that even using the “smoothed global fit”, the method becomes inaccurate
when the number N,;,. approaches 200 or more for the ridge analysis. So many paths produce
a ridge which is smooth along the (E,; + E,,) direction, but still rather narrow in the (E,; — E,>)
direction. The ridge of the global smoothed fit is wider than the actual ridge, and the deviations
between the two ridges will be erroneously recorded as fluctuations. With few paths, the spikes on
the ridge carry the fluctuations, and this problem is not severe.

The smooth spectrum in the valley is very flat, and for the valley this problem does not
arise.

7. The experimental results

The procedures described above are applied to the analysis of the four different data sets,
167.168yp, 165.166f 162.163Tm and 142.143Ey nuclei. The ridge structures have been analyzed as
function of transition energy in intervals of 60 keV, from =z 800 to 1200 keV bothin the E.; < E,,
region with peaks of full intensity to give N, r and in the E,; > E., region to give the number of
unresolved peaks Ny, . This difference is easily seen in Figs. 31 and 32 which show typical
perpendicular cuts on spectra of Cor, p; and u, from the **7-1°8Yb and 12:193Tm experiment for
energy intervals, (E,; + E,;)/2 = 820, 880, 940 and 1000 keV. These cuts are similar to those
discussed in connection with Fig. 25. Small differences in the symmetrical peaks in the left and right
part of the spectra around (E,; — E,;) = 0 are seen in the Cor spectra in the top part of the figures,
and they are typically larger in the u, spectra below.

7.1. Ridges in normally deformed rare-earth nuclei

The final results are shown for the Yb, Hf and Tm nuclei in Fig. 33. The Néf()h total values
corresponding to the sum of all populated (xn) reaction channels are shown in the left part of the
figure. The closed points without error bars show values for the number of paths, for which the

known lines have been added back to the measured N:,.i’h.
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Fig. 31. The spectra shown in the top part of the figure correspond to perpendicular 60-keV-wide cuts on the Cor
and g, spectra for '7-1%8Yb at the energies (E,; + E,»)/2 = 820, 880, 940 and 1000 keV. The corresponding spectra

below show the second moment g, calculated for the same energy intervals. The discrete lines have been subtracted for
E, >E,.

The effective number of paths in one nucleus has been calculated from Egq. (5.6), with
different integration limits of the borderline energy U, =0.7, 0.8 and 09 MeV. Since
both the 4n and the 5n channels are populated, the number of paths for one nucleus has
been extracted assuming that each nucleus has about the same number of paths, and
adding them estimating the values of f; and fz [cf. Eq. (4.57)] as a function of transition
energy from the observed yield of discrete lines from the competing channels for the specific
nuclei '°8Yb, 1°°Hf and '®3Tm. The number of levels obtained integrating the level density,
Nirue, 18 also shown, summing over both final nuclei (4n + 5n) or over one nucleus only (4n).
Similar values of N:,f,)h for the three different normally deformed nuclei are found. These results
show consistently that the rotational damping sets in at U, ~ 0.8 MeV with = 30 regular
rotational bands below the borderline energy U, independently of the rotational frequency

hw = E,/2. Such values are similar to those obtained in the theoretical calculations described in
Section 3.2.
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Fig. 32. Same as Fig. 31, but for the %2-1°3Tm data.

7.2. Ridges in superdeformed '**Eu

A data set containing 10° triple events was produced with NORDBALL at the NBI heavy-ion
accelerator at Risg, in the attempt to determine the decay sequences between the superdeformed
and the normally deformed potential wells (Atag et al., 1993). The data were sorted into a 2-D
high-intensity spectrum of 0.5 keV/channel with a multiplicity gate only selecting the high-spin
entry states. Although the population of the superdeformed yrast line is of the order of only 1% of
the intensity populating '**Eu, a ridge structure originating from excited superdeformed bands can
be observed very clearly. This is shown in the left panels of Fig. 34. Perpendicular cuts (60-keV
wide, cf. Fig. 26) on the y, spectrum (with 4 keV/channel) at five energies are seen in the figure with
arrows pointing at the expected ridge structure corresponding to the expected moment of inertia
for superdeformed states. The fluctuation analysis can therefore be applied to this ridge data, and
the number of excited discrete pathways N;f"h will show how many regular superdeformed band
structures exist before rotational damping eventually becomes important in the second potential
well.

The discrete lines from the superdeformed band are very clearly seen in the 2-D spectrum and
were stripped off in the E,; > E., part of the spectrum by means of the program “42”, in a similar
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Fig. 33. The experimentally determined N‘fath values deduced for the first ridge analysis are shown with open circles in
the left part of the figure for the three normal deformed nuclei 167-198Yb, 19°Hf and '°*Tm, as a function of transition
energy. The number of removed discrete peaks are added to N;f,’h and the results are shown as filled circles. The gradual
decrease of N;fl’h has to be related to the different population of the 4n and 5n reaction channels over the energy range. In
the right part, the same results are renormalized to the 4n reaction channel (see text). The data are also compared to

