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Introduction

Multivariate statistical analysis (MVA) have been devefgpfrom the last decades of
the XX century and is currently an actual research field. Téednof processing large
quantities of data and discriminating between class oftsw&hich have very similar ex-
perimental signatures has brought MVA to be largely usedrentioe physics community.
In particular in high energy physics these techniques agd unsorder to discriminate sig-
nal events which are very similar to background. In the LH@ superB-factoriesera,
MVA will become a routinely used techniques to achieve theimam discrimination
power, in order to investigate very rare phenomena or toaqetiuge backgrounds. These
notes are far away to be an exhaustive explanation of MVAr tiwal is to provide the
student an early introduction and some practical examplleedf possible application. A
comprehensive introduction to MVA can be found in [1], if yate interested in getting a
more technical and exhaustive explanation about MVA teges please refer to [2]. In
the first chapter of these notes we give an introduction teelyidsed MVA techniques,
in the second chapter we show a possible application of theepted techniques.






Chapter 1

Multivariate Data Analysis Techniques

1.1 Introduction to Signal-Background Discrimination

In general we consider an "event’belonging to the space of everiiof dimensiom as a
vector of nz; random variablesx is distributed according(x, #), the probability density
function (PDF) ofx, where some of thé; parameters of the function can eventually be
unknowna priori.

If we have to distinguish between many hypotheggs Hi, ..., each of such hy-
potheses will imply a given PDF;(x|H;). In order to investigate the agreement of the
observed data with a given hypothesis we have to construestestatistict(x). Then
for each hypothesis a PDf(t|H;) is defined. The test statisttcis allowed to have as
many dimension as has, but the advantage of constructing a test statisticdintiension
m < n is to preserve discrimination between hypotheses and ecithecamount of data
to be stored.

Once we have got the test statistic PRFt|H;), we can define a cut that identify
a critical region for ¢, where the null hypothesiH|, is rejected (and its complementary,
the acceptance regignwhere the null hypothesis is accepted). So, if the valuéhef t
test statistic evaluated for a certain event belong to thecritical region, we state that
xa ¢ Hp.

If we acceptH, for t > t..!, the quantities

+o0 teut
a= / g(t|Hp)dt and (= / g(t|Hy)dt
teut —00

are defined.« is the probability of rejecting?,, when H,, is true. This is calledype
| error. [ is the probability of acceptindgl,, when H, is false. This is calledype I

'Here | abuse the use of the notation. As in one dimensiont,.,; is easily understood ag butside
signal region”, | use& > t.,¢ to mean t outside the multidimensional signal region”

3
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error. The critical region has to be chosen in order to maximizees@igure of merit
(FOM), in order to achieve the better discrimination betwsarious hypotheses. We
usually restrict to the case with only two hypotheses: tHeane ("signal”) and another
one ("background”).

1.1.1 Neyman-Person Lemma

Neyman-Person lemma states that given an efficierfioythe null hypothesis, defined as

events in acceptance region
E pry
total events

the maximum signal purity is achieved in the region

g(t[Ho)
g(t[Hy)

> c(e)

wherec is some number determined according t@ proof of this can be found in [3].
Note that a test based on the (multidimensional) NeymasePeacceptance region is
equivalent to the one-dimensional statistic given by

g6 Ho)
(/)

r (1.1)
which is calledlikelihood ratio for the hypothese$/, and H,. Anyway the likelihood
ratio test statistic is quite unpractical in the common usealnse it relies on the knowl-
edge of the exact (multidimensional) functional forms §ot| H;) and also implies great
computational effort.

