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Abstract

We discuss damping of the collective rotational motion in A ~ 150 superdeformed nuclei by
means of a shell-model combining the cranked Nilsson mean field and the surface and volume
delta two-body residual forces. It is shown that, because of the shell structure associated with
the superdeformed mean field, onset energy of the rotational damping becomes E; ~ 1.5-3 MeV
above the yrast line, with significant variation for different neutron and proton numbers. The
mechanism of the shell structure effect is investigated through detailed analysis of level densities
in superdeformed nuclei. The variation in onset of damping is associated with variation in the
single-particle structure at the Fermi surface.

1. Introduction

In recent experiments, up to around 20 different rotational bands are observed in a
normally deformed rare-earth nucleus, and several superdeformed rotational bands are
identified in a single superdeformed nucleus [ 1]. The observed rotational bands usually
lie in the region near the yrast line and are often interpreted in terms of independent
particle excitations in a rotating deformed mean field. There are of course numerous
excited levels at higher excitation energy, but these levels do not necessarily form rota-
tional band structure characterized by sequences of strong E2 transitions since damping
of the collective rotational motion is expected [2]. In the highly excited region, say at 1
to 2 MeV above the yrast line for normally deformed nuclei, the level density at a given
spin is as large as 10? to 10° MeV~!, and the corresponding level spacing becomes
comparable with or smaller than the size of matrix elements (order of 10 keV) of the
residual two-body interaction. The residual interaction then becomes effective to cause
mixing of many-particle many-hole configurations in the rotating deformed mean-field
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potential. Since different configurations respond differently to the Coriolis force due to
different single-particle alignments, the configuration mixing results in loss of collectiv-
ity or damping of the collective rotational motion. Experimental data on the damping
of the rotational motion are accumulating for normally deformed rare-earth nuclei from
the analysis of the quasi-continuum part of gamma-ray spectra containing gamma-rays
emitted from the highly excited levels [3,4]. In particular, a fluctuation analysis of the
quasi-continuum points to the presence of about 30 rotational bands in a nucleus, thus
confirms occurrence of the rotational damping [3].

The mean-field models which have been very successful for rotational bands near
the yrast line have to be extended in order to describe the rotational damping caused
by the configuration mixing effect due to the residual interaction. Such extensions can
be formulated by using the shell-model diagonalization on the basis of many-particle
many-hole configurations associated with the cranked mean field [5-7]. In fact, a
realistic model which combines the cranked Nilsson single-particle basis and the surface
and volume delta residual two-body forces (7] gives results consistent with the data
from the fluctuation analysis method for normally deformed rare-earth nuclei. It predicts
that the rotational damping sets in at around 1 MeV above the yrast line.

The rotational damping in superdeformed nuclei is expected to differ significantly
from that in normally deformed nuclei, since the level density of superdeformed states
is affected by the shell structure in the single-particle spectra [8,9], which is the
characteristic feature specific to the superdeformation. The shell effect on the rotational
damping is pointed out by a previous work [5] for 52Dy, for which the onset energy of
the rotational damping is predicted to be much higher than in normally deformed nuclei.
Recently, the fluctuation analysis method has been applied to a superdeformed nucleus
3By with first decisive and quantitative data for the onset of the rotational damping
in a superdeformed nucleus [10]. It extracted an effective number of superdeformed
rotational bands which is not very different from the effective number of bands in
normally deformed nuclei. Since the shell structure in superdeformed nuclei is not
uniform even in the A ~ 150 region, systematic and quantitative analysis is required in
order to reveal the characteristics of the rotational damping in superdeformed nuclei.

The present paper analyzes systematically the rotational damping in superdeformed
nuclei in the A ~ 150 region by means of the shell-model diagonalization with realistic
two-body residual interaction [6]. In particular, the analysis is focused on the onset
of the damping since it is most relevant to the data extracted from the fluctuation
analysis method. In order to clarify the shell structure effect on the rotational damping,
we also look into the level densities in detail in Section 3. It is revealed that, as a
consequence of the shell structure effects, the onset of damping varies in different
species of superdeformed nuclei. This is because the single-particle spectra as well as
the shell gap at the Fermi surface varies as N and Z change.
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2. Formulation

The microscopic model adopted in the present study is essentially the same as the
formulation for normally deformed nuclei [7], except the difference in the mean-field
potential. In describing superdeformed states, suitable choice of the deformation param-
eters is important since the shell structure characteristic to superdeformation depends on
the deformation.,

We start with the cranked Nilsson single-particle Hamiltonian

h= ilNilsson - w}x (1)

with @ being the rotational frequency. The pairing potential is not introduced. For the
Nilsson potential, the quadrupole and hexadecapole parameters €, and €4 are considered
as shape variables. We adopt the Nilsson parameters given by Ref. [11], which gives a
better description of the proton 7, orbit than the parameter [12] used in Ref. [6]. The
difference in the Nilsson parameters does not affect the following argument except for
detailed behavior. With reflection symmetry, the single-particle Routhian orbits of the
cranked Hamiltonian keep the parity and the signature quantum numbers. In order to
guarantee smooth change in the single-particle spectrum as a function of the rotational
frequency, a diabatic basis for the single-particle orbits is constructed in a similar way
to Ref. [13].

