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ABSTRACT

An interactive program for the VAX computer was written with whichrone
can calculate isoscalar electric transition rates for multipolarities A > 0
from deformation parameters obtained from DWBA or CC analysis. Form factors
for excitation of giant resonances as well as 1ow¥lying excitations of vibra-
tional and deformed nuclei (including small amplitude 8-, y=- and octupole
vibrations) to be used in the DWBA and CC analyses are derived. Isoscalar
energy weighted sum rules and single particle units for A > 0 transitions are

also derived.



I. INTRODUCTION

There are of course a large number of articles 1=7) that have been

written on the topics of form factors, transition rates and sum rules for iso-
scalar electric transition operators. The idea of this report is not just to
add one more article to this series. It is the intention of this report to
describe the formalism used in the program "BEL" available on the VAX compu-
ter. Thus we will discuss here only isoscalar energy weighted sum rules (EWSR)
for » » 0 transitions, derive the form factors for A > 0 transitions assuming
full exhaustion of the sum rules and moreover describe a way of obtaining
isoscalar electric transition rates from measured inelastic hadron scattering
cross sections. The electric transition rates will be calculated from deduced
deformation parameters Bk,(i) following Bernstein procedure l), (ii) assuming
a uniform density and/or (iii) assuming a demsity given by the real or imagi-
nary parts of the optical model potential. This last procedure seems to be
most justified 8) for deriving isoscalar electric transition rates especially
for comparison with transition rates derived from eleétromagnetic experiments.

In addition to the form factors derived from the sum rule appfoach and
hence in principle mainly useful in describing giant resonances, also form
factors for low-lying excitations of vibrational and deformed nuclei [ref. 9]
will be comsidered. In this respect, form factors for small amplitude
vibrations 10»11) (e.g. B—, y- and octupole vibrations) superposed on static
deformations are of interest; and‘derivatiou of the electric transition rates
to the members of these bands will be discussed.

Although a definition of a single particle unit for A » 2 transitioms
exists, there are no generally accepted definitions for single part;cle units

for A = 0 and A = 1 transitions. We will attempt to make such definitions and

in the process define the various electric transition operators and hopefully

clarify some points of confusion in these definitions.
The main usefulness of this report is as mentioned earlier to be referred

to as a guide to the formalism used in the interactive program "BEL" which

‘calculates transition rates, EWSR and percentages of EWSR for electric transi-

tions excited by inelastic hadron écattering. However, the program "BEL"
itself asks for all the information it needs to calculate the various inte-
resting quantities. It has been written for the VAX computer., Modifications to
treat the small amplitude B-, y- and octupole vibrations superposed om static

deformations were already introduced into programs DWUCK and CHUCK 12)-



II. ELECTRIC TRANSITION OPERATORS

We will first start by defining the electric transition operators for A

> 0 transitions. The electric multipole moment of order A\ can be written [see

e.g. ref. 13]:
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where jk(qr) is the Bessel function, 3(?) is the current density and p(?) is
the charge density normalized to one.

In the long wavelength limit i.e. qr<<l, this can be rewritten:
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using the expansion of the Bessel function jl(qr) in terms of (qr) and taking

first order only:
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If one further substitutes in eq. (1), the charge demsity given by the distri-

bution of point-like protons a -
> 1 > >
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protons

one obtains:
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Therefore one observes that the electromagnetic operator splits into two
parts: The first term independent of isospin and can lead only to isoscalar
excitations (AT=0) and hence called isoscalar and the second proportional to
the z-compocnent of the isospin vector and leads to isovector excitations
(AT=1) and hence called isovector,

At this point a number of remarks should be made:

(1) since a photon has zero mass and unit spin with spin orientation either
parallel or antiparallel to its momentum and since further for a
monopole A=0 transition all orientations in space should be zero,
therafore no photons can exist in such a state. This further implies
that in O +O transitions y-decay is forbidden; however, such a
transition can occur by internal conversion or pair creation. For
electron or hadron scattering from a nucleus, monopole transitions can
take place and the operator that is Tesponsible for the tranmsition will
be similar to eq. (4), but of higher order in expansion of (qr) since
the first order leads to a constant which does not induce intrinsic
excitations of the nucleus. This will be further discussed shortly.

() The isoscalar term for k 1 is proportional to the center of mass coor-
dinate of the nucleus and therefore cannot induce intrinsic isoscalar
dipole excitations of the nucleus. This is true in the long wavelength
limit (qr<<1l). Higher order terms in the expansion in terms of. qr which
become very important if qr=1l (such a condition can be easily satisfied
in electron and hadron scattering) can induce such isoscalar dipole
excitations. p -

(1iii) Some authors define the multipole operators as:

M) =3 e ; B T(r) - e I 6, () r Yk(rk),
and moreover derive sum rules without summing over p. This results in a
discrepancy of a factor (2A+1). In this report all final results for
sum rules will include the summation over He
Note: In the following we will drop the unit charge e from all the
formulae for the transition operators and matrix.elements.
In inelastic electron scattering and also in inelastic hadron scattering,
the transition operator responsible for nuclear excitation resembles the elec—
tromagnetic multipole operators associated with multipole y=-quanta. This has

been discussed in detail by Bernstein 1 for the case of inelastic q-scatter—



ing. One starts from the transition amplitude from an initial to a fimal

state. In DWBA this can be written:

*
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where ¥ and y are distorted incoming and outgoing waves, fespectively,
be and ¢ are final and initial states of the target nucleus, respectively,
and V(fr— k|) is the projectile-nucleon interaction. ¢i and ¢f are antisymme-

tric wave functions of A-nucleons:

¢ = det [¢k(rj)f

(an?

where ¢k(rj) are total single particle wavefunctions. Usually in the electro-

magnetic quanta decay or excitatiom, the reduced transition matrix element is

given by:
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If one expands the projectile-nucleon interaction in multipoles, i.e.:
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Then eq. (5) leadé, for a definite multipolarity (Ap), to
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where SK“ is 'the tranmsition operator for scattering to the final state. One



can further easily show that if one takes X(_) and X(+) to be plane waves
(PWBA) and the projectile-nucleon interaction to be a d-interaction, then eq.

