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Chapter 1

The nucleon-nucleon (NN)
interaction

The first part of this manuscript deals with nuclear structure, namely with
the branch of physics that aims at understanding all properties of nuclei. This
study is often extended to uniform nucleonic matter which, strictly speaking,
does not exist and yet is a very useful ideal system on which basic ideas and
sophisticated theories can be tested. The fresh student can immediately
appreciate the comparison with the case of Coulomb systems, as the uniform
electron gas plays a similar role in that context. Moreover, this system
is less artificial that it may seem at a first glance, because some layers of
neutron stars are very similar to uniform nuclear matter (we shall discuss
some features of neutron stars in Chapter 9).

There is no standard model for nuclear structure physics but rather a
variety of approaches, and each of them is based on a Hamiltonian together
with a more-or-less-approximate many-body method to solve the Schrodinger
equation. In this text, we shall restrict ourselves to methods based on non-
relativistic quantum mechanics, although relativistic or covariant approaches
do exist.

A basic distinction should be made between the so-called ab initio ap-
proaches and the others. Note that the very definition of ab initio has changed
during the time, and this may still continue. Ab initio approaches use some
technique to solve the many-body problem that is in principle exact, or sys-
tematically improvable, and can provide a reliable estimate of the theoretical
error of the predicted quantities. Up to 10-15 years ago, any realistic Hamil-
tonian that includes two- or three-nucleon interactions and it is fitted to
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reproduce few-body observables would have been considered sufficient. This
involves substantial phenomenological assumptions. Many current practi-
tioners seek to avoid this limitation by requiring that the Hamiltonian should
be derived, in some controlled way, from the basic theory of strong interac-
tion, that is quantum chromodynamics (QCD).

In any event, there is no unique Hamiltonian. This would not be a prob-
lem at all, if there were different Hamiltonians that predict compatible values
for the different observables. So far, the different Hamiltonians are not ac-
curate enough and there are discrepancies between the results of different
Hamiltonians when used within a given many-body method. Nevertheless,
this is an active field of research and progress is continuously made: we can
expect that the picture will become more clear in the coming years.

The computational methods to solve the many-body Schrodinger equa-
tion that lie at the core of ab initio theory are also a field of very active re-
search. We mention the most widely used ones, for the sake of completeness,
and we provide some references: Quantum Monte Carlo (QMC) [1, 2|, In-
Medium Similarity Renormalization Group (IM-SRG) methods [3], Coupled
Cluster (CC) approach [4], Self-Consistent Green’s Function (SCGF) the-
ory [5], Brueckner-Hartree-Fock (BHF) theory [6], and No-Core Shell Model
(NCSM) [7]. The reason why we do not discuss them is that it would re-
quire the student to be more conversant with many-body physics than we
can safely assume. However, one can find useful pedagogic descriptions of all
these methods in [8, 9].

In this Chapter we focus on the simpler task of understanding the main
features of the bare nucleon-nucleon (NN) interaction. Many of these features
will be common to the effective Hamiltonians that are employed in other
contexts than ab initio. In this respect, reading this Chapter is instrumental
also for the understanding of the mean-field methods that are the subject of
the following Chapters, as well as of general symmetries and properties of
nuclear forces in a general sense.

1.1 Elementary notions on the NN interac-
tion

There are a number of general features of the interaction between nucleons
that can be easily inferred from the phenomenology. We briefly recall them
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Figure 1.1: Binding energy per particle B/A as a function of the mass number
A. Figure taken from Ref. [10] and data from Refs. [11, 12].

in what follows.

e Short range. The short-range nature of the NN interaction is well-
known. It can be simply guessed in the following manner.

Nucleus BE/A [MeV]
‘H=d 1.112
SHe 1.493
He = « 7.073

Table 1.1: Binding energies per particle of the lightest nuclei.

In Table 1.1, we display the binding energy per particle BE/A of the
lightest nuclei. The same quantity in the whole range of A is shown in
Fig. 1.1. The figure is meant to remind the well-known fact that BE /A
saturates at a value around ~ 8 MeV. From the table, we see that the
a-particle displays a value of BE /A that, although smaller, is still com-
parable to the saturation value. The widely accepted interpretation is
that BE/A in nuclei saturates because each nucleon interacts only with
its nearest neighbours; thus, we can conclude that this happens already,
roughly speaking, when four nucleons are bound together. Along this
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line, we can make a first estimate of the range of the NN force, which
should be of the order of the radius of the a-particle. Looking at the
experimental finding for this quantity [13], we can say that

Range = 1.5 fm. (1.1)

e Hard core. The scattering data indicate that the NN force has a
strongly repulsive component, dubbed as hard core, for relative dis-
tances of the order of ~ 0.4-0.5 fm. This is not quite relevant for low-
energy nuclear structure. As we will discuss below, nucleons hardly
find themselves at these distances in normal conditions.

e Spin-dependence. The two-nucleon system can be in the three different
states pp, nn and pn. Only the pn system displays a bound state.
How do we reconcile this fact with the charge independence property
of the nuclear force, that is known to hold since the Coulomb force and
the charge-breaking terms of the NN force are relatively weak? The
solution lies in the spin-dependence of the NN force, together with the
role of the Pauli principle.

To a very good approximation, the NN two-body potential commutes
with isospin,
[Vun,T?] =0, [Vywn,T.] =0. (1.2)

The consequence is that the two-nucleon system must be in a state with
good quantum numbers 7', T,. Since the neutron and proton states can
be taken as', respectively, [t = 1/2,t, = 1/2) and |t = 1/2,t, = —1/2),
the two-nucleon system can in principle be in the states T" = 0, 1.
However, for the pp and nn systems 7, is equal to 1 and -1 respectively,
and thus these two systems can only be found in the 7" = 1 state. On
the other hand, the pn system can also be in a T' = 0 state. The other
quantum numbers for the two-particle states can be the orbital angular
momentum L and spin S. At low energy we can limit our discussion
to L = 0 states. Since the total wave function must be antisymmetric,
and the L = 0 part is symmetric, it is clear that 7" = 1 implies S = 0,
while 7" = 0 implies S = 1. The NN interaction in the T'= 1,5 = 0
channel must be equal in the pp, nn, and pn cases, and it turns out

I'The convention we use here is the most common in nuclear physics. In particle physics,
the opposite convention for ¢, is instead more common.
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to be not strong enough to bind the two particles. The pn system can
also exist in the T'= 0,5 = 1 state and has a bound state. Therefore,
we can deduce that, for L =0,

V(S =1,T = 0) is more attractive than V(S =0,7=1).  (1.3)

In the literature one often employs the spectroscopic notation 2/+1Lg
and writes

V(S)) is more attractive than V/(1.Sp). (1.4)

In general, quite a lot can be understood in nuclear structure by as-
suming that the pn interaction is dominant and the interaction between
particles of the same kind (pp and nn) is negligible [14]. Only one ex-
ample here: as a function of the neutron number, 22O is the last bound
O isotope (Z = 8); if we add just one proton and move to F (Z = 9),
we can bind seven more neutrons as the last bound F isotope is 3!F!

e Spin-orbit component. This component must exist in the NN inter-
action since we need it in many contexts like e.g. in the analysis of
scattering data. Moreover, in nuclear stucture it is known that the
magic numbers of nuclei cannot be explained without a strong spin-
orbit force (having opposite sign with respect to the atomic case).

e Tensor component. The deuteron is not spherical but has a positive
electric quadrupole moment. We also need a component of the NN
interaction that explains this phenomenon. As will be discussed in
the following, the so-called tensor component is needed to explain why
L = 0 and L = 2 mix together. We will also show that this compo-
nent emerges naturally from the simplest field theory for the nucleus:
nucleons, pions, and their coupling.

1.2 Structure of the NN interaction

In a phenomenological approach, we can assume that the two-body NN in-
teraction is the most general function of the position, momentum and spin of
the two particles that fulfils the requirements of being invariant under trans-
lations, Galilean boosts, rotations, parity and time-reversal, as well as under



12 CHAPTER 1. THE NUCLEON-NUCLEON (NN) INTERACTION

the exchange of the two nucleons. The consequences of these requirements
are best seen if we use the center-of-mass and relative distance coordinates,

R — I —}—I‘g’
2 (1.5)
r=r; —rTry,

with the corresponding conjugate momenta

P =p: +py,
_ P1— P2 (1.6)
p Ty
We leave aside for the moment the charge-dependence, or isospin-dependence,
of the NN interaction: we shall return to this at the end of this Section. The

NN potential is, therefore, a function
V=V(R,P,r,p,0), (1.7)

with i = 1,2. Translations (Galilean boosts) are transformations in which
r; — r;+a (p; — p;+po). They do not change r and p; if the potential must
be invariant under them, it must be independent both of R, that becomes
R + a, and of P, that becomes P + 2pg. Rotational invariance implies that
the potential must be a scalar. With two of the vectors A, B among those
that we have at our disposal (r, p, 0;), we can form:

A - B, scalar product;
A +B,A x B, sum or difference and vector product;
A®B= % (A;B;j+ A;B;) — %%A -B. rank two-tensor product or tensor product.

(1.8)
The quantities defined in the upper three lines transform, under rotations,
as scalars, vectors and tensors, respectively. The only way to obtain an
overall scalar is to make combinations of the type scalar-scalar, vector-vector
or tensor-tensor. In the case at hand, the operators r and p act on the
space part of the wave functions while the spin operators act on their spin
part. Therefore, we can conclude that the simplest ways to form a scalar V
correspond to combine a scalar, vector, or tensor formed with space operators,
with a scalar, vector, or tensor, respectively, formed with spin operators.
These combinations must respect the parity and time-reversal invariance that
we have not exploited yet. Thus, we now sort these combinations out.
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We remind that under parity P,

r — —r
pP— —Pp (1.9)
o; — 04,
whereas under time-reversal
r —r
p— —p (1.10)
g; — —0;.

We label by + (-) combinations of operators that are even (odd) under a
given transformation. The result is in Table 1.2.

P T P T
o+ o+ 1 + +
P+ +|oiroe 4+ +
r-p + -

r - +|o1Xo2 + +
P - - |og*xoy + -
rxp -+ -
ror + + o1 ®o2 + A+
p¥p + +
rop + -

Table 1.2: Scalar, vector and tensor combinations of the space and spin

operators, together with their properties under the transformations P and
T.

From Table 1.2 we now easily read the simplest possible combinations
that produce acceptable terms of the NN potential V. We list and comment
them here below.

e Scalar-scalar combinations.
1. A simple function of r* (or r) is possible. We call it central poten-
tial Vo (r). Tt can be a function of p as well.

2. A function Vg of r (or, in principle, of p) can be multiplied by
o1 - 09. We call it spin potential Vs(r) oy05.
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e Vector-vector combinations.

3. The only possibility is to combine r X p with o; + 03 (note that
combining with o1 —o5 is not possibile because it would not provide
a term which is invariant under exchange 1 <> 2). A function of
scalars Vig(r) [or VLs(p)], multiplied by 2 (r x p) (61 4+ 02) = L-S,
is called spin-orbit potential.

e Tensor-tensor combinations.

4. We can consider

1 1 1, /1 1
rer|jog ®o] = 57T + ST~ g@ﬂ” 501102 + 50102 —

2

1 o T
= (0'1 . I') (0'2 . I') — 50'1 DY a— 3512(7’),

where in the last step the so-called tensor operator Si; has been
defined. A function of other scalars Vi times this quantity Sio(7)
is called tensor potential. In principle we can form the same com-
bination with the momentum p, and we can introduce another
function Vi times Sio(p).

We can, then, ask ourselves the question whether more complicated com-
binations of space and spin operators can produce new terms in the NN
potential. It is clear that powers of 72, p? do not provide anything new, and
the same can be said for powers of oy - 09 (try yourself, and remember that
0% = 3 because the square of each Pauli matrix is 1). On the other hand,
two new combinations of scalars can be introduced.

5. (r - p)? generates a possible new term of the potential because it is
invariant under P and T'. From simple vector algebra,

L* = (rxp)(rxp)=rp’—(r-p) =
(r-p)?® = r*p* - L7 (1.12)

so that a function of (r - p)? can be replaced by a function of LZ.
Consequently, we can introduce a function of other scalars Vi times
L?. This term does not carry any special name, and is simply dubbed
L? term.

3

1
Lo

(1.11)
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6. By the same argument, and from Table 1.2, we can introduce a function
of other scalars times L%0y - 0.

It is rather tedious to check if new combinations appear or not by combining
more vectors or more tensors. We state without proof that the only new term
that appears as a candidate for a term in the NN potential is the following.

7. The so-called quadratic spin-orbit potential is given by a function Vg of
other scalars times the combination (L - S)®. Tt arises from (r - p)(r ®

p)(o1 ® 03).

In conclusion, the general form of the NN potential Vyx(1,2) turns out
to be the sum of all the terms we have described.

For each term, we have a pp (or nn) plus a pn term. If we work in
isospin representation, for each term we have the possibility to multiply by
the identity (in isospin space) or by 71 - 75. All this gives 14 terms. One of
the most famous and widely used potentials, the so-called Argonne potential
AV18 [15], contains 18 terms that are the 14 we have just discussed, plus four
charge-symmetry breaking term that we do not discuss here. This potential
has been fitted using 4301 scattering data, at laboratory energy smaller than
350 MeV. The reduced x? is 1.09, testifying to the great accuracy of such
potential. Many other phenomenological potentials exist on the market.

It should be stressed that one could re-express the 14 terms we have
just discussed in different forms. Eq. (1.12) clarifies that one can use in fact
functions of r and p. We shall return to this point in the following discussion.

1.3 The NN interaction from meson exchange

In a microscopic picture, the interaction between particles arises from the
exchange of another particle that acts as a mediator, that is, of a particle
that transfers the energy and the quantum numbers associated with the in-
teraction. Field theory is the fundamental theory of all forces when they are
treated in this manner. Different types of fields are associated with the in-
teracting particles and with the mediators (like e.g. Dirac and Klein-Gordon
fields). In the best known quantum field theory, quantum electrodynam-
ics (QED), photons are the bosons that mediate the electromagnetic force
between charged particles like the electrons.

The strong force is far more challenging than the electromagnetic force.
The theory that describes it at best, as of today, is QCD. This theory is,
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unfortunately, highly non-perturbative at the low-energy scale which is of
interest for nuclear structure. In the past, it has been often said that QCD is
needed when dealing with quarks and gluons, that is, at an energy (length)
scale which is much higher (lower) than the nuclear scale. At the nuclear
scale, quarks are confined into baryons (like the nucleons) and mesons.

Nucleons can be treated in a simpler way, if we do not aim to derive the
NN interaction from QCD, but we describe it in terms of mesons exchanged
between nucleons. We will follow this idea in this Section, and discuss in
Sec. 1.4 to which extent the recent developments have altered this picture,
by rooting better the NN interactions in QCD.

1.3.1 Warm-up: the interaction range and Yukawa po-
tential

In elementary courses, it is often hinted that if an interaction is mediated by
a particle having mass u, the interaction range is

Range ~ E (1.13)
e

We suggest that the student checks that he or she can derive this simple
equation using the uncertainty principle. We also use it to introduce the fact
that in this part of the manuscript devoted to microscopic NN interactions
(and only here) we shall employ natural units. In these units, h = ¢ =
1. A useful mnemonic trick to get acquainted with these units consists in
remembering that the range associated with a pion (u around 140 MeV)
is &~ 1.4 fm. Note the consistency with Eq. (1.1), which is obviously not
accidental. The pion is the lightest meson that can be exchanged between
nucleons, and a meson whose mass is 2 or 5 times larger will give rise to a
component in the NN force with a range which is 2 or 5 times smaller.

In addition to knowing the range, we also need to know the radial de-
pendence of an interaction which is mediated by a meson with mass u. The
meson wave fuction ¢ must satify the Klein-Gordon equation, that is, in the
vacuum 2

(O+ p) ¢(7,t) = <@ -V 4+ ;ﬁ) o(7,t) = 0. (1.14)

If the meson is coupled to a density p of given particles,

O+ 070 = (5 = V2 ) o) = dmplit. (1)
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The student should note that if the mass p is set to 0, as it happens for the
photon, this is the equation for the electromagnetic potential® that he or she
knows already. Thus, we may be content with this heuristic discussion.

If we move to the static case by negecting the time-dependence in the
latter equations, (1.15) becomes

(=V? + 1?) ¢(7) = 4mp(7). (1.16)
Inhomogeneous equations like the latter one can be solved by using the
Green’s function or propagator GG, that is the solution of

(V2 = p?) G, 7') = =B (7 — ). (1.17)

The solution of this equation is easier in momentum space. If G(E) is the
Fourier transform of G(7,7"), we can obtain

1

and, from this?,
oy e_u‘F_?,‘
G(T,T ) = m (119)

One should be reminded that the Green’s function allows to write the solution
¢ of the inhomogeneous equation (1.16) in terms of one solution ¢ of the
corresponding homogeneous equation as

—plF—7 |

o) = )+ [ 0 G ) = o)+ [ )
(1.20)
The latter equation shows how we can interpret the Green’s function, in this
case, as the meson-nucleon potential. In fact, the quantity in Eq. (1.19) is the
well-known Yukawa potential Vyygawa, and Eq. (1.18) is the same potential
in momentum space (aside from 4r-factors).

Before we move to the pion-exhange potential, we end this warm-up by
saying that matrix elements of the potentials could be represented by Feyn-
man diagrams. Although we do not strictly need any of them in what follows,
we display in Fig. 1.2 the diagram associated with the potential (1.18) in
momentum space.

2In the Lorenz gauge.

3The students are encouraged to perform the calculations in detail. Eq. (1.18) is
straightforward while deriving Eq. (1.19) requires the use of the residue theorem to solve
integrals.
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5 — k m+k Figure 1.2: Feynman diagram
associated with the exchange
of a meson (wavy line) between
nucleons (lines with arrows).
_ . The labels indicate the mo-
menta of the particles. In this
case, the wavy line represents
the potential of Eq. (1.18).

]

1.3.2 The one-pion exchange potential (OPEP)

In the considerations made in the previous subsection, we have assumed
that the exchanged meson is purely scalar. Mesons have spin and can have
scalar, pseudo-scalar, vector, pseudo-vector, tensor and pseudo-tensor cou-
plings with nucleons. Moreover, they possess isospin. Then, in general, the
potential will have an operator structure which is less simple than just the
identity operator as in Eq. (1.19).

As we said, the lightest meson that can be exchanged between nucleons
is the pion (m, =~ 140 MeV). The pion (i) is pseudo-scalar (J™ = 0~); and
(ii) it belongs to an isospin (or charge) triplet. As a consequence of (i), each
pion-nucleon vertex must include a scalar operator that changes the parity:
such operator must be o - k, since the momentum k is equal to —V and
the gradient changes the parity of any wave function. As a consequence of
(ii), each pion-nucleon vertex must include an isospin operator. These facts
provide us with a clear guidance to write down the operator structure, and
generalise appropriately Eqgs. (1.18) and (1.19):

2
Vorep(k) = —Ti—’% (Ulkfl(;; k) (r1-7), (1.21)
2 e

Vopep(r) = 2 (01-V)(02-V)

s

Ay (7'1 . 7'2) . (122)
Two comments are in order. Those who know Dirac theory can attempt to
derive this form of the coupling from what is known to be the Lagrangian
describing the pion-nucleon coupling®. The coupling constant f* = 0.08 can
be deduced from data on pion-nucleon interactions (for details, and more
precise values of this coupling constant, cf. Ref. [16]).

iL = i%iﬁ(m)75?w(x) -7t(x), where 1) is the Dirac nucleon field and 7 is the pion field.
Arrows refer here to vectors in isospin space.
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To clarify the structure of Eq. (1.22), we can perform the following steps.

We start from the identity
1 1

(0'1 . V) (0'2 . V) = g (0'1 . 0'2) Vz -+ g [3(0’1 . V)(O'g . V) - (0'1 . 02>V2] y
and verify that the contribution from V? (V,;V; with ¢ = j) cancels when
working out the term in the square brackets. Using elementary formulas
from vector algebra, together with V?(1/r) = —4w0®)(r), we can evaluate
the following derivatives:

v2 e~ mnT _ m2 e~ mnT B 47T5(3) T)’
r
e~m" a 7\ e "
.V = (-myo--—0-— .
(0-V) r ( MG =0 7“2) r
Finally, by inserting all this into (1.22), we arrive at the standard form of

the OPEP:

1 1 1
% r) = fPmgm T [S < + + )e_m"’"+
o (r) 4 e (mer)*  (mar)®  (3mar)

o1 - 0og " 41

+ 63 (r)oy - 02] , (1.23)

3 mgr  3md
where Sy has been defined in (1.11). The last term (i.e. the contact one) is
neglected in the following discussion, because we will show below that other
terms dominate at short distances and that they can incorporate this contact
term.