A reference superdeformed configuration is defined for a given nucleus by putting N
neutrons and Z protons up to the Fermi surface in the diabatic single-particle spectrum.
When the reference configuration is not unique due to crossings at the Fermi surface, we
choose one by referring to the high-N configuration suggested from the observed yrast
superdeformed band [ 14]. Deformation parameters (€2, €4) are determined as functions
of spin by minimizing the total energy of the reference configuration with the Strutinsky
shell correction defined at a given spin I [15]

E(I) = E™°(]) — Emooh( ) 4 ERLD (). (2)
Here the microscopically calculated total energy is given by
E™micro( 1y = Z ei(w)) + w;l (3)
occupied i

with the rotational frequency w; given

o= Y jule) =1, (4)

occupied i

and ¢;(w) and j,;(@) being the diabatic single-particle Routhian energy and expectation
value of j,. The Strutinsky smoothed total energy is given by

Esmoothy ) = }:é,-(a) +al (5)
and

Je(®) =) Ju(@) =1, (6)
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Table 1
The equilibrium deformation parameters ¢; and €4 at / = 50 determined by Strutinsky method for each
superdeformed nucleus

€ €4
143E, 0478 0.044
146G4 0.516 0.035
4G4 0.523 0.037
14864 0.534 0.031
14964 0.545 0.028
150G 0.556 0.024
1501H 0.555 0.028
151y, 0.565 0.023
1527 0.577 0.022
5lpy 0.564 0.026
152y 0.574 0.021
153y 0.584 0.019

with &;, J; being e;, jx weighted by the smoothed occupation number #; [16].

The rotating liquid-drop energy ERLP(7) is calculated according to Ref. [17]. The
deformation parameters thus determined are listed in Table 1 at a representative spin
I = 50h. The spin dependence of the deformation is weak in all the nuclei under con-
sideration, e.g. (€;,€4) = (0.577,0.010) ~ (0.570,0.030) for / = 10 ~ 704 in '52Dy.
An example of the calculated cranked Nilsson spectra with the optimized deformation
is shown in Fig. 1 for 152Dy,

In a superdeformed nucleus, there are usually more than two coexisting local minima
of the total energy surface in the deformation parameter space, which correspond to
superdeformed and weakly deformed mean fields. If the mean fields are stable (the
minima are deep), excited states are expected to be built upon each mean field. At high
spins (I 2 40h) where the superdeformed minimum becomes the lowest, states near
the yrast line are dominated by excited superdeformed states.

The basis for the excited superdeformed states is formed by many-particle many-hole
(np-rh) configurations in the diabatic cranked Nilsson orbits which cover the energy
range 6E = +4.8 MeV above and below the Fermi surface. The deformation parameters
and rotational frequency specifying the single-particle basis for np-nh configurations
are taken common to those for the reference configuration. Energy of the basis states is
given by Eq. (2), in which the microscopic energy is given for each np-rh configuration
(labeled by w) in the same way as in Ref. [8], i.c.,

E:licrc)(]) = E“(wl) +w,[+ ——(1 - pr.(w[))z, (7)
2‘7;}110['0
where
E,(wy) = Z ei(wy) 8)

occupied { in u

and
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Fig. 1. The single-particle Routhian spectra for %Dy with the equilibrium deformation determined by
the emergy minimization. The deformation parameters (e, €4) change continuously from (0.577, 0.010)
at w = 0.07(MeV/h), I = 10A to (0.570, 0.030) at @ =0.74(MeV/h), I = T0h.

gy Y@

dw

9

occupied i in g w=wy

is the dynamic moment of inertia of the configuration x. The Strutinsky renormalization
is important not only to determine the deformation but also to describe gamma-ray
energies of the collective E2 transitions. The basis of the excited superdeformed states
is denoted as {|u(7))} with the energy {E, (I)}. It keeps good quantum numbers with
respect to the total signature and parity. Excited states built upon weakly deformed
mean fields are neglected in the present paper. At low spins (I < 40Fk), they may
dominate the yrast structure and the superdeformed states are to be surrounded by
these weakly deformed states, while coupling between the superdeformed and weakly
deformed excited states is expected to be weak if there exists a potential barrier between
the local minima. We neglect the presence of the weakly deformed states since the
coupling is hardly treated by a shell-model description. Hereafter the yrast line refers to
an envelope of the lowest energy superdeformed states as a function of spin.

For the residual two-body interaction, it is found previously that the surface-delta
interaction (SDI) [18] as well as the two-body delta force describes overall features
of the onset of rotational damping in normally deformed rare-earth nuclei [7]. In the
present paper, we adopt the same two-body interactions so that results can be compared
directly with those for normally deformed nuclei [7], aiming at clarifying the effect of
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superdeformation on the rotational damping. The SDI has been widely used to describe
light spherical to rare-earth normally deformed nuclei [18,19]. It is to be noted however
that the SDI neglects the radial dependence of single-particle wave functions inside the
nuclear volume. Its applicability is hence not obvious for description of superdeformed
nuclei where the single-particle orbits spanning more than two oscillator major shells
coexist near the Fermi surface. For this reason, we perform two kinds of calculations by
using not only the SDI but also the delta force of volume type v(1,2) = v,6(x) — x3)
which does not have the feature specific to the SDI. The strength of the SDI is Vp =
27.5/A (MeV), which is taken from Ref. [19]. As the strength of the delta force, we
adopt v, = 340 MeV - fm® for like nucleons and v, = 500 MeV . fm® for the neutron-
proton interaction, which are evaluated [20] from comparison with more realistic shell-
model effective interactions. These choices of the force strength are the same as in
Ref. [7].