theoretical estimates of N;',f,’h, obtained with three different values of the parameter U,, U, = 0.7, 0.8 and 0.9 MeV
(dot-dashed, solid and dashed curves, respectively).
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way as earlier discussed for normally deformed bands. The moments y, were also extracted by the
STATFIT program in a similar way as described above. In the right panels of Fig. 34, typical
perpendicular cuts 60 keV wide along the ridge structures in the region 1120-1550 keV are shown.
It is interesting to note the significant differences between y, and u, for each of the energy intervals.
Most striking is probably the strong decrease in p, at the 1264- and 1392-keV cuts for similar
intensities in g, . This shows directly the increasing number of bands at ~ 1350-1550 keV, as it is
also evident in Fig. 35, where the obtained values for the effective N7 a,h are plotted. The average
value of N;a,h 1$ &~ 15 and about 2 times smaller than observed for normally deformed nuclei,
except at the maximum, where the probability for both populating and staying in the super-
deformed band reaches a maximum of 36, close to the number found for normally deformed bands.
The strong depopulation of the excited superdeformed bands, presumably both by fission competi-
tion at the highest angular momentum, and by barrier penetration to the first well at lower angular
momentum, is expected and also consistent with the lower number of paths observed in the second
ridge, as shown by squares in Fig. 35.

The onset of damping for superdeformed states in !°?Dy has earlier been investigated (Schiffer
and Herskind, 1991) by simulating the intensities observed in the ridge structures of '*2Dy. This
work indicated that the rotational damping for the superdeformed states may become dominating
between 1.5-2 MeV. The observed Nz in '*>Eu is consistent with this estimate considering that
the expected level density in the superdeformed well is considerably smaller than observed for
normally deformed or spherical potential wells (Aberg, 1990).

7.3. The number of paths in the damped region

The valley regions (E,; ~ E,,) for the three cases with good statistics discussed earlier, '¢7-18Yb,
162.163Tm and !*3Eu have also been investigated. In the case of '¢2!®3Tm, multiplicity and
sum-energy gating conditions on signals from the BaF, calorimeter which covered =~ 60% of 4n
solid angle, were used to separate the two reaction channels, °*Tm and '®3Tm.

Eq. (4.25) was also used in this case, with N.,., and p/u; extracted for 60 x 60 keV? intervals
along the valley in the region 800—1200 keV. The analysis may be disturbed by remaining discrete
line components in the lower-energy region. At higher energies an analysis can be performed if
correction is made for the increasing fraction of statistical E1 transitions. The results from this
more complicated analysis is consistent with the results shown below (Leoni, 1993).

The extracted values of N, ‘a.h for the four cases are shown together in Fig. 36 as closed symbols
with error bars. The data points are very well reproduced for the rotational nuclei 1°7-18Yb,
'92Tm, and '**Tm by our theoretical estimates of N2, pr [cf. Eq. (4.38)], using the formalism given
in Section 5.4, assuming a Porter-Thomas strength distribution, and a damping width
I = 100 keV. The estimates are made for the level-density parameter a = 16 MeV !, and for two
values of the integration limit U,, as indicated in the figure. Also shown are calculations of

|-
-

Fig. 34. The left panels in the figure show perpendicular cuts across a g, 2-D spectrum of **3Eu, for typical intervals of
60-keV width at 1148, 1200, 1264, 1392 and 1520 keV. In the right panels similar perpendicular cuts are made on the
fluctuation spectrum, p,. The two arrows in each panel point at the superdeformed ridges. It is clearly seen how the peaks
for E,; > E,, are significantly reduced, because the yrast band has been removed in this side of the otherwise symmetrical
spectra.
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N{Zl, assuming no damping, as discussed in connection with Eq. (5.15). The large number of
Néfl)h found for the three rotational cases shows very clearly that a strong branching of the
rotational strength must be assumed to be able to reproduce the data. This fact can be taken as
experimental evidence for the rotational damping phenomena. The high-spin region is only populated
weakly in the case of '°*Tm, which increases the influence from E1 transitions at the highest
transition energies.

In the case of the spherical nucleus '**Eu, a significantly smaller number of paths is found. The
continuum below 1100 keV is mainly generated by transitions belonging to the spherical or weakly
deformed shapes, whereas above 1100 keV a superdeformed continuum is becoming more intense.
In the spherical shape, the cascade will populate states at lower heat energy, leading to fewer decay
paths than in the well-deformed nuclei. For the superdeformed shape, the lower level density
implied by the shell structure will also produce a lower number of paths. The curve on the figure is
calculated with parameters for the level density and energy for the onset of damping relevant for
superdeformed nuclei.

7.3.1. Consistency between ridge and valley analysis

The calculated number of paths N]i:i)h for valley fluctuations depends sensitively on the level-
density parameter a, as displayed in Fig. 20. Due to the closeness of the curves “Damped
a=16MeV™! U, =0.7 MeV” and “Undamped a = 20 MeV !, U, = 1.0 MeV”, the valley fluc-
tuations can actually also be accounted for by calculations without damping, that is assuming one
final state per initial state in the rotational decay, but including significant fluctuations of the
moment of inertia, which are then required to fill in the valley. However, the values of a and U,
required for such a fit produce far too many paths on the ridge, of the order of 100 for each nucleus.
Conversely, values around a ~ 16 MeV ™!, U, x~ 0.7 MeV within the damping picture lead to
results which are more in harmony with the overall picture emerging from the fluctuation analysis.
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Fig. 35. The values of N2} deduced for the first and second superdeformed ridge structure in '**Eu are shown for
intervals of 60-keV width along the ridges. The values shown with open symbols are deduced after all coincidence peaks
from the known superdeformed yrast band have been removed from the Cor spectrum (U = unresolved). For the closed
symbols the yrast band is added back (R = U + 1).
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Fig. 36. The effective number of two-step paths N;,ft'h in the valley around E,; = E,, is shown for three of the data sets
discussed in the text, 1°7-1°8YD, 12193 Tm and '**Eu. The Tm data are divided into two parts, the low-spin region

