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          Application to the proton-neutron (T=0) pairing.

-Including Fragmentation
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.



Commonly used mean-field approach:
HFB theory with Gogny force 

Hilaire et al., Phys. Lett B 531(2002)61

Overall agreement with 
‘experimental’ 1S0 pairing gaps, but 
many open questions remain.
Among them:
connection with the bare force
 many-body effects 
 detailed isotopic dependence
 spectroscopic factors





Various effective forces in the pairing 
channel have been proposed, with different features
(finite/zero range, density dependence…)
Unfortunately it is difficult to   to discriminate 
among them comparing with available data.

We want to follow a different strategy:

 Start from an Hartree-Fock calculation with a
‘reasonable’ interaction. Then solve the pairing problem
with a bare interaction in the 1S0 channel. And finally add
correlations beyond mean field. 
We know that these correlations strongly renormalize
the density of single-particle levels (effective mass) and 
their occupation factors (fragmentation), and we expect
that they can have a large effect on pairing properties.



Putting together bare and Induced Interaction



Bare Pairing interaction: V-14 Argonne 1S0 

FB,Vigezzi,Broglia, Esbensen PLB 390(1997)13
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30/01/13A. Sedrakian, T.T.S. Kuo, H. Muther,  P. Schuck, Phys. Lett. B576(2003)68

Effective forces: Vlow-k vs. Gogny  



PRL83(1999)2147

Induced Pairing Interaction 



H.J. Schulze et al., Phys. Lett. 375B (1996) 1



In the box: finite nucleus, neutron star, infinite matter







No fragmentation
Only surface (density) modes exchanged



Repulsive Vind by S=1 modes exchange

Well known from Neutron Matter studies.



Skyrme interactionfor 
example

Density channel 
(S = 0)

Spin channel 
(S = 1)

Vibrations are calculated with QRPA and SKM*  interaction

Particle-hole interaction:

Microscopic calculation of the matrix elements of the induced interaction
 in spherical open-shell nuclei including spin modes

G. Gori et al., Phys.  Rev. C72(2005)11302
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              FINITE NUCLEI 
(120Sn): 

The induced interaction arising 
from the coupling to surface 
and spin modes is attractive 
and leads to a pairing gap of 
about 0.7 MeV (50 %  of the 
experimental value). Excluding 
the coupling to spin modes, the 
gap increases to about 1.1 
MeV. 

One must then add the 
bare interaction.

 Surface + Spin modes 

 Surface modes only 
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T=0 pairing problem
Alm et al. Z.Phys.A337,355 (1990)
Vonderfecht et al. PLB253,1 (1991)
Baldo et al. PLB283, 8 (1992)



   Proton-neutron pairing in symmetric nuclear matter 3S1-3D1

Using CDBonn

Dashed lines:
quasiparticle poles

Solid lines:
dressed nucleons

No pairing at saturation
density!!!!

Dickhoff PRC72(2005)054313

Lombardo preliminary results: No SD pairing at about 0.14fm^-3













Neutron matter without and with impurities (Neutron Star)





                         INCLUDING FRAGMENTATION

Two step calculation:

 i)HFB with Vbare in a large space ---> “unperturbed” qp-properties

ii) Using the above HFB/V_bare  results, diagonalize the PVC effects 
using the One Shell Aproximation.

Approximation justified by the large scale sepration between 
induced and bare interaction.
 



(f+g)2

(f2-g2)[ab(m)λν]                      

(f-g)2

S=uau'b-vav'b
P=uav'b+vau'b
G=S*P

S2(f+g)2

P2

G

Terasaki et al.



Σjz,j'z  <a(n);jz-jz|Vind|b(m);j'z-j'z>

<a(n);jz-jz|Vind|b(m);j'z-j'z> = ΣLJM  (f+g)LJM (f-g)LJM  x 

(2j_a+1)

T=1(time reversal)BCS with Self energy effects

A.Idini, et al
PRC85,14331



Open-shell nuclei around  50Sn70

Observables:

● Low-energy quasiparticle spectrum
● Multiplet splitting
● Electromagnetic transition strength
● One-neutron transfer reactions
● Two-nucleon transfer cross sections
● Pairing gaps

Which mean field? 