The two-body interaction is decomposed into a mean-field part associated with the
reference configuration and its residual, and only the residual two-body force is taken
into account. The residual interaction causes configuration mixing among the basis states
{|;(1))} and generates energy eigenstates |a(/)) of the many-body Hamiltonian,

(1)) =Y X (D) lu(D)) (10)
I

whose amplitudes are determined by numerical diagonalization. The diagonalization is
done separately for each spin and parity with the lowest 700 basis states.
The E2 operator associated with the collective rotation is given by

1
(W(D|M(E2,A=2,p, =2) [u'(1 - 2)) = \/i—i—g-q;Qo% D (11)

assuming that the collective E2 transition takes place between states having the same
microscopic configuration. The static quadrupole moment (y is assumed to be constant
for all configurations. The E2 strength for the transition from a level « at I to a level 8
at I — 2 is given by

15

Mg 5= %Q{%wa—vﬁ (12)

with normalized strength

2
Wamp = (Z x;:*xfj) : (13)
I

Y Wanp=1. (14)
B
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Fig. 2. (a) Level densities p(E), (b) two-body level densities papody ( E) and (c) average seniorities () (E)
of superdeformed states as functions of the excitation energy measured from the yrast line at 7 = 50A in
146G3d, and those for the normally deformed nucleus 1$8Yb at 7 = 40k. The level density is averaged over
both parities. The Fermi-gas expressions are also plotted with dotted curves for various values of level density
parameter a, in which Asp = 150 for superdeformed states and Anp = 168 for 18 YD,

3. Level density

In this section, we discuss characteristics of level densities of superdeformed nu-
clei. Since our purpose is to understand the mechanism of the configuration mixing
and the rotational damping, we deal with the level densities before the shell-model
diagonalization, i.e., all the calculations in this section refer to the unperturbed basis
states {|s(1))} and their energies {E,(1)}. Fig. 2(a) shows calculated level density
of superdeformed states and compares it with the level density in a typical normally
deformed nucleus !8Yb. The calculated level density of super-deformed states is sys-
tematically much lower by an order of magnitude than that of normally deformed states.
A similar results is obtained in a previous analysis [8,9]. This is attributed to the low
level density of the single-particle levels at the Fermi surface (See Fig. 1), which is a
general feature intrinsic to the superdeformed single-particle potential. In order to give
quantitative discussion, the calculated level density is compared in Fig. 2(a) with the
Fermi-gas expression [21,8]

p(E) = %—?a“lf“E—S/“exp (2\/11_E) , (15)
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Table 2

The level density parameters Gio, 2y, @scicrity> Which are obtained by a fit to the calculated level density
p(E), the two-body level density pyoay (E), and the average seniority (v) (E) at E=2.5 MeV and 7 = 50h.
Since the level density parameter is often expressed as a = A/ag, the table lists the value of ap in units
of MeV instead of a. The fifth column lists the shell correction energy Eyey = —( Emicr — fsmoothy

Alay [MeV] A/amaty [MeV] A/ bgeniority [MeV1] Egnen [MeV]

43 Ey 18.5 14.9 25.2 3.56
1464 17.6 15.0 15.9 3.94
4G4 17.5 142 28.0 402
18G4 19.1 14.6 308 431
9G4 194 14.1 33.8 4.59
0G4 23.9 17.0 56.2 5.14
1507y 19.0 15.1 30.3 443
15si7p 26 16.4 36.6 5.08
1527y 18.2 134 23.0 4.53
51y 13.8 12.3 14.8 3.09
152py 18.9 16.6 26.7 4.55
153py 15.9 12.1 20.3 4.19

where the level density parameter a is supposed to be reduced and is treated as a
variable parameter. The level density in the normally deformed nucleus '8Yb is well
fitted by the Fermi-gas expression with the level density parameter a = g7°go ~ 154,
which agrees with the standard estimate of the single-particle level density go [21].
In contrast, the calculated level density of superdeformed states corresponds to a much
smaller value around a = ;54 ~ % A. It is known from fitting experimental data to the
Fermi-gas formula that the level density parameter in spherical closed shell nuclei is
sizably smaller than the over-all systematics [21].

Another level density function which counts the states connected by the two-body
residual interaction plays an important role in the configuration mixing of unperturbed
states [2]. This quantity, which we call the two-body level density pinody(E) in the
following, can be calculated explicitly as described in Appendix A. The result is depicted
in Fig. 2(b) and is also compared with the panody in normally deformed '®Yb and the
Fermi-gas estimate for a fixed spin and parity [2]

81
P2body = ;1;5 12E3/2, (16)

The two-body level density for superdeformed states is again much lower than that in
the normally deformed nucleus. The corresponding value of the level density parameter
is around {34 to 55A.

Fig. 2(c) shows that average seniority (average number of particles and holes ex-
cited from the reference configuration). This quantity for superdeformed states is also
significantly low in comparison with the normally deformed states. The level density
parameter Qseniority Which is obtained by a fit to the Fermi-gas expression [22,8]

(v) = log4 (gaE) (17)



K. Yoshida, M. Matsuo/Nuclear Physics A 612 (1997) 26-52 35

is very low, ranging around ll—sA to %A. The level density parameters gy, aznody and
Qseniority Obtained from the calculated p(E), paody(E), and (v) (E) are listed in Table 2.

