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rearrangement collisions, such as d + a—>d+ o or — Li+yor—p+ He,
and so on, where again the different combinations will be real or virtual
depending on whether the total center-of-mass system energy is sufficient to
reach the combined rest-mass energies of the final channel.

As even these few examples show, systems with many degrees of freedom
arise in almost every field of modern physics. In fact in a quantum theory
the uncertainty principle offers the intrinsic possibility of introducing many
degrees of freedom in a problem that seemed only to involve a few particles
(even two, or one, or for that matter none—since empty space may
dissociate virtually into antiparticle pairs such as e"e” or @ or pp, say).
It is our purpose here to study the numerous common aspects of the
description of systems with many degrees of freedom. In the case of systems
with a fixed but large number of particles we must be able to deal correctly
with the boson or fermion statistics of the particles. For situations where
particles are produced or annihilated, we must have a way of keeping track
of these changes in the number of particles. In both cases we wish to
develop special techniques for handling the complex dynamics of the system
by a calculational device that keeps track of the number of particles of each
variety that are present at each moment in time.

1.1 SINGLE-PARTICLE CREATION AND ANNIHILATION

We consider a rewriting of the usual description of a single particle by means
of a wave function in terms of an operator that will depict the state of the
particle at the moment of time in question. In fact before we can do that
usefully we must first define the vacuum state |0), a state with no physical
particles present; in our notation here, the zero inside the ket indicates the
number of physical particles in the vacuum state. Suppose we are interested
in a single particle occupying a state characterized by a complete set of
quantum numbers that we shall designate by p. This set might include, for
example, the momentum of the particle k, its spin and spin projection, its
isospin and isospin projection, and other internal quantum numbers for the
particle. We characterize this single-particle state by the action of a creation
operator au. on the vacuum to produce a ket with one particle in the state p,
namely

|1, =a}j0) . (3

To spell out a little more explicitly what our notation means in terms of a
basis of single-particle states designated by the (sets of) quantum numbers
£, p, 0,7, ..., the vacuum really refers to no occupation of any of these
states,
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and the single-particle ket to the occupation of o
nly one of th
by one particle), ; . e

[T =afuan i 0,50 i o U4 (3)

The projection of ﬂ.Em single-particle ket onto configuration space is then
what we mean by a single-particle wave function,

u,(c) = (rl1,) = {rla;0) . (4)

Hu..ua the annihilation or destruction of a particle we use the Hermitian
conjugate of the creation operator; thus

a,l1,) =10). (5)

.: there are no particles present to be annihilated in the single-particle state
in question, then the operation leads to a null result, e.g.

a,|l1,)=0, p#o, (6)

or, taking these together,

a,/1,} = a,a|0) =3

po

0. (7

Since the vacuum state is unoccupied for any single-particle label,
a,|0y=0. (8)

For our present purpose we assume that the vacuum state is unique, and

thus the scheme for building up occupied states should also be unique.
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Or in the same single-particle modes,

_Nnvlnwaw‘ov . (10)

In these expressions we have assumed that acting twice with creation




operators on the vacuum will produce two-particles states, though these
need not necessarily be normalized even if the vacuum and single-particle
states are. Generalizations for states with more particles are obvious: we
merely list the number of particles in each single-particle mode; for instance,
for three particles, two in the single-particle state p and one in o,

12,1,) ~a.a,a,|0) , (11)

and so forth. From the left-hand side of this equation, it is clear why this is
called the number representation; for most of the manipulations we consider
the right-hand form will be more useful. The space in which these kets exist
is called Fock space, after the name of the physicist who introduced its use.
And the whole procedure is often referred to as second quantization, since
one views the first quantization as that which gives discrete levels as
embodied in the single-particle Schrédinger equation, and this one as
yielding a description in terms of discrete particles.