selected by sum and multiplicity gates, displaying predominantly Ngi’h for 1*2Tm and the gated high-spin region showing

mostly '**Tm. Theoretical estimates for the number of paths in the damped region assuming a Porter-Thomas strength
distribution N:,fl’h_p'[ based on Egs. (5.10) and (5.12) are shown for the level-density parameter a = 16, and for two values
of the borderline energy U, = 1.0 MeV (solid lines) and U, = 0.7 MeV (long dashed lines). Estimates are also given for
N;f,)h in the absence of damping, based on Eq. (5.15), for @ = 16 and U, = 1.0 MeV. The theoretical estimate for '**Eu is
based on parameters relevant for superdeformed nuclei.

7.4. Systematic errors and uncertainties

As discussed earlier, the accuracy of the data analysis is limited by a principal uncertainty, which in
the cases considered in this work is of the order of 20-30%, mostly caused by the instrumental
resolution which determines the “natural” number of channels (see Section 4.8). However, there
may also be important causes of systematic errors as, e.g., in the theoretical assumptions made on
randomness in the investigated ensemble of states, deviations from statistical feeding caused by
nuclear-structure effects, or experimental errors made in the background subtraction or fitting
procedures (see Section 6.5). We therefore find it important to make as many cross-checks of the
analysis methods as possible.
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7.4.1. Comparison of the data-reduction methods

One of the ways to investigate the experimental errors of systematic origin, is to compare the
results obtained by the two completely different analysis methods discussed earlier, either based on
the Cor-minimization (see Section 6.2.1) or the Radware treatments (see Section 6.2.3). Comparative
results for both the ridge and the valley analysis made on !¢3Tm are shown in Fig. 37. The open
points are the same as shown in Figs. 33 and 36 from the Cor-based treatment of the ridges
and valley in '®*Tm, respectively. The closed points are obtained from an independent
fluctuation analysis of the ridge and valley structures taken for the same energy intervals on the
same data, but after the spectrum for analysis is prepared by use of the Radware programs for
subtracting background and known photopeak x photopeak coincidences. The 2-D photopeaks
are calculated on basis of all possible y—y-transition coincidences defined by the level schemes of
162.163Tm_energy and intensity fitted to the background-subtracted spectrum. The comparison
shown in Fig. 37 is satisfactory, but the new Radware method is to be preferred in the future, not
least due to much more complete check of the underlying intensity relations in the fitted peak
structures.
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Fig. 37. Comparison between the number of paths obtained from analyzing ridge and valley fluctuations for 162-13Tm,
applying the two different procedures for handling subtraction of intense peaks and Compton background.
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Fig. 38. The figure displays the result of the additivity check applied to the subtraction of discrete peaks. Shown is the
ratio between the number of paths obtained by analyzing the full spectrum, and the number of paths expected for the
superposition of two spectra which have no correlations in transition energies. The error bars display the statistical
uncertainty [Eq. (4.60)] due to the random superposition of the spectra.

7.4.2. Additivity check

The basic assumption about the randomness of transition energies may be investigated by
a testing of Eq. (4.57), which expresses the additivity of resolved and unresolved number of paths in
the ridge structures. A consistency check is made for 1°7-1%8Yb and '¢%'¢3*Tm by comparing the
intensities of the ridges before and after the known peaks have been subtracted (see Figs. 31 and 32,
respectively). Since the resolved (known) peaks and their intensity in each interval have been
determined, one can calculate the associated number of paths as N,Ef,’h‘ g = (¥, WZg)~'. Combining
with the number of paths determined for the unresolved part of the ridge, N;ath.u, one obtains the
effective number of paths expected for the superposition of uncorrelated spectra, N,ift)h‘c [right-
hand side of equation (4.57)]. This can be compared to the actual number of paths Néfl’h,T extracted
from the full spectrum, that is from the intensities and fluctuations of the first ridge on the left-hand
side of the valley in Figs. 31 and 32. Fig. 38 shows the ratio between the experimentally determined
and the expected total number of paths, together with the expected uncertainty. Since this ratio
fluctuates around 1, the transition energies of resolved and unresolved peaks are seen to be
uncorrelated, thus showing the randomness of transition energies.

8. Summary and conclusions

The subject of the present paper was to develop the mathematical formulation of the fluctuation
analysis and its application to experimental rotational spectra of y-cascades emitted from rotating
nuclei produced in fusion reactions. The main subjects touched upon are summarized in Sections
8.1-8.3, while the conclusions are collected in Section 8.4.

8.1. Ridge analysis, regular rotational bands
For regular rotational bands, the ansatz of random transition energies allows for a straightfor-

ward mathematical derivation of the fluctuations. The obtained relations are in principle applic-
able directly to the fluctuation analysis of 3-D and higher-fold coincidence spectra.
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The ansatz of random transition energies has been supported in three independent ways. First,
by cranked-shell-model calculations. Second, by experimental data from a small collection of
well-deformed nuclei. Finally, the additivity check on the ridge analysis with respect to removal of
known discrete bands shows that the energies of the known bands are uncorrelated with those of
the yet unresolved bands.