It should be emphasized that the level densities p(E) and Prody( E), and the average
seniority () (E) for superdeformed states are not well fitted by the Fermi-gas formulas
with a single value of a for the superdeformed states. Apparently the excitation energy
dependence of the calculated level densities deviates from the Fermi-gas formula in
the excitation energy range displayed in Fig. 2. For example, the total density p(E)
increases very slowly for £ < 1 MeV while it shows a steeper increase at E > 1 MeV
than the fitted Fermi-gas formula. It is also noticed that the level density parameter, say
aror, Which fits the calculated level density p at a given excitation energy differs from
the parameter dypody fitting pavody and from aseniority; @ior is systematically smaller than
A2bodys and Ageniority being further smaller than ay. These features clearly indicate that
the level densities of the superdeformed states cannot be represented by the Fermi-gas
model. The deviation between ayy; and Ggeniority is previously pointed out [8].

In order to understand the deviation from the Fermi-gas model, it is useful to classify
the excited states in terms of the number of excited particles and holes. The decomposed
level densities are shown in Fig. 3 for superdeformed states '°Gd as well as for
normally deformed '$Yb. In '$8YD, there are contributions from 1p-1h to 4p-4h states
for excitation below 3 MeV, while only 1p-1h and 2p-2h states contribute in the same
energy region in superdeformed '°Gd. Superdeformed states with 3p-3h and higher
np-nh configurations lie at a higher energy region. Note that the shell structure in
superdeformed nuclei produces the gap of about 1 MeV at the Fermi surface in the
single-particle spectrum, because of which each particle-hole excitation costs at least
about 1 MeV of excitation energy. Such a feature cannot be represented by the Fermi-gas
model which assumes uniform single-particle spectrum.

The difference between aix and azpody is also explained by the presence of the shell
gap. The level density of np-nh states depends on excitation energy as pppnn < E>*~! for
an equidistant single-particle spectrum [22], which is modified as pppan < (E —nA)2-1
by the presence of the gap A at the Fermi surface. The decrease of the density due to the
gap becomes very significant for np-nh states with large n. On the other hand, we find
from a similar decomposition of the two-body level density that the major contribution
to pobody cOmes from the component representing the interaction of 1p-1h to 1p-1h and
2p-2h to 2p-2h states. The subcomponent associated with the interaction among nprnh
states depends only linearly on energy as papody,npnh  (E — nA)!. Thus the gap is less
effective for papogy than for p, explaining the result shown in Fig. 2 and Table 2 that
the level density parameter ay, fitting the total level density p is systematically smaller
than asneqy of the two-body density pavody.

The calculated level densities of superdeformed states in the A ~ 150 region are
plotted in Figs. 4 and 5. A sizable change in the level densities depending on neutron
and proton number N and Z is remarkable. For example, there is variation of more than a
factor 2 in the total density p( E). The fitted level density parameters g, and azpody vary
with 50% as shown in Table 2. The variation of the level densities should be originated
from the changes in the single-particle structure in different superdeformed nuclei, which
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Fig. 3. The level density of unperturbed np-nh configurations for (a) the normally deformed nucleus ¥ Yb at
I = 40k and (b) the superdeformed 1%°Gd at 7 = 50k as a function of the excitation energy measured from
the yrast line. In '°Gd only 1p-1h and 2p-2h components are dominant for Eex < 3 MeV, while in '8 Yb
1p-1h to 4p-4h contributes to the level density at the same energy region.
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are associated with the changes in the Fermi surface and the deformation. In order to
demonstrate the correlation between the level densities and the single-particle structure,
we compare in Table 2, systematics of the fitted level density parameters with that of
the shell correction energy Egen = —( Emicro _ psmoothy of the reference configuration,
which is a measure of the shell effects in the single-particle spectrum. The correlation
is clear in Table 2; the larger is the shell correction energy, the smaller become the
fitted level density parameters aw: and a@zvoqy. Taking Gd isotopes as an example, the
level densities increase as the neutron number decreases from 86 to 82. Correspondingly
the shell correction energy decreases for lighter isotopes. This can be related to both
the neutron and the proton single-particle Routhian structure. In '%%Gd, the Routhian
spectra are not very different from Fig. 1. The neutron and the proton spectra has a
large gap at N = 86 and Z = 64 Fermi surface, respectively. For lighter Gd isotopes,
the Fermi surface is situated at one to several orbits below the N = 86 gap, where the
single-neutron level density is rather high. Furthermore the proton gap at Z = 64 Fermi
surface decreases as the quadrupole deformation decrease (from €; = 0.556 at '*°Gd to
€2 = 0.510 at 46Gd). Both effects cause the increase of level density and the decrease of
the shell correction energy for lighter Gd isotopes. Another example is '3'Dy, in which
the level density is the largest among the calculated nuclei. This is because there is no
big gap in the neutron spectrum at N = 85 Fermi surface, and the proton gap at Z = 66
is not very large (The proton gap for '3'Dy is smaller than that in Fig. 1 because of
smaller quadrupole deformation.) In a few nuclei, the calculated level densities show
dependence on spin of about factor 2. The significant spin dependence is also attributed
to the changes in the shell gap. For example, in 'S'Dy, the Z = 66 proton gap just
above the 64 orbit decreases with increasing rotational frequency up to @ = 0.5MeV/#h
because of the signature splitting of 63,64 orbits (This behavior is seen in Fig. 1.)

4. Onset of rotational damping
4.1. Results

Every unperturbed many-particle and many-hole configuration created upon the
cranked single-particle orbits would form a superdeformed rotational band if there were
no configuration mixing. The unperturbed rotational bands are displayed in the upper
panel of Fig. 6 for the signature and parity quantum number (0,+) in '*2Dy. The
lowest band has the configuration filling the single-particle orbits up to the Fermi level
at N =86 and Z = 66 (See Fig. 1), which corresponds to the observed yrast superde-
formed band. The second lowest band is a proton 1p-1h configuration with the hole at
the 64 orbit and the particle at [413] % Other unperturbed bands displayed in the figure
have mostly 1p-1h and 2p-2h configurations.