Now in what order should we write the creation operators when more
than one particle is present? For two identical particles, say, it is clear that

.
_HLQV?anaLov (12a)
is equivalent to (i.e., refers to the same state as)
£ ot
_Hawuv = aqan_ov 3 (12b)

and so these should be related by a phase. We are free to choose this phase
as we wish at a given moment in time, and we take it here as real. In fact we
are easily guided in our procedure at this point because we know that two
identical bosons are to be described by symmetrical states, and two identical
fermions by antisymmetrical ones. Within the selection of the real phase this
motivates, for bosons,

[ = 1 (13a)
and the commutation relations
awaw = :wam 3 (13b)
while for fermions we have
'Han.v =] |#HQH_uv Aﬂh.m.v
and anticommutation relations
awnw =—aldl . (14b)

For the fermion case we immediately see

3| R
e A U (14c)

a
so that two fermions cannot occupy the same single-particle state and the
Pauli exclusion principle is immediately satisfied. For bosons, of course, one
may have an arbitrary number, 0,1,2,3, ... of particles in a given mmwm_o-
particle state. If this state p has energy w,, each additional particle adds
energy @, to the system, just as if we had a harmonic oscillator of energy w
Eﬁ we excited to successively higher levels of excitation; each m:nm
excitation adds energy o,. In fact we can exploit this analogy quite
completely by associating a corresponding oscillator with each single-particle
mode and using its degree of excitation to “count” the number of particles
in the system and their contribution to the total system energy. As is
developed in Exercise 1.1 at the end of this chapter, the Qmmm,o: and
annihilation operators then have the formal analogy of the ladder operators
for the harmonic oscillator. These have the explicit representation

mdits Bl . 1
a ||§Ah+~§§3, anﬂmwwﬁ.ie&, (15a, b)
for each mode p, o, . . ., where w is the mode frequency or energy* and m is

the oscillator mass, the Hamiltonian being given by

1 )
H= P *+imo’ s’ =w(@a+ ). (15¢)

Wmﬂ us explore further the description of boson systems, returning later to
termions. The Hermitian conjugate of the commutation relation (13b)
immediately yields also

8, St (16)
From Egs. 7 and 8 we are led to consider

(a,a, — a,a,)|0) = 8,0} , (17)
which suggests the further extension of the commutation relations to**

+ E
a,a,—a,a,=98,, . (18)

o,
Here and throughout this book we use units such that # = 1. We also take the velocity of light

to be unit = i its, it i
o m/\_,w,y. ¢=1. To transcribe units, it is useful to remember that Ac = 197.33 MeV-fm =

* % . -
This equation may be taken as a definition for a system of elementary bosons.
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Thus altogether we expect to get a description of boson properties that has
the symmetry properties expected by taking for our creation and annihila-
tion operators the commutation relations

la,,a,]=0, [a] ai] =0 g dlzaall=d., (19a—c)

p? Yo
We now define the number operator for a given mode p,
N =ala,, (20)
or for the total system,

2§MM ZuHMawab . (21)
P P

This operator simply counts the number of particles in each mode. From the
commutation relations 19 and the relationships

[4, BC] = B[A, C] + A, B]C (22a)

and

[AB, C]= A[B,C]+[A, C]B, (22b)
we have

[N, a,]1=[aa,,a,]

\4 4 >
IaLan.aL+?EaLanI1m§$ L (23a)

and similarly
o t
[N, a.]l=8,.4,, (23b)
while
[N,,N,1=[N,, ala,] = a,[N,, a,] +N,, a,]a

_ 1 £ A

= mnqﬁ\nqnb - avaav =), (23c)
Thus the numbers of particles in the different modes are diagonal or
“sharp” in this representation, as one might expect if the counting of the

occupations of the different single-particle states is to be independent and
well defined.

