
Exotic nuclei and drip lines



• Unstable vs. stable nuclei: neutron-rich and proton-rich (or 
neutron-deficient) systems

• Limit of nuclear stability and definition of drip lines

• Discovering new isotopes

• Radioactive beam facilities

• Measurements of masses and sizes of exotic nuclei

• Halo nuclei
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Let us focus on Z=50 (Sn isotopes)

From the above figure we can see that even-even 
systems are stable, and naturally abundant, in the 
range A = 112-124.

If they have more neutrons, they undergo β- decay.

If they have less neutrons, they undergo β+ decay.
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proton-rich nuclei

p n
b+ decay:

ep n e n+® + +

neutron-rich nuclei

p n
b- decay:

en p e n-® + +

• Nuclei that are neutron-rich or proton-deficient undergo β-
decay.

• Although unstable, these nuclei exist as bound systems. The 
limit of nuclear stability with respect to the strong interaction is 
the drip line. Neutron and proton drip lines are only partially 
known.



Neutron-rich and proton rich nuclei in HF with effective forces:

Reminder: the pp and nn force is active only in the T=1 channel (on 
average, not so much attractive), whereas the pn force is active also in 
the T=0 channel which provides stronger attraction. This is known from 
the existence of the deuteron as a bound system, and the non-existence 
of the di-neutron.

Therefore, neutrons feel more the proton attraction than the attraction of 
the other neutrons. In a system with increasing N-Z, the neutrons 
become much less bound with respect to the protons. 

For analogous reasons, in a system which is neutron deficient, the 
protons become much less bound with respect to the neutrons.





Lifetimes for beta-decay can be quite short – and yet, unstable nuclei 
can nonetheless be studied nowadays using RIB (Radioactive 
Isotope Beam) facilities.

We meet, by further increasing (or decreasing) N-Z, the neutron 
(proton) drip line. These are defined as the limits beyond which 
the systems are unstable against particle emission. In the case of 
neutrons, the one-neutron or two-neutron separation energies (Sn = 
BE(N)-BE(N-1) or S2n) become zero.

In certain cases, systems beyond the drip lines can be studied: for 
instance, if the lifetime is relatively long, due to the fact that the extra 
neutron (or proton) has a resonant state available. But this is not the 
rule !



Theoretical predictions of the drip lines

A.V. Afanasjev et al., Phys. Lett. B726, 
680 (2013) - CEDF 

J. Erler et al., Nature 486, 509 (2012) - 
SEDF 
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We predict the limits of existence of atomic nuclei, the proton and neutron drip lines, from the light
through medium-mass regions. Starting from a chiral two- and three-nucleon interaction with good
saturation properties, we use the valence-space in-medium similarity renormalization group to calculate
ground-state and separation energies from helium to iron, nearly 700 isotopes in total. We use the available
experimental data to quantify the theoretical uncertainties for our ab initio calculations towards the drip
lines. Where the drip lines are known experimentally, our predictions are consistent within the estimated
uncertainty. For the neutron-rich sodium to chromium isotopes, we provide predictions to be tested at rare-
isotope beam facilities.

DOI: 10.1103/PhysRevLett.126.022501

Atomic nuclei, which form the basis for known matter in
the Universe, cannot be made from arbitrary numbers of
protons and neutrons. For a given element (i.e., proton
number Z) a nucleus can support only so many neutrons,N,
and vice versa. The point at which nucleons no longer form
a bound system is referred to as the drip line. Specifically, at
the drip line one- or two-nucleon separation energies
become negative, and nuclei decay via nucleon emission.
The proton drip line is known experimentally to the
medium-mass region, but to date, the neutron drip line is
established only up to neon (Z ¼ 10) [1,2]. Pinning down
the neutron drip line to calcium and beyond is a flagship
scientific motivation for next-generation rare-isotope beam
facilities [3,4]. Indeed several neutron-rich isotopes, includ-
ing 60Ca, were recently discovered in this region [5].
Furthermore, knowledge of the neutron drip line is impor-
tant for r-process simulations modeling the synthesis of
heavy elements [6,7] that occurs in neutron-star merg-
ers [8].
Predicting the location of the drip lines poses a sub-