(9) reduces exactly to [see e.g. ref. 14]:
OM‘L(G t.)a j (ar 3 (10
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where ¢ is the momentum transfer. Therefore eq. (8) reduces to first order in
(gr) to a matrix element which is proportional to the electromagnetic matrix

element [eq. (6)] for A » 2:
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where for hadron scattering this is summed over all nucleons. A similar
expression is obtained for the Coulomb matrix element part of high—energy
electron scattering, except in this case, the sum would only run over protons.

Using the expression for the mass transition density

p§§)='§ Well z L) (o> \ (12)
nucleons
then: i -
A A A+2
ng o A f pgi) ¥ dr (13)

Expression (11) was obtained in the limit of PWBA and a short &-type projec~-
tile-nucleon interaction. However, it has been shown by Bermstein D for the
case of a-scattering that even if the projectile~nucleon interaction is taken
to be of the Gaussian type and the scattering waves are distorted by the
nuclear and Coulomb fields of the nucleus, the transition operator Oh“ will to
a large extent still resemble the electric transition operator as given by eq.
(4).

Because the transition operator responsible for imelastic hadron
scattering resembles to a large extent the electric transition operator, one

can define a general isoscalar mass transition operator to be given by eq.



(10). However, since our aim would finally be to compare electric transition
rates obtained from inelastic hadron scattering to those obtained from an
electromagnetic experiment, we will define the isoscalar mass transition
operator, for A > 2, following Bernstein 1), to be given by:

A

. .
g™ = e R (14)

=d’ 3
k
the factor %-is used because for truly collective isoscalar states where all
nucleons of the nucleus participate in the collective motion (e.g. collective
vibrations or rotatiomns), the contribution of the protoms to the transition
matrix element is-% of the total matrix element. Since in electric transitionms
induced by electromagnetic probes only the protons participate, it is clear
that the transition matrix element for an electric collective transition as
obtained from electromagnetic measurements [i.e. using operator of eq. (3)]
would be the same as the one obtained from an isoscalar probe [i.e. a probe
which interacts equally with protons and neutrons such as a-scattering] if the
above definition (14) is assumed for the isoscalar mass transition operator.
It is also obvious from the above discussion that for single particle transi-
tions or in general non-collective transitions differences may arise between
transition rates as obtained from electromagnetic measurements and from in-
elastic c—scattering for example, because‘for such transitions the contri-
bution of the proton and neutron densities is in a ratio different from Z/N.

The isoscalar dipole operator and the isoscalar monopole operator are de-

fined, respectively, as:

otk

Bles

5 .
i r Y?(rk) _ (15)

and

00 (16)

r2
k

Bles

z
k
which are second order expansions, of the Bessel function, since the first
order terms do not induce intrinsic excitations of the nucleus as discussed .
earlier. Note further the difference in our definition of the monopole
operator of a factor } times the monopole operator generally used. This
requires a multiplication of the monopole matrix elementrcalculated by "BEL"

by a factor of 2 before comparison with other results.



III. TRANSITION RATES AND SINGLE PARTICLE UNITS

The reduced isoscalar transition rate for a transition Ji+3f is defined

by [see e.g. ref. 13]:

A
B(ISA,J;2T) = T [<e 0o 5|2
pM
3%
DI M| T M2 (< |0 [e,>]2
M

Note, however, the different definition of the Wigner-Eckart theorem as used
here and in refs. 13 and 16. In fact, the definition that we are using makes
the reduced matrix element <¢f[|Ol]|¢i> transform similar to a Clebs;h—Gordon
coefficient under exchange of J; and Jg. Using the symmetry and completeness

relations of the Clebsch-Gordon coefficient we can further write:

23f+l

2d +1
i

. 2Jf+1

= 2741
1

A
B(ISK,J,+J,.) = |<bgl 0] ]e;>]?
| M(ISN,T.+3)]2 | (17)

where the reduced transition matrix elemént M(ISA) for A»2 is given by:

A
Wbl [0 o>

M(ISK,Ji+Jf)

z %
2 el : Tk 5 () [leg>

z | p(h) M2y

fi r’ (18)

and the transition density ., 1s given by (12):
pfl,
1 A
Pe1 =% <¢£] |‘ i Yl(rk)] |¢i>

k runs over all nucleons. We will obtain at a later stage the transition
()
£i *
Similar to eq. (17), one can write:

denstiy p in the limits of various models,

B(ISN,I>d) = T AT | <@y 0% o]

and using the transformation property of the reduced matrix element, one gets:
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e
BIISA,J200) = [<o ][] [o,>]2 . . &8

which then yields the relation:

2d 41

B(ISA,J;>Jp) = 23,41

B(ISA RIS \ - 20

In order to have a measure of the collectivity or nom-collectivity of an
electromagnetic transition, ome usually defines for convenience a single
particle unit (s.p.u.) of a certain type of electromagnetic transition. Fol-
lowing Weisskopf ls),'we define a s.p.u. for an electric transition by start-
ing from the definition of an electric transition rate in the single particle
model assuming only one particle makes a tfansition [see e.g. ref. 13]; for
Az2:

ij+1
p. (Bdp2ip) = 53 T [<ocl1 1] o, >12

Using the relation

i .~% 2. s AR

: ) ik 27\+1 £
Hedel 4 ]]42,35 = 9 Y <30l H 1+ ]
one obtains
2341 Z
A - WP Y %
BS p.(Eh,Ji+Jf) = 2ji+l = <Jf“%KOI;iJ2> ’fuf(r) T ui(rz rzdr[

H

2z
2t+l <3 %kOIJf%>21fu (r) My 1(0 dr{

One usually estimates a s.p.u. transition for g = At to g = %, this further

simplifies the above relation to:

BS St (Ex l+—+l) 7£¥Uu (r) . (r) rh+2 I

Assuming the radial wavefunctions ug; and u; to be constant over the nucleus

then
(e w, 22 gr - 2 A+3 1R . _C2 A3
e By RS 0 *3
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but

. A+2 _ 3
j ug uy T dr = X;E_R}

where for a uniform density nucleus R = 1.2 Al/a. Finally, we have for A»2:

1Y el (2 _ND
Bs.p.u.(Eh’h+%+T) 4m (K+3) (1.2 A

1732k

)

and using eq. (20) ome obtains:

DAL (3 32 () 5 41/3y2h o2 2t 21)

B (EA,0+N) = 3.