According to the result of the fluctuation analysis, 2040 discrete bands of the four parities and
signatures are present at all values of the angular momentum populated in the fusion reactions. The
number of discrete bands is essentially the same in the three well-deformed rare-earth nuclei
investigated.

These results point to an energy threshold above yrast of about U, = 600-900 keV for the onset
of rotational damping in well-deformed rare-earth nuclei. At the lowest excitation energies above
yrast, the bands are discrete, displaying strong rotational correlations between successive
transition energies. Then, around the energy Uy, the E2 strength starts to fragment, weakening the
rotational correlations.

The number of discrete bands as well as the boundary energy for the onset of rotational damping
found by the fluctuation analysis is in accordance with the results of band-mixing calculation
carried out with a cranked-shell-model basis, and diagonalizing a surface-o residual interaction. In
the calculation, the onset of damping is marked by an effective branching of the E2 decay into more
than two transitions.

The fluctuations observed in the ridges of the superdeformed bands in the nucleus '**Eu indicate
the existence of fewer bands, which is likely to be connected with the lower level density of states in
the superdeformed minimum.

Dedicated discrete spectroscopy at present is able to resolve about § to 5 of the 20-40 rotational
bands. The finding of all these bands is well within the range of the next generation of y-detection
systems. In such a case, questions concerning the behavior of individual quasiparticles and the
interaction among quasiparticles could be addressed in much more detail. The main topics
addressed by such studies are likely to be the level density as a function of heat energy, the
level-spacing distributions, and the onset of fragmentation of the rotational E2 strength.

8.2. Valley analysis, damped rotation

For the damped rotation, the ansatz used in the analysis is that strong Porter—-Thomas
transition strength fluctuations are superposed to a rather smooth transition energy spectrum. The
mathematics of fluctuations of 2-D spectra is somewhat involved, but it leads to simple results,
which may be extended to 3-D spectra.

In the rotational damping picture, the spectrum in the valley stems from transitions from states
above the onset energy for rotational damping at U, ~ 800 keV. Going up in excitation energy, the
intensity of the transitions decreases exponentially due to the rapid increase in the fragmentation of
the E2 strength out of each state. In this circumstance, spectrum fluctuations will emphasize
strongly the lower heat energy part of the damped decay, that is essentially the decay flow and E2
matrix elements in the region from U, up to approximately 2U,.

The large number of decay paths for the valley, 10*-10°, is well reproduced by calculations
applying the rotational damping picture together with realistic parametrizations of the decay flow
function. A consistent explanation of both ridge and valley fluctuations can only be obtained by
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invoking the damping picture. This fact can be viewed as a proof of the existence of rotational
damping, a result which is the main outcome of the valley fluctuation analysis. A caveat should be
inserted at this point, and it is connected with the fact that the “proof” is based on the
Porter-Thomas ansatz for the intensities. Although the ansatz seems very reasonable and is
supported by model calculations, a direct evidence of Porter—Thomas fluctuations cannot be
addressed through the statistical moments of the 2-D spectra alone. Since the valley fluctuations
depend rather weakly on the rotational damping width I, no new information on I, has been
obtained.

The next generation of y-detector arrays will, most likely, be able to extend the discrete
spectroscopy into the region of the onset of damping, including the first few states displaying
rotational damping, but probably not further. The fluctuation analysis will remain a powerful tool
to probe the unresolved E2 and El transitions. Concerning a more direct search for Porter—
Thomas fluctuations, the detector resolution will still be a problem, but this difficulty may be
circumvented by spreading the transitions over more channels going on to 3-D and 4-D coincid-
ence spectra.

8.3. Accuracy of the fluctuation analysis

The accuracy of the fluctuation analysis is determined by the counter resolution, by how well one
can define a smooth spectrum, and by how well ridges, valley and Compton background can be
separated.

Even when the fluctuation analysis is formulated without explicit reference to channels, there is
a natural energy scale, implying a natural number of channels, which have a width given by the
detector resolution. For the level-density studies addressed earlier by the fluctuation analysis, the
temperature provides a natural energy scale, over which the level density varies significantly. For
the rotational spectra of the present analysis, the energy scale is given by the average difference
between y-rays emitted from neighboring angular momenta. Due to the underlying random
character of the energies and transition strengths, the relative accuracy in the number of paths is
determined by the effective number of independent probes one can make of the random distribu-
tion, and that is the natural number of channels. This associated uncertainty is inherent to the
statistical approach.

The characteristic structures of the 2-D y-v energy spectra for the well-deformed nuclei studied
here allow for a clean separation between ridges and central valley. However, a number of
limitations have to be considered regarding the application of the fluctuation analysis. For the
ridges, the most severe problem is that of the definition of a smooth spectrum. Concerning the
analysis of the valley, some ambiguities arise from the removal of the stripes of the spectrum, and
from the comparison of the fluctuation analysis to model calculations of the number of decay
paths. This is because a detailed knowledge of the decay flow pattern is needed to carry out such
comparisons.

8.4. Conclusions

The main object of the present review has been to identify few, simple parameters, which allow to
characterize the rotational decay of warm, strongly rotating compound nuclei. In keeping with the
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fact that rotational motion implies correlations between transitions of the type | - —2—>1 —4
measured in coincidence, the concepts of decay path and its branching number were found to be
particularly useful.