COMPARISON WITH DATA

PHYSICAL REVIEW C 92, 031304(R) (2015)



Pairing gaps



excitation spectrum
odd neighbors

experiment

HFB



Transfer reactions: 120Sn(d,p)121Sn



Transfer reactions: 120Sn(p,d)119Sn (5/2+)



Two particle transfer

Potel et al. PRC96(2017)034606



Multiplet Splitting  

 

The splitting would be zero without PVC, and is highly independent of the 
used mean field: ESSENTIALLY IT IS A MEASURE OF THE PVC VERTEX

h11/2

h11/2

2+

2+



Electromagnetic E2 
Transitions

All of them would be zero without PVC!



(β2)0= 0.12    G0 = 0.22 MeV mk=0.7



About the necessity of V_ind in Nuclear Struture Studies,

note that it appears when BMF calculations are performed

                               INEVITABILY.....

meaning that if you are not aware of V_ind, and you use
empirical pairing interactions in your BMF calculations, 
as a matter of fact your results (whatever) are associated 
to a too large pairing gap.

<a(n);jz-jz|Vind|b(m);j'z-j'z> = ΣLJM  (f+g)LJM (f-g)LJM  x 



Future developments 

- V_ind in larger spaces: coupling to continuum.

           Some experience in pair addition/removal cases
           In light halo nuclei 11Li.

- T=0 pairing in finite nuclei.

 



(f+g)2

(f2-g2)[ab(m)λν]                      

(f-g)2

S=uau'b-vav'b
P=uav'b+vau'b
G=S*P

S2(f+g)2
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Terasaki et al.



Σjz,j'z  <a(n);jz-jz|Vind|b(m);j'z-j'z>

<a(n);jz-jz|Vind|b(m);j'z-j'z> = ΣLJM  (f+g)LJM (f-g)LJM  x 

(2j_a+1)

T=1(time reversal)BCS with Self energy effects

A.Idini, et al
PRC85,14331





  Collegamento con neutron matter – role of spin fluctuations – Dickhoff+Polls -    
T=0 pairing

  Le slides seguenti avevano materiale su questi argomenti, bisogna scegliere le 
migliori



T=0 pairing problem
Alm et al. Z.Phys.A337,355 (1990)
Vonderfecht et al. PLB253,1 (1991)
Baldo et al. PLB283, 8 (1992)



Proton-neutron pairing in symmetric nuclear matter
3S1-3D1

Using CDBonn

Dashed lines:
quasiparticle poles

Solid lines:
dressed nucleons

No pairing at saturation
density!!!!

Dickhoff talk



A similar scheme could be adopted to calculate the
T=0 pairing  gap in finite nuclei



Skyrme interaction
Density channel 

(S = 0)
Spin channel 

(S = 1)

Vibrations are calculated with QRPA and SKM*  interaction

Particle-hole interaction:

Microscopic calculation of the matrix elements of the induced interaction
 in spherical open-shell nuclei including spin modes

G. Gori et al., Phys.  Rev. C72(2005)11302



Finirei qua..



PAIRING GAP IN FINITE NUCLEI

Medium effects increase the 
gap in  120Sn and bring it in 
agreement with experiment

Medium effects decrease the
gap

PAIRING GAP IN NEUTRON MATTER

F. Barranco  et al., Eur. J. Phys. A21(2004) 57

Exp.

 bare

renorm.

C. Shen et al., PRC 67(2003) 061302

bare

renorm.
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Pairing  interaction in neutron and nuclear matter and exchange of p.h. excitations  



antiscreening
  Vind  >> Vdir

screening
Vind  << Vdir

L.G. Cao, U. Lombardo, P. Schuck, PRC 74(2006)64301



Skyrme interaction
Density channel 

(S = 0)
Spin channel 

(S = 1)

Vibrations are calculated with QRPA and SKM*  interaction

Particle-hole interaction:

Microscopic calculation of the matrix elements of the induced interaction
 in spherical open-shell nuclei including spin modes

G. Gori et al., Phys.  Rev. C72(2005)11302
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              FINITE NUCLEI 
(120Sn): 

The induced interaction arising 
from the coupling to surface 
and spin modes is attractive 
and leads to a pairing gap of 
about 0.7 MeV (50 %  of the 
experimental value). Excluding 
the coupling to spin modes, the 
gap increases to about 1.1 
MeV. 

One must then add the 
bare interaction.

 Surface + Spin modes 

 Surface modes only 



Crucial: the surface nature of density 
modes. This assures an important 
overlap between the transition density 
and the single-particle wave-function at 
the Fermi energy.

Volume nature of Spin-modes

Why such a difference with neutron matter?