5.DeU. 4

For the electric isoscalar dipole operator, we can obtain in a similar manner

that:

31 '
By p.u. (ELOPD) = 22 [E (%)]2 1. AI/B]S.

o L3
=== [1.2 47776 e2—fn® (22)

and for the electric isoscalar monopole operator, we get:

oL (L3 1/374
Bs.p.u.(E0,0-J-O) ==+ 4n [2 = [1.2 A7"7]
3 1/37y 2_g b - )
e [1.2 477)%  e?-fm (23)

Bohr and Mottelson [see ref. 3, p. 5533] define a s.p.u. for 2 monopole

transition in a different way, obtaining thus:

o

2/3

B (E0,0+0) = 1.0 A 2ot

SePele

However, program "BEL" uses eq. 23 for a monopole s.p.u. transition.

Iv. EﬁERGY WEIGHTED SUM RULES

In the following ,we will only consider sum rules for isoscalar tran—
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sition operators OM'L as defined in section II. These are easy to evaluate
using simple commutation algebra. Sum rules weighted to any power can be eva-
luated but are more involved to derive than the simple energy weighted (to
power 1) sum rules (EWSR) to which we will limit ourselves here. These sum
rules are model independent in as far as the nucleon-nucleon force is
considered to be velocity independent. If velocity dependent forces are
allowed, corrections to the EWSR have to be included. Moreover, in deriving
the EWSR we will assume the nucleon to be elementary with no internal degrees
of freedom. This assumption is valid only if one considers excitation energies
well below the A-resonance energy.

To calculate EWSR of the isoscalar multipole transition operators, it is
important to express these operators in terms of intrinsic coordinates
referring to the center of mass (c.0.m.) of the nucleus. This is most acute
for the isoscalar dipole operator which in first order is proportiomal to the
c.0.m. coordinate and can only induce spurious c.o.m. motion. But even if omne
takes the second order isoscalar dipole operator as given in eq. (15), which
is responsible for intrinsic isoscalar dipole excitatiomns, the c.o0.m. should
still be taken care of exactly, otherwise gross errors can be committed. An
elegant way of obtaining EWSR corrected to c.o.m. motion which we will use
here is due to Fallieros and Deal 6’?). One starts by defining the isoscalar

form factor operator:

» _ 1 igeT

F(q) == L e Ty . -
A
k
Since a correct treatment requires the use of the transition operator in terms
- > > : .
of intrinsic coordinates (r') where rﬁ =T, - R, (R being the c.oc.m. coordi-
> 3

nate: R =-§“ b1 rk), we express our form factor in terms of these coordinates.
To indicate tﬁis we use a tilde (~)

& ¥ 1 o =iqeT! _ iE-'i i
F(@ =5 Ze Tk=e F(3Q)
k

We now assume that this form factor operator commutes with the potential
energy part of the Hamiltonian (i.e. no velocity-dependent forces). Using the

relation

[B,1v2,D]] = =2(VD)+ (VB)
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we obtain the following commutator relatiom:
~ ~k 72 5 & ey N o
[(Fe),8LF (@)] = Z 4% (Fh-g) - F@) F (o))

Take the expectation value of this relation with respect to a J=0 ground state

and insert a complete set of intermediate states, we get:

; [(EE)F @) Flo @) + 405 F_@D Fr_)]
ﬁ2
- a1+, <0|F(a-a)|0> (24)

~ ~ >
where Fon(al) = (OlF(q1)|n>.
Making a multipole decomposition:

¥ =vEm 3 (-0 /BT F Mg

A=0
where FM(q) = 11 4 (ar)) T(@Y)
‘ k
Moreover:
% Ak2
~(\) _ q ~(A) _ . g 2 (h)
A Fe) = oy R t oDy 2t e

where 5(k) =3z

0
o (@),
e T

is similar to the usual isoscalar electric multipole operator and
~ +2
AR I I
.k

is similar to the second order isoscalar electric multipole operator which is
of importance for isoscalar monopole and dipole excitations.

Moreover, we define the elastic form factor:
iq T

el ' -
| F,(0) = <O]Xi k| 0> |

= <o[%1>:< Jplary)| 0>
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and also define:
- L 2
<x'2> = <o|% i =2 0>

If we now integrate both sides of eq. (24) over d(cos 9) Y (0) where 8 is the
angle between ql and q2 and project out a definite multlpolarity A, using the

above relations as well as:

A
LGOI = e 1 e ey,
m==A

2A+1

we obtain the relation:

(2D (l) #2 q142
i (BB Fop /() B/ (@) + 5 [
Lo D (q) fj;*”cq ) + u‘" @) ¥ D1y s

__n2 U ; : . . ;
= BmmAZ (2FD) <O’i[(K+1)Jh+1(qlrk)3l+l(q2rk) AL arpd, (][0

For 1)2 and qp+0 the leading transition operator is Q(K),'we then get:

ﬁ2

" ealy : . ®
I (EE) Féi)(ql) Qio) - <0frg : Jh_l(qlri)rik |o>

pui

To obtain the static energy WElghted sum rule for A»2 with respect to the

operator Q(x), take the limit of q;+0, then
£ 332 o B2 P -2y ~(A=1) 2
i (E-EDQ 7|2 =14 o ML) AT > i(i+1) z i

Notice that the second term to the right which arises because of the center of
mass correction vanishes identically for the case of A=2, since in this case
Q;\-‘1 ¢ R the c.o.m. coordinate which has vanishing matrix elements for intrin-.
sic states of the nucleus. For A>2, the correction term is of the order of Afl
which vanishes in the limit of Ar=. We will further neglect this term. If we

AD _ A Q(K)

another factor of (2A+1), we obtain:

further notice that 0 » and that summation over p would introduce
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. _ _n2 2 22 2-2
E. B(ISA,i+f) g A(2A+1) T <t > _ (27}