With the residual two-body interaction included, the unperturbed configurations are
mixed to form energy eigenstates. The resultant energy levels with the volume delta
interaction are plotted with little horizontal bars in the lower panel of Fig. 6 for (0,+)
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Fig. 6. The calculated energy levels plotted with little horizontal bars for (0,+ )states in 52Dy. An rigid-rotor
rotational energy Egiq = /(/-+1)/190 (MeV) is subtracted. Solid lines connecting the energy levels represent

strong E2 transitions with normalized strength larger than 4/ 1/2 = 0.707. The upper panel shows unperturbed
levels with no residual interaction. The lower panel shows the results with the volume delta residual interaction.

states in '52Dy. The configuration mixing due to the residual interaction is strongly
dependent on the excitation energy. An eigenstate near the yrast consists mostly of a
single dominant configuration, while a state at high excitation energy consists of many
unperturbed configurations. Correspondingly, the E2 decay from a near-yrast level at /
feeds to a level at I — 2 containing the same dominant component. The associated E2
strength exhausts most of the total strength for the collective rotation. The solid lines
connecting the levels in Fig. 6 correspond to such strong E2 transitions. On the other
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Fig. 7. The branching number pranch as a function of excitation energy above the yrast line for 152Dy, averaged
over [ = 52% — 50%, J = 53%  51%. The horizontal lines shows npgncy = 2 used to define the onset of
rotational damping. The calculation is done with the volume delta residual interaction.

hand, the E2 strength for higher excited levels is fragmented over small components
decaying to many final states. A sequence of the strong collective E2 transitions (solid
lines) indicates a rotational band structure. The band structure is dominant near the yrast
line while it tends to disappear as the excitation energy increases, indicating the onset
of the rotational damping.

In order to make a systematic analysis of the onset of rotational damping, let us
discuss the excitation energy where the damping sets in. It is useful to define the
branching number [6]

-1

Pocanch (@) = { D wi_, (18)
B

associated with the E2 strength for decays from a level a. Here w,—, is the normalized
E2 strength, Eq. (13), from a level « at 1 to a level B at I — 2. This quantity measures
effectively the number of E2 decay branches. The onset of the damping can be defined
by the condition that the E2 decays have more than two branches or fprnen > 2 [6.7].
An example of the calculated nywnen is plotted in Fig. 7 as a function of the excitation
energy measured from the yrast line. The branching number increases with excitation
energy, and the onset energy of the damping Eoneer Where fpeanch €Xceeds 2 is given as
2.3 MeV in this example. The calculated onset energy is shown in Fig. 8 as a function
of spin for superdeformed nuclei in A ~ 150 region.
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Table 3
The calculated onset excitation encigy Eonset ©f rotational damping measured from the yrast line, and the
calculated number of superdeformed bands Npang, averaged over [ = 40A ~ 60k

volume delta SDI
Eonser [MeV] Npand Eonset [MeV] Npand
1435y 2.1 47 2.0 38
146GGd 2.4 56 2.2 43
1G4 23 53 2.1 41
14859 2.5 58 2.3 41
9G4 2.8 68 2.6 57
150G4 3.0 88 29 66
150TH 2.5 66 23 48
I517h 2.8 72 2.6 57
15271 24 87 17 67
5ipy 1.7 68 1.4 40
152pyy 24 74 1.8 46
153Dy 1.9 74 1.5 60

Because of the onset of the rotational damping, there exist only a limited number
of rotational bands which show up as the regular sequences of levels connected with
strong collective E2 transitions. The number of rotational bands thus gives a quantitative
measure of the onset of the damping. Noticeably, there exist many “rotational bands
with short length” in which strong E2 transitions continue only for two or three steps.
In defining the number of rotational bands, we count the bands with length more than
two. This definition corresponds to the experimental definition of the effective number
of paths {4] which is extracted from the spectral fluctuation at the first ridge of the
E,, x E,, spectra, which are formed by two consecutive E2 transitions along rotational
bands. In practice, we require that along a rotational band the strong collective E2
transitions continue at least two steps with the criterion #panen, < 2. Counting those
levels satisfying this condition for all parities and signatures, say I™ = 40%, 40™, 411,
417, we define the number of bands Npapg at a representative spin, 407 in this example.

The result is plotted in Fig. 9. The fluctuations in the calculated Npanq depending on
spin arise from the sharp boundary nymnecn < 2 defining rotational bands, and it may
rather represent ambiguity of the definition of Npang. In order to see the dependence of
the species.it is preferable to take averages of the onset energy Eopet and the number of
bands Nyang over different spins. Table 3 summarizes the average Eqnget and Npang where
the averages are taken over spin range [ = 40 ~ 60k, which approximately correspond
to spins where the superdeformed states are expected to dominate the yrast region. The
same calculation is performed with use of the SDI as the residual two-body interaction
in place of the volume delta force. The results are also shown in Figs. 8, 9 and Table 3.

Most dramatic feature seen from the figure and the table is that both Egee: and Npang
vary sizably among different superdeformed nuclei with different neutron and proton
numbers. We will discuss this N and Z dependence in detail in the next subsection.