stantial theoretical challenge, particularly because many
nuclei far from known data must be calculated systemati-
cally. In a pioneering study, the nuclear landscape was
predicted from extrapolations of state-of-the-art nuclear
density functional theory, and approximately 7000 nuclei
were estimated to exist in nature [9]. Since this work,
tremendous progress has been made in statistical analyses
of nuclear models [10,11] as well as in ab initio nuclear
theory. Developments in chiral effective field theory
[12–14] and the similarity renormalization group [15,16]

are pushing nuclear forces to new levels of accuracy and
ranges of applicability. Though a robust and systematic
theoretical framework has not yet been fully achieved,
particular nuclear Hamiltonians have been constructed
which reproduce ground-state energies up to the tin region
[17–19]. Three-nucleon (3N) forces play a key role in
understanding the drip lines [20–25]. Moreover, many-
body theories [26–31] have advanced to treat medium-mass
open-shell systems [23,32–35], with the primary limitation
being computational resources needed to obtain conver-
gence with respect to basis size, laying the groundwork for
a new era of ab initio theory.
In this Letter we calculate properties of essentially all

nuclei from helium to iron (Z ¼ 2–26), close to 700 in
total, to provide a global ab initio survey of ground-state
energies and predict the nuclear drip lines. Using two-
nucleon (NN) and 3N interactions constrained by only few-
body data, we solve the many-body problem with the
valence-space formulation of the in-medium similarity
renormalization group (VS-IMSRG) [29,30,32,35–37].
Our results yield an overall root-mean-square (rms)
deviation of 3.3 MeV from absolute experimental energies
and 0.7–1.4 MeV from separation energies. In comparison,
state-of-the-art energy-density functionals obtain rms
deviations in the range 0.6–2.0 MeV for energies and
0.4–1.25 MeV for separation energies [38–41] (note,
however, that the density functional rms values are obtained
over a much larger range of masses).
While the drip line signature is unambiguous experi-

mentally, from a theoretical perspective an error of a few
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tens of keV—well beyond current levels of precision—can
make the difference between an isotope being bound or
unbound. Therefore, an assessment of theoretical uncer-
tainty is mandatory for any meaningful drip line prediction.
Ab initio methods present an appealing framework for
uncertainty quantification: one begins with the most gen-
eral Lagrangian compatible with the applicable sym-
metries, organized by a systematically improvable power
counting, then solves the nuclear many-body problem
within a controlled and systematically improvable approxi-
mation scheme, propagating all uncertainties. Such a
prescription has not yet been achieved in practice, so for
the present we use a comparison with known data to
calibrate a physically motivated model for the error. Recent
work in a similar spirit has applied Bayesian machine
learning algorithms to global mass models [10,41,42]. The
main advantages of our current approach are (i) the
predictions should not be biased towards measured data,
because they were not fit to any data beyond helium and
(ii) the predictions can be benchmarked where the proton
and neutron drip lines are known experimentally (mass
models are typically applied to Z ≳ 8).
In the VS-IMSRG, a valence-space Hamiltonian of

tractable dimension is decoupled from the larger Hilbert
space via an approximate unitary transformation. We begin
in a harmonic-oscillator basis of 15 major shells (i.e.,
e ¼ 2nþ l ≤ emax ¼ 14) with an imposed cut of e1 þ e2 þ
e3 ≤ E3Max ¼ 16 for 3N matrix elements. The resulting
ground-state energies are converged to better than a few

hundred keV with respect to these truncations, and we
perform extrapolations in emax to obtain infrared conver-
gence [43,44]. Transforming to the Hartree-Fock basis, we
capture effects of 3N interactions between valence nucleons
via the ensemble normal ordering of Ref. [35]. We then use
the Magnus formulation of the IMSRG [29,45], truncating
all operators at the normal-ordered two-body level—the
IMSRG(2) approximation—to generate approximate
unitary transformations that decouple the core energy
and valence-space Hamiltonian for each nucleus to be
calculated.
By default, we employ a so-called 0ℏω valence space,