Simpler test statistics can be used following simple assiompn the form of the test
statistics. In addiction to the possibility of choosing dical region where apply a cut,
PDFsg(t|H;) of the test statistics can eventually be used into the a fithérfollowing
subsections we describe the most commonly used test isstist

1.1.2 Weak variables and Overtraining

When choosing what kind of classifier you want to use in yoaysis, you should keep
in mind that everything brings you benefits, but also riskse @dvantage of MVA classi-
fier is, generally speaking, that it can achieve a betteridnscation power with respect
to a simple cut analysis, especially in presence of poodgrininating variables. These
variables are usually callegeak variablegnd are characterized by having similar distri-
butions for signal and background samples.
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The main risk of using MVA classifier isvertraining Overtraining happens if the
classifieroverfitsdata, so it looks at very special features of the traininggamSome
wrong procedures can led to overtraining, such as the usetrairang sample whose
events aren't statistically independeavérsamplinyor a wrong tuning of the classifier's
parameters. The capability of estimating if a classifienisrtyaining or not depends on
the type of classifier. So when you have to choose what is teedbassifier for your
purposes, you have to pay attention to achieve a good dis&iion power, but also to
avoid overtraining.

Finally you also have to take into account thensparencyf the classifier. If you say
“I call signal events those that have a value of the photorrgngrater than 1.6GeV”,
everyone will understand what you are doing. If you saidain a neural network with
16 different variables and | call signal events those thaténghe output value of the
network smaller than 0.3’someone can be a bit confused about what you are doing. So
when choosing a classifier you should also take into accoomtdasy is to understand
what the classifier is doing.

1.1.3 Analysis Software

Many MVA software exist, both commercial and open-sourdee Two most used MVA
software in the HEP community are:

e Tool for Multivariate Analysis (TMVA) [1]
e StatPatternRecognition (SPR) [4]

Both are open-source projects, the first being also includedROOT [5]. The first
one has the advantage of having an user-friendly grapmeatface, the second one is,
instead, little bit more complicated, but offers many pdwieclassifiers, not included into
the first one.

1.2 Overview of MVA Techniques

1.2.1 Cut Selection

The simplest test statistics one can imagine is
t=x

which is at the origin of the simple cut analysis techniquée Dptimization relies on
choosing the best set of,; cut values which maximize a predetermined FOM, usually
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the statistical significance
S

SS = \/ﬁ (1.2)
whereS andB are respectively the number of signal and background eedtetsthe cuts.
In order to maximize the set of,; an algorithm called "bump hunting” is usually uged
The principle of the operations performed by such an algoriis illustrated in fig. 1.1,
for a 2—dimensional optimization. Anyway, such an algantban be applied to any-
dimensional problem. The algorithm starts with a box cantey both all signal events
(red points) and all background events (blue circles). Tienbox is shrunk, moving
one side per time, and at each step a fractiaof the events arpeeledoff; « is called
peel parameteand the new box is chosen between all possible boxes acgotalithe
predetermined FOM. The process stops when the current g&ioa minimum number
of points, chosen by the user. After the shrinking processriminated, the algorithm try
to enlarge the box, if this enanche the FOM,; this second groisecalledpasting

1.2.2 Fisher Discriminant

Another simpleansatzor the test statistic is a linear combination of the varsbl
t(x) = Z a;z; = a'x (1.3)
=1

wherea® is the transposed of the coefficients vector. The goal of thennization is
to choose the:; values that maximize the separation betweénH,) and g(t|H;). A
possible approach, proposed by Fisher [6], is based on Hog/fog considerations. The
data have the mean values and covariance matrix

() = /xif(x|Hk)dX¢...dxn (1.4)
i)y = / (& — )i — ) (x| Hy .. dx,

herei andj refers to the components afandk = 0, 1 refers to the two different hy-
pothesesi, andH,. By the same way at each hypothesis corresponds differeam ared
covariance matrix fot distribution

T = /tg(X‘Hk)At = aT,Mk (15)

¥ o= /(t — 1) g(x|H},) At = aTV,a

2Many implementations of such an algorithm exist. In our gsialwe use the Bump Hunter algorithm
implemented irSt at Pat t er nRecogni t i on package [4]
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Figure 1.1: Schematic representation of the operatioropadd by a "Bump Hunting”
algorithm. Red points represents signal events, blueesifishckground ones. The black
box represents acceptance region. The box is shrunk dowacht step, removing a
fraction« of the events, in order to maximize the chosen FOM.