Hh [

One caﬁ similarly obtain relations for the static EWSR for A=0 and
A=l,except here in the expansions in the limits of qy+0 and q;+0 one should
notice that the lowest order transition operator is P(K). The isoscalar
dipole {(A=1) EWSR case has been discussed extensively in ref. 7, we will only

quote the results here. For A=l, we get:

| (D), () _ o m2 W - 2
i (Enon) Fon (q1) a0 T 8nmA 3 <O|i [232{q1ri)r£ T2 JO(qlri)ri ]10>
0 2ma 3 on ‘i pale} on ‘&1 no
and
T E. B(ISl,i+f) - 23z {11<£4> o B it 10e<z2>} (29)
£ : 8mm 4 A 3

f

4 3 5 _h2 . ~1/3 N -1/3
5 + 7 ) oA and EGQR = 65 A MeV and Egyp = 80 A MeV
are the excigg§ion energies of the giant quadrupole and giant monopole Teso—

‘where £ = (

nances, respectively. The second and third terms on the r.h.s. of eq. (29) are
due to c.o0.m. correction. While the second term is large and should always be
considered, the third term is'propprtional to A1 and could in practice be
neglected for A > 40. ‘

-’

For A=0 we get:

oy 2(0) ~(0) _ _ 42 -
i B3 X gl B =~ Ql<0|i SICIRD _r{c|0> (30)
and:
: ; _h2 72 _
? E; B(ISO,i>f) = el <> (31

In eqs. (27), (29) and (31) we have dropped the prime to indicate coor-
dinates in the intrinsic system. We will do the same in the next sections as

well,
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V. TRANSITION DENSITIES

i) Sum rule approach

To obtain transition demsities for giant resonances which exhaust their
respective sum rules eqs. (27), (29) and (31), we follow again the procedure
of references 6 and 7. Here we will show how to do this for the case of A>2.
The case of A=1 has been discussed in detail in ref. 7.

We start by using Rayleigh's relation:

d \ .
-—) Jo(qr),

P50 = O & G4

in eq. (26) for the case of A»2. We drop the center of mass correction term

since it is very small, we then obtain:

(M) ~(A) | A-1 A-1,1d \A-1
s (En-Eo) e (9) e ™ 16mnh hq(O[Z )" =)

jnCax, )| 0>
5 % g dg 0 k

which simplifies, upon using the relation for the elastic form factor (?el) on

' page 13, to:

1d

=), =AY _ , (A=1 Hh2 A A=l
3 (En_Eo) Foo (@) Qoo = =), Tems ™ 4 QE'EED Fel(q) (32)

pui

~ Similarly we obtain for A=l, using eq. (28):

£ ) TV gy3l) o _ _n? 2d 1d _ d 5,5 2d o =
E(En Eo) Fo (q}Pno T (3q W + 5~E-+-§<r >q + eq dq) Fel(q) (33)

n

and for A=0, using eq. (30):

w2 d

=07 5(0) _ g &
L (En_Eo) ?on (@) Pno ~ 8mm 4 dgq Fel(q) _ (34)

n

The once integrated sum rules for A=0, 1 and »2 are obtained by Foufier trans=-
forming eqs. (34), (33) and (32), respectively. A mumber of relations are

useful here, such as:

orthogonality ?elation J jl(qr) jx(qtf) q2 dgq =.§§r 8(r=-r'),

elastic form factor Fa1(q) = f jo(qr) po(r) d3r,
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_ - 1 .
ground state demsity PolT) = 5z [ E,1(0) jylar) q?dq,

A-pole transition demsity p(k)(r) = %.f F(K)(q) jh(qr) q?dq,

. ; . o 2x+l . o o
the recursion relation Jk_l(qr) =~ F jk(qr) ,Jk+l(qr)
and Rayleigh's relation.
Taking the Fourier transform of both sides of eq. (32), one obtains after
tedious mathematical manipulations the once-integrated sum rule for A2,

s 2 =, -

n

Similarly we obtain for A=1 using eq. (33):

(1) 1)
(Enon) pon () Pno ‘ 4

[}

hui

h2 ra0d - Sep2sd @ 4 0,2
= [3r i T 10r = 3<r S E(TE;2'+ 4E;D]po(r) Yl(r) (36)
- and for A=0 using eq. (34):
sy o0y 5(0) _ _n2 a 02
i (En Eo) Pon () Pno - 2m [3 tr dr]APD(r) Yo‘r) - (1)
Taking eq. (35) and assuming that a giant resomant state of multipolarity

A exhausts the respective EWSR [eq. (27)] one can easily show that the

transition density for such a A-pole giant resonance is:

oMoy = - 2 I L (38)
Y 2A+1 -
2 -4 .
where p2 = S AR , (39)
x <r b o :

and Bl is the collective coupling parameter for the isoscalar A-pole giant
resonance, E, its excitation emergy and R the half-density radius of the Fermi
mass distribution. Similarly for the A=l isoscalar giant dipole resonance one

obtains [see ref. 7]:
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81
(Liesy wom e [3p2 2L 2 4 a2 d
Tl €5 " (312 5o+ 1or ey T e+ 4P ey (40)
. a2 _ 2mn? 382
where 87 = —= S (41)

x [1KK*> - 2—3<::2>2 - 10e<r2>]

and € 1s as given on page 15. For the A=0 isoscalar giant monopole resonance

one obtains:

0Py = B3+ gﬂ o) (42)
2

where B2 = 2. Lo (43)
X

Transition densities (40) and (42) satisfy, respectively, the conditions
of translational invariance f p(l)(r) r3dr = 0 and the conservation of the
number of particles f pco)(r} r2dr = 0 required by isoscalar dipole and mono-
pole oscillations. .