The counting of the number of particles in a given mode now proceeds as
follows (we suppress the mode index p for a while): We populate the mode
by constructing
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(@'y'l0) = gla’ -+ -al0) (240)

n operators

and to verify the number of particles in this state we act on it with the
number operator N = a'a for that mode

—_—— T e

|

N(a')'|0y = Ng'a - --a’|0) = a’(1 + N)a'a' - - - a7|0)
=a'a’"(2+ MN)a'a'---a'|0)
B2

H...Ha“a,p...a*?...zviov

n

@")'(n+ a'a)|0) = n(a)"0) , (24b)

where we have used Eq. 23b and a|0) = 0. Thus the state constructed in 24a
is an eigenstate of the number operator N, for the mode in question, with
eigenvalue equal to the number of particles = n, placed in that mode. We
label the states by the occupation number, |n,) ~(a})*[0).

These states have not yet been normalized. For that purpose we consider

T e

ayln,)= e, (n)n, +1), aln,) = n\Q_L_:n —1), (25a,b)
where ..uw.?nu are the normalization coefficients which we must determine;
we anticipate that they may depend on the present occupation number.

Then for the normalization condition {n L *1ln , 1) =1 we have (as in the
harmonic-oscillator problem)

_n\O\_L_NHAan_n“aL::vH:n (26a)
and
le.(n)I>={n,la,alln,)=n,+1. (26b)

Again choosing a real phase, we have

a, :nvuz\:u+::u+5u nn_:wvuz\:‘:?nIC. (27a, b)
,m:._nn we shall encounter these relationships time and again in what follows,
M__m :mw?_ to note the mnemonic suggested by Feynman. The argument in
Em Hma_o.m_ is always the larger of the two occupation numbers involved in
e :&.m:o.s. Of course a simple test case is Eq. 8, which is immediately
embodied in 27b here.
; As we have mm.:mam;wa the eigenstates of the number operator here it is
clear by construction that they must involve an integral number of particles.

d.Sw now m_moA check that these are the only admissible form of number
eigenstates. First consider



A:LZ_Q_EH.V = A:n_ama.c_zmv

(@,|n,)) (a,|n,))=0, (28)

=
Il

showing that the number-operator eigenvalues must be positive. Next we
note that n, must be an integer, since otherwise the repeated action of a, on
|n,), as in (a,)"""|n,), would eventually yield a negative number label,
which is impossible by virtue of Eq. 28. If n, is an integer we are spared this
by Eq. 8 or 27b, since we eventually reach a,|0,) = 0. (We assume implicitly
here that the vacuum state |0,) is unique.) Thus all the eigenstates of N, are
those reached by the successive action of mw operators on the vacuum,
namely

a0y =11,), Bl Yy =N}, - - (29)

An explicit representation for the creation and annihilation operators,
and hence for the number operator and its eigenstates, is immediately
provided by the harmonic-oscillator analogy of Egs. 15 and Exercise 1.1, or
by direct verification of the commutation relations 19 and definition 20. We

have, for the mode p,

0

0

0
N/

O OO
oo oo

O O = O
WO OO
o oo

eI OO N OO

and

0,)= ; 11,0 = o 4 (30)

v D D
E e e B = e
Rl e T i - i e

*Equation 31c ma
footnote.

: The .mzm_omo:m results for fermions are rather simpler because the exclu-
sion m:.:nin guarantees that single-particle occupation is binary in charac-
ter: a given mode is either occupied or unoccupied. As we saw in Eqgs. 14

the antisymmetry of fermion states implies anticom i
mutators, and, i
Egs. 19, we expect® Ikt

{a,,a,}=a,a,+a,a,=0, {al,al}=0, (31a, b)

{o,,al}=5_ , (31c)
with the immediate corollaries
ot oL
aa =1, aa,=0. (32a, b)
The number operator is defined as before,
N,=a,a,, n (33)

and we immediately see that

2 Fo oo » +
N = a,a,a,a,=a,(l —a,a,)a,= a,a,=N,. (34)

Thus the number eigenvalues must sati 2
satisf = =
L e yn,=n,orun, 0 or 1, exactly as
\ pect on the basis of the exclusion principle. Thus all we need
consider for a given mode p are the states [0,) and [1,) with

L= 2100 . " |t =[0,. (3%)

An explicit representation for the operators and states in the case of

fermions is
_(0 1 + _(0 0
@ Ao avi ﬁ]? oyx

(36)
%=(o 1),

and

o= (1), 1a-(0),

y be taken as a definition for a system of elementary fermions; see Eq. 18 and
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As we shall see in the many applications of the coming chapters, the use

of fermion creation and annihilation operators greatly simplifies the treat-
ment of antisymmetrization as opposed to the construction of explicitly
antisymmetric wave functions or Slater determinants. Of course it is quite
crucial to keep careful track of the minus signs introduced by the anticom-
mutation relations of Eqgs. 3la—c.