To increase the separation we should clearly try to maxirtize- 7| and at the same
time we want to have(t|H,) andg(t|H;) as slight as possible, this being controlled by
Y2 andX?. A possible measure of separation that takes into accouhttbese requests
IS

J(a) = 7(;31?% (1.6)

the numerator can be expressed as

(7'0 - 71)2 = Z aiaj(,uo - Ml)z’(ﬂo - Ml)j
ij=1
= Z CLZ'CLjBZ'j = aTBa (17)

1,j=1
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where matrixB defined as

Bij = (po — p1)i(pto — 1) (1.8)

represents the separation "between” the two classes pomdsg toH, and H;. Simi-
larly the denominator of eq. 1.6 becomes

o+ 2t= Z a;a;(Vo + Vi) = a*Wa (1.9)
ij=1

hereW;; = (Vo+V1),; represents the sum of covariance matrices "within” the tlaeses.
Then eq. 1.6 can be expressed as

aTBa
= 1.10
J(a) = (1.10)
The minimization of this functions gives
aoc W (1o — 1) (1.11)

so coefficients are determined up to an arbitrary scalefattsually this scale factor is
absorbed into an offset so that the Fisher discrimitfarg defined as

F(x) =ao+ Z a;T; (1.12)
i=1

Using the Fisher discriminant is equivalent to apply a fotaplus a traslation in the
n—dimensions variables space, or to choose a cut hyperplaieh Wwhs a certain ori-
entation and isn’t simply defined as = 0, ¢ € [1,n]; a graphic representation of this
conceptin 2-dimensions variable space is shown in fig. 12¢n prove that if the PDFs
of the variabled (x| Hy) andf (x| H;) are multigaussians with the same covariance matrix
Vo = V4 = V the Fisher discriminant perform as well as likelihood ratio particular

we can observe that this is always true in case of uncortelagables, while if using
correlated variables, one should be aware that the caoetaare similar on signal and
background events.

1.2.3 Decision Trees

The cut analysis method described in section 1.2.1 finds@péance region which is an
hyper-rectangle im dimensions. An obvious generalization is to try to divide thole
space in more regions (hyper-rectangles) that can be a&sktgracceptance or rejection
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7

F

Figure 1.2: Example of the effect of using a Fisher discraminin green signal and in red
background. In the left figure we can see that distributiaresd’'t have a good separation,
so the power of the cut is limited. In the right figure using Bafale obtained by a rotation

plus a translation in the variable space, the separationdaet the variables improves.

region. Such an idea is implemented in the so called treeebaethods; applying a suc-
cession of binary cuts on a training sample, a tree-basediftex reach this goal and can
then be used to test if an independent event falls in a sigwakptance) or background
(rejection) region. The main issue in using tree-based oustlis the high variance of
this method,.e. the possibility of having very different results with a singdange in
the training sample; this problem is solved using Blo®stingand baggingalgorithms
described below. Like all complex classifiers, decisioredralso suffer fronovertrain-
ing, i.e. training on a specific sample, the algorithm can incur in aapégation to very
particular features afhat sample and will overperform on it. This gives an artificious
high performance on the training sample and possible loiopaance on other inde-
pendent samples. There are many implementation both cocrahand open-source of
decision trees availablgin the following paragraphs we discuss widely used tealesq
for training trees and avoiding overtraining.

Training a Decision Tree

We consider a training sample efelementsx, the training starts with the root node,
where an initial splitting criterion for the full trainingample is determined. The split
results in two subsets of training events, each of them doesigh the same algorithm
in order to determine the next splitting iteration. This g@dure is repeated until the
whole tree is built. At each node, the split is determined bglifig the variable and

corresponding cut value that provides the best separagitwelen signal and background.

3For our studies we use TMVA [1] package which is now included ROOT [5] distribution.
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The node splitting is stopped once it has reached the minimumnber of events. The end
(leaf) nodes are classified as signal or background accordingtoléiss the majority of
events belongs to.