The above transition densities are known as the Tassie transition densi-
ties and should in principle be used only for the description of giant reso-
nances which exhaust a large percentage of their respective EWSR. However,
they have quite often been used, and successfully, in DWBA for the description
of states which comstitute only small fragments of the EWSR. Moreover, in
hadron scattering it has become the habit to use transition densities

for A»2 derived from surface oscillations as will be described in the next

-

subsection.

ii) Surface oscillations and static deformations

In general, one can expand the nuclear radius as follows:
) * : :
= = ‘
R=R, [1+ 3 o T ()] (44)
Au

In the case of surface oscillations, it is assumed that the shape of the
nucleus is not statically deformed but rather oscillates about a spherical
mean. In this case the ahu'S are treated as dynamical variables and could be
expanded in terms of phonon creation and destruction operators 17),

fiw

Y IR B I

a
Al i3
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of 2 phonon with angular momentum A and Z-component p. The energy of each
phonon 1is ﬁwk, and CK is the restoring force. One can expand the ground
state distributicen about RO in a Taylor series. We will consider first order
terms here which can lead to one-phonon excitation. For defivation of second
order terms we refer the reader to the extensive work by Tamura 4). The ground

state denstiy after expansion in a Taylor series about RO is:

po(T-R) = p(r-Ry) + (R-R)) = dR Po(T—R)|p. -x,
4 *
= Po(T-Ry) = Ry grpo(T-Ry) Za T

hp o

Therefore the transition density for a surface oscillation of multipolarity A

is given by:

_ BBog

), |
oMry = 5 G2 (45)
¢2x+1 dr "o

where RO is the half-density radius of the Fermi mass distribution, and ﬁk is
the rms deformation due to zero—point oscillations of the ground state of the

nucleus,

B2 = <0|z a§u|o>'= (2A+1) (hw, /2G,).
M
The transition density given by eq. (45) is the one most often used for des—
cribing excitation of giant resonances of multipelarity A in inelastic hadron
scattering. Note the difference with the Tassie transition density for multi-
polarity A as given by eq. (38) which has a stronger weighting of the
derivative of the ground state demsity at larger radii.

If the ground state is statically deformed, then the deformation para-
meters ahu in eq. (44) are not dynamical variables anymore, but instead are
constant in time, giving the nucleus its static deformed shape. We will only
consider axially symmetric static deformations here, but allow for surface
osclllations to be superposed on these static deformations. Therefore the

nuclear radius can now in general be written as:

CR(OBT,6") = Ry [1+ z 8 YX(Q ) - Yi Q"] (46)
?\.T

where the static axially symmetric shape is given by the sum over A, and the
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dynamical axial and non-axial terms are given by a sum over A' and p'. Fur-
ther, Q' = (8",4") 1s the solid angle in the intrinsic frame of the nucleus.

Since in a statically deformed nucleus K, the Z-component of the angular
- momentum along the symmetry axis of the nucleus, is a good quantum number,
. this usually leads to a non-degeneracy of the various bands built from the.
superposition of the surface oscillation with multipolarity A' on the axially
symmetric statically deformed shape. Therefore for a surface oscillation of
multipolarity A' one expects bands in a deformed nucleus with K-projections
R" =0, l,ees, A' and parity (- ) . Moreover, since ¥ is a good quantum
number, several ak'u' with the same p' can cont;ibute to the excitation of the
members of a band with K—projection_uf. Here we will illustrate in the most
general case how to obtain the various miltipole transition densities for the
excitation of the members of a small amplitude vibrational band with K-
projection u' from the ground state (g+s.) band. We will then focus on three
common types of bands in deformed nuclei, i.e. f-bands,y—bands and octupole
bands. At the same time we will obtain the transition densities for excitation
within the same rotational band.

We start by expanding Pos the ground stafe density in terms of the small
amplitude dynamic deformation parameters al'u' [see eq. (46)] assuming only

terms with the same projection p' contribute to the excitation of a certain

band with K-projection p', we get:

Po(ER,") = py (xR ,0") + z fay w ooy T oy (=-Rg,0")
where Ry = Ry [1 + i BhYg(Qu)]
1 = 2 o 1 = - a__ -— !
;nd p(r= Rg 0 ) = R, 3F Po(T-R.0 )‘R=RB = ~Rp == pfir RB,Q ) (47)

One can now expand the deformed densities Po and Py in Legendre polynomials

P

2., 1 -1y 1
po(r,R") = z pé}‘)(r) Y Q") + 3 pi”‘ )[al,“,‘f}; Q") +a}\,_u,Y}\” Q"]
AN MR
with 5 - 2 of oit) (2 )\/(zz TARBID. G0 10| A0 <RON i [ty "> (48)
and ' ( )(r) = Y4 (28+1) frd( -cos 08) pi(r,Q) Pk(cos 8) (49)

m, m, m /(211+1)(212+1)
The relation [ Y, Y Y," @ = (D <4m2 m,)li 3> <2,08,0[2,0>
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is used in obtaining the above resuit.

One can finally rotate to the fixed frame and get:

3T
1

(£,0) = 1 p*

) p A -
(r) TRY D % Z p
A A K

¢ AT

£ #), '
° [a?\.'p' Di.l-l.l-! +a}\.1_ur D!J-.'"U-'J ' (50)

B "
Py (r)lYK(Q)

The first term in this relation contributes to excitations within the

same rotational band. Remembering that the wave functions in the rotational

model are given by 3,4,17) 5 s
i a
J 21 J R? f 1
N NI+ J
hg =V Tenz Xg(8) Dy + ()77 x_p(T) D o) ’

v’1+6KD

one can show that the first term in (50) leads to the following transition

density between members of the same band:

Jf—Ji
6K X _ {al]

oMy = pél)(r) KT KAO0[ I K> (=)
e

where pék) is given by (49) and where K is the projection of the angular
momentum in the intrinsic frame., If J»A/2 this transition demsity has diagonal
matrix elements. Such a term that couples a state back to itself is known as

the reorientation term.