Values of the OPEP in the different channels can be estimated if one is
reminded that
-3 S=0;

41oS=1 (1.24)

(Slo1 - 02]5) = {
and that the same holds for (T'|7 - 7|T). If we neglect the tensor part,
S12, the spin part of (1.23) in the 'Sy channel is shown in the left panel of
Fig. 1.3. Units have been converted to usual ones (fm and MeV). For the
sake of completeness, we show in the right panel of the same figure the [ = 0
phase shifts dy associated with the same potential®. Looking at the left panel,

5Look back at your introductory quantum mechanics course to be reminded about
phase shifts.
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Figure 1.3: (Left panel) Spin part of the OPEP potential [cf. Eq. (1.23)] in
the 1Sy channel. (Right panel) Phase shifts associated with the potential of
the left panel (see the analogous Fig. A.1 in [17]).

let us focus on the region around 1.4 fm, as we have already stressed that
other components of the potential become dominant at smaller distances.
We can compare the value of potential in that region with the kinetic energy
associated with the relative motion of two nucleons at the same distance.
This, in turn, can be estimated from the uncertainty principle as

O\ S GO

Ap ~ =
P Ar 2m 2mc? (Ar)2

~ 10 MeV (1.25)

(where m is the nucleon mass). The relative weakness of the potential can
be judged with respect to this value of the kinetic energy. Note that this
statement remains true for the potential in the ®S; channel.

One should also inspect the tensor part of the OPEP. Because of the
presence of the position operator in Sis, a precise estimate of the expec-
tation values of this component requires the knowledge of the two-particle
wave function. However, it is easy to infer from the form of S5 that, if the
two-particle wave function has spherical symmetry, the tensor contribution
vanishes. We can make a qualitative estimate of the tensor component of the
OPEP in a deformed configuration, with the help of Fig. 1.4.

From the expression of Sis and the relative orientation of the relative
vector and of the two spins, one can easily deduce the expectation values of
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Oblate configuration

Prolate configuration

Figure 1.4: Schematic picture of the configurations in which the spins are
either aligned with (prolate configuration) or perpendicular to (oblate con-
figuration) the relative distance vector r.

the tensor operator in the two configurations of Fig. 1.4:

(1.26)

G —1 if the spins are orthogonal to 7 (oblate configuration);
27 ) 42 if the spin are parallel to 7 (prolate configuration).

It must be stressed that in the case of the deuteron, that is, neutron and
proton in the 7" = 0 channel, we easily see from Egs. (1.23) and (1.26) that
the prolate configuration is favoured. This explains the exerimental fact that
the deuteron has a positive electric quadrupole moment, ) = 0.28590 e fm?.

1.3.3 Two pion exchange potential

The main shortcomings of the OPEP are: (i) it lacks a central part, and (ii)
it is unlikely to provide enough binding, as we have discussed in the previous
subsection. One expects a contribution to the NN potential from (corre-
lated) two-pion exchange, with a range ~ 1/(2m,) =~ 0.7 fm. A microscopic
calculation of this potential is tough and may be affected by theoretical un-
certainites, since several Feynman diagrams contribute. A few of them are
drawn in Fig. 1.5 for the mere sake of illustration.

We do not attempt detailed estimates. Rather, we follow second-oder
perturbation theory that tells us that the contribution to the energy shift of
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Figure 1.5: A few examples of Feynman diagrams involving two-pion ex-
change. The double arrowed line denotes a nucleon excitation like, for in-
stance, a A-isobar (cf. the main text).

a state |n), due to the coupling with other states |m), reads

Ap =y V) o

where V' is the coupling potential. Accordingly, the amplitudes associated
with the diagrams in Fig. 1.5 can be seen as “squares” of the OPEP divided
by the energy denominator associated with the difference between the initial
and intermediate states. In some of the diagrams the intermediate state |m) is
close in energy to the initial state, while if one A-isobar® is excited, the energy
is increased by =~ 300 MeV. We can take an average energy denominator £ ~
-150 MeV.

We can use the following equations (that are easy to deduce from the
properties of the operators), namely

(n-m)?=3-2n"m,
and
57y =6+ 201 - 09 — 259,

to support the statement that the two-pion exchange potential contains, in
addition to spin and tensor terms, central terms as well! In fact, we can
write down the structure of the two-pion exchange potential by means of the
square of the OPEP divided by E:

1
Vor = Eﬁmi (3 =21 - 7) [(6 + 2071 - 03 — 251) f2(r)+

1
3 (3 — 207 - 09) gz(r) + 2549

0102

f(r)g(r)), (1.28)

5The A particle or isobar is a baryon with J™ = %7 and mass equal to 1232 MeV /c?.
It can be seen as the lowest excited state of the nucleon.
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where f and g correspond to the radial functions associated with the first
two terms in the square brackets of Eq. (1.23) (the zero-range term, namely
the last one, has been dropped). We neglect the terms that include Sis, to
avoid the estimate of the relative weight of oblate and prolate components,
so that

1

1
Vor A2 Efﬁ‘mfr (3 =211 -7) | (6420, - 02) f2(r) + 9 (3 =201 - 02) ¢°(r)

(1.29)

It is straightforward to see that the first term in the square brackets of (1.29),
estimated in the S = 1, T" = 0 channel at a distance corresponding to the
OPEP range (so that we can compare it with the OPEP itself), provides a
contribution

Var A —%O.OSZ x 140% x 9 (8 X %) ~ —40 MeV. (1.30)
The second term in square brackets provides a smaller contribution. Al-
though our estimate is rough, the two-pion exchange potential is stronger
than the OPEP.

We recall here what we said before in Sec. 1.2. In the derivation of
explicit one-pion or two-pion exchanges, the dependence on r and p appears
while that on the angular momentum does not appear naturally. The same
holds for the chiral forces that we shall discuss in 1.4.

1.3.4 The short-range repulsion

We treat this part in a less mathematical, more intuitive fashion. The pion is
the lightest meson that can be exchanged among nucleons. Another possible
exchange among nucleons is that of the p and w mesons: their mass is around
700-800 MeV, so that the corresponding range should be around 0.3 fm or
less. These mesons have angular momentum and parity 17, so they are
vector mesons. The structure of the interaction they mediate is expected
to be similar to the structure of the electromagnetic force since the photon
has the same quantum numbers. Consequently, we draw simple conclusions
without resorting to any estimate of Feynman diagrams:

e the main part of the interaction will be like the Coulomb force between
two identical charges, namely a strongly repulsive one;
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e we also expect a spin-orbit force of the type

1
.

- . 1.31
r dr S (1.31)

Since V' is repulsive, the spin-orbit force has the opposite sign than in
the atomic case, and because of the large absolute value of V' and of
its derivative, it is also a much more intense force: as discussed in the
next Chapter, it creates the difference between the atomic and nuclear
shell closures.

Figure 1.6: Feynman diagram corresponding to one of the most important
contributions to the three-body force, that is, the so-called Fujita-Miyazawa
process. The intermediate double-arrowed line represents a A-isobar, like in
Fig. 1.5.

1.3.5 The three-body force

Three body forces appear in nuclei as in other quantum systems, and yet they
are particularly strong and play a very crucial role for nuclear binding and
other nuclear properties. They reflect irreducible elementary processes that
involve more than one pair of particles. In this respect, the so-called Fujita-
Miyazawa process depicted in Fig. 1.6 (which is believed to be one of the
most imprtant) is quite illustrative. It is analogous to the force with which
tides on the surface of the earth affect the motion of a satellite, since tides
are caused by the effect of the moon. In other words, we can imagine that
the three lines of Fig. 1.6 are, from left to right respectively, the moon, the
earth and the satellite: the first interaction line represent the fact that the
moon induces tides, if we allow ourselves to imagine the A-isobar excitation
of the nucleon as the earth with ocean tides, and the second interaction line
is the effect of these induced tides on the satellite.
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As soon as one moves from the two-body nucleon system to the three body
systems, whether bound systems like *H or *He or reactions like (d,p) etc.,
it turns out that no sensibile calculation can be made without three-body
forces: any model including only two-body forces will not fit the experimental
data. The accurate NN potentials mentioned at the end of Sec. 1.2 must
be complemented with three-body forces. The improvement of three-body
forces and the quest for possible four-body forces are active fields of research
in nuclear physics [18].

1.4 Chiral forces

We have already mentioned that, at the end of the day, nuclear forces should
be derived from QCD. The force among nucleons should be viewed as a resid-
ual force among systems of bound quarks. The analogy with the Van der
Waals residual forces between complex molecules could be invoked here, but
it is of no practical help. In fact, there is a simple and yet very important dif-
ference with the electromagnetic case. QCD is the strong interaction theory
in the same manner as Quantum Electrodynamics (QED) is the fundamen-
tal theory for electromagnetism. But at variance with QED, whose coupling
constant o = %7 is small at the energies of interest, QCD is not perturbative
at low energies as the corresponding coupling constant becomes large [19].

A non-perturbative solution for the case of baryon-baryon interactions
could be, in principle, obtained by means of lattice QCD calculations; how-
ever, in the case of the NN interaction, these calculations have not yet been
able to provide reliable results (see [20] and references therein for a discussion
of the difficulties). At the moment, not even the two-body problem (that is,
the deuteron) can be solved within lattice QCD in a satisfactory manner.

An important remark is in order here. Even if in future one may be able
to derive the NN interaction from the dynamics of quarks and gluons, this
is not definitely an economic and elegant description. As we said at the
beginning of the previous Section, this is reflected in the fact that at low-
energy the quarks are confined. At low-energy, the actual degrees of freedom
are nucleons and the lightest mesons (pions). An effective (both in general
and technical sense) theory must focus on these degrees of freedom, which
are the only relevant ones at the energy scales of nuclear structure.

The rationale behind this argument can be better understood using an
analogy. In the electromagnetic theory, it is known that the fields are
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amenable to a multipole expansion. Even a complicated charge distribution,
if viewed from a distance which is large with respect to its size, is described
by only few multipole moments.

If we treat nucleons and pions as fields, we can build an Effective Field
Theory (EFT) by writing the associate Lagrangian. There exist EFTs that
neglect pions (so-called pionless EFTs), as well as other EFTs.

In fact, most of the ab initio practitioners have turned their attention
to effective chiral Lagrangians. These include the nucleon and pion fields
and are consistent with the chiral symmetry and its spontaneous symmetry
breaking, as we discuss below. Other QFT Lagrangians include nucleons
and effective mesons like pions or heavy ones, as well as their coupling with
the nucleons. However, unique aspects of chiral Lagrangians are the
systematic application of the separation of energy scales as well as,
obviously, chiral symmetry.

These concepts have been introduced by S. Weinberg [21], who proposed
the equivalence between chiral Lagrangians and the QCD Lagrangian at low
energy. Low energy means here “low with respect to the energy scale as-
sociated with the mass of the nucleon and of the heavy mesons” (A, =~
GeV). If we restrict our considerations to the u and d quarks, their masses
are very light (of the order of few MeV), and if they are set to zero the
QCD Lagrangian becomes invariant under chiral transformations. The QCD
Lagrangian reads

1
Lacp = q (1" Dy = M) a = 1 GuwaGy”- (1.32)

The gauge-covariant derivative D, the mass matrix M and the gluon field
tensor G have a non-trivial structure, in which the quark fields ¢ have a color
degree of freedom to which the index a is associated, and the gluons interact
with themselves. The student who is interested in going deeper into these
aspects can read his/her favourite field theory textbook in which the above
Lagrangian is compared with the simpler QED Lagrangian,

. 1 )
EQED = ’QD (Z’)/MDM — m) w — EF/WFM .

The aspect which is relevant here, though, is that if we restrict ourselves
to u and d quarks and neglect their mass in (1.32), the right-handed and
left-handed quarks, Prq and Ppq, defined by

1
PR:_(]'_I—%’))a PL:

; (1-1s). (1.3
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do not mix. This symmetry goes hand in hand with the isospin symmetry:
the overall result is the existence of six conserved currents, that are

T; _ T;
Rl = §R7”§QR, Ll = %7“5%- (1.34)

These currents can be combined into conserved vector and axial currents,
T _ T
VI =RI'+ L' = 67“§q, Al'= Rl — [t = qyu%gq. (1.35)

According to Weinberg, any other Lagrangian that is consistent with these
symmetries (as well as with the general principles of quantum field theory)
should provide the same results, for any observable, as the QCD Lagrangian
in the limit of vanishing quark masses.

There is something more. The chiral symmetry is, in part, kept (as far as
the vector current is conserved) but it is also spontaneously broken in the QCD
ground state. This is evident in the spectra of the hadrons. The conservation
of vector current manifests itself by means of the isospin multiplets. If axial
currents were also conserved, one would observe for each of those multiplets
a counterpart with opposite parity. This is not observed at all (cf. e.g. the
discussion in Ref. [22]).

Then, one proceeds by noting that the spontaneously broken axial sym-
metry implies the existence of a massless boson due to the Goldstone theorem
[23]. The pion is not massless, due to the approximate nature of the chiral
symmetry, and yet its mass (=~ 100 MeV) is much smaller than those of
the other mesons. In this manner, one understands the separation of scales
within the QCD world, between nucleons and heavy mesons with masses
around A, and the Goldstone boson, that is, the pion.

In such a situation, Weinberg’s idea is that the most general Lagrangian
that includes nucleons and pions and is consistent with chiral symmetry,
should provide the same results as the QCD Lagrangian, at least in the low-
energy regime up to A,. Accordingly, the strategy of chiral effective field
theory (in short, chiral EFT or yEFT) consists in writing a Lagrangian that
includes nucleons and two types of interaction terms. The contributions to
the NN (NNN, etc. ...) forces emerge, in fact, from the set of Feynman
diagrams with two (three, etc. ...) nucleon asymptotic states. One set of
contributions includes all possible exchanges of pions, that are treated ex-
plicitly. Another set of contributions corresponds to all other terms allowed
by symmetries, in which NN (NNN;, etc. ...) couplings are treated as con-
tact terms. Contact terms [proportional to d(7— 7’)] can be associated to
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exchanged mesons with an infintely large momentum. The student can con-
vince himself/herself by looking at Eq. (1.18): this becomes a constant in
momentum space if £ — oo, and its Fourier transform is a d-force or contact
force. In this way, two goals are obtained at the same time: the theory is
general enough, and the physics at a large momentum scale larger is implicit.

For the theory to be tractable, the diagrams must be ordered in a hier-
archy according to some perturbative parameter. The widely used choice for
this parameter is %, where () is the typical nucleon momentum. This choice

is not completely obvious and is debated in the literature. The power v at

which the expansion in (%) is stopped defines lowest-order (LO), next-
to-lowest-order (NLO), etc. ... potentials. The existence of a NN bound

state (the deuteron) shows that this system is not perturbative. Weinberg
(see [24] and references therein) suggested that one can obtain a sensible
NN potential by applying perturbation theory with (only) nucleon interme-
diate states. Therefore, chiral NN potentials are constructed solving the
Lippmann-Schwinger equation on top of a LO, NLO etc. ... formulation.
This equation will be discussed later in this course (when dealing with gen-
eral reaction theory in Chapter 7).

It has to be noted that the procedure may require the introduction of
a regulator (or ultraviolet cutoff) A. It eliminates the contributions from
higher momenta and makes the actual calculations feasible (it also avoids
divergences that can arise in the diagrams). This cutoff A is a parameter that
should not be confused with the energy scale A,. In principle, the results
should become independent from A and this should happen for A > A, or
even for smaller values of A. In practice, the dependence of the results from
chiral potentials on the value of this regulator is still an issue that is not fully
understood.

Details on chiral forces are discussed in [25, 26, 22].



Chapter 2

Nuclear bulk properties and
shell structure: effective
interactions for mean-field and
Density Functional Theory

2.1 Generalities on the nuclear mean-field

Early scattering experiments have already proven that, in a nucleus, the mean
free path of a nucleon is quite large, that is, of the order of the nuclear radius
or even larger!. For quite some time it has appeared difficult to reconcile
this evidence with the very idea of a strongly interacting system. In fact, the
solution of the puzzle lies in the fact that the nucleus is not an extremely
dense system, as well as in the role played by the Pauli exclusion principle.
The nuclear radius is

R=ryAY3  with ro = 1.2 — 1.3 fm. (2.1)
Consequently, the volume per nucleon is

4_.3
K B §7TTOA

A A

~ 4rd, (2.2)

LCf. Sec. 7.3.3 here below. The interested reader can also have a look at Sec. 2.2 of
[10] and Refs. [8,18] therein, or at the discussion around Eq. (4.18) in [27].

29
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Figure 2.1: Schematic profiles of density (positive y-axis) and potential (neg-

ative y-axis) in a nucleus. The density has dimensions fm~3 but it has been

multiplied by a factor 10 in the figure, while the potential has dimensions of

MeV. See the main text for a complete discussion.

and the average distance between nucleons is of the order of ~ 2 fm. In such
conditions, nucleons do not feel during most of the time the strongest part
of the NN interaction that we have studied in the previous Chapter.

Electron scattering experiments that measure the charge density, but also
other kinds of experiments, consistently point to the fact that the density is
approximately constant within the nuclear volume, at least in medium-heavy
nuclei. Thus, we can expect that each nucleon feels a relatively smooth
potential which is an average of the interactions with all the others (once
again, by experiencing only rarely the correlations induced by the strongest
component of their mutual force).

All these ideas, together with the evidence of a nuclear single-particle shell
structure, have led to the use of empirical mean-field potentials to describe
nucleons in the nucleus, starting from the middle of the last century. The
empirical potentials and the gross features of the nuclear shells are discussed
in this Section. In a very schematic manner, the profiles of the nuclear
average potential and of the nucleon density should follow each other as
shown in Fig. 2.1. At the edge of the nucleus, where the density drops,
the attractive potential drops as well as expected in the case of short-range
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forces.

2.1.1 Empirical potentials: Woods-Saxon

All the nuclear phenomenology, starting from the evidence from the binding
energies, suggest that, to a first approximation, nucleons occupy orbitals that
are grouped in shells like in the atomic case. The nuclear shells differ from
the atomic shells as we shall discuss below. The main point is that the atomic
shells are mainly governed by an external potential (the Coulomb potential of
the atomic nucleus), while nuclear shells are emerging from the complicated
behaviour of self-interacting particles.

An empirical potential U that reproduces well the nuclear phenomena is
the Woods-Saxon (WS) potential. In the case of spherical nuclei, a widely
used parametrization reads

~U,

l+ea

(2.3)
R is the nuclear radius given by Eq. (2.1), and in the usual WS parametriza-
tion rp = 1.27 fm, a = 0.67 fm is a parameter that defines the nuclear surface
(and is called surface diffuseness), while Uy is the depth of the potential and
often one writes

A

(the + and — sign refers to protons and neutrons, respectively). The form
of the WS potential is the same as that of a density profile with a form like

Po
p(r) = ———=x. (2.4)
14+e

Uy = <51 £33 ) MeV

with pg is ~ 0.16 fm~3. In the context of charge densities, this is called
two-parameter Fermi function (cf., for instance, Ref. [28]).

The potential (2.3) must be complemented by the Coulomb potential for
protons Uq(r) (that is often taken as that of a uniformely charged sphere), as
well as by the spin-orbit potential Uzg(r). This latter should be proportional
to the radial derivative of (2.3) and the proportionality constant is usually
adjusted, so that the results reads

_ozs(To\*ld (1
Urs(r) = Uy (h) rdr <1+erﬁ : (2:5)
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with UFS = 0.44U,

Let us start by assuming that the Coulomb and spin-orbit potentials can
be treated within first order perturbation theory, namely that they affect the
energy of the eigenstates and not their wave functions. The effect of these
terms is qualitatively very clear: Upg will split the levels with j = ¢+1/2 (by
moving the j = ¢+ 1/2 levels downward and the j = ¢ —1/2 levels upward),
while Us will push the all the proton levels upward. The solutions of

H=T+U+Uc+Ugs (2.6)
are spherical wave functions of the form
Unei\T ~
() = " [y @ (0] 27)
r 2 im

where we have written the standard quantum numbers and used the symbol
® to indicate the angular momentum coupling, that is,

Vi o xy(@)] = 3 mgmilimYin (xp, o)

If we treat the other terms as a perturbation, as we said, the radial wave
functions u,;(r) are the solutions of the reduced Schrodinger equation for
the potential U only and they do not depend on j. The reduced Schrodinger
equation is

n: d*> R0+ 1)

S g U0 ) = ), 29

where ¢, is the eigenvalue associated with U. We remind that, as for any
central potential, n assumes the values n =1,2,3... and n — 1 corresponds
to the number of nodes of the radial wave function, while ¢ = 0,1,2... and
the spectroscopic notation s, p,d ... will be employed.