A variety of separation criteria can be configured to assesgérformance of a vari-
able and a specific cut requirement. Because a cut thatselectominantly background
is as valuable as one that selects signal, the criteria anengyric with respect to the event
classes. All separation criteria have a maximum where thmkss are fully mixedi.e.,
at purityp = 0.5, and fall off to zero when the sample consists of one evessabaly.
Tests have revealed no significant performance disparitydsn the following separation
criteria:

e Gini Index defined byp - (1 — p).
e Cross entropydefined by—p - In(p) — (1 — p) - In(1 — p).
e Misclassification errordefined byl — max(p, 1 — p).

The splitting criterion being always a cut on a single vdaathe training procedure se-
lects the variable and cut value that optimizes the incresthe separation index between
the parent node and the sum of the indexes of the two daugbdeisnweighted by their
relative fraction of events. The cut values are optimizechercally, in figure 1.3 we
show the shape of the above mentioned measures for a twoptlasem; the fact that
Gini IndexandCross entropyre smooth functions gf, let them to be more amenable for
numerical minimization.

0.5

02 03 04

0.1

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.3: Node impurity measures, as function of puritpa¢kground events: misclas-
sification error (blue), Gini index (green), entropy (reBhtropy has been scaled in order
to pass througli0.5,0.5).
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The choice of the maximum dimension of a tree should take astmunt two con-
siderations: a very large tree might overfit the data, whéenall tree might not capture
the important structure. Tree size is a tuning parametegginvg the model’s complexity
and is usually expressed as the minimum number of eventsade, when this minimum
number is reached the node is not splitanymore and is mad{edfanode. The preferred
strategy is to grow a large size trég choosing a small value for this minimum and then
prune the tree usingost-complexity pruninghat we now describe.

We define a subtre& C T to be any tree that can be obtained by collapsing any
number of internal (not leaf) nodes &§. We index withm the leaf nodes, with node
representing a certain regidt), in the variable space. L¢'| denote the number of such
regions, so letting

X 1
Cm = N— Z Yi
mxiERm
1 .
Qu(T) = 5= D (vi—éw)” (1.13)
mXiGRm

whereN,, is the total number of evenis in the regionR,,,, we define theost-complexity

criterion
[T

ColT) =Y NuwQu(T) + T (1.14)

The idea is to find for each, the subtred, C Tj to minimizeC,(T"). The tuning
parametery > 0 governs the tradeoff between tree size and its goodnesdotfi¢ data.
Large values ofv result in smaller tree€,,, and conversely for smaller values @f As
the notation suggests = 0 correspond to the full tree.

For eachw one can show that there is a unique smallésthat minimizeC,, (7). In
figure 1.4 we show the architecture of a pruned decision sed asanti-spantiler.

1.2.4 Boosting and Bagging

Boostingis a general procedure whose application is not limited tsiten tree®. The
same classifier is trained several times using a succegsivekted (reweighted) training
event sample. The final classifier is then derived from thetipation of all the individual
classifiers. By this way we defindarestof decision tree; an event will then be processed
by all the trees in the forest and the final output will be a progverage of results of
each tree. The bottom line of this procedure is that stantitly a weak classifierie.

4Friedman states that “Boostinh is one of the powerful leagmieas in the last ten years.”
SRecently the boosting procedure was also applied to neatalanks and other classifiers
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one classifier that has a predictive power just a bit betear tandom guessing), you train
it again with a reweighted sample and you finally give a highéuence to the most
accurate classifiers. The most popular boosting algoriththe so-called AdaBoost [7]
(adaptive boost), where events that were misclassifiechguhe training of a tree get
a higher event weight in the training of the following treeStarting with the original
event weights when training the first decision tree, the egbent tree is trained using a
modified event sample where the weights of previously msstleed events are multiplied
by a common boost weight. The boost weight is derived from the misclassification rate
w of the previous tree,
1—w
6 -
w

The entire event sample is then renormalized to keep thertotaber of events (sum of
weights) in a tree constant. Letting the resii) of an individual tree bd'(x) = +1
for signal andl’(x) = —1 for background, the resulting event classificati®®7(x) for

the boosted classifier is then given by

BDT(x) = Y In(8)-Ti(x) (1.15)

i€ forest

where the sum is over all trees in the forest. Small (largk)esafor BDT (x) indicate a
background-like (signal-like) event.