It is also seen that the volume delta force and the SDI give similar results for Eqgpeer and
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Npangs- The characteristic dependence on the superdeformed species is seen commonly
for both the volume delta force and the SDI while deviation between the SDI and the
volume delta force is somewhat large for Npsng in the Dy isotopes and nuclei nearby.
This deviation for the Dy isotopes is attributed to a specific feature of the SDI for
the intruder high-N orbits (highly prolate orbits such as N = 7 and [651]% orbits for
neutrons, and N = 6 orbits for protons) that matrix elements among the intruder orbits
are very large in comparison with those of the volume delta force. Taking 32Dy as an
example, where the Z = 66 proton Fermi surface is located just above the 65 and 64
high-N orbits, and the N = 86 neutron Fermi surface just above »7, high-N orbits (see
Fig. 1), we find that the many-particle many-hole configurations which have holes in
these three orbits are sizably lowered in the excitation energy by the residual SDI force.
Because of this effect the level density becomes significantly increased in comparison
with that with the volume delta force (and that without the residual interaction), and
hence it affects the onset of rotational damping. The volume delta force does not have
such a feature. This particular property of the SDI does not affect very much the gross
feature of the rotational damping in nuclei other than Dy isotopes, except for detailed
level structure concerning the specific configurations that involves more than two holes
or particles in the high-N orbits.

It should be remarked, although the onset energy defined by the branching number
condition 7pney < 2 tells approximately where the rotational damping sets in, the
transition from the rotational band structure to the rotational damping is not very sharp
as function of excitation energy, but it develops rather gradually. As shown in Fig. 6, there
are numerous “short bands” which are surrounded by the excited levels with damped
rotational transitions. Because of the presence of such scars of rotational bands [23], the
onset energy Eqnse: should be regarded as one of the measures defining the transition. In
fact, the scars still exist at 1 MeV above the onset energy. The presence of the scars of
rotational bands is more conspicuous in superdeformed nuclei than in normal deformed
nuclei [23,7].

4.2. Discussion

The calculated onset energy Egns: for the superdeformed nuclei is about 1.5 ~
3.0 MeV above the yrast line, depending on species (Fig. 8 and Table 3). It is signifi-
cantly higher than the onset energy Eopset ~ 0.8 MeV in normally deformed rare-earth
nuclei [6,7]. The number of bands Nyag ~ 40 — 100 is also larger than the corre-
sponding number Npand ~ 30 in normally deformed nucleus !%®Yb, while Nyang in a
few superdeformed nuclei such as '*Eu is comparable with that in normally deformed
nuclei.

The most characteristic feature seen from Figs. 8, 9 and Table 3 is the variation of
the onset energy and the number of bands in different superdeformed nuclei. Both the
onset energy and the number of bands become maximum in '°Gd (Eopser ~ 3.0 MeV
and Npgng ~ 70 with SDI and 2.9 MeV and 90 for the volume delta force), while the

]

same quantities become a factor 1 small in '*Eu (Eonset = 2.0 MeV and Npana = 40
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for SDI, and 2.1 MeV and 50 for the volume delta). One can also trace that Eguee and
Npand decrease as the neutron number decreases in Gd isotopes. They also depend on
the proton number, as seen e.g. for Z = 86 isotones. The variation with the neutron and
proton numbers is commonly seen both for the SDI and for the volume delta force.

Both the difference from the normally deformed nuclei and the variation among the
superdeformed nuclei are explained in terms of the characteristics of the level densities
discussed in Section 3. In this connection, it is useful to recall the argument in Ref. [2]
that the damping of rotational motion takes place if the spreading of unperturbed np-
nh configurations is caused by the two-body residual interaction, which is represented
by the condition I'y, > dapody- Here I'y = 2702 pjrody is the spreading width of np-
rh configurations with v being the average size of matrix elements of the residual
interaction, and papogy being the two-body level density. The spreading is meaningful
only when it is larger than the spacing between interacting states dpody = p;bi)dy‘ The
above condition reads

Plbody > l/V21TU (19)

implying that the onset of the rotational damping is governed by the ratio between
the two-body level spacing dapody = pZ_b:)dy and the two-body interaction strength. As
Pvody( E) increases with excitation energy, the rotational damping sets in at the exci-
tation energy where the condition Eq. (19) is satisfied. It is now to be noticed that
the two-body level density in superdeformed nuclei is much lower than in normally
deformed nuclei as shown in Fig. 2. Assuming that the matrix elements of residual two-
body interaction does not depend on deformation, the onset energy Egnee: satisfying the
condition Eq. (19) must be much larger in superdeformed nuclei than in normal nuclei.
The variation of Eopser among the superdeformed nuclei can be explained along the same
argument. It is seen from a combination of Table 2 and Table 3 that the variation of
Egnser is correlated with that of the fitted level density parameters and the shell correction
energy. For example, the onset energy Eops, the fitted level density parameters and the
shell correction energy become the largest in '3°Gd. In this nucleus, the two-body level
density becomes very small due to the shell gap at N = 86 and Z = 64 Fermi surfaces.