In order to complete the picture of the method based on creation and
annihilation operators, we show the explicit mapping of two-particle states
in Fock space into conventional symmetrized or antisymmetrized states for
bosons or fermions, respectively. For particles in two different single-

particle states these are

_”_.n_.—c.v T
H ! r
— 5 T&E:q@ Y= u,()u,(r ) pFET, (37a)
while for particles in the same mode
1
2,) = 751 a,a,0)

— 4u, @0, (') * 1,()u, ()]

~ fu,(®)u,(x'), bosons,

o Aoﬂ § fermions ; (37b)

the upper signs apply, obviously, t0 bosons and the lower signs to fermions.

For two particles in the same single-particle states, the product wave

function is immediately symmetrical for the boson case, while it vanishes for
fermions. We have shown the mapping of Fock states to configuration-space
wave functions explicitly for the situation of two particles because that is the
most transparent case in which particle statistics are nontrivial. Naturally the
scheme generalizes immediately to the construction of completely symmet-
rized or antisymmetrized states for bosons or fermions, respectively, when

more than two particles of a given species are present.

1.3 CONSTRUCTION OF ONE- AND TWO-PARTICLE OPERATORS

In treating systems with many degrees of freedom we shall constantly
encounter situations in which we must count the contribution of the particles
present to various quantities that characterize the system. These quantities
may be of one-particle nature, that is, each particle present makes its
separate contribution to the total system value, without reference to other
particles. Examples of one-particle quantities are the number operator of
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Eqgs. 20 i ineti

BMEQE H.wnam mn_H itself, z._.w kinetic energy in the system, the angula

L ”&mﬁ : momo:. It is also very common to encounter go,ﬁmm:o_m

w:oé_mmwm e mﬂmeMmM:Rm Om.:_ga system whose characterization requires

wo particles together, as for ex i

c € : : ample the interacti

ik mnw mm._mEm M.OB.N ._uoﬂa:zm_ that acts between two ﬁman_% OMMQE:

mu\mHan ,m_m w escription of three-, four-, or many-particle mmv.moﬁm &:H%

5 ich arise, for instance, in nu .

. i ; ; clear systems wh i

) ere two-

w OMMM“.O;M@:“% not nmwmcmﬁ the nature of the potentials. We mww_m_:”m_ﬁw

T W:m:marmﬁo_wmrémw M:mmn many-particle situations. This is EE:%

atment generally requi i i

o quires a prior detailed -

:m,mw :OM:MHHWEE and consequences of the two-particle forces EEn:wMMM

P u\mm Mosrmmoacmﬁ;.\ E.mmﬁoamn_. It is also partly Umomcm“w at least z..:

85% i m.M o. the generalization to three-particle forces, or still m "
.ﬁ situations, follow as a straightforward generali » .

. ization of the two-
To mak i

A mMoM__MWMowrwmﬂMEwwﬂ of one-particle operators, consider, as an

3 ninteracting bosons; th in

L : : . ; these could be, for inst:

photons in a blackbody cavity, which to an excellent mwvawxmamsows“wm

. . .
noninteractin I H—w O_—Ohm OHUOH ator or INB;HOH:NQ for :uum system 18, 1n

H= +
WU Wy Ay Gy (38)

where k i ]