Baggingis a resampling technique, the result of such a techniqususlly called
random forest The resampling is done with replacement, which means Hesame
event is allowed to be (randomly) picked several times frampgarent sample. This is
equivalent to regarding the training sample as being a septation of the PDF of the
parent event ensemble. If one draws an event out of this drieeris more likely to
draw an event from a region that is high populated. If a seteelvent is kept in the
original sample (that is when the same event can be seleetedad times), the parent
sample remains unchanged so that the randomly extracteplesamill have the same
parent distribution, albeit statistically fluctuated. ifrag several decision trees with dif-
ferent resampled training data and combining them into estoresults in an averaged
classifier that, just as for boosting, is more stable witlpees to statistical fluctuations
in the training sample. Technically the resampling is impdated by applying random
weights to each event of the parent sample. Therefore tiut idghe classifier is given
by eq. 1.15, yet.
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1.2.5 Artificial Neural Networks

A more complex estimator that is able to manage also withlhigbrrelated variables, or
variables which have a very poor discrimination power isAlnficial Neural Network
(ANN).The ANN is composed by some nodes calleelirons which are arranged in
different layers and connected each other.

Network Architecture

While in principle a neural network with neurons can have? directional connections,
the complexity can be reduced by organizing the neuronsyeréaand only allowing
directional connections from one layer to the immediatet o@é®. This kind of neural
network is termednultilayer perceptronThe first layer of a multilayer perceptron is the
input layer, the last one the output layer, and all othershatden layers. For a classifi-
cation problem withn,,,,. input variables and 2 output classes the input layer canefst
N NEurons that hold the input values,, ..., x,..- , and one neuron in the output layer
that holds the output variable, the neural net estimataty .

Each directional connection between the output of one meamd the input of another
has an associated weight. The output value of each neuraumtiphed with the weight to
be used as input value for the next neuron. Each neuromasran response functign
which maps the neuron inpig, ..., 7, onto the neuron output. Often it can be separated
into aR"—R synapsis function:, and aR—7R neuron activation functiow, so that
p = a o k. The functions: anda can have the following forms:

l
w(]j + Zz 1 yz z(]) Sum

RIC \woj,...,wr(llj)»)% woj + >0, < (l)wfj)> Sum of Squares

w?

!
K (y()

wOJ + 30 1w i Sum of Absolutes
(1.16)
T Linear
—L Sigmoid
oo T et (1.17)
Ewli—w Tanh
e~e/2 Radial

wherey" is the output of the® neuron in the’ layer andwg)

connection between th& neuron in the™ layer and thg' neuron in thel + 1) layer.
When building a network one should keep in mind the theorem/bierstrass, accer-
taining that for a multilayer perceptron a single hidderelayg sufficient to approximate a

is the weight of the

6See for example fig. 2.8.
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given continuous correlation function to any precisionggian arbitrary large number of
neurons in the hidden layer. If the available computing pcavel the size of the training
data sample are sufficient, one can thus raise the numbeudcmein the hidden layer
until the optimal performance is reached. It is possiblé tihe same performance can be
reached with a network with more than one hidden layer andengially much smaller
total number of hidden neurons. This would lead to a shoréenihg time and a more
robust network.