The second term in (50) treats transitions between the g.s. band and an
excited vibrational band of K-projection p'. We will further assume,that the
g.5. band has K-projection 0. The second term in (50) will then lead to

transition densities for the excitation of the p'-band of the type 10)

P(K)(r) - i' e Eghk‘) =) <Jf-p'lu'|JiO>
=z pgi)(-)h Temu"Au'[3,05 .
L
. fr ﬂk'u"szK;:éééfﬁjl)‘<£Qh'0|k0> QOA'Hu' [Axp'>  (52)
where pERD is given by (49) and X is given by 18),

- ;___JL__ ‘ ) -
n?\.'p" - l+6u'0 <XQ(C)|°‘M”1!X“,(C)> (53)
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+
For the case of the y-band (X"=2") and assuming A'=2 only, then (52) and (53)

simplify to 10’11’18):

(A) - (2),_\A _ . [5(22+1) .
p " () Epl (=) Jg 27\2].110) RPN e el

« <2020|A0> <202+2|Ax2> (54)
- sin .
and Moo = V2 » " =f siny = By for small y (55

The octupole bands and the B-bands require a little more careful treat-
ment. This is due to the fact that an octupole vibration induces a spurious
center of mass motion and that a B-vibration is not number of particles con-

serving. The conditions requiring translational invariance for an octupole

vibration (i.e. | p(l) r3dr = 0) and number of particles conservation for a B-
vibration (i.e. f p(o) r2dr EO) necesitate correction terms. In a pure vibra-—
tional model around a spherical shape one can obtain 19) such transition
densities for surface dipole and monopole vibrations by assuming diffuseness
and radial oscillations such that the coherent addition of these two oscilla-
tions satisfy the translational invariance and number of particles comnserva-
tion conditions, respectively. Here we follow a slightly different approach .by
adding correction terms in (46) which are number of particles non—conserv1ng
or translationally non-invariant to counteract the same type of effects

produced by a B-vibration or an octupole vibration, respectively. This leads

for the octupole band [K" (p )] to transition demsities of the type:

oM )= £ oMy G|y« [ABED (56)

2

. {nsp,ﬁumo]xoxxoari-u' M ">E | /3 <2010[A0><201n Ak '}

where E y» 1B essentially determlned once n3 : is, by the condition of trans-
1at10nal invariance: i p(l)(r) 3dr = 0.
Similarly for the 5—bandGK =0* ) we obtain:

My -3 p{ (> <3,000[J, 0> fgg—(z’;—:_ﬂ—) .
2

* {nyo75 <2020[a052 - £ 2000|1052} (57)
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where again &O is determined once Moo 1s, by the condition of number of par-

: 0
ticles conservation: [ p( )(r) r?dr = 0. Moreover T90 is: Nyg = |B—B2

VI. FORM FACTORS FOR DWBA AND CC ANALYSES

Taking the transition amplitude Tey [eq. (15)] for scattering from an
initial to a final state, one can expand it in multipoles using the multipole

expansion of the projectile-nucleon interaction
O TR
b . s B u >
T}f\i fxf (if,r) <¢:f[13( v, (r,1)) Y}\(rk)|¢i> Y, () %y (ii,r) dz
*

" (=) > pE oy () *

= OIS [ R, D E (D) 0 () xy 0 (kB
where Fk(r) [the form factor in the jargon of hadron scattering] is

I P 05 pi g |
F, (r) I pey’ (r') v (r,x') r'7dr | (58)

To calculate the above transition amplitudes one usually generates the
(=) )
f i

" obtained by requiring a good fit to the elastic scattering data. The form

distorted waves y and ¥ in an optical potential which is empirically
factor Fh(r) can in principle be obtained by folding into a microscopic
transition demnsity pég) as given by eq. (12) a reasonable projectile~nucleon
interaction. One can go a step further by assuming that the transition density
need not be obtained from microscopic wave functions, but rather that the
transition densities are obtained from a sum rule apbroach or from a collec—
tive (either vibratiomal or rotational) model approach and expressed as
functions of the g.s. density as described in section V. This is the "folding
model"” procedure for generating form factors for use in DWBA or CC analyses.
This folding procedure has also been used 20 to generate optical model po-

tentials from microscopic ground state densities where the optical potential

is given as:
Uopt(r) = | polr') vy(z,z") ' de* (59)

. . . . > s .
Since the projectile-nucleon interaction V(Ir-;'l) is complex, ome can in
principle obtain both the real and imaginary parts of the optical potential by
folding. However, the imaginary part of the projectile-nucleon interactiom is

not well known, and most of the successes were booked in reproducing the real
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parts of the phenomelogical optical potentials by using a suitable effective
projectile-nucleon interaction. It is further obvious that if onme uses the
folding procedure to obtain the form factor Fk(r), one has no handle on the
imaginary part of the form factor, which is in fact the reason why mostly only
real coupling is assumed in the folding model-procedure.

Because of the lack of a good folding procedure for obtaining the imagi-
nary part of the form factor F (r), and because in general folding is rather
cumbersome, in the sense that ome has to find a good transition density and a
sultable effective projectile-nucleon interaction to be able to perform the
folding, one usually seeks an easy way-out by finding a practical and simple
method to generate the form factor Ei(r). This is arrived at by observing that

in (58) and (59), in the limit of a zero range interaction, one can write:

|

B = [ el @) v et ar = oMy = £p, (]

£ [0, (0]

That is F (r) will have the same functional form in terms of Uopt(r) as the
trausitlon density p( )(r) has in terms of po(r). Moreover, because-.of the
short range character of the effective nucleon-nucleon interaction, one can
for the case cf the lérge class of transition denmsities that can be expressed
aé derivatives of the g.s. density [see section V] approximate 20) the form

factor as

R

- b_ ' v 2
Fi(r) f e po(r ) vi(r,r ) r'< dr!

I

%ﬁ'f po(r') vx(r,r‘) r'?2 d4rt

U _ (1)
aRopt opt

where Ropt is the radius of the optical potential U, and hence
F, (r) « —-%; Uopt(r)

In general, we will assume that both the real and imaginary parts of the
optical potential are deformed in the same way as the ground state density. We
will further assume that the form factors Fk(r) are obtained from the phenome-
logical optical model potential U0pt(r)’ which is empirically obtained by fit-

ting to the elastic scattering data at the corresponding emergy, in the same
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way as the tramnsition density péz)(r) is obtained from the g.s. densiﬁy
po(r). This is implicitly assuming that the folding works well for both the
real and imaginary parts of both the form factors and the optical potentials.
A number of practical matters arise in performing the DWBA and CC calcu-
lations. Since usually the imaginary and reai parts of the optical potential
have different geometries, the question arises as how to relate the real and
imaginary coupling parameters, BR and BI’ of the form factor. For reasoms that
will become clear in the next section, I would prefer the relation between
Br and B, (for A » 2) to be such that:
[ ReFK(r)rk+2dr [ Im Eh(r)'rk+2 dr

) = , z
] Re Uopt (x)rs dr f Im Uo . (r) r¢ dr

(60)
P
However, many people use quite often the prescription that sRRR = BIRI which
rests on the idea of the constancy of the deformation length BR for a certain
transition. Yet, there are many pecople who do not make any distinction

between 5R and BI and just for simplicity take BR = BI. The next question that
arises then is how to calculate the transition rate for the isoscalar
transitions after determining the deformation coupling parameters

and BI from comparisons of experimental cross sections and theoretical ones

B
R
obtained from DWBA or CC analysis. We will address this question in the next

section.