For pedagogical purposes, we can even assume in some simplified dis-
cussion that the wave functions of the Woods-Saxon potential U(r) can be
replaced with the eigenfunctions of the harmonic oscillator potential, namely
U= %mwr{ because these are known analytically. We do not actually need
to write down their form here? but we just remind the corresponding eigen-

values, that are

5ng:hw<2n+€—%)zhw(]\f+g). (2.9)

2Tt can be found in any standard quantum mechanics textbook.
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In the case of the spherical harmonic oscillator, N = 2(n — 1) + £ is called
the principal quantum number.

The single-particle levels that are solution of the Woods-Saxon potential
are depicted in Fig. 2.2.
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Figure 2.2: Shell model orbitals. In the left part, the solutions of the
Schrodinger equation for a WS potential are schematicaly shown (with the
cumulative number of particles that can be accommodated when all levels
up to a given one are filled). Moving to the right, the spin-orbit splittings
and the labels of the resulting levels are displayed. The major gaps between
groups of levels, or shells, are highlighted. The degeneracies of each level,
2j 4+ 1, and the cumulative number of particles that can be accommodated,
are visibile at the right side.

From the figure, one should appreciate the following main points. The
harmonic oscillator potential (2.9) would be characterised by a high degen-
eracy between e.g. 1d and 2s levels (in the shell with N = 2), 1f and 2p
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levels (in the shell with N = 3), and so on. In a Woods-Saxon potential, this
degeneracy is lifted as it is visible in the left part of the figure (orbitals with
lower n and higher ¢ are pushed below). This affects the level ordering but
it does not alter the shell structure. The shell structure is strongly affected
by the spin-orbit potential that shifts the j = ¢ + 1/2 levels downward and
the j = ¢ — 1/2 levels upward.

Once this level sequence is defined, in a naive shell-model picture the
nucleons can be disposed on the levels from the bottom up, by respecting the
degeneracy of each level, that is, 27 + 1. This concept is very crucial since by
using it, and knowing the numbers of neutrons and protons, we immediately
see if a system is closed shell or open shells. It must be stressed that all
even-even nuclei, and closed-shell nuclei in particular, are characterised by a
0" ground-state. The shell-model ordering of the orbitals allows predicting
the quantum numbers J™ of the ground-state of nuclei with one-particle or
one-hole with respect to closed shells (17O has a ng ground-state, and so
on). We now discuss the typical value of the shell gap hw, going back to the
simple harmonic oscillator picture.

2.1.2 Empirical estimate of the shell gap

In this subsection, we derive the harmonic oscillator estimate of the root
mean square radius and, by comparing it with the experimental finding, we
deduce the optimal value for the shell gap Aw.

We start by recalling that the expectation value of r? for an orbital in the
harmonic oscillator potential is given by

(r*Yne = — (N + g) : (2.10)

mw

Let us now consider a nucleus whose levels are filled up to the shell char-
acterised by the principal quantum number N.... For even values of N,
¢ = 0,2...N while for odd values ¢/ = 1,3...N. In either case, the de-
generacy of the shell is given by the sum over the allowed values of ¢ of
the degeneracies 2(2¢ + 1). It can be shown by a direct calculation that,
regardless of the parity of IV, one can derive the total shell degeneracy as

> 20204+ 1) = (N +2)(N+1). (2.11)
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The total number of particles in all the shells can be also determined by
means of an elementary calculation, and it turns out to be

f(z\fﬂ)(./wz) = %(Nmax+1)(Nmax+2)(Nmax+3) ~ = (Npax+2)%, (2.12)

N=0

W —

where the last approximation holds for large values of Np,... The root mean
square radius of the nucleus can be obtained by making the weighted average
of the square radii of the different shells, where the weight is of course the
number of particles in the shell. To simplify, we consider an equal number of
protons and neutrons that contribute equally to the radius, and this brings
an additional factor 2. In summary,

N,
2T h 3
r?) = = —(N+—) (N + 1)(N +2)
A L= mw 2
1 h
2y Nmax +2)". (2.13)

Q

The sum could be performed exactly but the second line of the latter equation
provides a reasonable approximation, again for large Ny,.,. If we now consider
that 9 9
(r?) = ERZ = 37“3142/3,
from Eq. (2.1), then Eq. (2.13) can be solved to give the unknown value of
huw: s
5 (3 h? 1 41
hw =~ 1 <2) mrﬁA Ve MeV. (2.14)
This estimate is often used, for instance when evaluating the typical energies
needed to excite a particle by one, two, or more shells.

2.2 Hartree-Fock theory

The goal of the Hartree-Fock (HF) theory is to give a microscopic foundation,
starting from the Hamiltonian formalism, to the existence of a nuclear mean
field. Let us start, then, from an Hamiltonian

H=T+YV, (2.15)
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where

T = Z——W (2.16)

is the kinetic energy, and

V= % Zv(ra, ) (2.17)

a#f

is a two-body interaction between nucleons. «, 3 are indices that label the
nucleons. For the sake of simplicity, we omit here the spin and isospin de-
pendences in V' and we also do not consider three-body forces. It is possible
to write more general formulas without these pedagogical simplifications.
The assumption of the HF theory is that the total wave function is a
totally anti-symmetric product of (unknown) single-particle wave functions.
If these single-particle wave functions are labelled by ¢;, then the totally
anti-symmetric wave function is given by the so-called Slater determinant

\I/( ) 1 ¢1(1“1) e ¢A(1“1)
S VA <z>{<'r}4> N ¢4(£A>
— \/_Z . Bp(ay(ra), (2.18)

where in the last line we have introduced the sum over all possible permuta-
tions P of the indices 1... A, and (—)" is +1 (—1) if the number of exchanges
with respect to the 1dentlcal permutation is even (odd).

Consequently, the Hartree-Fock theory amounts to the minimisation of
the total energy in the Hilbert space made up with Slater determinants;
we need to calculate the expectation value £ = (V|H|V), and to solve the
equation

SE = 0. (2.19)

We will actually add a Lagrange multiplier to ensure orthonormal single-
particle wave functions, so that the latter equation will read

5 (E Y- / P ¢;(r)¢i<r)> | (2.20)
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We first calculate the expectation value of the kinetic energy and we
obtain

wirie) =3 - [ v (2.21)

The calculation of the expectation value of the potential can be developed
along a similar line and one obtains

VD) = 53 [ @ e )smo ) +

- %Z/dgr d*r' 7 (x)di () u(r, v)pi(x)p;(r).  (2.22)

If we perform the variation defined by Eq. (2.20), using ¢} as the quantity to
be varied (the variation of ¢; would not produce a new independent equation),
we arrive at the following set of equations:

hz 2 & 3/ / / /
_%Vi¢i(r)+;/d ¢ () u(r, v, (x) di(r) +

— ;/d?’r’ ¢;(r’)v(r,r’)¢j(r)¢i(r’) = g;0;(1). (2.23)

One should note that the Lagrange multipliers introduced in Eq. (2.20) play
the role of single-particle energies.

In fact, the set (2.23) has the form of a set of Schrédinger equations.
Their specific feature is that the potential depends on the wave functions,
and in this respect we call these a set of self-consistent® equations. The
solution must be found in an iterative fashion. One starts with a guess for
some initial potential, finds the corresponding initial wave functions, insert
them in the HF equations and iterate the procedure until convergence.

Before we analyse in a slight more detail the potential terms of the HF
equations, we remind that the one-body density or, in short, the density, is
obtained from the total wave function (2.18) as

p(F) = A / Bry . dPrg U(r,ry. . .ry) = qu;f(r)gs,.(r). (2.24)

3This wording is used, within nuclear theory, in different contexts. Here it means
that potential and wave functions (or the associated density) must be consistent with one
another.
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The two terms that follow the kinetic energy, in the L.h.s. of Eq. (2.23),
are called the Hartree and Fock terms. The Hartree term can be re-written
as

A
Z/d?’r' o5 (r)v(r, ) d;(r) di(r) = /d?’r' v(r, ’)p(r') x ¢;(r). (2.25)

This term has a simple interpretation, since it represents the interaction of
a nucleon with an environment where other nucleons are distributed with
a density p: it is, in other words, the classical mean field felt by nucleons.
It also corresponds to a multiplicative potential. The Fock term cannot,
instead, be written as a multiplicative potential times the wave function and
it makes the whole equation an integro-differential one. It is due, of course,
to the fermionic nature of the nucleons.

The total energy is the sum of (2.21) and (2.22), calculated with the wave
functions that minimise these expressions. We will use the notation

() =~ [ &' 6(0)7,(0) (2:20

for the matrix elements of the kinetic energy, and

(ijlolkl)as = / dr d’r’ 7 (r) @5 (x')o(r,x') [¢i(r) 6, (r') — ¢i(x)¢5(x)] (2:27)

for the antisymmetrized matrix elements of the two-body potential. Then,
the total energy can be written

B = 37 (iltli) + 5 - (idlelishas (228)
i ij

Sometimes one can use the notation (ij|v|kl) instead of (ij|v|kl)as for the

sake of further brevity.

For atoms or molecules, one could solve the HF equations with the Coulomb
interaction. Solving the HF equations with the realistic potentials that we
have described in Chapter 1 is technically difficult but, even more impor-
tantly, may not be anything more than a starting point for a better approx-
imation of the nuclear wave function than the Slater determinant (2.18).
When the ab initio methods that we have mentioned in Chapter 1 were not
yet available, but even today, one can grasp a lot of physics from the HF
solution provided appropriate effective interactions are employed. A brief
discussion of these effective interactions for HF, or mean-field, is provided in
the next Section, but one can find many more details e.g. in Ref. [29].
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2.3 Effective interactions for Hartree-Fock

One should, and can, build ad hoc effective interactions whose parameters
are fitted on few data with the purpose of describing quite well the nuclear
ground states of nuclei at the HF level. This has been extensively done in
the last four decades. Popular effective interactions include the so-called
Skyrme and Gogny forces, plus others. Skyrme-type interactions are zero-
range forces while Gogny forces are of Gaussian type. These interactions
contain, typically, about 10 free parameters that are fitted on data for 10-
20 nuclei, and are the applied to calculate 102-10% nuclei throughout the
isotope chart; they reproduce, on average, the binding energies of nuclei
with a remarkable accuracy of ~ 1-2 MeV and perform quite well for other
observables, like charge radii.

We do not discuss many details here. We recall that the popularity of
Skyrme forces stems from the fact that with a force that is proportional
to a Dirac delta function, d(r — r’), the Fock term loses its non-locality
and becomes proportional to the Hartree term. As we shall see in the next
Section, Skyrme forces are now to some extent abandoned in favour of Skyrme
enerqy functionals.

The standard Skyrme interaction reads

v(r,t') = to(1+29P,)0(r) + %tl(l + 21 P,)[P?6(r) 4 6(r)P?]

+ ty(1+ 22P)P' - 5(r)P + %tg(l + 3P, p*(R)3(r)
-+ iWQ(Ul + 0'2) . [P/ X 5(I')P] s (229)

wherer =r—1/, R = {(r+1'), P = 5(V—V’), P’ is the hermitian conjugate
of P (acting on the left), P, = (1 + oy - 02) is the spin-exchange operator
and p = p, + p, is the total nucleon density. The parameters t;, z;, o and
W, are the free parameters that need to be fitted and characterise a specific
interaction of the Skyrme family.

The terms in ty and t3 are, respectively, attractive and repulsive. The
former accounts for the overall attractive character that must characterise
any sensible effective force. The equilibrium of the nuclear system must
result from the balance with a repulsive term and the kinetic energy, albeit
repulsive, is too weak. The term in t3 becomes relevant when the density
grows (if & > 0) and takes care of the short-range repulsion among nucleons.
We shall see these terms in action in the simplified case of the next subsection.
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The remaining terms are also relevent. The terms in ¢; and t; depend
on the relative momentum and correspond to the lowest contributions in a
Taylor expansion for low momenta. The last term of Eq. (2.29) can be
shown to correspond to the zero-range limit of a spin-orbit force. This last
statement needs some care to be proven. Discussing the details of the Skyrme
force, or of other effective forces, goes beyond the scope of these lectures. The
interested reader can consult the specialised literature. A computer code that
solves the HF equations for a Skyrme standard force, in spherical symmetry,
can be used as a tool to have a look at total energies, radii and single-particle
states [30]. Here, in the next subsection, we discuss a simplified solution of
the HF equations in the case of uniform, symmetric nuclear matter.

2.3.1 Symmetric nuclear matter with a simplified Skyrme
force

As we have discussed at the start of this Chapter, electron scattering ex-
periments, together with other direct and indirect evidences, suggest that
the inner part of medium-heavy nuclei is characterised by an approximately
constant density, pyp ~ 0.16 fm~3. In this radial region, the proton and neu-
tron densities do not differ too much. This suggests that such inner part of
nuclei can be thought as a portion of an hypothetic extended system of equal
number of protons and neutrons. Such system, called “symmetric” nuclear
matter, has, therefore, an equlibrium density p, and a corresponding energy
Ejy that is given by the volume term of the mass formula, that is, ~ -16 MeV.

The purpose of this subsection is to show that such equilibrium state can
be obtained with a simplified Skyrme force. Before showing this, let us recall
some features of symmetric nuclear matter that are often mentioned in the
literature?. If we estimate the Fermi momentum kr corresponding to the
density pg, we obtain

3 2 1/3
fep = ( WQ"’O) ~1.33 fm ™. (2.30)

4As implicit in the previous discussion, symmetric nuclear matter is an ideal system
and not a real one. The numbers we discuss in this subsection are not true experimental
data. Neverthless, they can be considered to be useful “pseudo-data” that shed light on
the physics of real nuclei.
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The corresponding Fermi energy is

h2k2
Ep = £

~ 37 M 2.31
5~ 3T MeV, (2.31)

and the velocity as a fraction of the light velocity is

v MR gas. (2.32)

C mc

The typical time for a nucleon to cross a nucleus with mass around ~ 100 is

’T’QAl/s

UF

~ 6.6 107% s. (2.33)

T =

As we said, the typical mean free path of a nucleon is of the order, or larger,
than the nuclear radius; then, the typical time between two NN collisions is
often estimated as 7 ~ 1072 — 10722 s.

The wave functions in a uniform system like symmetric nuclear matter are
plane waves due to translational invariance. This simplifies the calculation
of the total HF energy (2.28), in keeping with the well-known replacements

bi — k= Leik'ra

VQ
zi: — (5’7?)3/ &k (2.34)

where ¢ is the degeneracy equal to 4 and ) is the quantisation volume. The
kinetic energy is

. . _ 40 1 3 3 —ik-r h2 2 ik-r
> ity = 87T39/dk/dre ( -V e

)

2 h* kS
= ———=0O. 2.

m22m 5 (2.35)
If we re-express this latter quantity in terms of the density through Eq.
(2.30), we obtain

T 3 (3m2\"* n2

o2 s (2.36)

A 5\ 2 2m

We now evaluate the potential energy with the effective force

o(r, 1) = to(1 + 2P, )5 (r) + ét3(1 b2y P)p” (R)S(x), (2.37)
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which is a simplified version of (2.29). For the antisymmetrized matrix ele-
ments of a zero-range force we can use the following simple trick,

(ijlv|kl)as = (ijo(1 — Pr2)[kl), (2.38)

where Py, is the operator that exchanges particles 1 and 2, given by the prod-
uct PP, P, (these three operators are defined as those exchanging position,
spin and isospin, respectively). For a simple d-force like (2.37) P, is 1. Since
P, is known to be MT”’Q and P, has a similar form, we can write

(1= Po) = to(1+20P,)(1 - P,P,)s(x)
4 %tg(l + 2Py (1 — Py P)p” (R)3(x)

té(r) 3_'_113'0 1 Ty 1 1

= —+ —0109 — =0109 — —T1Ty — =TTy — —O 09T T:
0 1T 50102 T 50102 = 5Ty = 5Ty = S 0109 T
+ analogous term in 3. (2.39)

It can be easily shown that the terms in o0, and 77, give a vanishing
contribution in symmetric nuclear matter®. Thus,

1 o 1 3 i3 . .
3 E (ijlv]ij)as = 3 E W'i (toJrggﬂ )5(1')\ZJ>

1021 3 3 3.. 713 —ik-r —ik/-r’
= im@ d/{:dk//drdr/e e X
t3 ey ikr ik/-r/
X | to+ oF d(r)e™Te
3 2 1 a+2
Therefore, the total energy per particle reads
E 3/32\"n ,, 3 1
—=—|— — M3 4t —tqp™ T 2.41
A 5(2) o TR gt (241)

If to is negative and t3 is positive, as discussed below Eq. (2.29), it is clear
that the energy per particle defined by (2.41) can have an absolute minumum.

5The formal proof is based on the properties of the Pauli matrices and it can be made
available under request, but the basic idea is that the sum over 45 in (2.28) involves, with
the same weight and opposite sign, states with spin (isospin) up and down.
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Figure 2.3: Energy per particle in symmetric nuclear matter, calculated with
a simplified Skyrme force of the type (2.37) and parameters t, = -2552.84
MeV-fm?3, t3 = 16694.7 MeV-fm3©@+) o = 0.20309 (red curve). The blue
curve is a result from a simplified Gogny force, which is not discussed in
these lectures. Figure taken from Ref. [31].

In fact, what is usually done is to make an ansatz for the exponent « and fix
to and t3 by imposing that this minimum appears at py = 0.16 fm?® and that
the corresponding E'/A has the value -16 MeV. A typical result is shown in
Fig. 2.3.

2.4 Nuclear Density Functional Theory (DFT)

The reader may be puzzled by the fact that the Skyrme interaction that we
have introduced in Eq. (2.29) is density-dependent; definitely, this is the
signature of an effective interaction. In fact, even if we extend our consid-
erations to effective interactions that are not discussed in this text, like the
Gogny force, we can see that most of them, if not all of them, are density-
dependent. So far, it has been very hard, if not simply impossible, to design
an effective interaction that provides a successful description both of bulk nu-
clear properties (nuclear saturation and properties of uniform matter around
po, as well as masses and radii of finite nuclei) and of spectroscopic proper-
ties, without introducing some kind of density dependence. The underlying
reasons have been discussed in Refs. [32, 33|, but such analysis goes beyond
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our scope here.

A density-dependent interaction V[p|, or a density-dependent Hamilto-
nian H[p]|, pose, generally speaking, conceptual problems unless one consid-
ers them merely as a tool to generate an energy functional E[p] through Eq.
(2.28). In fact, we have seen by explicit calculation in subsection 2.3.1 that
the total energy eventually depends on p. This explicit calculation has been
performed in uniform matter and, thus, the density is a number; however, in
a finite system the density is a function of the position, p(r), and the total
energy is actually a functional ® of the density.

In the specialised literature one can find several proofs that, whatever the
effective interaction is, the expectation value on a general Slater determinant
(V|H|¥) that we have introduced in Sec. 2.2 is a functional of the number
density and/or other generalised densities:

Elp] = (0|H|v). (2.42)

This why we currently believe that effective forces are nothing but tools to
generate a functional El[p|, which is dubbed as Energy Density Functional
(EDF). In other terms, nuclear mean-field is at present evolved into what we
call nuclear Density Functional Theory (DFT).

DFT was born as a theory for electronic systems. It is based on the
fundamental theorems that have been proposed by P. Hohenberg and W.
Kohn back in Ref. [34]. The theorems assert that, for a system of fermions
that are subject to an external potential ve, the total energy can be written
as a functional of the particle density p(r). More precisely,

aszw+/fmmwmm (2.43)

where the contribution of the external potential is singled out in the second
term and the functional F' should be universal, namely it is related to the
kind of fermions and not to ve. In fact, for self-bound systems like ordinary
nuclei F' would be the only term. Eq. (2.43) also implies that the total
functional E, displays a minimum at the exact ground-state density, and its
value is the exact ground-state energy.