To be more quantitative, let us adopt the Fermi-gas expression Eq. (16) for the
two-body level density. Then the onset energy is estimated from Eq. (19) as

Eonsee = 7.1157 3¢ 7373, (20)

Choosing v = 25 keV and a = ;A (A = 170), the onset energy in this estimate
Eonset = 0.74 MeV agrees with the microscopic calculation for normally deformed
nuclei [7]. With the same interaction strength, but with smaller level density parameter
a=:A~ A (A=150) corresponding to the superdeformed states, the estimate reads
Eonset = 1.8 ~ 2.9 MeV, which roughly agrees with the microscopic results in Table 3.
Let us now discuss the number of bands. The microscopic results are about 40 ~
100 with the volume delta force (40 ~ 70 with the SDI), which are larger than in
normally deformed nuclei by up to a factor 2. The strong variation of Nyapq among the
superdeformed nuclei is correlated to that of the level densities as seen from Table 2 and
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Table 3. The larger the number of bands is, the smaller are the level density parameters
although this correlation is slightly lost in a few nuclei. For qualitative understanding
of these features, let us utilize two schematic models. The first one is along the same
line with the above discussion for Egpe. The number of bands in this model may be
estimated by counting the levels up to the onset energy given by Eq. (20) provided that
the boundary is sharp (while, in fact, this assumption is not necessarily correct as Fig. 6
indicates). Then the number of bands is given by

Eomer

Nvang =4 / p(E) dE
0

X0
NZ
=5 [ * /% exp (2/%) dx, (21)
xo=7.11(ap) 23,

Here the Fermi-gas expression Eq. (15) for the total level density p(E) is used. The
multiplier 4 is needed to count different parity and signature states. The number of
bands is a steeply increasing function of (av)~'; Nuang = 26, 55, 100, 170, 270, 400
for (av)~! =2, 3, 4, 5, 6, 7. The choice of the interaction strength v = 25 keV
gives Npang = 34 for a normally deformed nucleus with A = 170 in agreement with
the microscopic calculation. With small level density parameters corresponding to the
superdeformed nuclei, the estimate produces Npag = 101 ~ 201 for a = s A ~ 5 A.
This indicates the significant increase of the number of superdeformed bands and its
sensitivity to the variation of level density. However, this model apparently overestimates
the microscopic results in Tabie 3. The overestimate in Npag can be traced back to the
fact already revealed that the density parameter a fitting the total level density p(E)
is significantly smaller than that for pspedy(E). As is discussed in Section 3, the level
densities affected by the presence of the shell gap in the single-particle spectrum cannot
be simulated simply by a single value of the level density parameter. In order to treat the
shell gap explicitly, let us next consider the other model, which simplifies the situation
by assuming that the single-particle spectrum is uniform with density %go (related to the
level density parameter a = %'n'zgo) except the presence of the gaps with interval A at the
Fermi surface. Considering the limit of large A, the lowest excited levels are dominated
only by 1p-1h excitations. In this limit, the total level density p(E) is significantly
reduced, and is expressed as

P(E) = pwoay(E) = 4g8(E— A) (E > A). (22)

The two-body level density is the same as p(E) since all the 1p-1h states can interact
through the two-body force. With v = 25 keV and a = T';,A corresponding to the average
single-particle density [21], the onset energy and the number of bands are estimated as

42
Eo.,se.=—_‘/;+A=1.53 MeV + A, (23)

Vg
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Nband = ;7;82?0 =49. (24)
The onset energy Eqnse: increases with increase of the single-particle gap A while the
estimated number of bands reaches to a constant independent of A, which is not very
large comparing with an estimate Npang = 44 corresponding to A =0 (a = l—lo-A, A =150
in Eq. (21)). The two schematic models discussed above simplify the realistic features
of the single-particle spectra for superdeformed potential. The calculated level densities
presented in Section 3 seem to lie in-between the two models.

We noticed small but systematic features in the microscopically calculated number of
bands that does not comply with the simple argument based on the level density. Fig. 9
shows that Npang Systematicaily increases with decreasing spin. This spin dependence
cannot be attributed to the level density since the calculated level densities in Figs. 4
and 5 do not have such spin dependence. It is should be remarked in this connection
that the above discussion based on the level density assumes that the alignment effect.
This condition, however, may become marginal at low spins. The dispersion of rotational
frequency 2Aw, which measures the alignment effect and represents how different rota-
tional bands respond to the spin change of Al = 2, is less than about 40 keV for 7 < 30
on the basis of the estimate 24w = 0.066 x /40 (4/160)™>/* (€2/0.3) ™" EV/* MeV of
Ref. [2] while the scale of the residual interaction effects is ~ 50 keV (dapogy ~ V2
at the onset energy). Because of the small dispersion of the rotational frequency at low
spins, the rotational correlation persists more even if the residual interaction causes the
configuration mixing. It is to be reminded that possible persistence of the rotational band
structure in the region of strong configuration mixing is pointed out in Ref. [24].

It is also noticed that the Npang for Dy isotopes and '3*Tb calculated with the volume
delta force is somewhat large, and it does not follow the systematics of the N,Z
dependence expected from the level density of the unperturbed basis states. This feature
is attributed to the specific property of the single-particle neutron and proton orbits
relevant for the Z = 66 isotopes and N = 87 isotones. For the Z = 66 systems, there
exists just above the Fermi surface many such proton single-particle orbits e.g., [413] -g—,
[411]3, [404]2, [523]] that show very little dependence on rotational frequency (See
Fig. 1). The single-neutron levels above the N = 86 shell gap are also dominated by the
orbits with the similar nature, e.g. [52113, [52313, [514]3, [402]3 and [404]7. As
a consequence, the many-particle many-hole configurations occupying those orbits have
a similar alignment property, implying small dispersion in the rotational frequency. For
the same reason as the increase of Nygg at low spins, this results in the relative increase
of the Npang for the Dy isotopes and N = 87 isotones.