Neural Network Training

The most common algorithm for adjusting the weights thatnoge the classification
performance of a neural network is the so-called back praay It belongs to the
family of supervised learning methods, where the desirgduidor every input event is
known. The output of a network (here for simplicity assumedhave a single hidden
layer with atanh activation function, and a linear activation function ir thutput layer)

is given by

Np np, Novar
YANN = Zy](?)wﬁ) = Ztanh (Z xm;f?) -wﬁ) (1.18)
j=1 j=1 i=1

wheren,,, andn,;, are the number of neurons in the input layer and in the hiddger)
respectively;wg) is the weight between input-layer neurband hidden-layer neurof
andwﬁ) is the weight between the hidden-layer neujand the output neuron. Simple
summation was used in eq. 1.18 as synapsis funetidduring the learning process the
network is supplied withV training eventse, = (z1, ..., Zppar)a , a = 1, ..., N . For
each training event the neural network outputs v, is computed and compared to the
desired outpuy, € {1,0} (1 for signal events and O for background events). efror
function £/, measuring the agreement of the network response with thieedeone, is
defined by

N
E(xq, ..., Xn|W) = ; E,(xa|lw) = ; %(yANN,a — Ja)? (1.19)
wherew denotes the ensemble of adjustable weights in the netwdrk.s&t of weights
that minimizes the error function can be found using the oeibf steepest or gradient
descent, provided that the neuron response function ierdiitiable with respect to the
input weights. Starting from a random set of weight§) the weights are updated by
moving a small distance im-space into the directior V,, £ where £ decreases most
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rapidly
wrt) — wl) — v F (1.20)

wheren is a positive number calleléarning rate which is responsible to avoid serious
overtraining of the network.
The weights connected with the output layer are updated by

N

= —772 6 (2 - - Z(yANN,a - :ga)y](ig (121)

a=1
and the weights connected with the hidden layers are uptigted

N

] :—7728 (1 - = Z(yANNa ya)yj(2a)(1 yj(%l))w](?xza (122)

a=1

where we have usednh’ z = tanh x(1 — tanh z).

This method of training the network is denotewlk learning since the sum of errors
of all training events is used to update the weights. An aétive choice is the so-called
online learning where the update of the weights occurs at each event. Tlghtugidates
are obtained from eq. 1.21 and 1.22 by removing the event siions. In this case it is
important to use a well randomized training sample.



Chapter 2

Application of MVA to a Real Analysis
Case

2.1 Introduction

The goal of this chapter is to show one practical applicatibtine techniques explained
in 1. The physical case is taken from my personal analysisréxpce within theBABAR
experiment. A bit introduction abolBABAR Collaboration is then needeéh order to
understand the following examples.

2.2 BaBar experiment

BABARis a detector which surrounds the interaction point of PERSYmmetric-energy
ete” storage ring, operating at the Stanford Linear Acceler&enter. At PEP-II,
9.0 GeV electrons collide with 3.1GeV positrons to yield a center-of-mass energy of
Vs = 10.58 GeV, which corresponds to the mass of tigl.S) resonance, which decays
toaBB’ oraBt B~ pair. The asymmetric energies result in a boost from therlboy

to thee'e™ center-of-mass (CM) frame gfy ~ 0.56. PEP-Il data operations started in
1999 and ceased @i April 2008. Most of the data were taken at t1ié4S) resonance
(on-peak). However approximately 10% were taken atM)/ below the resonance
peak (off-peak), where there is rn5{4.5) resonance production, to allow studies of non-
resonant background in data. In the last period of oper&teR-11 also ran at"(35) and

7 (2S) resonance energy, collecting the two largest world datasetr recorded at those
resonances. A scan ovEf4S) region was also performed. The total integrated luminos-
ity during the duration of the experiment was 43289" at7(45) resonance, 30.23 !

1But not required for the final exam.
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atT7'(3S) resonance, 14.4% ' at7'(2S) resonance and 53.85 ! at off-peak energy.