Because the y-decay along damped rotational bands will use each possible decay path fewer
times than the paths associated with discrete bands, the count fluctuations of the y—y correlation
spectrum associated with the “discrete” transitions are much larger than those associated with
“continuum” transitions. The quantitative translation of these general statements implies that
below an excitation energy of 0.7-0.8 MeV above the yrast line only discrete transitions are found.
The total number of discrete paths is found to be of the order of 30~40. In other words, from the
fluctuation analysis one expects about 30—40 discrete rotational bands within the energy interval
0 < U < 0.7-0.8 MeV above the yrast band. With the new generation of detector arrays EURO-
BALL and GAMMASPHERE, it is expected that one would be able to find all these bands, that is
to make complete spectroscopy within the first MeV of excitation energy above yrast. These studies
are expected to provide stringent tests to nuclear structure at high rotational frequencies.

The statistical analysis provides a different picture of the rotational motion in the energy interval
0.8 MeV < U < 2.2 MeV. In this case, paths, of the order of 10°, are available to the rotational
decay. This result provides a clear proof of the rotational damping phenomenon. In fact, making
use of the fact that the density of levels at U &~ 2 MeV for a system of mass A ~ 160 is of the order
of 2x 10°> MeV "1, it is necessary to assume a value of I',,, & 100 keV to be able to account for all
the decay paths observed. While the actual value of I',,, is very uncertain, and cannot be extracted
from the fluctuation analysis, at least not with the tools available, the order of magnitude is
indicative. Thus, the fluctuation analysis of the counting rate although not providing a value for the
rotational damping width, has allowed to define the question properly.

From this analysis it has become clear that the way to proceed is through Monte-Carlo
simulations, which incorporate what is known of nuclear structure at finite spin and excitation
energy, and use simple effective interactions acting among the unperturbed rotational bands to
generate the compound nucleus states.

Such a program is well under way, and the analysis is suggesting that the broadening of the
ridge structure is associated with more than one damping width, reflecting the fact that different
bands at the same excitation energy resent differently from the mixing. Whether the damped
rotational motion starts already at 0.8 MeV, or there is a more gradual transition from discrete to
continuous rotational bands is an open question. It is possible that between the discrete and the
continuum regime there exists a hybrid situation, the compound bands regime, where the only
nuclear degree of freedom which is not in thermal equilibrium is that of rotational motion. The
study of this regime to test current models of chaotic behavior in nuclei may have far-reaching
consequences.
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Appendix A. Mathematical evaluation of the principal uncertainty

This appendix presents the mathematical derivations of the principal uncertainty in the second
moment 4, of the number of counts. For convenience, we consider a constant spectral distribution
function: f(E) = const (defined in Section 4.5.1).

A first estimate of the variance of the second moment can be obtained by neglecting the
correlations between the counts in different channels. In such an approximation, each channel
represents an independent sample of the variable associated with the random distribution of Ne.
events on paths on that particular channel. The standard expression (Kendall and Stuart, 1958) for
the variance of the second moment is then (for N, > 1)

var my = (1) = [(Ke + 203)/(2New) ] ~ (2/Nen)ti3 (A1)

where , is the fourth cumulant, which will be of the order of Np;,}, N, relative to g3. In this way, we
already have the most important term of u,(u,) for good counting statistics, cf. the expression
(A21). In the derivation which follows, we take into account the binomial distribution as well as the
correlations of counts between different channels more carefully.

The second moment averaged over realizations is

J

(2 = (1/Nen) <Z(Mj'_ <M>)2> . (A2)

The uncertainty in this moment is given by the variance of p,, over realizations, cf. Fig. 15, or in
short, by u, (i), with averaging over realizations:

real.

pa(p2) = (1/N3h <Z (Mj - <M>)2 (M — <M>)2>

2
—(1/N&) <Z<(M,-—<M>)2> ]> : (A3)

For a fixed number of events, it is straightforward to reduce terms like (¥ ;, MM} ) = NeyeNen
{M?», leading to the result

pati) = /83 ( (S M3ME ) (D) (A%

For a given realization, the correlated distribution of N.,. counts in channels j and j' is multi-
nomial, governed by the probability Q; = ¥, W, P;(E;) for saying “yes” to channel j, and likewise for
channel j'. From the multinomial distribution we will use the property

MMy = NBZUQ)Q ) forj#) (A
where the factorial product is denoted by

mf=mm—1) - (m—(n—1). (A6)
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Eq. (A5) reduces to the binomial expressions by setting n’ = 0. Using the relation (AS5), one obtains
for j #j’

< y MfMjn> = < Y (MM, — 1)+ M) (My(M; — 1) + Mj,)>

i#J i=y

=NEL Y 0707 +2NBL Y 070, + N2L'Y 0,05, (A7)

i i#J RN

and treating the sum with j =’ in the same way, the combined sum yields
(T30} )= NELS 033 + 2T 00, + VLS O]
i i i

Ne[\?/g_ Z Qij’ + 6Ne£\212 Z QJZ + ]Veve . (AS)
i J

Combining with the simpler term {(M?>2, one obtains
2
th.“Z()uZ) = Nc[ﬂ <Z Q]z QJZ/> - Ngveuvevc - 1)2 <<Z Q?>>
i j
+4NG <Z Qi> + 2N <Z Q}> ., (A9)
i Jj

where the averaging is now over realizations.