Unfotunately, the Hohenberg-Kohn theorems give no clue on how the
exact functional F' must look like. Given the relative success of effective

5We remind that a functional is, here, a scalar that depends on a function in 3D space.
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forces like the Skyrme interaction, many practitioners have started from E|p]
generated through Eq. (2.42) and then progressively generalized them. As
of today, many existing and successful EDFs are written directly as a given
E[p] and have lost the link with an underlying Hamiltonian or effective force.
The successes and limitations of nuclear DF'T have been already the subject
of textbooks [35]. Refs. [10, 31, 36] are short introductions.
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Chapter 3

Nuclear superfluidity

At the end of Sec. 2.2 we have stated that the HF theory, supplemented by
a well calibrated effective interaction, is able to reproduce the experimental
values of the total binding energies and charge radii, that are the main nu-
clear ground state properties [29]. However, this is true only for double-magic
nuclei (or neighbouring ones). It is mandatory, for open shell nuclei, to take
into account at least the so-called “pairing” residual interaction within the
framework of the Bardeen-Cooper-Schrieffer (BCS) or Bogoliubov approxi-
mations.
There are many proofs of the existence of pairing in nuclei.

e One is the trend of the binding energies themselves. Even in the sim-
plest formula, the semi-empirical one, it is known that there is a pairing
term whose value is +A for even-even nuclei, zero for odd nuclei, and
—A for odd-odd nuclei. Thus, we are led to introduce the idea that
nuclei get extra binding if the nucleons of the same kind can form pairs.
This fact is clearly illustrated in Fig. 3.1. A rough estimate of A is
12/v/A (in MeV), but this is not so reliable for light systems while it
works better for medium-heavy ones.

e Historically, however, the previous one has not been the main reason
to introduce a special residual force that “pairs” nucleons. It has been
noted by A. Bohr, B.R. Mottelson and D. Pines [37] that the first
excited states of odd isotopes are quite low in energy, while those of
even-even ones lie around 1 MeV (cf. Fig. 3.2). This “gap” in the
excitation spectrum is reminiscent of the one that had been already
noticed in the superconductors. Then, the same BCS theory that has

47



48

14

(MeV)
o0

S

(8]

{

CHAPTER 3. NUCLEAR SUPERFLUIDITY

gy

A, .
Sn 1sotopes

lllllllllllllllllllllllIlllllllllllllll

00

105

110

10'S

120
A

125

130

135

140

Figure 3.1: Separation energy of the Sn isotopes. We remind that S, =
BE(N +1)— BE(N). The so-called odd-even staggering, namely the differ-
ence between odd and even isotopes that we have mentioned in the text, is

clearly evident.

successfully explained ordinary superconductivity has been extended to
atomic nuclei. Since the nucleon pairs are made up either with protons
or with neutrons, we better speak of nuclear superfluidity rather than
superconductivity in the present context.

e There are other evidences for nuclear pairing: for instance, as we shall
mention in Chapter 5, the moment of inertia of deformed nuclei is a

strong one.

3.1 BCS theory

In the nuclear BCS theory for systems with an even number of particles, the
ansatz is that the pairs are made by nucleons that are in the same orbital
and can be coupled to total angular momentum J = 0. The state |JM = 00)
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Figure 3.2: Energies of the first excited states in even-even (circles) and odd
nuclei (crosses). The figure is taken from Ref. [37] and includes most of the
data available at that time in the regions in which nuclei have nonspherical
equilibrium shapes (cf. Chapter 5). Deformed nuclei have a larger density of
states around the Fermi energy.

can be written as

[JM =00) = > (jmajms|00)|jma)|jms)

= > (jmj —m|00)|jm)|j — m), (3.1)

m

where the first equality is the standard definition of a coupled state, and the
second one stems from the fact that the Clebsch-Gordan coefficients vanish
if m1 + mo is not equal to the total M.

One could introduce again, at this stage, the time-reversal operator! T,
that changes ¢ into —t. We remind that for a particle without spin this
operator coincides with the complex conjugation®?. Spin introduces extra

I Although this operator has been discussed in Chapter 1, its explicit form was not
introduced therein.
2This is easy to deduce since in the time-dependent Schrédinger equation,

0
ihoy¢=Ho,
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complications that are dealt with in standard textbooks. Here we just state
without proof the result of the application of the time-reversal operator to a
state |jm) of the form (2.7), that is,

T|jm) = [jm) = (=)"*"[j —m). (3.2)
Since .
(jms —mjoo) = LT
VAT
then Eq. (3.1) becomes
|JM = 00) = W Z [jm)]jm). (3.3)

In short, pairs of nucleons in time-reversal states correspond (aside from
trivial factors) to pairs coupled to zero angular momentum. The BCS ansatz
for the nuclear wave function is, accordingly,

IBCS) = [eg (uk +valal ) = (3.4)

In this latter formula, k£ means jm, k > 0 labels the states with positive
projection of the total angular momentum, that is, m > 0, u and v are
variational parameters, and a' labels the creation operators that act on the
particle vacuum |—). The following comments are in order.

e The BCS wave function (3.4) generalises the HF one. In fact, for a
nucleus with an even number of nucleons of each type, HF corresponds
to filling orbitals with both m and —m up to the Fermi energy. This is
obtained from (3.4) if we set v, = 1 and u, = 0 when the state k lies
below the Fermi energy, and we set v, = 0 and u, = 1 otherwise:

|HF> = Hk<F0rmi levelazag_)- (35)

In other words, if we use the variational wave function (3.4) we gener-
alise the HF ansatz without excluding it a priori.

e The BCS wave functions contains many more terms, as compared to
HF, in which pairs of nucleons can be scattered to unoccupied levels
above the Fermi one. In the case in which the BCS state is not markedly
different from the HF one, we can think of few particles scattered from
just below to just above the Fermi level.

when t — —t, then ¢* becomes the new solution.
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e One of the main features of the BCS wave function is that, in principle,
it mixes states with different number of particles.

In the BCS theory, the nuclear ground-state is obtained by minimising
the energy in the Hilbert space of wave functions of the type (3.4).

3.2 Derivation of the BCS equations

The BCS equations can be derived using the variational principle, as in the
HF case, but with the more general wave function (3.4). To this aim, we
need to write the Hamiltonian in second quantization as

1
H=T+V=> (kiltk)af ar, + T > (kako|v|kska)al, af, ax,ax,, (3.6)
k:lkz k1k2k3k4

where the notation is the same as in Sec. 2.2 but we use (ij|v|kl) instead of
(1j|v]kl) as-

Since the BCS wave function mixes states with different particle number,
and we would like that such number is conserved at least on average, we
request it through a Lagragnge multiplier and we implement the variational
principle as the search of the minimum of (BCS|H —AN|BCS). The meaning
of A is provided by the equation

0
A= 5 (BCS|H|BCS). (3.7)

In other words, A represents the energy which is needed to add or remove a
particle, that is, the Fermi energy. In summary, we have several variational
parameters, that are the single-particle states k with their energies ¢, as
well as uy, v, and the Fermi energy .

We first show that the state |[BCS) is normalized.

(BCS|BCS) = Miso(—|(ur + vkagar) (ug + viafal)|—). (3.8)

The only non-vanishing terms in vacuum expectation values are those in
which the number of creation and annihilation operators is the same, so that
contractions of the type aa' can provide a finite number. This is why the
terms in (3.8) having k' # k in the two factors do not contribute. We are
left with

(BCS|BCS) = Ijso{—|u; + U,ia,gamaﬁ—) = T (u} + v3). (3.9)



52 CHAPTER 3. NUCLEAR SUPERFLUIDITY

0.8

0.6

04+

0.2

0
E-¢ [MeV]

““Fermi

Figure 3.3: Schematic picture of the occupation factors v? as a function of

e — A [see also Eq. (3.25)].

This shows that we have to request that
up + v =1, (3.10)

and this latter equation, valid for each k, supports the interpretation that
uy is the probability amplitude that the state k is empty, while vy is the
probability apmplitude that the state k is occupied. In other words, v} is the
BCS occupation factor of the state k. A schematic picture of these occupation
factors is shown in Fig. 3.3. The HF occupation factors have the form of a
step, while in BCS they are smoothed out over an interval of the order of
~ A.
We now calculate the quantity that will be minimised, namely

(BCS|H — AN|BCS) = (BCS|T — AN[BCS) + (BCS|V|BCS).  (3.11)

The first quantity at the r.h.s. includes one-body operators and the second
is associated with the two-body operator V. The former is straightforward
to evaluate. We use the standard definition of the number operator,

N =>ala, (3.12)
k
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as well as the result provided by Eq. (3.38), to obtain

(BCSIT = ANIBCS) = ) ((Riltlka) — Ad(ky, k2)) (BCS|aj, az,[BCS)
k1k2

= D ({kltlk) = A) vf. (3.13)

k

The detail is given in Appendix.

Before we move to the expectation value of V| we must notice that the
previous formula also provides the expectation value of the number operator.
One of the requirements of the BCS theory, as we have already mentioned, is
that this expectation value is equal to the actual number of particles®. This
amounts to

N=> u=2) v (3.14)
k

k>0

The expectation value of V' is calculated in the Appendix. If we sum the
result of Eq. (3.40) to the one of (3.13), we obtain

1
(BCS|H — AN[BCS) = Y |(tw — A0} + 5 kz "

k
+ Z @k,;k,,;,ukvkuk/vk/. (315)
kk/>0
We now calculate
d0(BCS|H — AN|BCS) = 0. (3.16)

We use v, as a variational parameter, that is, we equate the total derivative
with respect to vy to zero. Since uy = /1 — v, then

d 8 Uka

d—Uk B 8’Uk UL 8uk '

3Note that we use, for the sake of simplicity, the same symbol for the particle number
operator and the number of particles in the system. The context should make it clear
what we precisely refer to.
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We apply this operator to (3.15) and, by multiplying by % we obtain

0 = Uk VL (tkk + tl%l% — 2)\) + Z (T_Jkkfkk/ + @];k/];k/) Uz,]
k.l
+ Z rl_)k‘];:k:/];:’ (uz — Uz) Uk/’Uk’. (317)
k'>0

We introduce the quantity

Er =

(to + tgp — 20) + Y (Beirirr + Vi) Uﬁx] : (3.18)
k/

1
2

Another important definition is that of the pairing gap,

k>0
With these definitions, Eq. (3.17) becomes

0 = 2upvrér + Ag (v,% — ui) ,

Aguiy = AF (up — v,%)z. (3.20)
By using Eq. (3.10),
(up +vR)? = 1=up+ v+ 2ujup,
up +vp = 1—2uivg,
(ui —v)? = 1—4duivg, (3.21)
and one arrives at
A82uivy = A7 — Afuivg. (3.22)

We introduce at this stage the quasi-particle energy:

By = /&2 + A2 (3.23)

If this definition, together with the condition (3.10), is inserted into Eq.
(3.22), an equation for v} is obtained, whose solution is straightforward and
reads

1 5
Uz:_ |k|

iy 24
27 2E, (3.24)
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It is easy to check that the solution that leads to the correct HF limit, in
which v should be 0 (1) above (below) the Fermi energy A, is

_k (3.25)
k

%=5 08

(NN

The corresponding solution for u; that has the correct HF limit as well, that
is, 0 (1) below (above) the Fermi energy A, reads

1 £k
2
uy 2+2Ek (3.26)

If we now write the product ug vy from the two latter equations (3.25) and
(3.26), we insert this in the definition (3.19), and we also use the other
definiton (3.23), we arrive at the gap equation

Akl

k'>0

The system made up with Eqgs. (3.14, 3.18, 3.23, 3.25, 3.26, 3.27) is closed.

The equations are displayed within a box for the reader’s convenience.
Before we attempt some schematic solutions of this system, we should

give a tentative interpretation of the quantities that we have introduced.

e The number equation (3.14) expresses the fact that, on average, the
particle number is conserved. In fact, as we have already remarked, we
ought to consider v} as the probability the the level k is occupied or,
equivalently, the average number of particles on the level k.

e The quantity & that has been introduced through Eq. (3.18) gener-
alises the single-particle energy that has been introduced in the HF
theory. In fact, it represents the difference between the single-particle
energy and the Fermi energy A. This can be shown in the following way.
If we assume that the nucleus at hand is invariant under time-reversal,
and we set ourselves in the HF limit in which v, is 1 below the Fermi
energy and vanishes above it, then Eq. (3.18) becomes

é:k =t — A+ Z Vkk! k! - (328)
k.l
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The same equation can be derived if one subtracts A from the single-
particle energy ¢; deduced from Eq. (2.23). This is achieved by multi-
plying Eq. (2.23) at left by ¢ (r), and integrating over r.

e The quasi-particle energy definition (3.23) again reduces to a single-
particle energy measured with respect to the Fermi energy A in the HF
limit, namely if A, vanishes. In the non-trivial case of a finite gap
Ay, however, we notice that the energy needed to add a nucleon to the
system cannot be smaller than A,. This holds if we have a system with
an even number of particles, and does explain the gap in the spectrum
that has been mentioned at the start of the Chapter. If the system has
an odd number of nucleons, the odd nucleon is added on top of the BCS
wave function without belonging to any Cooper pair, so that its energy
can be arbitrarily small with respect to the Fermi energy and the odd
system does not display any gap. We have also explained, in this way,
the pairing term =~ 12/ v/A in the semi-empirical mass formula.

e The equation that determines whether the system has the simple HF
solution or the non-trivial solution (that we shall call superfluid from
now on) is the gap equation (3.27). This is the most important equation
within the BCS theory. Intuitively, one can understand that if the
density of levels is not extremely large, so that €, — A must remain
finite, and vz, is small, the HF solution will be the correct one.
Otherwise, a supefluid solution will be preferred. We shall discuss this
on the explicit examples that follows.

3.3 Solution of the BCS equations in schematic
cases

In both the toy models that we discuss below, we assume that the matrix
elements that enter the gap equation are constant, namely we approximate
Uiz With —G. In this case, it is convenient to start from the gap equation
in the form (3.19), and we can write

Ak =G Zukwk, = A, (329)
k/

since, clearly, the pairing gap becomes state-independent.
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3.3.1 Solution for equally spaced levels

We consider two-fold degenerate levels having a constant spacing d, in an
energy window which is symmetric with respect to the Fermi energy A, so
that the lowest level is at A — A and the upper level at A + A. The density
of levels if ¢ = 2/d, and the density of levels with positive projection of the
angular momentum is g/2 = 1/d. By approximating the sum in the gap
equation (3.27) with an integral, we obtain

G 1
A = —A E ’
2 E'>0, A—A<e < +A \/(Ek’ — A2+ A
G 1 +A 1
1 = —= de ——. '
Qd/_A 6,/52+A2 (3.30)

The integral can be solved and it turns out to be 2 sinh™* (%) The solution
of the model is therefore

A= ~ 20N ¥C, (3.31)

-1 d
smha

In this solvable model one can see, in a transparent manner, that the pa-
rameter that plays a role is the ratio between the level spacing and the value
of the typical pairing matrix elements G. If this parameter is large, the gap
essentially vanishes; this is what happens in magic nuclei. The gap is finite
if the pairing matrix elements are comparable with, or larger than, the level
spacing. This is what happens, instead, in the case of open-shell nuclei that
are characterised by superfluid solutions.

3.3.2 Solution for a single j-shell

Let us now make the further assumption that we restrict to a single level, with
degeneracy 25 + 1 = 2 (€2 is the number of states with positive projection
of the angular momentum). The number equation becomes simply

N =2 v =200, (3.32)

k>0

N / N

so that
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Figure 3.4: Mean pairing gap of the states k around the Fermi energy, for
the Sn isotopes. The figure is taken from [38], and is displayed here to
remark the qualitative validity of Eq. (3.34). Details about the specific BCS
implementation, or about the Hartree-Fock-Bogoliubov (HFB) theory and
the way to extract a pairing gap from experimental data, go beyond the
scope here.

and the pairing gap extracted from Eq. (3.29) becomes

s=an/i (- m)=o 3 (0-F). e

This kind of trend like a hat, with a maximum when the shell is half-occupied
(N = Q) and minima at zero in correspondence of the completely empty
or filled shell, is typical also of microscopic calculations. It shows up, for
instance, in the isotopes '**~132Sn, where the single hy; /5 level plays indeed a
major role. Actually, microscopically calculated gaps throughout the whole
shell N = 50 — 82 often display such simple behaviour as in the example of
Fig. 3.4.
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3.A Appendices

3.A.1 DMatrix elements of use for the BCS theory
First, we wish to calculate
(BCS|a}, ax,|BCS). (3.35)

A useful consideration to be made is that the BCS wave functions at the left

and at the right will bring in, respectively, pairs of operators like aj ax, and
a22 . There is no way to obtain an even number of creation and annihilation

operators with the same label, unless k1 = k. Thus, we are left with

(BCS|alay|BCS) =
= Mo~ (w + viagar) (ug + viagar)afar(uy, + veafal ) (w + viafal)|—).

(3.36)

We can move the operators carrying [ and [ as labels on the left side by
exploiting the anticommutation relations. If k # [, all operators anticommute
and exchanging two of them produces a minus sign, so that an even number
of exchanges leaves the product of operators invariant.

(BCS|alax|BCS) =
= s 0,020 (— | (w + viazay) (w + vlaja})(uk + vkakak)a,iak(uk + vkak )\—) =

= Mok (uf + 07) (= (ur, + vpagar)ajar(uy + vyagal)| =) =

“ (3.37)

= v _|akakakakak V-

In conclusion,
(BCS|af, ar,|BCS) = d(k, ka)v7,. (3.38)

In order to calculate the expectation value of V', we fix two indices k& and £’
and define for the sake of brevity

|0) = Mgz pr (g + Uk"aL/@k,,)|—>
Then,

1
(BCS|V[BCS) = > (@) (uk + vkagar) (e + vagar) x
kikokska

><a,Tg al A, Qs (Upr + vkra,t,az,)(uk + vala )|¢) (3.39)
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Note that [¢) is equivalent to the vacuum for operators that carry the labels
k and k’. There are potentially many terms but one must exclude those that
do not give any contribution because the creation and annihilation operators
cannot be matched. After a tedious enumeration one arrives at

1
<BCS‘V‘BCS> - 5 Z@kkrkk/vivi, + Z Ek,;k,,;,ukvkukrvkr. (340)
kk' kk'>0



Chapter 4

Spectroscopy of even-even
nuclei and collective vibrations

It is well known that the excitation spectra of atomic nuclei display an ex-
tremely rich variety of phenomena. The lowest nuclear excitations can be as
low as 11 keV (the first excited state in 2*7U) or as large as 6 MeV (the first
excited state in '°0). A comprehensive database for nuclear excited states
can be found at http://www.nndc.bnl.gov/. Besides their energy, these
states are characterised by the good quantum numbers associated with the
nuclear Hamiltonian, namely the total angular momentum and parity, J™.

Many different effects contribute to create the huge diversity in the pat-
tern of nuclear excited states. Nuclear spectroscopy is, as a consequence, a
complicated subject. Shell effects are of paramount importance: intuitively,
one can understand that in closed-shell systems the nucleons need to jump
across a major shell to create an excited state of the whole nucleus, whereas
in open-shell systems one can have low-energy states. When the trend of the
excititation energy of a given state with J™ is considered, along an isotopic
or isotonic chain, a sudden increase of the energy is often a signature of a
shell closure. In addition to this, pairing and deformation do play a special
role. Deformation splits the spherical levels and gives rise to a higher level
density; pairing makes a difference between even and odd systems. Thinking
about all this, the fact that the first excited state in 237U is so much lower
than the one in 0O makes some sense.