A detailed description of thBABARdetector (see fig. 2.1) can be found elsewhere [16].
Surrounding the interaction point is a five-layer doubldesi silicon vertex tracker (SVT)
that provides precision measurements near the collisiant pb charged particle tracks
in the planes transverse to and along the beam direction-lay& drift chamber (DCH)
surrounds the SVT. Both of these tracking devices operatesii.5 T magnetic field of a
superconducting solenoid to provide measurements of theenta of charged particles.
Charged hadron identification is achieved through measemesrof particle energy loss
in the tracking system and the Cherenkov angle obtained &aetector of internally
reflected Cherenkov light (DIRC). A CsI(Tl) electromagoa@lorimeter (EMC) provides
photon detection, electron identification, anfj , and K reconstruction. Finally, the
instrumented flux return (IFR) of the magnet allows discnation of muons from pions
and detection of’® mesons. For the first 214! of data, the IFR was composed of
a resistive plate chamber system. For the most recertb2'L®f data, a portion of the
resistive plate chamber system has been replaced by listiteamer tubes.

Figure 2.1:BABAR detector where each subdetector is indicated.
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2.3 Use of an ANN forK" Background Suppression

2.3.1 Physical Case

The K meson is a neutral particle which is a superimpositiodk8fand K° mesons.

K? is mainly studied in its dominant decdy’—n l;. Mean lifetime of K meson is

7 = (5.116 4 0.020) x 1078, so theK? decay length is something about 15 m. Then
K? mesons escape outside B&BAR detector before it decays and we can consider it as
a long-time living neutral particle.

Inside theBABAR detectorK? can be identified in the EMC calorimeter or in the
IFR. If the K? is identified in the IFR, we are pretty sure that it'seml K, because
misidentification with a muon is quite difficult. Unforturedy IFR has a spatial resolution
of about 15 cm, so it would be better to identify the in the EMC, which has a spatial
resolution of some 5 cm. Unfortunately in the EMC we also dgpdotons that can be
misidentified ask? (“fake” KY). Anyway, there are many variables, that describe the
electromagnetic shower shape in the EMC, which can help i° separations.

This selection was optimized for the study®t—»' K decay [17].

2.3.2 Variables Used

EMC variables used for our classifiers are:
— Number of crystale the bump.
— Total Energyof the bump.

— Second momendefined as:
S E; -1}
o = T=p s
> Ei

whereF; is the energy of thé—th crystal and-; its distance from the cluster center.

— Lateral moment defined as:

ZiZQ,n EZ ’ T22
pear = (D icom Bi-17) +25(Eo + Ev)’

whereF, refers to the most energetic crystal afigto the least energetic one.

— S1/S9: The energy of the most energetic crystal (S1) divided by tlezgy sum of
the 3x3 crystal block (S9) with the most energetic crystaismcenter.
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— S9/S25: The energy sum of the 3x3 crystal block (S9) with the most geter
crystal in its center, divided by the energy sum of the 5xStalyblock (S25) with
the most energetic crystal in its center.

— Zernike momentsZy|, | Z4o| of the spatial energy distribution of the EMC cluster
expressed as a series of Zernike polynomials

C/ : E(SC,y) = Z Zn,m ’ ;L,m<rv ¢)

In fig. 2.2 and 2.3 you can find input variable distributionsnparison for signal
MC, real sideband data and off-peak data (real data takemewthe signal process is
kinematically forbidden). In fig. 2.4 you can find correlatimatrix coefficients for input
variables.

EMC_Energy K EMCLatMoment [NumberEMCcrystals

) o)

o1l

002

E R T L& U3 TE T LB S < B X B R 2 A 02
EMC_Energy K, EMCLatMoment NumberEMCerystals

[EMC_S159 [EMC_S9525 K _EMC2ndMoment
o . f
N g

BT T LES 6 Lx 1
EMC_S159 EMC_S9525

Figure 2.2: ANN input variables comparison between sign@l (dontinuum black line)
and real sideband data (dashed red line).