In the limit of infinitely many paths, all channel probabilities approach the fixed value
Q; = 1/N.,, irrespective of the realization. In this limit of a purely statistical distribution of events
directly into channels, the leading order in g, (p5) of N.,. is quadratic, stemming from the last term
in (A9), since the higher powers from the three first terms cancel. Keeping only the leading order in
1/N_;,, one obtains

,Uz(,ll-;) 2Nc2ve Nch - (2//Nch),u% . (Npath - 3C) (AIO)

Next, we will turn to the opposite limit of few paths, in which case the leading order term will be
of the fourth power in N,,., and we shall concentrate on these highest order terms.

2
() ~ (N /N&) <<Z sz Q12> - <Z QJZ> )
i’ i
:( e\e/ <Z{[Z Wl] i2 j ) 13)][2 Wi3Wi4Pj'(Ei3)Pj’(Ei4)]}>

N?“ZKZ Wi W, P,{(E;,) P E,2)> < Sy W W 3)Pj,(Ei4)>J, (A11)

“h Ji L1l i3iq

where the path and channel probabilities are defined in the beginning of Section 4, Egs. (4.9) and
(4.10).
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A.1. Random transition energies

For unmixed bands of random transition energies, there will only be correlations in the sums
between the sets of paths (iy,1,) and (i3, i,) when some of the paths of the two sets are identical. For
Porter-Thomas intensity fluctuations, correlations will also arise for paths which share one
transition.

We shall now discuss in detail the random transition energy case. Here there are four types of
such correlations.

The first type of correlations describes the case when all four paths are identical, yielding

(N2../NZ) [2 P~ 3 (P) }Z wi (A12)
Ji'

where the correlated moment P‘2 %) is defined generally in relation (4.41).
In the second type of correlatlons all but one path are identical. This occurs four times, yielding

4(N§ve,N§h)[Z PIEIPY ~ S PR(PT) } X WiWy (AL3)

[N

The third and important type of correlations has the paths identical two by two, which occurs
twice in the sums, (i; = iy and i = i4) or (i; =i, and i, = i3):

2N /NE) [Z (P} —Z(P‘”)“} Yy Wiwi. (A14)
i i i

The fourth and last type of correlations has only two paths identical, and this occurs with four
different pairs of subscripts on the path number:

YN/ [ZP“”(P“) Z(P“’)ﬂ Y WiW.We. (A15)
JJ’ il #i"

One can readily see that the second (A13) and fourth type (A15) cancel, since single sums over
superscript (n1) can always be carried out, for example,

ZP(ZU P(]) Z P(2) P(l) Z P(21) I/N P(ZJ

= (1/Ngy) ¥ P2 — P2 =0 . (A16)

J

The first type term (A12) will also be cancelled, if the energy integration can be substituted
with a summation over midpoints of the energy intervals spanning the individual channels.
This is exact in both the limits of wide or narrow channels, and it is a reasonable approximation in
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most cases:

> P = Zf[P( 0T [P(E)T? dEy/ j dE;

JJ

=3 [P(EN)? [PH(E)]? Naw' =}, [P(E)]? [PUE)]* N

» v J[PUE)]? dE; [[P{E;)]* dE; 1
~N& DT, Tag, N
= chh (P(Z))z (A17)

Inserting this result, the first type term (A12) cancels.
One is then left with the third type term (A14), which can be rewritten:

N4
i) = 2555 S e -y e || (swe) - s wi]
ch L jj i i
_ o Néwe

[Z(P‘“’ Z(P“’)“][(Niiih)‘ — (Npam) 1. (A18)

JJ

One of sums over jj’ can be carried out:

Y (P —NchZ (P2 (A19)

i’

and, neglecting the small terms of higher order in N, and Ng' in Eq. (A18), one can express the
result through the second moment (4.21) itself:

pa(pz) = (2/Nep) {[Z(P(Aljl))z/(P(Z))Z:I (M2 — 1y)? + ﬂ%} . (A20)
Aj

Here, the factor depending upon the channel width has simple expressions in the two limiting cases
of wide and narrow channels.
For wide channels, only the term Aj = 0 contributes, and the factor becomes unity, that is

>(p2) =~ (2/Nen) [(12 — p1)* + 3] (wide channels) . (A21)
For narrow channels, the sum over Aj is evaluated, using the expression (4.45):

1 (AE AJjAEN?
L8 =g B[] ~2(5ner ) Ja
j exp

exp

= (1/Nan) (1//2)p*, (A22)
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where each 1-D channel spans the interval AE. Doing the same algebra as above for wide channels,
one obtains

H2(i2) = (2/New) [(1//2) (PY/PD) (i — iy )* + 3] (narrow channels) (A23)

where D is the dimensionality of the spectrum.
A.2. Porter—Thomas strength fluctuations

For the case of P-T strength fluctuations, we only present the line of reasoning plus the most
important equations.

For P-T strength fluctuations, the normalization of the spectrum can be lost, if, in the averaging
over realizations, each transition strength is allowed to scan through its P-T distribution,
independently of the other transition strengths connecting the same ensembles of mixed states. This
will result in an error in pu,(u,).

There are two methods to take care of the normalization. The most satisfactory, but
mathematically most complicated procedure consists in taking into account the correlations
between different strengths by applying expressions like (4.28), of higher order. By this procedure,
the Egs. (A4) and (A9) can still be used. In the other method, we neglect the correlation between
different transitions, and instead do not rely on the normalization relation ) iM; = Neye, which
would be violated in this treatment. We have checked the methods against each other for the most
simple case of u,(u,) for decay out one state and a 1-D spectrum. Here, they agree in the leading
terms. In the following, we present the latter derivation.