G-matrix Gogny force

SkM* force

Density dependence of Landau
parameters (at k=0)



The proton-neutron interaction in the 
particle vibration coupling plays an 
essential role. If we cancel it, a net 
repulsive effect is obtained for the induced 
interaction.

Landau parameters
of SkM* force
in 120Sn

Strong difference between
induced interaction in 
neutron and nuclear matter

Why such a difference with neutron matter?













T=0 pairing problem
Alm et al. Z.Phys.A337,355 (1990)
Vonderfecht et al. PLB253,1 (1991)
Baldo et al. PLB283, 8 (1992)



Proton-neutron pairing in symmetric nuclear matter
3S1-3D1

Using CDBonn

Dashed lines:
quasiparticle poles

Solid lines:
dressed nucleons

No pairing at saturation
density!!!!

Dickhoff et al.



Slides che non mostrerei





General (HFB like) beyond time-reversal BCS is needed in
coupling to continuum and in non-homogeneus systems



Pairing interaction: V-14 Argonne 1S0 
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30/01/13
A. Sedrakian, T.T.S. Kuo, H. Muther,  P. Schuck, Phys. Lett. B576(2003)68

Effective forces: Vlow-k vs. Gogny  











Puting together bare and Induced Interaction



DYNAMICAL SLAB (INFINITE SURFACE)





T=0 pairing problem
Alm et al. Z.Phys.A337,355 (1990)
Vonderfecht et al. PLB253,1 (1991)
Baldo et al. PLB283, 8 (1992)



Proton-neutron pairing in symmetric nuclear matter
3S1-3D1

Using CDBonn

Dashed lines:
quasiparticle poles

Solid lines:
dressed nucleons

No pairing at saturation
density!!!!

Dickhoff et al.



LOMBARDO'S



COMPARISSON WITH DATA:

Mamotretus and mk problem

PRC 120Sn con tanti osservabili

PRC 120Sn TPT transfer



THIS IS THE END, MY ONLY FRIEND,

 THE END.



e-'s Cooper Pair Model; BCS (S=0;L=0); (S=0;L=2,HiTc?)
           ||                                                Superconductivity, Superfluidity
           V mutans muntandi
n-n pairing in Uniform Neutron Matter (S=0;L=0),(S=1;L=1),(S=0;L=2)
           ||                                              NeutronStars: Cv, Vortices-Glitches
           ||
           V add protons (Z=N)
n-n in Unif. Symm. Nucl. Matt. (S=0;L=0),(S=1;L=1),(S=0;L=2)  T=1;Tz=-1
p-p in Unif. Symm. Nucl. Matt. (S=0;L=0),(S=1;L=1),(S=0;L=2)  T=1;Tz=+1
                                             AND
n-p in Unif. Symm. Nucl. Matt.(S=0;L=0),(S=1;L=1),(S=0;L=2)  T=1:Tz=0
n-p in Unif. Symm. Nucl. Matt.(S=1;L=0),(S=0;L=1),(S=1;L=2)  T=0:Tz=0
                                         ….. OR
                                        Quaternions??
           ||
           V  add less protons (Z<N)
n-n in U. Asymm. Nucl. M. (S=0;L=0),(S=1;L=1),(S=0;L=2)  T=1;Tz=-1
p-p in U. Asymm. Nucl. M. (S=0;L=0),(S=1;L=1),(S=0;L=2)  T=1;Tz=+1



  I) Monopole:    H
p
  = - G P+P   with G = -25/A MeV

 being   P+ = Σ
m>0

 a+
m
 a+

-m
 ;  restricted to one shell

ii)  Contact interactions V
c
(1-η*ρ(r)/ρ

0
) (E

cut
=60MeV)

Commonly used with Skyrme forces

iii) Gogny force

Continuum is relevant

iv) Argonne int.

Continuum is crucial

Up to 800MeV 

Typical forces employed in finite nuclei pairing HFB-like calculations

Show some
Illustrative results

v) Nuclear Matter 
Calculation Based 
Pairing Interaction



Survey of OES: G.F. Bertsch et al. Phys. Rev. C 79, 
034306 (2009)

Contact interaction

V(r-r')=V
c
(1-η*ρ(r)/ρ

0
) δ3(r-r')

η=0; 0.5 and 1.0 (vol.; mix.; surf.)

(Ecut=60MeV); 



GOGNY GAPS (Robledo,Bernard,Bertsch,PRC86(2012))



GOGNY GAPS (cont.)