We have seen the effects produced by pairing in the last Chapter. In
the next Section, we shall discuss how the nuclear shape (either spherical
or deformed) is responsible for creating two different kinds of pattern in

61
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the excitation spectra. In fact, collective vibrations around the equilibrium
shape are among the typical excited states of spherical nuclei. We shall intro-
duce the main features of these collective vibrations in the present Chapter,
together with a theory that can explain them, that is, the linear response the-
ory. Spherical nuclei cannot rotate. Non-spherical nuclei, in particular those
characterised by a quadrupole deformation, display instead spectra in which
collective rotations show up. This will be the subject of the next Chapter.
Before starting our treatment of all these topics, we provide some useful
reminder about discrete levels and levels in the continuum. The patterns
of the excitation spectra that we have just introduced are evident in the
low-energy region. As is well known, nuclei have separation energies of the
order of = 7-8 MeV, if we stay within the stability valley. Below this en-
ergy the excitation spectrum is discrete, and v-transitions provide additional
information about the specific character of the excited states. Accordingly,
we will review some main characteristics of electromagnetic transitions be-
tween nuclear states in Chapter 6. The energy region below the separation
energy is normally referred to, sometimes implicitly, when one talks about
nuclear spectroscopy. Above the separation energy, the excitation spectra are
not discrete any longer and only in very specific cases one identifies narrow
structures. In this region, for each J7, there is a continuum of states which,
whenever featureless, does not bring very useful information. One can seek
prominent states that emerge from the featureless background. The main
example of these prominent states is constituted by the so-called giant res-
onances, that show up at energies around 10-30 MeV and carry interesting
information about the nuclear properties, as we will briefy discuss below.
In what follows, we restrict ourselves to the case of even-even nuclei where
the ground state is always J™ = 07. Excited states have integer angular
momentum. Often, but not always, the first excited states has J™ = 27,

4.1 Spectra of vibrational and rotational nu-
clei

In Fig. 4.1, the quantity which is shown is
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3.33 o gu(3, E(4)/E(2)

Figure 4.1: The ratio R between the energies of the first excited 4% and 2%
states [Eq. (4.1)] is displayed along the whole nuclear chart, in the case of
even-even nuclei. The labels close to the color code legend correspond to
group symmetries that are not discussed in the present text. The figure has
been prepared by P. Van Isacker.

which is the ratio between the energies of the first excited 4™ and 2% states,
respectively, in even-even nuclei. Although such values tend to vary, there
are certainly regions in which they are close either to 2 or 3.33. These values
are associated with some paradigmatic nuclei whose excitation spectrum can
be to a large extent interpreted in simple terms: we mean the spherical nuclei
that vibrate and the non-spherical ones that display collective rotations, as
we now clarify.

We first note that the nuclei associated with R = 2 tend to lie on lines
having constant Z or constant N, where at least one of them is a magic
number. In the regions where neither of them is a magic number there are
clear "islands” where nuclei associated with R = 3.33 tend to cluster.

A simple paradigm for a spherical system that undergoes small oscillations
around the equilibrium shape is that of the harmonic oscillator spectrum. If
the ground state is 0T, we can imagine that the excited states are associated
with ”"phonons”, or vibrational quanta, having a given angular momentum
and parity. As we said above, in many cases the lowest among such states
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turns out to be a 2% state. Consequently, within the harmonic picture, we
expect a two-phonon state at twice the 27 energy. The two-phonon state
results from the coupling of the 27 with itself, so that we should actually
expect a triplet of 07, 2+ and 4% states which are degenerate!. This type
of spectrum is displayed in the left part of Fig. 4.2. Thus, nuclei having R
equal, or close, to 2, are spherical nuclei that can vibrate and are often called
"vibrational nuclei”.

Nuclei with a non-spherical shape can instead rotate. A classical rotor
will display a spectrum in which excitation energies scale like J?/2Z, where
J is the angular momentum and Z is the moment of inertia. If we discard for
the moment the question whether all values, even or odd, of the quantized
angular momentum .J are allowed, we find that for energies that scale like

h2
Erotatlonal - QIJ(J + 1) (42)

the ratio R is exactly 3.33. Such nuclei can be called "rotational nuclei” and
the spectrum associated with the latter formula (4.2) is depicted in the right
part of Fig. 4.2. The regions that are circled in Fig. 4.1 are usually referred
to as ”islands of deformation”. They correspond to regions in which both
neutrons and protons have open shells.

Our discussion leaves out the intermediate values of R. Of course, the
transition between spherical and deformed nuclei does not take place all of a
sudden. This is clear from Fig. 4.1, where one can spot intermediate regions
between the two patterns that we have described, in which R takes values
between 2 and 3.33. These "transitional nuclei” will not be treated. In the
next Chapter we shall deal with nuclear deformation and collective rotation.
We stick to spherical nuclei that vibrate in the rest of this Chapter.

4.2 Phenomenology of nuclear vibrations

There are vibrations characterised by different quantum numbers, as we al-
ready alluded to. In addition to the exact quantum numbers J7, approximate
quantum numbers are L (orbital angular momentum) and S (spin angular
momentum). We remind that J =L+ S. One more approximate quantum
number is 7' (isospin). Generally speaking, spin excitations are higher in

IExperimental spectra can inform us about the relevance of anharmonicities, that is,
deviations from the pure harmonic picture. These anharmonicities turn out to be small.
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Figure 4.2: The vibrational and rotational patterns in the nuclear excitation
spectra as described in the main text.

energy than non-spin ones, and 7' = 1 (isovector) excitations are higher than
T = 0 (isoscalar) ones. In the discrete part of the spectrum, states with
S =T = 0 are prevalent.

If we have to single out paradigmatic states among the vibrational ones,
we should definitely point to the so-called Giant Resonances. There exist
monographs on this subject, like Ref. [39]. They lie above the particle
threshold, that is, around ~ 10-30 MeV. They have the shape or a reso-
nance, with a peak energy and a width I', and clearly emerge on top of the
background of other excited states; in other words, they have large cross sec-
tion associated with inelastic processes (we shall return to this point when
discussing inelastic reactions in Chapter 7).

The first evidence of such resonances has been found in experiments in
which a photon beam impinges on a nucleus. A large resonance has been
found systematically in all nuclei, at an energy of the order of

Ervepr ~ 80 A7'3 [MeV]. (4.3)

At such energies, it is easy to verify that the wavelength associated with
the photons, A = 22¢ ~ 15 AY/3 fm, is much larger than the nuclear size.
The protons feel the electric field that oscillates rapidly in time but is es-
sentially uniform in space. These conditions correspond to the well-known
dipole approximation. Protons are pulled apart from neutrons, but the strong
proton-neutron attraction provides the restoring force. In the limit of a small
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Figure 4.3: Schematic picture associated with the Giant Dipole Resonance
(GDR) as discussed in the main text (b). The case of plasmon excitations is
shown in (a) for the sake of comparison. Figure taken from [40].

external perturbation, we can model such situation as a forced harmonic mo-
tion (cf. Fig. 4.3, where the case of plasmon excitations in metallic clusters is
also displayed). We expect a resonance when the external frequency matches
the eigenmode of the system. We can describe this resonance in a classical
framework, but our aim is to relate its existence to the mean-field descrip-
tion of the previous Chapter, and this will be discussed in the next Section.
The resonance is called Isovector Giant Dipole Resonance (IVGDR) because
protons and neutrons move against each other.

We use this example to introduce some general tools that are very useful
for the study of states like the Giant Resonances. If the external field (i.e.
the electromagnetic field in the above case) is written as F , the probability
amplitude to excite a state |n) is proportional to

(| £10), (4.4)

where |0) is the ground state (this can be seen, for instance, via the Fermi
golden rule). We, then, define the ”strength function” associated with the
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operator F in the following way:

S(E) =) _[(n|F|0)]*6(E ~ E,,). (4.5)

Here, the sum is over a complete set of states that have energies F,. We
stress again that this function is not dimensionless and still the square of the
matrix element of F is associated with the probability of exciting the specific
state |n).

A state is dominant in the response to the external operator Fif its
contribution to the strength function, |(n|F|0)|2, is a large fraction of the
total integral. The total integral is called "non-energy weighted sum rule”
and is the zero-th moment, mg, of S:

my = /dE S(E) =>_|[{n|F|0)]. (4.6)

Other moments characterise the strength function, like the first or ”energy-
weighted” moment my, that reads

= /dE E S(B) =Y Edl(nlFl0). (4.7)

A reasonable definition of the average energy that is transferred to the nucleus
through the action of the operator F' is

E El) (4.8)

In other terms, if in the strength function a single state is dominant, that
state absorbs most of the energy: this is the case of Giant Resonances.

The appearance of J-functions in the strength function (4.5) is related
to the assumption that the states are discrete. This is usually not the case,
as we mentioned, because the excited states can have a finite lifetime due
to decay to other states, or particle emission (v-decay contributes only to
a tiny fraction of the width). In this case, the matrix elements squared,
|(n|F)0)|2, should be multiplied by functions having a width T, like gaussians
or lorentzians. The width is related to the lifetime 7 by

r=" (4.9)

T
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Giant resonances have, as a rule, widths of the order of few MeV, that is,
lifetimes of the order of few 10722 s.

An external electromagnetic field excites the IVGDR in a practically ex-
haustive way. If one wishes to study other kinds of excitations one needs
to resort to a strong, i.e. hadronic, field. The problem is then how to find
a probe that excites the state of interest in a reasonably ”exclusive” way.
Most of the hadronic probes excite several states and disentangling them can
be rather troublesome. Another issue is that we cannot avoid treating the
reaction process that leads to the excitation.

We will discuss inelastic scattering in Chapter 7, and we will touch upon
the problem of how to relate the inelastic cross section to the strength func-
tion (4.5). Here we just mention that some types of experiments have been
proven to be rather selective and very instrumental to identify specific giant
resonances. a-particle inelastic scattering excites only S =T = 0 states. In
the last decades, such experiments have been provided evidence of a L = 2,
i.e. quadrupole, resonance at an energy

EISGQR ~ 65 A_l/g, (410)
and of a L = 0, i.e. monopole, resonance at an energy
Ersamr ~ 80 A™Y3, (4.11)

in medium-heavy nuclei.

We now move to the theoretical description of the vibrational spectrum.
The reader who wishes to deepen her/his knowledge in the field of Giant
Resonances can consult the specialized literature: we have already mentioned
the excellent monograph [39].

4.3 Linear response theory for nuclear vibra-
tions

We work under the assumption that the external electromagnetic or hadronic
field F is weak enough, so that all equations can be computed at lowest order
in such field (and in the quantities that characterise the nuclear response). In
particular, we want to derive the response of a magic nucleus whose ground-
state can be described within the HF approximation as discussed in Sec.
2.2.
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Accordingly, we derive the linear response equations from the small am-
plitude limit of the time-dependent Hartree-Fock equations. The static HF
equations (2.23) read

hoi = €, (4.12)

and the single-particle HF Hamiltonian (sum of kinetic energy, Hartree and
Fock potentials) depends obviously on the density. An external harmonic
perturbation F' is supposed to act and to give a boost?

F(t) = fem™ + flet®, (4.13)
Then, the corresponding variations of p and h have the same form:

Sp(t) = dpe ™t 4 5plet™t, (4.14)
Sh(t) = &h e ™ 4 6hletie, (4.15)

We write the equation of motion
ihp = [h, p] (4.16)

and we solve it by assuming that h = h(®) +6h + f, and that we can stop at
linear terms either in dp, 0h, or f:

e oh

ihdp = [, 6p] + (5,0 PO+ 11, 0. (4.17)
Note that in this latter equation we have used the fact that in the HF ba-
sis the Hamiltonian and the density are simultaneously diagonal, that is,
[0, hO] = 0.

We express now Eq. (4.17) on a basis made up with particle -hole (p-h)
excitations |[ph~!), by assuming that it is a complete basis. This is called
Tamm-Dancoff approximation (TDA). Thus, we take the matrix elements of
Eq. (4.17) between (ph~!| and the ground state |0) and we obtain, for the

—iwt

terms that go like ™",

5h 5h
hw Sppn = (plh® 6p — 3p BV|h) + (wl5,00 p — p(o’%Mh% (4.18)

2At the moment we do not specify anything about the nature of the perturbation F.
In Chapter 6 we will study the form of F' in the case of an electromagnetic field. In Sec.
7.4.4, we will see that, within a simple approximation for the inelastic scattering cross
section, this latter turns out to be proportional to matrix elements of operators F' of the
type Y.
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where 0p,;, = (ph™'|dp|0) and will be denoted by X, in the following. Note
also that, since we need to perform anyway the limit f — 0 at the end, we
have already neglected the commutator including the external field. We have
also used the freedom to exchange the state (h~!| in the bra with the state
|h) in the ket, and we shall use the equations h(¥)|p) = ¢,|p), KV |h) = },|h),
whereas p@|p) = 0 and p@|h) = |h), in the HF basis.

The last ingredient that we need to use is the completeness relation

0)(0] + > IR~ ('h ! =1, (4.19)

p/h/

that we insert between the operators in the last matrix element at the r.h.s.
of (4.18). We obtain

oh, . ,_
hw ppn = (£ — €n) 5ppn + > (Ph ™| [D'W Yo ppm- (4.20)
p/h/ 6p
By defining
100
Aph it = Oppr O (€p — 1) + (ph ‘5_p|p W), (4.21)

and introducing the notation X, for the matrix elements (ph~'|dp|0), we
can write the set of TDA equations (4.20) in a matrix form:

AX = hwX. (4.22)

The meaning of the TDA equations is quite straightforward. hw is the
eigenvalue associated with a given vibrational mode. The first term of the
matrix element A in (4.21) is diagonal, and just expresses the fact that
such eigenvalues would correspond to the unperturbed p-h energy differences
ep —€p in absence of any interaction. The second term of the matrix elements
A couples such p-h excitations with one another, and provides eigenstates
that are mixed. It is easy to demonstrate that in simple cases (interactions
V without density dependence) the matrix element of ‘;—h is just the antisym-
metrized matrix element of the potential V. X, represents the amplitude, in
the eigenmode, that is associated with the specific configuration |[ph~'). We
may like to call collective those states in which several, or many, amplitudes
X,n, are non negligible. However, the schematic model discussed in the fol-
lowing Section will be quite instrumental in showing that the relative phase
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1
|

?

Figure 4.4: Schematic representation of the linear response equation.

of such amplitudes also matters. Fig. 4.4 is a cartoon of the TDA equations
if the second term in the sum of the L.h.s. is neglected.

A more sophisticated theory considers the possibility that the ground-
state is more general that the HF one. In other words, p-h pairs may be
present in a more exact ground-state. Then, the linear response formalism
can include the possibility that the p-h pairs are annihilated. In this case,
the completeness relation becomes:

0)(O] + D IR+ W) 'y = 1 (4.23)

p/hl

If we include the states of the type |hp~!) in the basis, the derivation becomes
less straighforward and will be omitted here. We just quote the final result,
which is, in matrix form,

(4 2)(E)w() o

This is called Random Phase Approximation (RPA) equation. In it,
oh
Bph i = <ph_1\5—p|h/p/_1), (4.25)

while Yy, is the amplitude of |hp~!) in the eigenmode, that is, (hp~*dp|0). In
Fig. 4.4, the complete linear response, namely the RPA equation, is schemati-
cally depicted. The second term in the sum at the l.h.s. corresponds precisely
to the annihilation of virtual p-h pairs that are present in the ground-state.



72 CHAPTER 4. SPECTROSCOPY ... COLLECTIVE VIBRATIONS

4.4 Solution of the TDA equations in a schematic
model

We consider, as a simple model for e.g. the IVGDR, a schematic form for
the TDA matrix. We assume that we have N degenerate p-h excitations: in
the IVGDR case for a magic nucleus, this corresponds to consider holes in
the highest occupied shell, particles in the lowest unoccupied shell, and p-h
energy differences all degenerate and equal to ¢ [according to Eq. (2.14), ¢
will be 17w &~ 41 A~'/3; the left side of Fig. 4.5 may be considered for the
sake of better clarity]. We also take the matrix elements that appear in A
all constant and equal to v, so that the TDA matrix becomes:

e+ v v
v et+uv ... v (4.26)
v v ... €+

Such simple model is exactly solvable.

—— 2ho

Strength Strength GDR

1ho

Energy Energy
% Oho 11 |

41A715 OAS
[MeV]

Figure 4.5: The emergence of the IVGDR in the schematic TDA model. See
the text for the discussion.

In the two by two case the matrix reads

e+ v
< v 6+v)’ (4.27)



4.4. SOLUTION OF THE TDA ... IN A SCHEMATIC MODEL 73

and the eigenvalues and eigenvectors are

1 1
h@c}:g, X =— )
ﬁ(—l)

1 1
hw e+v X \/§<1) (4.28)
We may call the first state as ”incoherent” because the two amplitudes are
in opposition of phase while the second state may be said to be ”coherent”.
The meaning of this label becomes more transparent if we calculate the the
matrix element associated with the operator F' as defined in Eq. (4.4), by
assuming that the X amplitudes are real:

(n 10) = 3 Xpulph " |E]0). (4.29)

ph

Around the Fermi surface, we expect that the matrix elements (p|F|h) of a
one-body operator are quite similar and can be approximated by a constant
number M. This depends of course on the choice of the operator. For an
electric or magnetic operator one expects to find these matrix elements are
of the order of one Weisskopf, or single-particle, unit: we will discuss this
in Chapter 6. Then, if one considers the ”incoherent” state, the transition
amplitude associated with F' vanishes. Its value is instead increased by a
factor v/2 with respect to the single-particle value M in the ”coherent” case.

The matrix equation (4.26) can be solved in the general case with N p-h
transitions. In that case, one finds there is only one coherent mode, having
eigenvalue € + Nv and the corresponding eigenvector of the type

1

1 1
. . 4.30
Nod (4:30)

1

The transition amplitude associated with this state reads
1

(n|F|0) = Z n(p|F|h) ~ N—M = /N M. (4.31)

VN

Then, the quantity associated to the transition probability is the square of
the latter equation, as we have discussed already in the previous Section:

[(n|F|0)]> = N M*. (4.32)
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In the case of the IVGDR, we can imagine that the term Nv in the eigenvalue
brings the excitation energy from the "unperturbed” value around 41 A~'/3
to the value 80 A~'/3 already mentioned in Eq. (4.3). The fact that this is
a "gilant” state stems from the last Eq. (4.32): its probability to be excited
is N times larger the probability of a single-particle state. The situation is
depicted in Fig. 4.5.



Chapter 5

Nuclear deformation and
collective rotations

5.1 Introduction to nuclear shapes

The usual way to parametrize the nuclear shapes, when they deviate from
sphericity, is to define the radius as

R<87 (b) = RO

L+ ) Y50, ¢)] : (5.1)

Al

in keeping with the fact that the spherical harmonics form a complete set
of scalar functions on a spherical surface. The parameters o, are complex
numbers, and they will be taken as small in what follows, in the sense that
laxu|? < |- The radius must be obviously a real quantity, and since
Yy, = (=1)"Yx _, the same relation must hold for the coefficients .

In keeping with Eq. (5.1), one can easily imagine a nucleus characterised
by a deformed mean-field that generalises, for instance, the Woods-Saxon
potential of Eq. (2.3):

—U,
U(r) = —aa (5.2)
1+e

[the diffuseness a may also have a mild dependence on angles, and be actually

a(t, o).
We shall describe deformations that do not change the nuclear volume.
We exclude the term A = 0 from the sum in Eq. (5.1) to this aim, because

75
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Yoo = ﬁ is a constant and the volume changes unless agy vanishes. We
actually need to exclude the terms with A = 1 as well, the reason being that
such terms describe a mere translation of the system®.

Then, the sum starts from A = 2 in Eq. (5.1). The volume of the system

is
3
f(:0) 2 R *
/dQ/ dR R /dQ ] L+ ) Y5,(0.0) ) =

AZ>2,p

3
a0 (1 £33 50, G5 (0 ¢>)

)‘7/*’/7>\l7/"/

3
= ?0 (1 +3 Z aAuY;u(ev Qb)a:’u’y)‘,“’ (©, ¢)>

)‘7/1)‘/71/
4 3
- gng (1 + - > |%\2> . (5.3)
A

Q2 is here a shorthand notation for the solid angle defined by 6 and ¢. In the
second equality we have stopped at the lowest order in the parameters «.
We have then used the relationship of @ and Y with the complex conjugate
quantities, and also the orthonormality of the spherical harmonics,

[ 4 ¥3,6.0)Y200(6.) = 50, )60 ).

The result of Eq. (5.3) shows that if we neglect the square of the parameters
ay, the volume is unchanged.

Although there is active research and evidence of octupole deformation
[41], static quadrupole deformation is more widespread in the isotope chart
and more well established. We shall limit ourselves to the treatment of
quadrupole, and consider

R(ev ¢) = RO

1+ ) amYQZ(H,(Z))] . (5.4)

p==2

1One can show this with elementary geometry, in the case at hand in which |« Au|2 <
|-
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5.2 Intrinsic shape and orientation

The goal of this Section is to introduce some concepts that are widely used
when discussing quadrupole deformation, and in particular the difference
between a given shape and a given orientation of the nucleus.