where valence nucleons occupy the appropriate single
major harmonic-oscillator shell (e.g., for 8 < NðZÞ < 20
the sd shell, 20 < NðZÞ < 40 the pf shell, etc.). At
NðZÞ ¼ 2, 8, 20, 40, we do not decouple a neutron (proton)
valence space, and no explicit neutron (proton) excitations
are allowed in the calculation. We discuss exceptions to this
below. Finally the resulting valence-space Hamiltonians are
diagonalized with the NuShellX@MSU shell-model code [46]
(with the exception of a few of the heaviest Ca, Sc, and Ti
isotopes, which were computed with the m-scheme code
Kshell [47]).
We thus calculate ground (and excited) states of all

nuclei from helium to iron, except those for which the shell-
model diagonalization is beyond our computational limits.
For the input NNþ 3N interaction, we use the potential
labeled 1.8=2.0 (EM) in Refs. [17,48], where the 3N
couplings were fit to the 3H binding energy and the 4He

FIG. 1. Calculated probabilities for given isotopes to be bound with respect to one- or two-neutron (proton) removal. The gray region
indicates nuclei that have been calculated, while the height of the boxes corresponds to the estimated probability that a given nucleus is
bound with respect to one- or two-neutron (proton) removal in the neutron-rich (deficient) region of the chart. The inset shows the
residuals with experimental ground-state energies.
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Simple estimates (for mere 
pedagogical purposes) can 
be done using the mass 
formula.

First problems: 

• For each value of A (i.e., 
for each isobaric chain), 
which is the nucleus with 
largest binding energy ?

• How does this evolve if we 
move towards right (left) in 
the previous figure, that is, 
if we move  by increasing 
(decreasing) (N-Z) ?

• How are the parameters 
of the mass formula 
sensitive to the drip lines ?



Values:

aV=15.85 MeV 
aS=18.34 MeV 
aC=0.71 MeV 
aA=23.21  MeV

The blue line represents constant
A: for A=120 we meet Z0 close to
50 (i.e., Sn).



Discovering new isotopes

M. Thoennessen, B. 
Sherrill, Nature 473, 
25 (2011).

https://people.nscl.msu.edu/~thoennes/isotopes/

https://people.nscl.msu.edu/~thoennes/isotopes/
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Fig. 1. Discovery of nuclides as a function of year. The top panel shows the 10-year running average
of the number of nuclides discovered per year while the bottom panel shows the cumulative number.
The di↵erent colored lines correspond to the di↵erent methods used to produce the nuclides as
shown in the bottom panel. The top panel also shows the total number of nuclides (black line).
The figure was adapted from Ref. 9 to include the data from 2023.

Figure 1 shows the current status of the evolution of the nuclide discoveries
for the main means of production as labeled in the figure. The figure was adapted
from the review of isotopes discovered until 20179 and was extended to include all
isotopes discovered until the end of 2023. The top part of the figure shows the ten-
year average of the number of nuclides discovered per year while the bottom panel
shows the integral number of nuclides discovered. The top figure includes the total
of nuclides while the bottom figure only shows the contributions of the individual
production methods.

98% of the isotopes discovered during the last twenty years were produced by ei-
ther projectile fragmentation reactions (71%) or fusion-evaporation reactions (27%).
The fraction of projectile fragmentation to fusion evaporation has increased from

2023 update:
arXiv:2403.17750
Published in IJMPE

March 27, 2024 1:51 WSPC/INSTRUCTION FILE 2023-Update

2 M. Thoennessen

Table 1. New nuclides reported in 2023. The nuclides are listed with the first author, submission
date, and reference of the publication, the laboratory where the experiment was performed, and
the production method (PF = projectile fragmentation, FE = fusion evaporation, SB = secondary
beams, TR = transfer reactions).