Another practical point is what to do for the case of the form factor for
isoscalar dipole transitions using the functional dependence of eq. (40). For
the case of the transition density, one takes <r2> with respect to the ge5e
density. However, if the form factor is assumed to be derived from the optical
potential then for Rth, <r2>R should be taken with respect to the real geo-
metry of UOpt and for ImF, , <r2>I should be taken with respect to the imagi-
nary geometry of qppt‘ This is indeed necessary for a proper treatment of the
spurious center of mass motion [see also ref. 7 for a discussion on this
point].

A similar situation occurs for the dipole transition demsity (56) and the
monopole transition density (57). It is again usual to determine £; and

(1) (2)

EO using the g.s. density so that transition densities p and p satisfy
the conditions of translational invariance and number of particles conserva-
tion, respectively. However, for the case of the form factor which is derived
from the optical potential there will be two coupling terms £; which should be

apartly determined for the real and imaginary geometries of the optical poten-—
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tial so that both the real and imaginary parts of the form factor Fy (r) satis-
fy the condition of translational invariance. Similarly, the real and imagina-—
ry parts of the form factor Fy(r) should satisfy the condition of number of

particles conservation separately.

VII. ISOSCALAR TRANSITION RATES FROM DWBA AND GC ANALYSIS

The isoscalar transition rates for A > 2 can be calculated using eqgs.

(17) and (18):

27 +1 _
> 2 .
B(ISA,J,>J.) 23 1 [M(ISK,Ji+Jf)| (17)
A) A2
~and M(ISA,J,»J.) = Z | pgi) T dr | (18)

For A < 1, X in eq. (18) should be replaced by A+2 and an extra factor of %
should appear in front of the integral as expected ffom the definitions of the
isoscalar multipole operators [eqs. (15) and (16)] for \<l.

It is obvious that if one knows the functional form of the transition
density then one can always obtain the reduced transition matrix element
M(ISA) by numerical integration. In general, however, the above integral can
be expressed in terms of the radial moments of the g.5. density. Let us take,
for example, the most commonly used case and that is the transition density

for A » 2 as given by eq. (45). One can then write 8):

ZB8 R, do
M(ISK,Ji+Jf) = - i dro r7L+2 dr ° ’
v 2h+1
Z B, R, (A+2) _
-eeh By (62)
4 v 20+1
dp . _ :
since f E;g-rsz dr = = %%2-<rh l} by integration by parts and moreover

A2

f pp dv = 1 and [ p, """ dr = <>/ hm

Similarly ome can show that the isoscalar reduced transition matrixz
element corresponding to the Tassie density (38) for A » 2 giant multipole

resonances is given by:

z 8 =2
_ A b >
M(ISh ,Ji'*Jf} g ¥ 2A+1 —R?\'Z i ) | (63)
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the isoscalar dipole reduced transition matrix element corresponding to the

isoscalar dipole transition density (40) is given by:
Z Bl

8t v3 R

2—2 <r2»2 - 10e<r?>], (64)

M(IS1,J +J.) = [11<™> =
and the isoscalar monopole reduced transition matrix element corresponding to

the isoscalar monopole tramsition demsity (42) is given by:

Z BO

v bm

<r2y (65)

M(ISO,Ji+Jf) =

"It is perhaps appropriate at this peint to warn that, one should use the same

type of tramsition density to calculate the reduced transition matrix element
as was used in the DWBA or CC analysis. If a combination of transitiom
densities was used to perform the DWBA or CC analysis, the same combination
with the same phases and coupling amplitudes as used in the DWBA and CC
analysis should be used to calculate the reduced transition matrix elements.
The program BEL calculates the reduced transition rates using the above
formulae (62), ..., (65) making various assumptions on the g.s. demsity to
obtain the radial moments <rh>. For a statically deformed nucleus with
transition densities given by (51), ..., (57), the program BEL performs a
numerical integration over the transition densities, to obtain the reduced
transition rates. In only two cases, i.e. the 27 and 47 of the g.s. band, does
the program have the possibility to calculate the M(ISA) from approximate

formulae given by Bohr and Mottelson [ref. 3, p. 139-1401:

r

2
3ZR L _
M(1S2) = 22525, - D7 020)2082 {1421 - 2R}
4w ¥5 RO
and
M(IS4) )
4 .
3ZER 3 2 <>R
0 [, <ro> 5 <> 45 (% 2 2, 4
i b 3R ot s - 30 - ).
41 V9 RO RO . . Ty

VIII. DISCUSSION AND CONCLUSION

In deriving isoscalar multipole reduced transition matrix elements from

deformation parameters obtained from CC or DWBA analysis, the question arises

as to what is the best method of doing so? In most of the common cases for



28

studying inelastic excitation of multipole strength, the inelastic cross
section can be explained as mainly due to real coupling, i.e. the real part of
the form factor has the largest contributiom to the inelastic cross section.
The imaginary part of the form factor usually has a negligible contribution to
the inelastic cross section except for medium to high energy proton scattering
where in fact for 800 MeV protons [see e.g. ref. 13] the coupling is mainly
imaginary. At any rate, one usually takes the coupling which has the largest
contribution to the crosé sections obtained from inelastic scattering and
assumes its deformation length (BKR) as a constant to which all other
deformation lengths are set equal.