We define two coordinate systems, the intrinisic one O" and the laboratory
one O. The intrinisic system or intrinsic frame is defined in the following
way: given a matter distribution that is approximately constant within the
volume defined by the radius (5.4), we can diagonalize the associated tensor
of inertia, and identify the intrinsic system as the one in which the tensor of
inertia is diagonal. The tensor of inertia is proportional to a;; (the indices
assume the values z,y, 2). «;; are the weights in front of the terms x;z; in
the expansion (5.4), when this latter is written in cartesian coordinates. We
avoid the straightforward steps associated with this transformation and we
just give the main idea.

It is possible to write Eq. (5.4) in cartesian coordinates as

x? xy
R:RO<1+amﬁ—|—...—|—awr—2—|—...>. (5.5)

To accomplish this, one uses the well known coordinate transformations that
allow expressing the spherical harmonics in cartesian coordinates, like

1 /5., _1\/€2z2—x2—y2
Y%_Z\/;(Bcos 9—1)—1 P

and similar ones that can be found in standard textbooks. Once Eq. (5.4) is
written in cartesian coordinates, one can identify the coefficients that appear
in Eq. (5.5). The result reads

gy = \/ am Qyy £ 2i0y,),
\/ 15

Q11 amz =+ Zayz

2 = T2~ ) 56)

We will label as a instead of a the coefficients in the intrinisic frame. In
the intrinsic frame a,, = a,. = a,. = 0, and from the latter equation:

41 — 0, A_9 — A3. (57)
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Theferore, in the intrinsic frame there are only two independent parameters
that define the shape. These are usually expressed in terms of g and v defined
by

ag = Beosy,  as = %sz’nv. (5.8)

The laboratory system O is rotated with respect to O’. The rotation
that brings O into O’, as any rotation in three dimensions, can be written in
terms of the three Euler angles? {¢,0,v} that are denoted collectively as €
(although we use the same notation, one should not mix up the Euler angles
with the polar angles 6, ¢ in the frame O). The relationship between the
spherical harmonics in the two systems read

Va0, ¢ ZDW VYo (0, 0), (5.9)

where D are the Wigner D-functions. Note that we do not need the explicit
expression of these functions for what follows. The three Euler angles and the
parameters 3 and 7 are equivalent to the five parameters ay,: there are five
degrees of freedom associated with the quadrupole deformation but in the
intrinsic frame we better understand that two of them are actually related to
the nuclear shape, while the remaining three depend only on the orientation.

In summary, in the intrinsic frame we can write
R(0',¢") = Ro[1 + agYao(8', ¢') + 2a2Y2a (60, ¢')] (5.10)

in keeping with the fact that Y5q and Y5 o = Y5, are real. We shall drop the
prime superscript on the angles, in what follows, for the sake of simplicity.
It is now easy to plug both the definition (5.8) and the explicit form of the
spherical harmonics into Eq. (5.10). The explicit result reads

R(6,¢) = Ry {1 + 16%5 [cosv (3cos®0 — 1) + V/3siny sin’0 (cos*p — sz’n%)] } :

(5.11)
Specific expressions can be easily found that define the variation 6R = R— R,

2The definition of Euler angles can be found in standard textbooks.
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along the three principal axes,

5 27

R, = 4/ EﬁROCOS(’V — E)’
/5 27

5Ry = EBR()COS(’}/ + ?),

5
= — : A2
R, \/ 47T5R00087 (5.12)

In the case v = 0, one finds that 0R, = 0R, < 0 while R, > 0, if 8 > 0.
The nucleus is azially symmetric (z is the symmetry axis) and prolate (it is
elongated along the symmetry axis and shrinked on the perpendicular plane).
One can easily see that when v deviates from 0 one has triaxial shapes, that
is, shapes that are not characterised by a symmetry axis. When ~ reaches
the value 7/3, and still 8 > 0, one can deduce again from Eq. (5.12) that
0R, =0R, > 0and 0R, < 0. This shape is still axially symmetric (this time,
y is the symmetry axis) but it is shrinked around this symmetry axis and
enlarged on the perpendicular plane. Such form is said to be oblate. Values
of v outside the interval (0,7/3) can be shown to produce the same shapes.

In short, based on Eq. (5.12) and simple trigonometry, the interval 8 > 0
and 0 < v < 7/3 can be shown to be sufficient to describe all intrinsic
quadrupole shapes. The situation is schematically depicted in Fig. 5.1.

5.3 Rotational bands of an axial even-even
nucleus

Deformed nuclei can rotate. We can start by making the adiabatic hypoth-
esis, in which the rotational motion and the intrinsic motion of the nucle-
ons within the range of the deformed potential take place on different time
scales and are decoupled. This hypohesis is well fulfilled in the case of many
medium-heavy nuclei, where the low-lying rotational states are in the ~10-
100 keV range while the nucleon motion, as we have seen, is characterised by
energies which are about two orders of magnitude larger (that is, associated
time scales are two orders or magnitude smaller).

Within the adiabatic hypothesis, the Hamiltonian can thus be written as
a sum

H = Heon + Hipgy- (5.13)
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Figure 5.1: Schematic view of the nuclear shapes, taken from P. Ring and P.
Schuck [42].

The collective Hamiltonian depends only on the coordinates of the rotation
of the nucleus as a whole, that is, the three Euler angles €2 that describe the
orientation of the intrinsic system with respect to the laboratory system. The
intrinisic Hamiltonian depends instead on the coordinates of the nucleons in
the intrinsic system, r} . ..1ry. In the adiabatic hypothesis, the wave function
factorizes

U =D (D)xr(ry...T)). (5.14)

We now discuss the meaning of the labels we have put, that ought to
correspond to the good quantum numbers of the system. We shall call J
the angular momentum associated with the intrinsic degrees of freedom. If
the system is not spherical but has a rotational symmetry around z’, the
component of the angular momentum around 2z’ is conserved: its eigenvalue
is a good quantum number and we shall label it as €. We call R the angular
momentum associated with the collective rotation, and I the total angular
momentum, I =J+R. The projections of this total angular momentum
are also conserved. They are called respectively M (projection on z) and
K (projection on 2’)%. In the specific case of an axially symmetric nucleus

3This statement follows from the fact that the square of the total angular momentum
I? commutes both with its z and 2’ projections. We omit here the formal proof of this
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Figure 5.2: Schematic
view of an axially de-
formed nucleus that ro-
tates around an axis
which is perpendicular to
the intrinsic symmetry
axis 2.

the rotation must take place around an axis whih is perpendicular to the
symmetry axis z’. Therefore, R, = 0 and K coincides with . We shall
restrict to this case and use K from now on. Fig. 5.2 depicts the quantities
we have just defined.

The intrinisc wave function can, of course, only depend on K. The col-
lective wave function D must be a Wigner function because mathematically
it can be proven that, if O’ is rotated by an angle €2 with respect to O, then

I Dip() = I(I+1)Diyy,
I. Diey(R) = MDiyy,
L Dhy(Q) = KDLy,
In other words, these functions are eigenfunctions of the total angular mo-

mentum and of its z and 2’ components. If we consider another mathematical
property of the Wigner functions,
872

dQ D (D2, () = ———
[an i, @@ = 57

we can easily infer that, if yx is normalized, the normalization factor of the

21+1
82 *

6(j1, 72)0(mq, ma)d(my, my),

wave function (5.14) is

statement (the interested reader can consult e.g. Appendix A of [42]).
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Let us now assume that the nucleus has one more symmetry, that is, it
is unchanged under a rotation of m around an axis perpendicular to 2/, say
y'. Since it can be shown that

Ry (7) [Dhers(@xae(ra'.ta)] = (1) DY 0 (e (ry' 1),

then the proper way to generalise Eq. (5.14) so that this symmetry is pre-
served reads

21 +1 /
wIKM = \/ (1 + (5}(0) [DéM(Q)XK(rl/ .. .I‘A/) + (—)H_K'DiKMX_K(I'l ..

1672
(5.15)

If K =0 in the ground-state configuration, Eq. (5.15) shows that I must
be even. Then, we expect that the ground-state rotational band is composed
by states having I™ = 01,27, 4" ... These states have energies

h2
Er=—I(I+1 5.16

that is, they form the typical rotational spectrum that has been introduced in
the last Chapter. From the measurements of the energies of the ~ transitions,
we can reconstruct such spectrum and (i) verify if it respects the scaling as
in (5.16), but also (ii) extract values of the moments of inertia. In most of
the nuclei with mass between ~ 150 and ~ 190, and mass larger than ~ 220
we find very regular rotational bands extending to high values of the angular
momentum /. An example is shown in Fig. 5.3.

5.4 Electromagnetic transitions and exctrac-
tion of the intrinisic S

Not only the energies, but the electromagnetic transition probabilities among
members of a rotational band can be measured. In the case that we have
discussed in some detail, when the states have I™ = 0,27 4% ... the tran-
sitions* are electric quadrupole ones, E2.

4We assume some familiarity with the definition of electromagnetic multipole moments
and transitions, the associated reduced transition probability B and, possibly, the values
of the single-particle units (at least for the electric transitions). If the reader does not feel
confident at least about the basics of the subject, reading of the next Chapter before this
one is recommended.

. I'A/):| .
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Figure 5.3: Rotational
spectrum of the nucleus
168Hf. The ground-state
band that we have dis-
34" cussed in the text is evi-
dent, and extends to high
values of the angumar
momentum . A rota-
_t tional band based on a
different intrinsic config-
uration xx appears as a

5o ”side band”.

168 Hf

30°

N SE—

S, GOSN |-

|
ﬁ

i

|

The reduced transition probability B(E2) beween a state with initial
(final) angular momentum I; (1) reads

1 .
B(E2,I; — If) = > KMy | Q1M (5.17)
M

2[i+1M )

where the quadrupole operator can be written explicity as >_.e;r?Y5,(7;),
and the sum runs over nucleons. This operator is obviously defined in the
laboratory frame O where the photon is detected but can be transformed in
the intrinsic frame. We have learnt in this Chapter that the spherical har-
monics, as any tensor carrying good angular momentum, can be transformed
from one frame to another by using the Wigner functions. Then,

Qo =Y D2 (0Q5, (5.18)

and, by sticking to the case K = 0 and reading the wave functions from
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(5.15),

~ (2[-'-1 2[ —|—1 Tex . Aintr
UM O 1) — Y. s Z [ 40D (P2 Dl () (ol )

872
(5.19)
where the bra and ket notation refers to the integral on the intrinsic coor-
dinates 7} ...7" (on which the intrinsic wave functions x and the intrinisic
operator Qim depend). The integral over the Wigner functions that appear
in the latter equation is known, since

. 8m . . . o .
/dQ fosmspffgmzpfﬁml = s + 1<Jlm1jzm2b3m3>(J1/~L1J2/~L2U3/~L3>-

Thus, the matrix elements (5.19) becomes

- 2l +1 intr
(I Myl Qa1 = | 57— M2yl LM y) (1:0201110) (0l QS5 xo):

(5.20)
The second Clebsch-Gordan coefficients in this equation implies that v must
vanish®. Then, the value of the reduced transition probability reads

1 _— (21; + 1)(1;020|10)?
BE2L = 1y) = sl 00lQa o) FF=—rgr =gy = > (LM:2ull;My)®
! M; M
= (L:020[1;0)° (x| Q55" |xo) * (5.21)

This equation expresses the very remarkable result that in a rotational band
all transitions depend on a quantity which is related to the square of the
intrinsic quadrupole moment, and the dependence on the specific initial and
final states is a geometric, universal one - i.e. associated with the square of
a Clebsch-Gordan coefficient.

We now show how the common quantity appearing in all reduced transi-
tion probability, the aforementioned intrinsic quadrupole moment, is related
to 5. We start from Eq. (5.11) restricted to v = 0:

R() = Ry

5 2
o-° (3cos®0 — 1)] : (5.22)

®We remind that for every non-zero coefficient (j;mqjama|jzms), the equality mq +
mo = m3 must hold.
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We assume that this is the radius associated both with the mass and charge
distribution. The charge can be assumed to be uniform within the volume
defined by R(6). We have shown in the first part of this Chapter [cf. Eq.
(5.3)] that at the lowest order in 8 the volume is conserved, so that

A
Pcharge = TR% (523)

3

If we replace the square of the intrinsic wave function |y|? with the intrinisic
density distribution, we obtain

3Ze R(9)
<X0|thr|X0> = /d?’r €Pcharge”” Yzo 167 R327T\/7/ d:u 3:“ - 1) / dr T4

+1 RS
= 8R3\/7/ dp (3p* —1)=2 |1+~ \/753,11—1

3ZeR?

- A7 A+

where in the second step we have used the definition of

1 /5
Yoo = Z\/;(Bcoszﬁ - 1)

that has been given previously, and we have defined p = cosf. In the follow-
ing steps we have kept only the term at lowest order in # by marking the
missing ones with dots. If § is small, and the approximation is meaningful,
we find, by replacing the latter result (5.24) in Eq. (5.21):

Z
B(E2,I; — 1) = (1,020|1;0) (3 :RO) 3. (5.25)

In conclusion, the measurement of the reduced transition probability gives
access to 32

It should be noted that other experimental techniques can provide values
of 3 like, for instance, laser atomic spectroscopy. In this case, the measure-
ment of hyperfine atomic transitions provide an indication of how the nuclear
Coulomb field felt by the atomic electrons is different from a spherical one.

(5.24)
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5.5 Moments of inertia

If the value of § can be extracted from Eq. (5.25), and the value of the
moment of inertia is known from the energies of the rotational spectrum, one
can ask oneself the question whether the rotation has a rigid-body character.
By assuming a mass distribution which is again uniform within the radius
defined by Eq. (5.22), namely ppa.ss = 3mA/4wR}, we can calculate the
so-called rigid-body moment of inertia. In the case of an axially symmetric
nucleus the rotation is around an axis perpendicular to the symmetry axis
2, like o’ or y'. Of course, Z,, = Z,, = Z. The moment of inertia can be
evaluated with a similar calculation as the one which led us to the intrinsic
quadrupole moment in Eq. (5.24), and the result is

2 1[5
T= 5mAR0 (1 + 5 47r5> : (5.26)

With the values of [ extracted as discussed in the last Section, one obtains
moment of inertia that are about a factor 2 larger than experiment.

Superfluidity makes this value smaller than the rigid-body value. This can
be intuitively understood, as a superfluid portion can translate and rotate
without contributing to the overall inertia of the system. Detailed micro-
scopic calculations confirm this intuition.

5.6 Motion of a particle in a deformed poten-
tial: simple features

A simple model that describes the changes that the single-particle states
undergo, when changing a spherical into a deformed shape, is that of the
deformed harmonic oscillator. If wy is the typical frequency that mimics the
nuclear case, namely hwy =~ 41A~Y/3 [cf. Eq. (2.14)], in an axially deformed
nucleus we can assume that we have different frequencies along the symmetry
axis 2’ (w,) and along the two perpendicular axes 2’ and 3’ (w, ). Thus, we
can write 2 .

H = —%V2 + 3 [w? (2% +97) + wiz?]. (5.27)
The conservation of the volume can be expressed by the condition

wiw, = wy, (5.28)
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and one can easily verify that this condition is fulfilled by

2 1
W, = Wo (1 — ge) , W = wy (1 + 56) (5.29)

at lowest order in e, that is, by neglecting terms of the order €2. The simple
model of Eq. (5.27) can be improved by adding a spin-orbit term, and
empirical terms that make it more similar to the Woods-Saxon shape. When
these terms are added, one has the so-called Nilsson model.

We can rewrite Eq. (5.27) as

H = H0+€H1

H, - V2 4 L
= —— —1mw
0 om Pt
1 1 /16
cH, = gmwge (x2 + % — 2,22) =3 %mwéerQYQO, (5.30)

where in the last step we have used the definition of Y5 that has been often
employed in this Chapter. If the deformation is small, and € is a small param-
eter, the effect of H; can be treated within first-order perturbation theory.
The levels that are degenerate under the spherical assumption undergo a
splitting that can be calculated in the usual way:

Aepijm = (nljm|eHq|nljm)

1 /167 . :
— —gw?emwg/dr r2uilj(r)(ljm|y20|l]m>

le 3m?* —j(j+1)
= ——mWS/dr rzuilj(r) G (5.31)

32
where in the last step we have used some standard formula® to calculate the
expectation value of Ys over a wave function of the type (2.7).

The latter expression (5.31) predicts that states with +m remain degen-
erate, as it can be expected in the case of the symmetry at hand where
the nucleus is invariant when 2’ is reversed; moreover, at least for large j,
the states with the maximum projection m = +j are shifted up while the
states with minimum projection m = £1/2 are shifted down. This is under-
standable in semiclassical terms: the wave function should be concentrated

61t can be found in any textbook on angular momentum and spherical tensors, but also
in the appendices of nuclear structure textbooks.
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in the plane perpendicular to the angular momentum and therefore in the
case of maximum (minimum) projection over z’ it is mainly in the plane z'y’
(along the 2’ axis) which is the region where the potential shrinks (becomes
shallower).

There is another case that can be solved exactly, that is, the case of
extremely large deformation in which one can assume a harmonic oscillator
with cylindrical symmetry around the 2z’ axis. Although the realistic cases
are in between the two limits of the small and large deformations, the labels
associated with the cylindrical symmetry (large deformation) are often used
in the literature.

The exact quantum numbers that are valid for any value of ¢ are the
projection of the total angular momentum on the 2’ axis (the quantity
of the above discussion) and the parity 7. The quantum numbers that are
valid in cylindrical symmetry but only asymptotically valid (for large €) in
the case at hand can be shown to be: the principal quantum number of the
harmonic oscillator N, the quantity associated with the number of nodes in
the 2’ direction n, (the number of nodes is n, — 1), and the projection over
2" of the orbital angular momentum A. In cylindrical symmetry the relation

N =n.+2n,+A (5.32)

holds, where n, is the quantity associated with the number of nodes in the
radial direction (the number of nodes is n, — 1).

The notation
Q7 [N, n,, A

is used with the aim of distinguishing the exact quantum numbers from the
approximate ones (in square brackets). In reality, one solves the Hartree-Fock
or BCS equations without assuming any symmetry. The nucleons find the
arrangement that allows them to occupy states that are as lowest as possible
in energy, that is, in order to minimise the total energy. In many instances,
deformed solutions arise. These usually correspond to the cases in which
both protons and neutrons have open shells.



Chapter 6

Electromagnetic moments and
transitions

In the previous Chapter, we have already made use of the concepts of quadrupole
electromagnetic operator and associated reduced transition probability. Al-
though the reader may have already encountered these concepts in an intro-
ductory nuclear physics course, we deem it useful to present, in this Chapter,

a concise review of the basic notions associated with electromagnetic static
moments and transitions. In particular, the goal is to provide the students
with the proper definition of: electric and magnetic multipole transitions,
the associated operators in the long-wavelength limit and, eventually, their
relevant matrix elements.

Expectation values of these operators on the nuclear ground state cor-
respond to the electromagnetic nuclear moments. Electric quadrupole mo-
ments lie at the basis of the discussion in the previous Chapter; however,
electric octupole and magnetic dipole moments play also an important role
in low-energy nuclear physics.

Transition matrix elements of the electromagnetic operators are also of
paramount importance. We have already mentioned them, and in general
they always appear when discussing vibrational and rotational states. In
this Chapter, we will introduce the typical values of the transition matrix el-
ements associated with single-particle transitions, that is, the so-called single-
particle units. We will give some ground, then, to the idea that there exist
collective vibrational and rotational states: in this Chapter, collective states
will emerge as the excited states whose transition matrix elements are much
larger than the single-particle ones.
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By means of this discussion, some other concepts (e.g., the lifetime of
the excited states) will be also highlighted. On the other hand, we will not
cover all possible aspects related to electromagnetic moments and transitions.
In particular, we will restrict ourselves to the realm of nuclear structure
and refrain from giving any connection with the physics of the nucleons (or
hadrons). Nucleons will be taken, as in the rest of this textbook, as point-
like nonrelativistic particles. Protons will be characterised by their electric
charge, and protons and neutrons also by their internal spin. The internal
structure of these particles will not be considered.

6.1 Multipole expansion of the electromag-
netic interaction

The electromagnetic scalar and vector potentials® (V, A) are often expanded
in plane waves. This is not the proper formulation to describe the interaction
with nuclei, that we have often described in the last Chapters using a spher-
ical basis. It is possible, nonetheless, to introduce an expansion of the vector
potential in components that have good angular momentum and parity.