2.3.3 Train and Test

We use TMVA [1] to train, test and evaluate our classifierse Thaining configuration is

the following: 3000 events for both signal and backgroundas as training samples
and independent 3000 events for both signal and backgraundlfidation. We use real

sideband events as background and MC signal events as?signall

2 / 0
B=n), -/, decay mode
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EMC_Energy K EMCLatMoment [NumberEMCcrystals
005 012 T
+ Lt
'
— 1S
00sf onTree +i
-+ offTree \ IL | oosk n
003f Iy +T . &
006  + .
002f- i
0.04f + 5
oot 002~
o b b b L ikt
b LB e R B

A A
NumberEMCerystals

[EMC_S1S9 [EMC_S9S25

;
A TE 1
EMC_S1S9 EMC_S9525

Figure 2.3: ANN input variables comparison between reaglsgohd data (continuum
black line) and off-peak data (red points).
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Figure 2.4: Correlations between the EMC variables uselddarANN for signal MC and
real sideband data events sets.
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Figure 2.5: ROC curves (signal efficiency vs backgroundctaja) for many choices of
ANN and BDT input variables: ANN/BDT All variables (blacked), ANN/BDT without
EMC Total Energy (green/blue), ANN four best ranked vaealviolet).

We find TMVA Atrtificial Neural Network and Boosted Decisionél to be most perform-
ing methods. In fig. 2.5 we show various ROC curves (signatieficy vs background
rejection) for different input variables for ANN and BDTsleasy to see that adding EMC
total energy as input variables improve a lot the discritigapower of the classifiers.
We perform further tests to investigate if a different cleoad classifier parameters would
improve discriminating power. Results of these tests aogvshn fig. 2.6 and 2.7.

We find that BDT with 600 trees in the forest and prune strergjtl3 have some
2-3% discriminating power more than ANN with one single layéth N+1 nodes. It's
important to notice that our goal is to cut on the classifiargot in order to suppress
background, so our interest is focused on high signal efftsigegion. In the choose of
what method to use, one must consider that increasing testfdimension and decreas-
ing the prune strength may cause BDT overtraining, and trexetis no standard and
simple procedure to evaluate if a BDT is overtrained or notie o all these facts, we
agreed that this little improvement given by BDT is not susint to justify a big effort in
trying to estimate if BDT is overtrained.

Finally, we decided to use ANN for signal-background regtt Our ANN has one
hidden layer with 10 neurons, learning parameter is 0.05vemdhave performed 500
cycles for the training. In fig. 2.8 you can see the networlkigecture. In fig. 2.9 we
show the Neural Network errors with respect to the trainipgat. The ANN is trained
to return—1 for background-like events angll for signal-like ones; output of the Neural
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Background rejection versus Signal efficiency
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Figure 2.6: ROC curves (signal efficiency vs backgroundctaja) for many choices of
ANN and BDT architecture and training parameters usinggllt variables: BDT 1000
tree, prune strength 3 (violet); BDT 600 tree, prune stier®ytblue); BDT 1000 tree,
prune strength 4.5 (green) BDT 600 tree, prune strengthrédy;(BDT 400 tree, prune
strength 4.5 (black); ANN 1 layer, N+1 neurons (azure); ANMy&Ers, N+1 neurons per
layer (dark green); ANN 1 layefy? neurons (dark blue).
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Figure 2.7: Cut efficiency for signal purity (blue dashedjnal efficiency (blue dotted)
and background efficiency (red solid) for BDT and ANN with beariables (all) and
architecture configuration (ANN:1 layer N+1 neurons;BDU0Grees, prune strength 3).
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Network is shown in fig. 2.10.
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Figure 2.8: ANN Architecture
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2.3.4 Overtraining

To have a clear example of overtraining look at fig. 2.11 Thidires refers to the perfor-
mance of a boosted decision tree trained with a large valtigediorest size (1000 trees)
and a small value of the prune parameter (2). Its extra-padace is due to the fact that
it is overfitting training data, real performance over reatiedis difficult to extimate.
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Figure 2.11: ROC curves (signal efficiency vs backgrounecten) for many choices of
ANN and BDT architecture and training parameters usingliit variables: BDT 1000
tree, prune strength 2 (red); BDT 400 tree, prune strendtiiodack); ANN 1 layer, N+1
neurons (green).
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