 Argonne  (1S
0
)

Barranco, Broglia, Esbensen, Vigezzi, PLB(1997)  

Neutron saturated nucleus (Z=50) inmersed in a superfluid neutron sea 

m=1.0 m
0
=> Too large gap



Potential in the Wigner cell Pairing gap in uniform neutron matter

Finite size effects on the pairing field (BCS with the bare force) 

F=13.5MeV

P.M. Pizzochero, F. Barranco, E. Vigezzi, R.A. Broglia,APJ 569(2003)381
N. Sandulescu, Phys. Rev. C70(2004)025801
F. Montani, C. May, H. Muther, PRC 69 (2004) 065801
M. Baldo, U. Lombardo, E.E. Saperstein, S.V. Tolokonnikov, Nucl. Phys. A750 (2005) 409



   Spatial dependence  of pairing densities and pairing gaps

FINITE NUCLEI, FINITE RANGE FORCE 
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Spatial description of (non-local) pairing gap 
Essential for a consistent description of vortex pinning!

The local-density approximation overstimates the decrease 
of the pairing gap  in the interior of the nucleus. (PROXIMITY EFFECTS)  

R(fm)               R(fm) 

The range of the force is small compared to the coherence length, but 
 not compared to the diffusivity  of the nuclear potential 

K = 0.25 fm -1

K = 2.25 fm -1

k=kF(R)

k=kF(R)

K = 0.25 fm -1

K = 2.25 fm -1



T. Lesinski,K.Hebeler, T. Duguet, 
 A.Schwenk J.Phys.G39(12)

Mean field calculation with Vlow-k 
pairing force: 3-body force reduces the 
pairing gaps

V_low-k pairing  gaps in Sly4 HF field 

Dependence on the 
effective mass at
high momenta?
(Vlow-k vs  V18     )

120Sn with
V_18 and Gogny HF-field: 1.1MeV 



Results depend on the Central Potential parameters,
including nucleon effective mass.

Any way some solid conclusions can be extracted 

1. Bare Argonne is tractable at hfB level

2. With “reasonable” potentials as Sly4 a close to experiment
pairing gap is obtained: 1.1MeV vs 1.3MeV.

3. Using V_low-K (and NNN forces) 
similar results are obtained 

Resonable potential are related to a m*=0.7m_o 

which also leave room to self-energy corrections 
(mexp=1.0m0)



Beyond mean field needed?

a). Neutron matter shows important screening

b). Single-particles are importantly affected, why
not quasi-particle properties like the pairing gap?

c). In B&M-II book an estimate was made...

d). If simple DF are used:
   (Robledo,Bernard,Bertsch,PRC86(2012))

(*)Alternative sophisticated DF: I. Stetcu (LANL, 2013 talk)

(*)



Bohr&Mottelson,
Vol.II,1975



B. Particle Vibration Coupling 

and

Single-particle Self-energy



Effective charges
                                        One-particle transfer leading to 
                                        Vibrational states

   

----F

o------a+

            Simple Collective Model value
hj,j'λ  =  βλ(2λ+1)-1/2<j||Ro dU/dr Yλ||j’>  (2j+1)-1/2

j

j'
λ

PVC directly related observables

The vertex: Basic Ingredient

hj,j'λ =



The paradigmatic case; 208Pb(3-) + 1p(h9/2) 

I.Hamamoto,1973
Phys.Rep.

h2
1,2L 

 6J(j1,j2,L,j1,J,L)

----------------------------
e1-e2-hw

h2
2,1L 

 d(j2,J)

----------------------------
e1+hw-e2

{j1 L}J

j1

j1

{j1

L}J

L}J

j2

j2

L}J



SELF ENERGY RENORMALIZATION OF 
SINGLE-PARTICLE STATES: CLOSED SHELL  

C. Mahaux, P.F. Bortignon, R.A. Broglia, C.H. Dasso and Mahaux, Phys. Rep.(1985)1

208Pb



Relativistic Mean Field Calculations
Litvinova et al, PRC84, 014305 (2011)



Full Skyrme (Sly5), including 
momentum dependent terms
Colo' et al, PRC82, 064307

The vertex is deduced from
the Transition Densities 
obtained in RPA calculation



Similar difficulties in:



We will show mainly results
obtained using the simple 
B&MII vertex, based on 

Experimental beta's



C. Phonon exchange Induced Pairing Interaction (old theory)
Barranco,Broglia,Gori,Vigezzi,Bortignon,Terasaki, PRL11(1999)



Comparison between Gogny and Induced Interaction
matrix elements



Semiclassical (TF averaged) estimate of  
diagonal pairing  matrix elements in 
120Sn.