We will use Ap as labels for the quantum numbers associated with the
angular momentum and its z-projection. This means that the components
A, obey

JAy, = AA+1)A,,
JZA)\M == ,uA,\u. (61)

We also need to distinguish the components with different parity. This
amounts to distinguishing a term A,,(FL) with parity (—1)*, and a term
A, (MA) with parity (—1)*?. The two labels refer obviously to electric
(EL) and magnetic (MA).

If we write down these two terms, in the case of a monochromatic com-

!Their definition is subject to the choice of a specific gauge. We shall use the Coulomb
gauge, in which V- A = 0, in what follows. Our discussion will be restricted to the vector
potential.
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ponent of the vector potential charaterised by the frequency w, we obtain

—1

A = ————=(V xL)(Ux(kr)Yy.(0,90)),
AL k; >\(>\+1)( ) (Ga(kr)Yxu(0, 0))
1
A o Li(kr)Yau(0,9), 6.2
A, M A )\()\+1) ])\( ) Au( ¢) ( )
where k = ¢, jy is a Bessel function, and L = —i(r x V) is the angular

momentum operator. The derivation of these formulas is not related to any
nuclear physics concept. It is omitted in all recent textbooks but it can be
found, for instance, in Ref. [43]. This source can be used to check other
details that will be omitted in the treatment of this Chapter, together with
the more recent textbook [44].

The interaction between matter and radiation, in this gauge, can be writ-
ten as

o, = —% / &r i(r) - A(r). (6.3)

where j is the current density. By inserting the previous expressions (6.2)
into (6.3), one can directly analyse the interaction of the system under study
with the radiation of a given type and multipole.

In the nuclear case, the current j can be written as the sum of a convection
part (associated with the motion of the charged protons) and of a magnetic
part. This latter is written, in turn, as a function of a magnetization current
. This means

j=Jjctim=jc+V xpu. (6.4)

In the following Section, we analyse the electric multipoles of (6.3).

6.2 Electric multipole operators and moments

In the electric case,

V X I‘ X V)]j)\Y)\H, (65)

4
AL w\/)\ A+ 1) /

where the dependence on radial and angular coordinates has been omitted
for simplicity. Using a vector identity that reads

z'VxL:rV2—V<1+rg)
or
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as well as the fact that j,Y), are solutions of the Helmholtz equation?, one
arrives with algebraic steps at

0

Hypmt = w\/m/ rj- l Yo — v(E(m)YM)}. (6.6)

In the second term, we can integrate by parts and use the continuity equation
that reads

. . 0 :
V-J:VJC:—a—f:w}p, (6.7)

where the last equality is related to the fact that we are considering the
monochromatic case with frequency w [cf. before Eq. (6.2)]. By writing the
second term in the new form before the other term, Eq. (6.6) becomes

H)\/,hEL = - m/ ( Tj)\) Y)\u)
—— [ &@rj-ri\Y),
w\/)\(Ale)/ FE

At this point, we perform the aforementioned long wavelength approxi-
mation. Densities and currents are non-negligible in the range between zero
and R given by Eq. (2.1). Consequenty, the largest value of kr is

(6.8)

E
KR~ —125A [fn] ~ 6 107 AY* B [MeV], (6.9)

where F is the energy of the electromagnetic radiation. In the range of our
interest, £ &~ 1 — 10 MeV, we can safely assume that kr < 1 and use the
following approximation for the Bessel functions,

(kr)*
kr—0 (22X + D)1

Ja(kr) (6.10)

Inserting this into Eq. (6.8), we obtain

A+ R 5
Hy,pr= — 1 3 (2)\+1)”/drpr Y,

1 k,)\+1 . . ‘
AA+1) (2A+1)!!/dTJ'rJAYAu- (6.11)

This means that (V2 + k?) jx(kr)Yx, = 0.
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Because of Eq. (6.7), it turns out that the second term in the latter equation
is a factor ~ kr smaller than the first one and is usually neglected.

It is customary to introduce an extra normalization factor in Eq. (6.5)
and define

1 i@+ A / . |
H = — d -V \V4 Y,
bk s B Vg i VX ExVlan,

= % /d3rj [V x (rx V) NSV (6.12)

This normalization allows obtaining a simpler form for (6.11), that is

HA;L,EL = /d37’ pTAY)\u = Z eiT;\Y)\uOgi, ¢2) (613)

In the last step, we have inserted the definition of the charge density,
p(r) = ed(r —ry), (6.14)

where the sum runs over all nucleons but the electric charge is e; = 1 for
protons and e; = 0 for neutrons. The equalities in (6.13) point to the fact
that we can interpret the single-particle operator in the r.h.s. as the electric
multipole operator, Oy, pr. Its matrix elements have dimension e fm?*. Its
expectation value over a nuclear state, like e.g. the ground-state,

M,\;L,EL = (0| ZQT{\YA#(@‘, ¢i)‘0> = <0‘O>\;L,EL|0>7 (6-15)

is an electric multipole moment. As we have seen, different normalizations are
possible for such moment. The discussion in this Section gives a solid ground
to the discussion of quadrupole properties that has been made throughout
the previous Chapter.

6.3 Electric multipole transitions and single-
particle units

The concepts discussed in the previous Section can be extended to the case
in which the electric multipole operator induces a transition from an initial
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state i to a final state f, namely

Axper = (flOxuEL]7)- (6.16)

The symbol A stands for amplitude. The quantity which can be measured
is the transition probability, that is the square of A. As we already hinted
when we wrote Eq. (5.17), in most of the cases we do not measure the
polarization of the initial and final states. In all these cases, we actually
measure a transition probability which is averaged over initial (degenerate)
states and summed over final (degenerate) states. In the case in which these
states have quantum numbers J and M, the transition probability that is
defined in this way is called reduced transition probability. It is written as

1

B(EXNi— f) = Sy Z [(J 4, My |Oxp il Jiy M;)|?
! M;, My,
1 (JiMiAu| Ty My)® p
= > (I 1Or il )
2J; +1 My My 2Jf +1
1
= 577 rllOnueLll ), (6.17)

where in the second line we use the Wigner-Eckhart theorem for spherical
tensors T,

(Jz‘Mz‘)\MUfo>
2Jf +1

(Jp, M| Ty J5, M) = (Jel|TAl i),

that introduces the reduced matrix elements (those with the double bar).
In the next line we have used the orthonormality property of the Clebsch-
Gordan coefficients.

Reduced transition probablilities characterise the electromagnetic excita-
tion and decay of all the states that we have discussed so far. It is natural,
then, to ask the question which is the natural scale for these probabilities.
In the Tables, they are provided in units of e*fm?*. However, these units do
not give an idea if only one nucleon, or many of them, are involved in the
process.

This is the motivation for introducing the so-called single-particle units.
A single-particle unit, or s.p.u., characterises a transition in which only one
nucleon is involved as the wording suggests. Let us suppose that a nucleon
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undergoes a transition of type KA from an orbital j; to an orbital j;. If we

assume® that j; = \ + % and jy = %, and we evaluate with the use of a

standard textbook the reduced matrix element in Eq. (6.17), we find

1 102341, 11 11, N

1 2
= = (/ dr Ry e MRZ-) : (6.18)

In going from the first to the second line we have taken into account that

(A+322X0]33)2 = ﬁ For the estimate of the radial integral, we perform a

further simplification. We take wave functions R; ;(r) = ufT(r) [cf. Eq. (2.7)]
that are constant in the interval between 0 and the nuclear radius given by
Eq. (2.1) and called a in this context?. Due to normalization,

/drrzR?,le = R,-vfzw/%, (6.19)
0

3 a)\+3

and then

/ dr Ryr* R, = (6.20)

0 a3A+3
With this assumption, and by replacing a with the value of Eq. (2.1), we
arrive at the standard definition of s.p.u.:

1 ? 2
Bipu(EN) = - (Aiw) 1.22°A% [*fm*). (6.21)

We have now a way to understand, in the electromagnetic case, the mean-
ing of collectivity. A collective state is a state whose transition probability
is large with respect to the s.p.u.

6.4 The magnetic sector

We do not repeat, for the magnetic multipoles, the detailed steps that we
have outlined in the electric case. These steps are indeed similar in the

3This assumption is made in such a way that the factors associated with the specific
orbitals can be simplified. We remind that these s.p.u. are merely intended to provide an
order or magnitude of the reduced transition probability.

“Note that one should not mix up the wave function R; or Ry with the nuclear radius.
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general spirit. Thus, we describe them briefly, and we refer again to Refs.
[43, 44] in case one is interested in repeating the whole calculation®.

One has to start from the expressions already given in Egs. (6.2) and
(6.3), that give

/ d*r j - LjxYa,. (6.22)

1
H -
A AT 1)

In close analogy with the electric case, a factor is usually added so that the
final expression in the long wavelength limit is eventually simpler to handle.
This means, in practice, that one defines

A+ 1)

I SATLIY AL - N :
k(A + 1) /d r e (rx V)Y (6.23)

H)\,u,MA =

This equation is the analogous of Eq. (6.12). We state without formal proof
that, in the long wavelength limit and taking care of the overall properties
of nucleons (charge and spin), the latter formula becomes

2¢;
220 +1

Hypria =Y [gsu)s,- T (i)

i

} -V (T?YAM(@, ¢z)) : (6.24)

In this equation, which is the analogous of (6.13), ¢ and s are the single-
particle orbital and spin angular momentum (cf. Chapter 2), whereas

_ 1 for protons
gi@) =4 N (6.25)
0 for neutrons,
and
5.586 fi t
g5(i) = + un  for protons (6.26)
—3.826py for neutrons

(un is the nuclear magneton).

As in the electric case, we can interpret the single-particle operator in the
r.h.s. of (6.24) as the magnetic multipole operator Oy, ara. Its expectation
value over a nuclear state, like e.g. the ground-state, is a magnetic multipole

5The student can also ask for notes that can be made available by the author of this
text.
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moment. Magnetic reduced transition probabilities can also be defined, to-
gether with the corresponding s.p.u. We do not dwell on the magnetic case
but we refer to standard textbooks for details. We only stress, as it is useful
for the next Section, that the matrix elements of the operator (6.24) have
units of py fm 1.

6.5 Lifetimes

From the reduced transition probability, we can also calculate the lifetime of
the excited states. This is done using the Fermi Golden rule. We avoid here
the tedious calculation of the density of final photon states [44] and simply
provide the result.

The transition rate for a given multipole transition is given by

T(Exor MA) = —FA+D 1 <E

2241
SRSV %) B(EX or M)). (6.27)

E is, as above, the transition energy that is the energy of the photon. The
reduced transition probabilities B are given in e*fm?* and p3fm** =2, in the
electric and magnetic case respectively. One should remember that we are
using units in which e* corresponds to MeV fm, while ;% to MeV fm?. Then,
it is straightforward to check that 7' turns out to be in s~! as it should.
Transition rates given by Eq. (6.27) allow the comparison of different
multipoles. The ratio between two multipole transitions having A + 1 and A
is given by a factor (kR)% k? comes from (%)2 R? comes from the radial
operator inside the matrix element that gives B. Since, as we have seen in
Sec. 6.2, kR < 1, the transition rate associated with a higher multipole

becomes negligible when a lower one is allowed by the transition rules:

T(EX) > T(EMN+1))
T(MX) > T(M(\+1)). (6.28)
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Chapter 7

Direct nuclear reactions

7.1 Introduction and classification of reactions

The study of nuclear reactions is a very broad domain, and the border be-
tween nuclear and hadronic reactions is somehow blurred. In the present
Chapter, we will have in mind only reactions in which both the initial and
final systems are either nucleons or nuclei, disregarding in this way the pro-
duction of other types of particles. We will also leave aside electro-weak
reactions, where electrons, muons or neutrinos interact with nuclei. In this
respect, a typical nuclear reaction can be written as

A+a— B+b (7.1)

although the presence of more than two particles in the final state cannot
be excluded. In the initial state, reactions involving three or more particles
have increasingly small cross sections. We shall keep the notation (7.1) for
the sake of simplicity.

There are important conservation laws that dictate which reactions are
possible, and which are the available final states for the particles that are
involved: total energy, linear momentum, angular momentum, total electric
charge, baryon number are conserved quantities, as well as parity since we
negect the contribution of the weak interaction. The reaction )-value is
defined as the difference between the masses of the particles in the initial
and final channels, turned into rest energies via the factor ¢. This means

Q= (My+M,—Mp— M) =) T;—> T, (7.2)
f i
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where the notation of Eq. (7.1) has been followed. The second equality
follows from the energy conservation. In the r.h.s., i and f label the particles
in the initial and final states, respectively, with their kinetic energies T; and
Ty. From the definition of the Q-value it is clear that if () > 0 (exothermic
reaction), the reaction can occur for any initial kinetic energy. This is not
the case if @ < 0 (endothermic reaction): in this case, a threshold exists.

While the ()-value is of course a scalar quantity that does not depend on
the chosen reference frame, the partition of kinetic energies among particles
does. How the threshold kinetic energy for endothermic reactions depends on
the specific frame will not discussed here. In fact, we will not detail any of the
formulas associated to the kinematics of nuclear reactions. These are a simple
application of elementary mechanics and can be found in many textbooks'.
We simply provide here a few important comments on the laboratory and
center-of-mass systems. As in previous Chapters, we stick to non-relativistic
kinematics.

The laboratory (LAB) system is clearly defined. Usually, in it there is
a target particle at rest? and this will be the particle A in the notation of
Eq. (7.1). This is not the case in the center-of-mass (COM) frame. A simple
calculation, carried out in the Appendix 7.A.1, leads to

A
> T = A 7.3
- 7 A-‘-CL ) ( )

where the lLh.s. is the total kinetic energy available in the COM system
whereas in the r.h.s. we have the kinetic energy in the LAB system of the
incident particle a, multiplied by a factor that includes the mass numbers
of projectile and targets. In a reaction induced by a light particle, like a
nucleon, on a heavy nucleus A, the two energies can be mixed up because
the factor Aiﬂ is close to 1. In fact, the COM essentially coincides with the
heavy particle and remains idle, while this is not the case in a symmetric
reaction where the energy in the COM is one half of the LAB energy.

In what follows, we will study the properties of some reactions as a func-
tion of the energy, and it is clear that such dynamics must be studied in
the COM system. The COM energy wil be referred to simply as incident
energy. The associated velocity, or momentum, will be simply written as v,
or p. We also shall use the name momentum, in this Chapter, for the wave

1See e.g. Sec. 10.3 of Ref. [45].
2We leave aside the case of experiments performed with two colliding beams.
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vector k which is the momentum in units of 7. We shall keep implicit that in
the COM system T = %/J,U2 where 1 is the reduced mass (cf. the Appendix
7.A.1).

The main observables associated with a reaction are the differential and
the total cross section®. In keeping with the huge variety of possible reactions,
the cross sections vary from negligibly small to large values* of the order of
~ barn. We remind that

1b=10"% cm? = 100 fm?.

We can classify the reactions according to their type or to the incident energy.

Elastic reactions are those in which neither the configuration of the sys-
tems that are involved nor the relative energy change between the initial and
final state, and we can write the reaction as A4+a — A-+a. Inelastic reactions
are those in which the particles in the initial and final states do not change,
but some amount of energy is transferred from the relative kinetic energy to
intrinsic excitations; in other words, one of the two particles (or both) can
be excited. If we assume that A has been excited, we write A +a — A* + a.
Transfer reactions are those in which B and b are different nuclei with respect
to A and a, namely some nucleons have been transferred between projectile
and target. We may have in mind one-neutron transfer, one proton-transfer,
or multi-nucleon trasfer.

At high energies, like 100 MeV /nucleon, nuclear reactions can be as-
sumed to take place through one single step. The projectile is usually not
much deviated from its trajectory, in a semiclassical picture, so that the an-
gular distributions are forward-peaked and have specific shapes that are well
reproduced by theory if we calculate them through first-order perturbation
theory, as we shall discuss below. The fact that only a single interaction
takes place can be roughly justified through an estimate of the interaction
time, that is,

R R |pc? 5 fm 103
At ~ —=h — o ~7.10022 M g - - -
t o e e R T I0 VS S0 Mev T V 2T
103
~ 1072 — 7.4
S\ o7 (7.4)

3The definitions are assumed to be known.
40n the nuclear scale.
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where T is assumed in MeV. For T' of the order of hundreds of MeV, this
interaction time is of the order of the typical time between two nuclear col-
lisions that has been estimated in Eq. (2.33). These reactions are called,
therefore, direct reactions.

At the other extreme, reactions around 1 MeV /nucleon are characterised
by interaction times that are one order of magnitude longer, or by a number
of collisions that are one order of magnitude larger. Not surprisingly, as it
will be discussed in some detail below, in these reactions the large number of
collisions produce an equlibrated, or thermalized, projectile-target compound
system that is called compound nucleus (CN). The CN lasts long enough so
to loose memory of the way in which it has been formed, and decays to a final
state independently of the initial state. Only the energy of the compound
nucleus is a relevant parameter. Cross sections are isotropic.

These two kinds of reactions will be discussed, while we leave aside the
intermediate case of partial equilibration (that is, the so called multi-step
or pre-equilibrium reactions), in keeping with the higher complexity. After
this phenomenological introduction, we discuss some formal theory of the
scattering process and a general formula for the associated cross section,
that will be prone to several approximations.

7.2 Formal theory

We consider the two nuclei A and a, and we define in the following way
the degrees of freedom and the associated Hamiltonian. R is the relative
coordinate (i.e. the distance between the centre-of-mass of A and a), so
that the relative kinetic energy can be written as 7' = —%V%{, where g
is the reduced mass and Vg is the gradient with respect to the coordinate
R. The coordinates of the nucleons belonging to A (a) are denoted by ry4
(ry); accordingly, the intrinsic Hamiltonians will be written H({r4}) and
H,({r,}), and the dependence on the set of intrinsic coordinates will be
dropped for simplicity. Of course, H,4 contains the kinetic energies of the
nucleons of A, in the system which is fixed in its centre of mass, as well as
the interaction among all these nucleons. The same holds true in the case of
H,. Eventually, the remaining part of the Hamiltonian will be the interaction
Vaa between every nucleon belonging to A and every nucleon belonging to a.
The term aA of this potential depends on R +r, — r4.
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Figure 7.1: Appropriate coordinates for the collision between nuclei A and
a, as described in the main text.

All this discussion should be more clear by looking at Fig. 7.1°. The
Hamiltonian that we have just described is

H=Hy+H,+T+Vio=Hy+V, (7.5)

where, in the second step, we make it clear that we assume that H, and
H, are known, together with their eigenvalues and eigenvectors. In other
words, the problem in which V' = V), vanishes and the total Hamiltonian is
Hj has a known solution. We call ® the eigenfunctions of Hy. These wave
functions are products of the intrinsic wave functions ¢4 and ¢, of H4 and
H,, respectively, and of the eigenfunction of 7" which is a plane wave. Thus,
they read

Py (R) = e Roy0,, (7.6)

where the 4+ and — sign refers, respectively, to outgoing and ingoing boundary
conditions (from now on, we will not carry on the + notation as we will

5One should note that all this is intended to explain elastic and inelastic reactions. The
situation will be to some extent different in the case of transfer reactions, because of the
change in configurations between the initial and final channel.
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essentially have in mind the case of outgoing boundary conditions only).
The equation

(E— Hy) P =0 (7.7)
holds, with
h2k?
E = + Es+ E,. (7.8)
24

The complete Schrédinger equation is
(£ — Ho) Uy = VW, (7.9)

namely we label as W the exact wave function. Wy is the product of ¢4, ¢,
and the exact wave function for the relative motion. ® and ¥ depend both on
the quantum number associated with the momentum, k, and on two quantum
numbers associated with the specific eigenstates of A and a (say, n4 and n,).
However, in what follows we keep these latter two quantum numbers implict,
and write only the momentum explicitly. We shall also keep the intrinsic
wave functions implicit until it is needed for the derivation.
In the next subsection, we derive an exact equation for W.