Keeping in the expressions explicitly the mean value for each counting statistics and realization,
one obtains [instead of the simpler expression (A4)]

Nawpa(a) = ¥ [MIMG Y — (M3 M) ]
+4 Z LM M > — (MG M ) MG <M > ]
— 4 Y (KM My (M > — (M (M3 YT (A24)

Carrying out the average over counting statistics, each term in (A24) gives rise to a number of terms
of power 1 to 4 in N,,.. The statistical limit, obtained for infinitely many paths, is independent of
the addition of the new terms, and it is still given by the same relation (A10). In the opposite limit of
few paths, the terms of order N¢,. will dominate, and they represent the leading terms of each of the
averages in (A24), for example the fourth power term coming from (M;M; > (M; ) is just N&,.
Q30> <0

Carrying out the average over realizations by the usual procedures, the channel probabilities are
expressed in terms of the path probabilities, yielding again a four-fold sum over paths as in (A11),
but now more complicated due to the extra terms. The same type of correlations as above for
random transition energies need to be considered: (i) all paths iy,i,,i3,i, are correlated, (i1} three
paths are correlated, (ii1) the paths are correlated two by two, (iv) only two paths are correlated.
For the 2-D spectra of interest here, correlated means identical or sharing one transition. This leads
to rather tedious algebra, but the result is parallel to the one obtained for random transition
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energies, since the most important type of correlation is number (iii), where the paths are correlated
two by two. Finally, one obtains

ta(z) ~ (2/Ney) #%

N4 2
Z[ Y. PUE)PH(E) KWWy — W) <Wr>)}

i(correlated)i’
+ terms of order (N&,./N2) (Nah) 3. (A25)

For 1-D spectra, the paths are only correlated if they are identical, and keeping the first and
second terms of equation (A25), one obtains

2 Nie 2
pa(fn) ~ — Hl +2 oy Z l:z P{E) P (E;) (KWE) — <Wi>z)]
NN
Aj J

nch[

(p?)?

where the expression (4.32) for i, has been inserted. Written this way in terms of u, itself, this result
is identical to that obtained for random transition energies (A20).

For 2-D spectra, the paths may be correlated if they are identical, or if they share one transition,
and the evaluation of p,(u,) follows the same lines as for p,, Eqs. (A11-A20). Spelling out explicitly
the stripe and spike terms, p, is written as

(2 — p1)* + Hf} (1-D), (A26)

p2 = po(stripe) + w,(spike) + py , (A27)
with
HZ(Stripc) = Nezve/n;g:t)h ) (p(l))2 » (A28)
ua(spike) = 4(N&e/N i) P2 (A29)
With these definitions, the result for u,(u,) becomes
L Xaesi)? . 2 Y P
o) = o —(JPW— o (stripe)? + N —%(2—))2— U, (spike)”
(1) Z (p(ll) )
Aj . .
R p(z)ij(z))—z‘Mz(Strlpe) uatspike) + =i (2= D). (A30)

The coefficients of these terms can be understood from the fact that the stripe-terms are one
dimensional in nature, therefore it is the number of 1-D channels spanning the interval, that
becomes relevant. Likewise, the spike-term is two dimensional. The uncertainty if Ny, pr will
essentially be determined by the number of 1-D channels.

A.3. Second moment and autocorrelation function in the narrow channel limit

For completeness, let us briefly discuss the corresponding uncertainties of the autocorrelation
function. We here restrict to one dimension and narrow channels. The same procedure applied to
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U, can readily be generalized to the autocorrelation function with the result,
21 1 p .
palpz) = o [iﬁljzj (2 —w1)” + pi |,

L1 p®+ph) 1
k2L (8))] = [—#’ fen w(w] =,
ch

nch \/2 ( (11))
1T 1 pdb, ., 4 pub '
Vaj-ay [W(A))] = —[ Far i Tl lﬁ(AJ)Zj| : (A31)
e \/5 (p )
Here it has been used that the number of paths is related to the autocorrelation function through
M = Nawe [Py W (A)] (A32)
which is valid for random energies, and which has an extra factor of two for P-T fluctuations.
This can be used to obtain expressions for the uncertainty in ni,:
d /
otnh iz = b (o i ) o (A33)

or

(A34)

(ZJ (2) (2) [ (2)
o(n path /,npalh =/ #2[#’ '(dl//(A palh) [ Ppath| -

(11) +

Inserting the expression (4.45) for p,; ' in the narrow channel case, and carrying out the algebra,
one obtains, on the basis of the second moment,

o) /80 N Ngatn \* 8T05p (A35)
nl(i'at)h EO Neve EOAE ‘

or, on the basis of the autocorrelation function,

o(Mpan) _ /8oy [AJAEP]  (ngn\? dnod,  [(AJAEY

O \/ E, C"Sh[ 207, ] * <N> EGAL e"p[ 202 } | (A30)
For good counting statistics (N, > nl‘,ifh), the uncertainty in nlﬁ‘)h is given by the first term under the
square root in both of the expressions (A35) and (A36). Since 5 ;-4 7 [¥(Aj)] is of the same order as
u>[W(Aj)] for good counting statistics, the values of autocorrelation function at Aj =1,2,3, ---
will be correlated with each other when averaging over realizations. This means that a realization
which yields a low y(Aj = 1) relative to the average, will also yield a low y(Aj = 2), etc. The fact
that |[/(A j) is determined at many Aj’s thus does not decrease the uncertainty in the determination
of npalh There will be no way of circumventing the basic uncertainty given by the first term under
tl(l;:) square roots, and we may conclude that with good counting statistics, the uncertainty in
Hoamn Will be