In one method which has been used quite often in the past one assumes
that the grcund state density is uniform with a radius R = 1.2 Al/3 fm. Here
one assumes that this g.s. density gets deformed with a deformation length
[Bh R] being equal to that obtained from DWBA or CC analysis [BK R]Opt. OCne
can then easily calculate the transition rates, the EWSR and hence the percen-
tages of the EWSR, by substituting in each of the formulae for the reduced

transition matrix elements and the EWSR's the radial moments of a uniform mass

distribution

& =58 r= 1243 m, (66
The program BEL calculates the reduced transition matrix elements, the EWSR's
and the percentages of the EWSR's using this method. However, this method has
been shown 1,8) to lead to results which are in disagreement with results ob-
tained from electromagnetic measurements.

Another method was proposed by Bernstein 8) to rectify this disagreement
between transition rates obtained from inelastic hadron scattering measure=-
‘ments using the uniform density prescription and those obtained from electro—
magnetic measurements. The essence of this method lies in the fact that after
all the g.s. density is not uniform but has a Fermi shape distribution well
described, for most of the nuclei, by a half-density radius R = 1.115 A1/3 -
0.53 A71/3 fn and a diffuseness a = 2.5/4.4 fm (except for 160, a = 2.0/4.4
fm). One assumes again that the g.s. density is deformed with a.deformation
length equal to the scattering deformation length [SA'R]cpt' Again the radial
moments are calculated for the g.s. Fermi mass distribution (here by integra-
tion) and substituted in the formulae for the reduced transition matrix

elements and the EWSR. This method, which we will call Bermstein method, was
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shown by Bernstein,8) to be in genmeral successful especially for A<3 and large
A. However, later inelastic a-scattering studies 21,22) showed that even this
method leads to tramsition rates and percentages of EWSR's in disagreement
with those obtained from electromagnetic studies especially for light nuclei
and high multipolarities. Indeed the discrepancy increased 21,22) as a
function of A. The program BEL also uses the Bernstein method to calculate
transition rates from deformation parameters obtained from inelastic hadron
scattering.

- The third method used by the program BEL to calculate transition rates
and which we believe to be the most correct is based on a theorem by
Satchlers) which states that if a spherical distribution h(r) is obtained from

another spherical distribution f(r) by folding into with a scalar function

g(s), i.e.:
> - > 3
h(rl) = f f(rz) g(|rl-r2|) drz
then the following statement is true [see eq. 17 of ref. 8]:
4 [ h(r) 2 dr = [4n [ £(r) 2 dr]e[4n [ g(r) =2 dr]

This, of course, certainly holds for example for the optical potential and the
form factors which afe obtained from the g.s. and transition densities by
folding into with a scalar projectile-nucleon interaction; see egs. (58) and
(59). However, as we have discussed earlier, the form factor can be derived
from the optical potential in the same way the tramsition density is derived
from the g.s. density under the implicit assumption that the optical potential
could be derived from the g.s. density by folding. Therefore one can write the

following relations:

/ péﬁj M2 gr = [J E (1) e dr] / [4n [ v(z) rzdr] (67)
[ og(r) 22 ar = [ Ve (D) 22 dr] / (e [ v(r) rlar) (68)
and [ og(x) rPar = [ Uy e (D) r?dr] / [4n [ w(r) rlaz] (69)

t

Since f Polr) dv = 1, (69) yields:
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f Uopt(r) rzdr = f v(r) rzdr

which by using in (68) leads to:

<r7‘>g.s_ = < - (70)
That is to say, 1f the g.s. density is deformed, the optical potential should
be deformed in such a way to keep the radial moments constant.

Since in inelastic ha&ron scattering inelastic cross sections are heavily
weighted by the radial moments of the optical potential, then ome should
approximate all the formulae for the isoscalar reduced transition matrix
elements such that the radial moments are with respect to the real geometry of
the optical potential (for 800 MeV proton scattering the imaginary geometry
should be considered instead). This is performed by the program BEL which then
compares the sum rule strength Eg B(ISK,J5+Jf) to the EWSR as calculated from
the g.s. Fermi mass distribution using the parameters given by Bermnstein 8)
[see also above]. Note that the sum rule is a property of the g.s; density.
Using the above method one can see that since the optical potential geometry
differs, especially for light nuclei, from the g.s. Fermi mass distribution,
then the radial moments <rh> with respect to the real geometry will differ
appreciably, especially for large A, from the radial moments <rk> with respect
to the g.s. density. This in a way is the reason why the Bernstein method
fails for light nuclei and high A.

The'program BEL asks for all the information it needs. The nucleus, the
optical potential geometry, the multipolarity of the tramnsition, the types of
transition densities used, the deformation and coupling parameters, it then
calculates and prints the sum rules, the single particle units and the reduced
transition matrix elements, and the percentages of the EWSR according to the
formulae and methods described above. In case of dipole and monopole
transitions using transition densities (56) and (57), it also prints c.o.m.
spurious and volume matrix elements, respectively, so one can easily check

(D (0)

and p .satisfy the conditicns of

whether the transition demsities )

translational invariance and number of particles conservatiom, respectively,

and if not, 51 and go could be modified until the conditions are satisfied.
We do hope that the use of program BEL and this accompanying report will

facilitate for many the computation of transition rates using the various
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prescriptions as discussed above. We have tried to be consistent in our
definitions of the various quantities. If nevertheless some feel uneasy about
some of the definitions please contact the author of this report for more dis—

cussions on the subject.
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Important notes concerning the use of BEL

1.

4.

BEL in its present form assumes that the initial state has J O+ and

hence the final state has Jf %, It ig; however, not dlfficult to modify’
the program for having Ji # 0 . See further the formulae in this report

for a simple transformation of B(ISA,0+A) to B(ISK,J.+Jf).
1

1

2J.+1
Although in this report we define M(ISN) = \/EEE;T-B(ISA), the M(IS\)
b5

printed by the program BEL is instead M(ISA) = /B(ISA).

The monopole matrix element M(EOQ) is + the commonly used definition of

M(E0), since our monopole operator is defined as OOO +r rﬁ while in
general most people define OOO =12 ri. .
k

The transition strength in BeP.u. printed by BEL is obtained by dividing
the transition strength obtained from a uniform density by the s.p.u.

strength as defined in section ITI.
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