Supplement 2.A

221 Green’s function

The solution of the Schrédinger equation for E > 0 (scattering states) is denoted by 1&:(1" )
where the plus sign indicates that the asymptotic behavior is that of an outgoing spherical
wave. i (r) is also a solution of the same Schrédinger equation but has the asymptotic
behavior of an incoming spherical wave. From time-reversal invariance

Pt (r) =i (r), (2.22)

which gives, from Eq. 2.8,
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Thus, we concentrate on 'rﬁ: and if the sign is not given 't,b:' is understood. We
denote ¢, = kT,
The Schrédinger equation is

(E — Ho)k(r) = V(r)yx(r) (2.24)

where Hp is the kinetic energy operator. ¢, obeys the equatidn

(E — Ho)¢y = 0. (2.25)
It also obeys the equation
(E — Ho)py = (E — E )y, (2.26)
the orthogonality condition
f B1(c )b (v )dr = (27)38(k — K), (2.27)
and the closure relation
[ 6606018 = @mpPste —r). (2.28)

It is useful to expand the scattering solution in terms of ¢y ,

vle) = [ all)ou (). (2.29)
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Using this in Eq. 2.26, Eq. 2.24 becomes
f a(lK)(E - B)éyo (e )P = V(r )y (r). (2.30)
Multiplying by @4(r ), integrating over r, and using 2.28 we get
(@B - EYa®) = [ )V ule)dr. (2.31)
Putting this back into Eq. 2.29 we have
o) = [ 6@ = [ Golrr W) (232

where Gg(r,r') is given by
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The general solution of Eq. 2.24 is obtained by adding any solution of the homoge-
neous Eq. 2.25 to Eq. 2.32. le,,

B(r) = dy(r) + f Golr, v )V (r Y (). (2.34)
Using 2.26 we obtain that Go(r,r') satisfies the equation
(E — Ho)Go(r,r') = (2:;)3 f e =) g8r — §(r — r). (2.35)

Eq. 2.33 has poles in k = £k’ We can eliminate these poles by defining Go(r, ')
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where 1 is a small positive quantity which is allowed to go to zero after the integration is
performed. The integral in 2.36 is easily obtained by the residue technique. One gets

m E:I:iklr—r'l

Gl-flt{r-rr’} = _211’.&2

(2.37)

Pl
The * sign arises from the residues in the k'-plane at +n and —1, respectively.

Assuming that V(r') falls off rapidly with r' so that in the asymptotic region © % 1, we
can approximate

r—r'|"! — B
r

exp {£iklr —r'|} — exp{&i(kr-¥ -r')} (2.38)
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where k' = kF.
Using 2.37, 2.38, and 2.34 we get
+ ik-r e Tik'e ' NabE (r VB
] = ey = e (2.39)

Thus the £ sign in Gf:,t is associated with the £ sign of 1.
As a by-product we obtain for the scattering amplitude

£(6) = -fﬁ ey (e Yyt ddr. (2.40)

Multiplying 2.26 by (E — Hp) ™! we get

1 3 1
E—Hy (E i Hl])fﬁk:(l':] = (EF E} F_ Hﬂ‘f"k"(r]
from which we obtain
1 1 :
mqﬁw llil':l = mqﬁkr(r ]‘ [241]

Thus, ¢ are eigenfunctions of the operator (E — Hp) ', with eigenvalues 1/(E — E')
where E' > 0 and E # E'. For E = E' the operator (E — Hp)™! is not defined,
Similarly, from Eq. 2.24 we obtain

Py(r) = (E — Ho) ' V(r )y (r).

Removing the divergence by inserting a small quantity n and adding the solution of the
homogeneous equation we get the formal solution

$E(r) = ¢y (r) + (E — Ho £in) WV (r)gy(r). (2.42)

This is a solution of the Schrédinger equation only when 7 — 0.
Comparing 2.34 with 2.42 we see that formally the Green's function is given by

1
Gy = ———. 2.43
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We can check this by using Eq. 2.41 which can be written in the more general form
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where H is any Hamiltonian and |m} are the corresponding eigenfunctions. Multiplying on
the right by (m|, summing over m and using closure (3, |m){m| = 1) we get
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where = implies summation over discrete eigenstates and integration over continuous
eigenstates. If H is replaced by the kinetic energy operator Hp and |m) are replaced by
the continuous eigenstates (2)%/2|k) equation 2.44 reduces to
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which is identical with Eq. 2.36, Go(r,r’) = (r|Gg|r’). Eq. 2.42 can also be written
formally as

") = |6) + GEVIy™). (2.46)

Eq. 2.46 is know as the Lipmenn-Schwinger equation. It can be solved by iteration,
first replacing |1/ ) by |¢) on its r.h.s., then replacing by [} + G§V|¢5}T and so on. This is
yields the Lipmann-Schwinger series,