mmm:Bow %mmwm particle momentum and s is the particle spin. We have

L o ﬁw energy w, is independent of the spin (and of the direction

amem_m emu _r_mw M.uoa at m.: a mecessary assumption; for the photon

that the vzcwscm = K 1n our units. The operator in Eq. 38 is so constructed

how many pa w_o_uonmﬂg. a0y, for each single-particle mode k, s counts

o wo_wﬁ Mzn e€s are in ﬂvm mode and weights that HEBGQ“SE_ the

value of JEm OMM_ oamm. m_EEdSm over the modes. If we take the expectation

-particle operator for a stat i i

n : - e having d i
umbers for the single-particle modes, we get & Hefiite: PoSHatn
Aw_.‘_:ﬁu Piysyr Tk L _N&_w:::.

52 n
373 Kysy? _‘H_TZu g v

= e Oty 0 a0 e (39)
For mo i ;
o M.M%.o:nmm_ situations, where we may not always be interested in
il ovmam“na%ﬂmﬁmﬁm_ .mﬂm M:ﬂ extend the construction of the one-
1 y. e kinetic energy for :
i gy for a system— : 2
particle operator—can thus be written in Fock space mmw ki

NHW?_H_E&QT (40)
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where f is the kinetic-energy operator for an individual particle, and @, B
refer to the single-particle basis to which the number representation is being
applied. For example, if this basis referred to configuration space, the

matrix element might be evaluated as

() = | @] - 5 7w (a1)

for particle mass m and wave functions U, g, while in a momentum-space
basis one would have

(e = | 210 L B0 o (#2)

where p, is the momentum eigenvalue of the state |a). We have here taken

nonrelativistic forms in the explicit examples.
The Fock-space matrix elements of the one
operator are, for one particle present,

-particle kinetic-energy

LT~ (0la,Ta,|0)
nw (]t B)(0la,alaza,l0)

uMm;z%g?n?zi, (43)

for bosons or for fermions. If the single-particle basis refers to plane-wave

states, this last result is diagonal,

2
ﬁq
S (44)

where p, is the momentum of the plane-wave state |&). But this need not be

the case, of course; one may expand in any complete set of single-particle

states. For the structure of Eq. 40 it was, however, crucial that T be of
hich would evidence itself in configuration space,

one-particle character, W
say, through the appearance of a sum of operators each referring to only

one particle variable,

(1,|T11,) ={pldo) =

i
qn|N\sﬁam+<w+4w+:.r (45)

where we have also used the fact that the identical particles in the system
will obviously all have the same mass m.

For a two-particle operator, such as a two
between identical particles),

-particle potential (again acting

_.\HME:.L.HW o
2 v(i. )= 5 Zv(i. ). (46)
the corresponding Fock-space two-particle operator will be
1
V== M 1=
2 2, Aﬁm*c_qmvmnammma* , (47a)

where we again have i i

in mind expansion o
: i n an : .
basis. The matrix element here is y complete, single-particle

(aBlv|ys) = % ul (D)up ()o(r, r')u, (Duy (') dr dr’ (47b)

The change from al i .
: phabetical order in the fi
. actor i
immaterial for bosons, where a, and &, commute, b e ow e
elements for fermions, wh i i o g
L e mm% o_ﬁm ::Mu\ anticommute. We can verify the validity
. 47, rticular of this sign reversal, b i i

elements of V when two identical particles are Enmm:ﬁ% I

Al Vi, y= !
L VILL) =5 2 (aBlo|ys)(0la,a,ala)a5a,alal]0)

aBy8

1
2

b
A HHE_C_Qm v_ﬂﬁmaﬁ .mma. =+ @QQ.wmb v?ﬂ:;@m_\ * m.,:\ mmo.v_

aByd

&
2
= 3[{pafo|rv) + {oplv|vr) = ((ap|v|rv} + (polv|rr))]

= (polv|v) = {pafv|vr) (48)

where, agai i
o ao:.imm MMEM%JWW% sign Hw?ﬂm to bosons and the lower sign to fermions
= § convenient to note that j = .
|t ke hat just as a,|0) = 0, one also has
o <m.5mao use of the natural symmetry of the
r the mutual interaction between two identical particles