Vind

Vbare

VGogny

F. Barranco, P. Schuck  et al., Phys. Rev. 72(2005)054314

E

E

E

E

  

(Vlow-k)
L=2fm**-1



The coupling with the phonons induces a 
surface-peaked  interaction and pairing gap Argonne+ induced

Argonne

Induced

But the pairing density k(r) 
is  much less affected

A. Pastore et al., 
PRC 78(2008) 024315

Δ ≈ Z(v14 + vind) κ

Equivalent DDDI parameters  Volume  Repulsive Interaction!!!

COMBINING ARGONNE V14 AND INDUCED INTERACTION

Density modes (surface): Attractive
Spin modes (volume); Repulsive !!



Induced Interaction in the Slab Model 
(Giovanardi, PRC65,041304(2002)): 

Slab Model:Semi-infinte Nuclear Matter with realistic surface 
statical and dynamical properties (Esbensen&Bertsch Ann.Phys.(1984)



       USED FORMALISM 
(cf. Van der Sluys et al., NPA551(1993)210) 

D. Microscopic description of superfluid nuclei  beyond mean field:

Quasiparticle Vibration Coupling  

Correcting HFB/BCS
Quasiparticles:
2 steps in calculating
pairing properties



       USED FORMALISM 
(Idini, Barranco,Vigezzi,PRC85,014331(2012)) 

Σpho
12

Σ
12

 = Σpho
12

 + Σbare
12

V(jj'λ)  =  βλ(2λ+1)-1/2<j||Ro dU/dr Yλ||j’> (uj ũj’ – vj vj’) (2j+1)-1/2

W(jj'λ) =  βλ(2λ+1)-1/2<j||Ro dU/dr Yλ||j’> (uj vj’ + vj ũj’) (2j+1)-1/2

 

Optional: 1 or 2 steps?



BCS-like rewriting

Since self-energies are energy dependent many solutions are obtained: n=1,2,..
Each carrying a quasi-particle strength u(a,n)2+v(a,n)2<1
Closure requires Σ

n
 u(a,n)2+v(a,n)2=1





Z

k

nk

Z=1  free Fermi gas
Z<1  correlated Fermi system

Generalized Gap Equation (schematic) 

Renormalized 
s.p. energy

Quasiparticle 
strength <1

Bare+Induced
interaction

D
p
= - 1

2
d 3 p '

Z
p
V

pp '
Z

p '

( e
p '
-e

F
)2 +D

p '
2

ò D
p '



 RENORMALIZING   Argonne (on Sly4) pairing gaps
(2 steps calculation )

Experimental phonons were used  for the density modes L=2,3,4,5
Spin modes not included in this results 

1st iteration







Compare 1 and 2 step calculations
Using a simple monopole pairing force



Full basis formulation, 
A.Idini,Ph.D. Thesis,Milano 2013

Application to 10Li and 11Be:  Talk by E. Vigezzi

+

Allows 
correcting
r-dependence

Barranco,Broglia,PRL29(1987)

Esbensen,
Bertsch,
ZPF's:PRC28







Similar developments (Soma,et.al,PRC87,011303(13)

Ab Initio, and HF side, 2nd order







Shell Model Calculations
Holt, Menendez,Schwenk,  arXiv1304.0434



PRC72,014613(2005)

Fadeev RPA,
Barbieri,Dickhoff;PRC63,034313(2001)

Combines 
i)particle,
ii)ph-RPA and 
iii)pp(hh)-RPA
consistently



CONCLUSIONS

a. At mean field level surface pairing interaction prefered.
    Bare Argonne tractable as pairing interaction. 
    
b. Phonon Exchange Pairing Induced Interaction very 
    surface peaked. In volumen could be repulsive due 
    to spin modes.
    Strong A-dependence from the Slab Model.

c. Close connection to self-energy effects from 
    Dyson Gorkov's eqs.: Quasi-particle Phonon Coupling:
    Fragmentation and Dense Espectra<=> Induced Pairing Int.
    Bare Argonne plus Induced Pairing good description of data.

d. Shell Model confirms relevance of surface phonons mediated 
     pairing interaction.

e. Multishell Self-energy: Full HFB renormalization. 
    Ab Initio calculations in progress (2nd order).   
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