4.3. Comparison with experiments

Recent experiments identify several superdeformed bands in a nucleus in A ~ 150
region [1]. Our microscopic calculation predicts at least more than ten superdeformed
rotational bands even if “the short rotational bands” are excluded (there are three
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Fig. 10. The experimental effective number of decay paths [10] and the calculated number of superdeformed
bands Npang as a function of the transition gamma-ray energy. The solid line represents the results for the
volume delta residual interaction and the dashed line for the SDI interaction.

other figures in addition to the lower panel of Fig. 6 for 32Dy). It implies that the
current spectroscopic studies of discrete gamma-ray peaks reaches far below the onset
of rotational damping in superdeformed nuclei. In other words, the present calculation
suggests the possibility to find a further number of superdeformed bands in a nucleus
in future experiments.

Available experimental data concerning the onset of rotational damping in superde-
formed nuclei come from analysis of the quasi-continuum part of the double-coincident
E,, x E,, spectra, although the number of data is very limited so far. An indirect infor-
mation comes from a simulation of the quasi-continuum gamma-rays in superdeformed
152Dy [25], which points to an estimated value Egne around 2.5 ~ 3.0 MeV from
the observed intensity of the ridge part of the E, x E,, spectra [26]. This analysis
agrees with the present microscopic calculation in the qualitative feature that the onset
of damping takes place at much higher excitation energy than in normally deformed
nuclei.

More direct information comes from the fluctuation analysis method which extracts
the effective number of paths of decays from the quasi-continuum part of E,, x E,,
spectra [3,4]. When this method is applied to the first ridge of the spectra located
at Ey,, — E,, = +4/7T lines with Z being the moment of inertia of superdeformed
bands, the effective number of paths counts the number of two consecutive collective
E2 transitions,  +2 — I — I — 2. Thus the effective number of paths at the first ridge
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approximately corresponds to the number of bands which is defined in Section 2. The
data for superdeformed nuclei is available only in '*Eu [10]. Comparison between the
theory and the experimental data is done in Fig. 10, in which our resuits are plotted as
a function of the average gamma-ray energy. The data points are limited in the region
E, ~ 1250-1550 keV where the quasi-continuum ridge is observed. The number of
bands calculated both with the volume delta and the SDI agrees with the experimental
effective number of paths at around E, ~ 1400 keV.

The effective number of paths becomes smaller around high and low ends of the
measured E, range than the theoretical number of bands. This may suggest some other
mechanisms that destroy rotational band structures in addition to the rotational damping.
For example, for the region with E, 2 1500 keV corresponding to the very high spins
I 2 55h, the fission decay may compete with the collective E2 gamma decay and hinder
the E2 decay branches [25]. Furthermore, a feeding mechanism of the superdeformed
states may affect the effective number of paths. The low gamma-ray energy E, <
1300 keV, on the other hand, corresponds to spins / < 40R, at which the lowest
superdeformed states lie higher in energy than the yrast line consisting of normally
deformed states. Since the superdeformed states are surrounded by numerous normally
deformed states in this situation, mixing between normal and superdeformed states may
take place and cause breaking of rotational band structures of the superdeformed states.
Inclusion of these effects has the possibility to explain the data points, but it is beyond
the scope of the present paper.

5. Conclusion

We analyzed the onset of the rotational damping in A ~ 150 superdeformed nuclei
by means of the shell-model diagonalization method comprised of the cranked Nilsson
mean field and the residual two-body interaction.

The rotational damping in superdeformed nuclei sets in at the excitation energy of
about 1.5 ~ 3 MeV above the superdeformed yrast line. The onset energy is much higher
than the theoretical prediction in normally deformed rare-earth nuclei. The effective
number of rotational bands is calculated to be 40 ~ 100, which is slightly larger than the
corresponding number (about 30) in normally deformed nuclei. Both the onset energy
and the number of bands show significant variation depending on the superdeformed
species even among the A ~ 150 region.

All these features characteristic for the superdeformed nuclei are originated from
the shell structure in the single-particle spectrum associated with the superdeformed
shape of the mean-field potential. This was demonstrated explicitly by looking into
the total level density as well as the two-body level density which is relevant to the
configuration mixing via two-body forces. The shell gap in the single-particle spectrum
causes significant decrease in the level densities in comparison with those in the normally
deformed nuclei, and causes increase in the onset energy and the number of bands.
Since the shell structure at the Fermi surface varies with neutron and proton numbers
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and associated changes in deformation, the level densities show significant dependence
on superdeformed species even among the A ~ 150 region. It causes the variation of
the onset of rotational damping.

The calculated results are consistent with existing data. More systematic comparison
with data is required, however, in order to check the predictions such as the mass-number
dependence, and also to clarify other mechanisms which are not included in the present
theory.
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Appendix A
In order to calculate the two-body level density popogy(E), it is useful to define a
related quantity
D(E,Ey) =Y 8(E) — E,)8(E;, — E. Al
pP(E1,Ey) =Y 8(E) — E,)8(E; — Ey), (A1)
7y

where 3 4 denotes the summation over pairs of np-nh states which interact via two-
body residual interaction. Eq. (A.1) can be rewritten as

PP (B, E) =Y 8(Ei — ) Y 8(E; —Ey) (A2)
Hn #(p)
=Y 8(Ei — E,) prvoay(pt. E2) (A3)
F73
= p(E1) pavody( E1, E2). (A4)

Here the quantity papedy( &, E2) representing density of states coupled with the state u
via the two-body interaction is assumed to depend only on the energy E, of the state.
Then the two-body level density is given by

Prvody( E) = pavody( E, E)
=p®(E, E)/p(E). (A.5)

In numerical calculation, the delta functions in Eq. (A.1) is replaced by a Gaussian
function used in the Strutinsky averaging. The level density p(E) =3, 8(E — E,) is
also calculated with the same Gaussian function. The width of the Gaussian function
used in the numerical calculation is 200 keV.
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