(Balv|sy) HR uh(ul (e )olr, rus (0w, (') dr dr’

= (aB|v|ys) . (49)

here wri icitly i
T MW@% 96:_0:_% in configuration space, as an example
res| i , .
Y et EMM of Eq. 48 gives clear expression to the symmetry or
i el we expect for bosons or fermions. Indeed, it is nonwm
porate this into the notation by introducing .n” subscript Mw

E&nmﬁo:.ﬁmﬂ
E:mcrroima .
case may be: x element, symmetric or antisymmetric as the
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B

Direct’ Exchange

FIGURE 1.1 Direct and exchange graphs for two-particle interaction matrix elements.

S L= {palv|m) = {polv|rr)
imic_qvvm , bosons (+), (50)

{pa|v|v) ., fermions (—).
In view of this inevitable symmetry feature it is also useful on occasion to
rewrite Eq. 47 in a completely equivalent way as

1 o o
V=g 2 (aBlolys) sostapdsd, (51)
afy
Last, we note that it is frequently convenient to draw diagrams that
represent the interaction matrix elements of Eqs. 48 and 50. The case for
two particles is shown in Figure 11,

1.4 THE FERMI GAS IN FOCK SPACE

Partly as an exercise in the techniques of second quantization for the
fermion case, and partly because of its enormous usefulness as a zero-order
approximation in the treatments of the many-fermion system that follow, we
develop here the basic features of a noninteracting gas of N nonrelativistic
fermions with mass m. The N fermions in question are viewed as existing in
a cubic box of volume (, eventually taken very large, with periodic
boundary conditions applied. The single-particle basis then refers to definite
momentum k and spin projection s, taken here for spin % to have values
s==1: one could also consider other internal degrees of freedom, such as
isospin for nuclear applications. The wave functions in question are

u, ()= ﬂfm .,  a={ks}, (52)

with energy €, = k%2m, degenerate in spin s = *

1
3
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To construct the ground
[ 1 . state of the Fermi gas w
www_mmw_mxmw:w%m-nm_,:o_m levels with one mm::mom omoM mmv“w%nm_ o _oé.omwﬁ
clusion principle. This population i - .
1 : . s b
MMMNMMM M:w_w..ﬁmao._n energies do not depend om\ mwwam#_vw MMM.: g,
. ﬁosm mimmw m%% Eu and one with spin down. Nﬂ_m filled mﬂ@%mmmwwww
. mi1 sea, and the last level i
e el filled is called i
e (in momentum or energy space) and designated by M Mwm\am@MWE_
F ry the

Fermi energy or moment i
um (see
structure (see Figure 1.2). The ground state then has the

_en +
c:mw%v_ (53)
The number of particles in thi q i

: . . is state (which by construction i i
omm.:u\ Mﬂnﬂézom using the number operator Mu\ al.a J:MMM: Hmmo - Zv‘ ”
Po 18 then that number divided by the volume m_w wmrwqmu pemicl demiy

1
\uo i m Aes_ M thﬁrm‘eov
ks

H H

ul Hn! J

0,2, 1= 200k
F»M\nﬁ

1 Q dk
atg e 1 0k, — )

s=1/2 Awa.vu

e PR T 3 3
IN\Q Blilw\,&numquxkug -
327 6rt (54)

The .EQOH 2 in the numerator is sim
and in general
the number of
question, e.

(

ply the spin degeneracy factor %
s |
MMMMMmWWmmn%_mn%a by mmm degeneracy factor ¥ 1 &Qm:mm_ \mw
e) substates for the internal quantun i
g. 4 for nuclei with spin u o e
0 p and down and isospi
Protons and neutrons). Thus the more general version o%m._ncmhmm.mm down

IIIIIIIIII unoccupied

k
F <= Fermi

ks surface

. occupied
: Fermi sea

B §=—

o=
[SIE

FIGU] ictori
RE 1.2 A pictorial representation of the ground state of a Fermi gas