Nuclide(s) First Author Subm. Date Ref. Laboratory Type

116Laa W. Zhang 7/5/2022 13 Jyväskylä FE
27O, 28O Y. Kondo 10/13/2022 14 RIKEN SB
9N R. J. Charity 11/2/2022 15 MSU SB
241U T. Niwase 11/21/2022 16 RIKEN TR
190At H. Kokkonen 3/20/2023 17 Jyväskylä FE
189Lu, 191Hf, 192Hf K. T. Haak 6/27/2023 18 MSU PF
156W,b 160Osb H. B. Yang 7/5/2023 19 Lanzhou FE
276Ds, 272Hs, 268Sg Yu. Ts. Oganessian 7/23/2023 20 Dubna FE

a discovered already in 2022
b discovered in 2024, see text

116La was discovered by Zhang et al. and reported in the paper “Observation of
the proton emitter 116

57 La59.”13 The K130 cyclotron at the Accelerator Laboratory of
the University of Jyväskyä in Finland accelerated a 64Zn beam to 330 MeV. 116La
was produced in the p5n reaction on an isotopically enriched 750µg 58Ni target and
identified with the vacuum-mode recoil separator MARA where the residues were
detected in a double sided silicon strip detector. Evaporated charged-particles were
detected with the JYTube (Jyväskylä-York Tube) array. “The extremely neutron
deficient isotope 116La has been observed via its ground-state proton emission (Ep

= 718(9) keV, T1/2 = 50(22) ms).”
Kondo et al. reported the discovery of 27O and 28O in “First Observation of

28O.”14 A primary 48Ca beam accelerated to 345 MeV/A by the RI Beam Factory
at RIKEN was used to produce secondary beams of 235 MeV/A 29F and 29Ne
which then impinged on a 151 mm liquid hydrogen target. 28O was populated in
the one-proton removal reaction from 29F. 27O was identified in the subsequent
neutron emission from 28O as well as in the two-proton removal reaction from
29Ne. Charged reaction fragments were separated and identified with the SAMURAI
spectrometer and coincident neutrons were measured with the large-area segmented
plastic scintillator walls NeuLAND and NEBULA. In addition, the reaction vertex
was determined by the MINOS Time Projection Chamber. “In the case of 27O, a
decay energy of E0123 = 1.09±0.04(stat)±0.02(syst) MeV was found,” and “In the
case of 28O, a decay energy of E01234 = 0.46+0.05

�0.04(stat)±0.02(syst) MeV was found,
with an upper limit of the width of the resonance of 0.7 MeV (68% confidence
interval).”

In the paper “Strong evidence for 9N and the limits of existence of atomic nu-
clei” Charity et al. reported the first observation of 9N.15 The Coupled Cyclotron
Facility at the National Superconducting Cyclotron Laboratory at Michigan State
University was used to produce a secondary 68.5 MeV 13O beam which impinged

Nuclei at the drip 
lines and super-
heavies

https://arxiv.org/abs/2403.17750






• Masses (or equivalently binding energies) can be measured with good
accuracy by means of mass spectrometry.

• The difference between stable and unstable nuclei comes at the level of
density measurements. In the case of stable nuclei, electron scattering
has been the main source of information. The electromagnetic interaction
is known, and this has allowed to interpret the data since the differential
elastic cross section for electron scattering is expected to be the Mott
cross section (corresponding to the diffusion on a point charge) multiplied
by the form factor F(q2) squared, that is, the Fourier transform of the
nuclear charge density,

In the case of unstable nuclei, this is not possible. Sizes and densities
have been measured using hadron scattering → with the associated
uncertainities !

Measurements of masses and densities of radioactive nuclei
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Let us the model (oversimplified !) for the case of 11Be, which is 
a one-neutron halo.

We know Sn is about 0.5
MeV, so that η~1/6 fm-1.

The size of the neutron
orbit in 11Be is two times
the core size

R0 A1/3 = 2.67 fm



• Other experiments which have been historically important, to make the
character of halo nuclei evident, are: (i) momentum distributions of
projectile fragments, and (ii) electromagnetic dissociation.

These are reviewed in papers e.g. by I. Tanihata.

The idea of the momentum distribution experiments is quite simple. If we
hit, e.g., 11Li on a C target at 800 MeV/u we can measure the transverse
momentum of the fragments and we find a “double” distribution.

The component with “small width” has a Δp of about 19 MeV/c. From the
uncertainity principle

Δx ~ hc/Δp ~ 12 fm,

     that is, the narrow component is 
    arising from the halo.

Other evidences