(n;gft)h) )N T exp \/ 2T[Gexp

(2) -
1path EO

(narrow channels, good counting statistics) . (A37)
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In connection to the investigation of inelastic electron scattering described in (Kilgus et al., 1987),
a numerical simulation was carried out by Miiller (1983) to determine this uncertainty. For the
length of the interval and resolution reported in (Miiller, 1983), Eq,0.,, = 1 MeV, 12 keV, one
obtains from equation (A37)

s(nih)/nion = o(d)/d = 25% (A38)

where d is the determined average level distance. This estimate explains the uncertainty of 25-30%
in the result from simulations quoted by Miiller. For bad counting statistics, N, < Néﬁl)h, the
second term of Eq. (A31) coming from the counting statistics, is more important than the first term
of u, [ (Aj)], as well as of 4 ;- (Aj). This explains the behavior described by Miiller, namely that
random oscillations occur in the simulated autocorrelation functions for small level spacings,
making it hard to determine y(Aj — 0).

For bad counting statistics, AE cannot be made very small, and the second term under the square

root of (A36) has its minimum value when AE = /o.,,/Aj, in which case the p, and y-based
uncertainties again are of the same order. Thus, in the case of bad statistics, the use of autocorrela-
tion function will not reduce the uncertainty, either.

A.4. Principal uncertainty of higher order number of paths

Experimentally it is possible to determine also moments of the distribution of counts higher than
the second. Correspondingly, one can derive formulae of the same kind as Eq. (4.25) involving
higher moments, with the usual assumptions N> 1, Nge>»>1, Ny,m>»>1. We write here the
equations for the third, fourth and fifth moments:

(Nga)® = (PV/p') (Newe) /(13 /s — 3pta/py +2) (A39)
(Npatn)® = (P*/p) (Newe) /(a/ty — 63 /iy + 1z /iy — 6, (A40)
(Ngatn)* = (p9/p") (Neve)* /(s /ity = 10ka /iy — 35p3/pts + S0pa /iy + 24) . (Ad1)

For the moments higher than the third, we have introduced the cumulants of the distribution, x,,,
(Kendall and Stuart, 1958), which have the advantage of being additive for two independent
distributions. This is important, when one has to subtract a statistical background, like the
Compton background (cf. Section 6.2). The cumulants of fourth and fifth order are related to the
equivalent moments through the relations x, = g — 3u3, K5 = ps — 10p45.

In principle, the use of higher moments could, on one hand, lead to a more stringent test of the
statistical model, and, on the other hand, help to determine the probabilities W;. Unfortunately, it
turns out that Egs. (A39)—(A41) are not very reliable in practice, because of the associated principal
uncertainty.

The principal uncertainty is investigated by performing simulations of the type described in
section 4.8. The number of channels is 50, the paths have equal probability, and the path numbers
are varied between 10 and 10%. For each path number, 1000 realizations with different numbers of
events have been performed.

Since occasionally very large or very small values of N m;, make both the average values and the
dispersions ill defined, the dispersion in Ny, is measured through its width, defined as the width of
the smallest interval, containing 68% of the distribution (in the case of a Gaussian distribution, the
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Fig. 39. Centroid and half-width of the distribution of the number of paths of second, third and fourth order, as obtained
in simulations with different number of events, shown as function of the number of paths.



82 T. Dassing et al./Physics Reports 268 (1996) 1-84

Success Rate (%)

100 = X Xy
80}
60}
40t 4
Nevent
20+ ® 1000
X 10000
A 100000 Second Moment
01 2 3 4
100
80
60
40
Nevent
S I+
{ .
>A< 100000 Third Moment
01 2 3 4

100 K.

80

601

40+
Nevent
201 ® 1000 j
X 10000
A 100000 Fourth Moment
01 2 3 4

Log(Npath)

Fig. 40. The success rate, that is the fraction of simulated paths which result in a positive number of effective paths of
second, third and fourth order, is shown as function of the number of paths.

half-width would be equal to ¢). We also define the “medium value” as the middle point of this
interval. For few paths and many events the medium value and the half-width of Nrﬂf,)h so defined
are very close to the average and to the standard deviation, respectively.

The result of these simulations is shown in Fig. 39. For the second-order number of paths, the
numerical results give a good illustration of the analytical relation (4.54). The third order of
paths behaves somewhat differently. Even with a large number of events, Ng;’h becomes increasing-
ly worse defined with increasing number of paths. The fourth order of paths is ill defined all

the way.



T. Dossing et al. | Physics Reports 268 (1996) 1-84 83

Often, a simulation results in values of the moments, which lead to negative numbers of N,g:zh for

one or more n. We refer to the percentage of cases in which the use of Egs. (4.25) and (A39-A41)
gives a positive value, as the success rate. The success rates, shown in Fig. 40, stress in a dramatic
way how unreliable the determination of the number of paths of higher order will be.

In this situation, a reliable determination of Nrfgzh, based on a single realization of the u,, is
practically impossible. Therefore, in the analysis of the experimental data, we have preferred not to
use moments higher than the second.
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