7.2.1 The Lippmann-Schwinger equation

The exact wave function Wy can be expanded in terms of the set ®y in the
following way:

Ue(R) = /d3/<:’ a(k)Pw (R), (7.10)
where a labels the (at this stage unknown) coefficients. We notice that the

set ® corresponds to a continuum spectrum, and obey the completeness and
closure relations in the following, generalised sense:

[ERroume®) ~ 2075k K)
/ &’k o} (R)P(R)) = (27)*(R —R). (7.11)

We can replace the expansion (7.10) into the Lh.s. of the Schrédinger equa-
tion (7.9), and use the fact that ® is eigenfunction of Hy, to get

/ &k (B —E)a(K)Pw = V. (7.12)
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We now multiply both sides from left by ®;,(R) and integrate over R, to
obtain, using the first of the equations (7.11),

27)’a(K")(E — E") = / R o1, (R)V(R)U(R). (7.13)

We change the notation from ” to ’, and we use the latter equation to derive
an expression for the coefficient a. We insert back such expression in the
expansion (7.10), so that

(b , (b*/ /
U (R) = / &K a(K)Pp (R / P / PR R k(g)_ 1:E,(R)V(R')\Ifk(R')

_ / PR Go(R, R E)V (R) Uy (R). (7.14)

In the last step, we have introduced the Green’s function G defined as

Go(R, R E) = (2;)3 / PK q)k’(?_@ng/). (7.15)

Since all the quantities at the r.h.s. of Eq. (7.15) are known, the Green’s
function can be explicitly calculated. The result reads®
oikR-R|

Go(R,R; E) = — -V

_— 7.16
272 R — R| (7.16)

Eq. (7.14) shows one particular solution of the Schrédinger equation (7.9).
The general solution of the inhomogeneous equation (7.9) can be written as
the general solution of the associated homogeneous equation, that is ®, plus
the particular solution (7.14):

\Ifk = (I)k + /d3R/ GQ(R, Rl; E)V(R/)\Ifk(Rl) (717)
More schematically, we can write Eq. (7.17) as

\If:q>+/ GoV 0. (7.18)

6Tt is a result that can be derived by using the residue theorem. The derivation is
available under request.
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This is called Lippmann-Schwinger equation: it is an integral equation which
is equivalent to the Schrodinger equation we have started from, but its ad-
vantage is that it is written in a form that allows solutions by iteration, or
anyway increasingly accurate solutions as a series in V', In fact, one can also
write it as

\P:(I>+/GOV(I>+// GoV Gy VO+t... (7.19)

This will be used in what follows, as we shall actually stop at the lowest (i.e.
Born) approximation where V' appears only once.

At the end of our derivation, we can explicity re-introduce the internal
coordinates of the two nuclei, ry...r, and ry...rs (cf. Fig. 7.1). We
can also re-introduce the exact wave functions of the two nuclei ¢4 and ¢,,
either in their initial or final states. We do it while showing the relationship
between the somehow formal Lippmann-Schwinger equation and the actual
experimental observable, that is, the cross section.

7.2.2 The scattering amplitude and the cross section
In the asymptotic region, R > R’, we can make the following approximations:

1

R-R/|! ~ =
‘ ‘ R’
RR’

k 2

/ 2 /2 /1/2 / /
KR-R/| = (R 4R —2R-R) ~kR(1- —kR-K R/,

(7.20)

where in the last step we have defined k’ as the projection of k along the
direction of R, namely k' R = kR.. Such direction defines the scattering angle
0, having assumed the initial momentum k along the z-axis.
In this way, we can write the form of the Lippmann-Schwinger equation
(7.17) for R — oo:
S ikz po et 3 —ik/-R’ 3 3 3 3
U(R) — e ¢A¢G_WR d°R e d°ry...d°r, d°ry...d°r4
S (1) (e ) VR (e (e a) o (rr L r) Ti(R).
(7.21)
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This equation allows one to identify an exact expression for the scattering
amplitude, that is,

fo) = 5 ,uh2 /d3R' o kR /d3r1 o dPry Py dPra
s

O (1t () VR DO (o r)ol (1 ) W(R)).

Often, in the literature, one leaves the explicit integration on the reative
coordinate R/, and uses bra and ket notation, ( and ), for the integration on
the internal coordinates. We shall do the same and also use the short-hand
notations (f| and |i), respectively for qﬁ;a)*qﬁ}A)* and |i) for ¢V ¢!, Then,
we write

f0) =—5 :h2 / d*R e ™R (fIV]i) Uy (R)). (7.23)

Eq. (7.23) has the remarkable feature of being an exact equation for
the scattering amplitude. It is for spinless particles, though. The quantity
(fIV|i), which is a function of the relative distance R’ and represents the
interaction between the nucleons of the two nuclei when such relative distance
is fixed, is often called form factor.

In the case of eleastic scattering, the cross section can be readily derived
as

do 9
— = : 24
= 11(6) (724
This equation has to be modified in the case of inelastic scattering as follows,
do K
=Tl (7.25)

7.3 Elastic scattering

7.3.1 Kinematics

In the case of elastic scattering, the transferred momentum q is defined by

q=k - K, (7.26)

(7.22)
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Final momentum k'’

v

Initial momentum k&

Figure 7.2: Initial and final momenta k and k’. q is defined as k — k' (see
the text). 0 is the scattering angle.

where k and k' are equal in modulus. We can also write

¢ = k*+K?—2k-¥Xcosh = 2k* (1 — cosh)

0
= 4k*sin’®=
sin 5

0
q = 2k;sin§. (7.27)
From this equation, one can see the explicit form in which the angle 6 appears
in the scattering amplitude (cf. also Fig. 7.2).

7.3.2 Cross section within the Born approximation

We stick to the Born approximation, in which the interaction V' acts only
once. The plane-wave Born approximation (PWBA) is the simplest possible
approximation for elastic scattering: in it, starting from the exact expression
for the scattering amplitude (7.23), the unknown wave function Wy is replaced
with the corrsponding plane wave, that is,

fowpa(0) = —#/d?’R’ e—ik/.Rl<0|V|0>eik.Rl

R 3 _iqR’
_ 27Th2/dR R (0[17]0). (7.28)
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In the independent particle approximation,

O1V]0) = S(OV (R + 1, — 1.4)[0) = / Bradiry pa(ta)Vpa(rs).  (7.29)

This is often called folding model for obvious reasons, or double folding model
for the elastic form factor. We can also mention the special case in which
the projectile a is a point particle (a neutron or a proton). Then, we have
the corresponding single folding model in which

OWVI0) = SOV =)o) = [ Prapatea)V =UR). (730)
A

As the latter equivalence hints, this is nothing but a kind of mean field
potential (at point R). The scattering amplitude,

fPWBA(H) = —2:h2 /d3R’ eiq.R,U(R/), (731)

becomes simply the Fourier transform of the potential U.

If we consider a neutron impinging on a nucleus, the potential could be
represented with a Woods-Saxon shape or, with a more crude approxima-
tion, with a potential well. If the well has a radius a and a depth Vj, the
scattering amplitude becomes quite simple to evaluate. We introduce here
the development of the plane wave into spherical components that will be
useful many times later on, namely

eI = 4> P (qR) Y, (0)Yau(R), (7.32)
Ap

where 7, is the spherical Bessel function and the notation ¢ (}A%) corresponds
to the polar angles of q (R). Then,

Vo [© - 2uVy [°
2rh? ), 2,
2uVy [ . ouVha? |

where we have used the expansion (7.32) in the first step, and the integral
[ dx 2* jo(z) = 2* ji(x) in the last step. We can use Eq. (7.27) and, if we
restrict to small angles, approximate

q= 2ksing ~ k6.
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————T— Figure 7.3: Elastic cross section

m— for neutrons on Pb. The inci-
*TN i dent energy is about 14.5 MeV.
The points correspond to mea-
. /v | sured values, whereas the line is

a theoretical calculation. See the

/ \ ) text for a discussion.
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In this way, the elastic cross section turns out to be

de/df) (mb/ar)

a
T

0 L1 L1
10 o

2 40

do  4p*Via!

0 W\J&(lﬁ@@mz- (7.34)

We check this approximate cross section against experimental data. A set
of measured points for the elastic cross section of neutrons impinging on 2**Ph
at 14.5 MeV is displayed in Fig. 7.3. The value of k associated with neutrons
impinging at 14.5 MeV is ~ 0.84 fm~!. The separation between two zeros of
the Bessel function turns out to be §0 ~ 7/ka. Therefore, to reproduce the
separation between two minima in Fig. 7.3, which is ~ 27° = 0.47 rad, we

must assume
™

T 04Tk

This value is very close to the radius of ?°*Pb calculated by means of Eq.
(2.1).

Eq. (7.34) is actually analogous to what is known from basic diffrac-
tion theory. It corresponds to treating the nucleus as a black object, and
it belongs to the class of formulas that go under the name of "black sphere
approximation”. In this respect, it can be understood why Eq. (7.34) cannot
account for the strong reduction in the height of the peaks as the scattering
angle increases. In simple terms, from the discussion so far we cannot under-
stand the logaritmic scale on the vertical axis of Fig. 7.3. Eq. (7.34) makes
sense when absorbtion is negligible. But this is not the case when dealing
with nuclear elastic scattering.

The physical picture that corresponds to absorbtion and that is missing
so far, is that only part of the incident neutrons undergo elastic scattering,

= 7.96 fm.
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that is, they do not remain all in the elastic channel. Part of the incident flux
is lost because neutrons perform inelatic or transfer reactions and should be
found in other reaction channels. Usually this is dealt with by means of the
introduction of an optical potential. Optical potentials replace the mean-field
U and have the form

Uopt = V(R) +iW(R). (7.35)

The imaginary part of the potential corresponds to an absorbtion of the
particles and is related to the concept of mean free path. We explain this
concept in the case of unform matter, to make it more transparent.

7.3.3 Absorbtion and the optical potential

In uniform nuclear matter (cf. 2.3.1), the wave functions can be assumed to
be plane waves. The Schrédinger equation for a neutron in uniform matter
can be written as

2
(—%§ﬂ+v+ﬂy>ﬂ%:Eﬂ% (7.36)

if we insert a uniform potential of the type (7.35) and if we take the momen-
tum along the z-direction for the sake of simplicity. Then, we can write

2]{72
—+V4+iW=FE,
21
2u ,
k* = 72 (E—-V —iW). (7.37)

The quantity & becomes a complex number, and we can more easily write
it in the hypohesis (to be verified a posteriori) that in absolute value W is
significantly smaller than £ — V:

L [ E-V) (W V2 fou(E—V) A
B h2 E-V) © h2 2E-V )’
(7.38)
The momentum assumes an imaginary part, that is, the wave function be-

comes

ei(kR-i-ikI)z ikrz

e Mz, (7.39)

The square modulus of this wave function is not 1, but it takes a factor
e~2k17 that implicitly defines a mean free path | through the identification

=€
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Figure 7.4: Schematic trend of the strength of the real and imaginary parts
of the optical potential (7.35). Figure taken from Ref. [46].

e 21z = =2/l Of course we expect W to be negative so that k; is positive.

Thus, we conclude that
1 RPyVE-V
[=— =] ————. (7.40)
2k 2u  |W|

In Fig. 7.4, values for the strength V' and W of the real and imaginary
part of the optical potential (7.35) are displayed. By using Eq. (7.40) and
the values of Fig. 7.4, we can see that the mean free part of a low-energy
neutron can be very large, of the order of the radius of a heavy nucleus or
larger, as we have argued at the start of Chapter 2.

In finite nuclei, V(R) and W(R) may have a Woods-Saxon shape, al-
though sometimes an imaginary part given by the derivative of a Woods-
Saxon is preferred (the corresponding function is peaked on the surface and
almost zero elsewhere, that is, it simulates a surface absorbtion). Generally
speaking, a given shape, depending on few parameters, is assumed. Such
parameters are fitted on experimental data like those shown in Fig. 7.3. At
present, global optical model (OM) parameters exist although it still custom-
ary to fit them on a specific set of data, namely in a narrow range of isotopes
and/or incident energies.

The calculations of elastic cross sections through optical potentials can
be performed only numerically. It is instructive to discuss, in the next sub-
section, a very simple approach for this aim.
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7.3.4 Eikonal approximation

This approximation is, strictly speaking, valid at high energy. However, its
advantage is that it provides very simple expressions for the elastic cross
section, which are amenable to a quite straightforward numerical treatment.
The name of this approximation comes from optics, where it corresponds
to the limit in which physical optics coincides with geometrical optics since
the scale on which the refraction index n varies is large compared to the
wavelength A. In nuclear physics, this wavelength is the De Broglie one
associated with the relative motion: if A is small enough, or £ is large enough,
the approximation is valid. While for neutrons or protons it has been shown
that one needs to go to quite large energies of the order or 500 MeV or 1
GeV, the same approximation can be safely used at much lower energies in
the case of heavy ions: in fact, k also scales with v/A.

In the eikonal approximation one assumes trajectories that are straight
lines. The wave function of the initial state (also assumed to have momentum
along the z-axis) has the form e™** times a minimal distortion given by a
scalar function ¢. Cylindrical coordinates will be used, that is, z and the
two-dimensional vector b on the orthogonal plane (it is written in this form
because it concides with the impact parameter). The rotation angle around
z will not play any role. The function Wy is therefore written as’

U (R) = e*p(2,b). (7.41)

We replace this wave function in the Schrodinger equation for the relative
motion,

h2
—@v%lfk + VU = BV, (7.42)
and we make the assumption that the term containing the Laplacian of ¢
can be neglected, namely that

V2o <k |V

This equation represents, in mathematical terms, the fact that the distortion
is minimal, and is eventually valid for large enough values of k. It is easy to
verify that the Schrodinger equation (7.42) simplifies to

Op i
9% —%V%

"As above, we keep intrinsic coordinates and intrinsic wave functions implicit until
needed.

(7.43)
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with v = hk/u. The solution reads

(b, z) = exp [—%/ dz" V (b, z’)] — x(b2), (7.44)

—00

This is a very simple equation, in which the second equality is just a definition
of the quantity x(b, z). Re-inserting at this point intrinsic coordinates and
wave functions the proper definition of x(b, z) becomes

x(b, 2) = —hi /_ a2, (7.45)

v

We now show how to deduce the elastic cross section. In this case, the
quantity that enters the above equation for (b, z) is (0|V|0), and this can
be written as U as we did in our previous discussion.

M / v 12 . .
eiko = - X
f (9) 5 hz/ng e ik’ R Uezkzez (b,2)
m
_ _QLﬁ;/de ilk—K')'b /dz eikz=k)z 1 oix(b,2) (7.46)
m

We shall use the approximation that the momentum variation is small enough
so that it is perpendicular to z. Then, k — k’ has only component parallel to
b and the last integral of (7.46) simplifies to

“+oo
CiE g . _ i (oo g
/ dz U e w2 U = ipy (e o J—oo 2 U—l)

oo

= ihv (eX® — 1), (7.47)

where the last step is a definition of y(b) = x(b,z = +00). With this
simplification, and the usual definition of the momentum transfer already
given,
Feiro(0) = —;— b 9P (X0 — 1) (7.48)
T
Finally, if ¢ is the angle around z, we express the integral in d?b as db b d¢
and we use the definition of the Bessel function .J, in terms of

2
/ dg ' 10%% = 27 Jo(qb).
0
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We arrive at the final equation
foiko(0) = —ik / db b Jo(gb) (eX® —1). (7.49)

The two equations (7.44) and (7.49) provide the full solution of the elastic
cross section in the eikonal approximation, by means of just two simple one-
dimensional integrals. Of course the elastic cross section is just |f(0)]?.

7.4 Inelastic scattering

7.4.1 General considerations and kinematics

Inelastic scattering experiments are, as a rule, carried out with the aim of
obtaining information on the excitation spectra of nuclei (vibrational states,
rotational bands, or other kinds of excitations). The main problem is the
reaction selectivity. If we produce a beam with given energy, and the particles
interact with target nuclei, in the simplest possible experimental set-up only
the energy lost by the projectile is measured, together with the scattering
angle. First, it would be relevant to make sure that only one of the two
nuclei, say the target® is excited. To this aim, one can use as a projectile
either protons, or a-particles that do not have excited states below 20 MeV,
or other nuclei that allow distinguishing in some way the case of projectile
excitation®.

Another issue is that, even if one is sure to deal only with target exci-
tation, the identification of the quantum numbers of the excited states is
not straighforward. At times, this can be done only with the guidance of
theoretical calculations, or of systematics. In the case of spherical nuclei, J
and the parity m are good quantum numbers as we have stressed already.
To a good approximation, we can also consider L and S as valid quantum
numbers. If the nucleus is even-even, J = L = S = 0 in the ground-state,
and we can identify J, L and S both with the quantum numbers of the final
state and with those exchanged in the projectile-target interaction [that can

8We have in mind the usual configuration in which stable nuclei are studied. Of course,
in the case of exotic nuclei that are produced in-beam, the situation is reversed and the
roles of projectile and target in this and in the following sentences should be exchanged.

9In the case of 170, just to make one example, the low energy threshold for neutron
emission allows studying the target excitations above that threshold without ambiguity.
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Figure 7.5: Representation in terms of a Feynman diagram of the projectile-
target interaction in the case of inelastic scattering. We are assuming that
the initial state of the target, whose associated wave function is QSEA , has
L =S = J = 0 and that the final state, qSSfA), has L, S,.J. These coincide
with the quantum numbers labelled by AL, AS, AJ, as discussed in the text.

be labelled as AJ, AL and AS, respectively (cf. Fig. 7.5)]. We may add
isospin to this discussion although we shall not do it for the sake of simplic-
ity. The main specific aspect that is at variance with the case of the other
quantum numbers, is that most of the nuclei have T" # 0 in the ground state.
Thus, we cannot identify AT wih the isospin of the final state.

The selectivity in AS can be achieved in few cases. For instance, a-
particles are widely used in inelastic scattering experiments because they
lead exclusively to S = 0 states'®. As for AL, in order to estimate it we
can use semi-classical considerations. The angular momentum of the relative
motion will be written (in units of 4) as kb, where b is the impact parameter.
If we equate the angular momentum acquired by the nucleus, AL, with the
angular momentum lost in the relative motion, then

AL = Ak-b=qR. (7.50)

In the last step we have assumed a so-called ”grazing” collision, that is, we
have replaced the impact parameter with the target radius. We make another
simplifying approximation: we assume that inelastic scattering is performed
at sufficiently high energy so that the absolute value of k¢, although smaller
than k;, can be confused with it. Thus, using a common symbol £ for the

AT = 0 is also guaranteed.
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absolute value of those vectors,
0
AL? = (k] + k7 — 2k; - ke cost) R? = 4k23m2§ R?. (7.51)
For small angles, where sinf can be replaced by 6,

AL ~ kRS. (7.52)

One can identify AL from the angle € at which the angular distribution has a
maximum for a given excitation energy (the excitation energy coincides with
the energy lost by the projectile).

As an example, we could consider « particles having energy FE = 172
MeV. The value of k can be calculated from +/2uE/h and turns out to be
approximately 5.8 fm~!. From Eq. (7.52) we learn that, for e.g. Sn nuclei
that have a radius of about 6 fm, the cross section should be peaked at 3.3
degrees for AL = 2. In this way, it has been possible to identify the main
peak appearing in Fig. 7.6 as the Giant Quadrupole Resonance as it shows
up at 4 degrees.

7.4.2 The Distorted Wave Born Approximation (DWBA)

Let us start again from the general expression for the scattering amplitude
(7.23) that we have provided above:

16) = ~52 [ @R < (VI BR),
Now 7 and f are typically the ground-state and some excited state of one of
the colliding particles, respectively (as discussed in the previous subsection).
The quantity (f|V]i) is called inelastic form factor or transition amplitude
Tyi. As in the elastic case, it depends only on the coordinate R’ as the
integration on the internal coordinates has been performed.

We can use approximations that are the same as we have already dis-
cussed in the case of elastic scattering. For instance, PWBA or the eikonal
approximation can be used. In the case of PWBA, the scattering amplitude
will be proportional to the Fourier transform of the inelastic form factor.

However, the most widely used approximation is the Distorted Wave Born
Approximation (DWBA). It relies on the numerical solution of the elastic
scattering with an Hamiltonian

H = Hy+ Vpy, (7.53)
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Figure 7.6: Energy spectra
of inelastically scattered a-
particles having a bombard-
ing energy of 172 MeV and
a scattering angle of 4 de-
grees. Taken from [39].

where Hj has been given in Eq. (7.5) (it includes the kinetic energy of the
relative motion and the two intrinsic Hamiltonian) while V, is an effective
interaction that is chosen so that the elastic scattering solution is known and
reproduces experiment at best. In other words, this operator is chosen so
that (0]Vopt]0) corresponds to Uy of Eq. (7.35). The complete Hamiltonian
will be

H=Hy+ Vopt + (V= Vopt) (7.54)

and the treatement of Sec. 7.2 can be repeated as it is, but with Hj replaced
by Hy 4 Vipt in the role of the unperturbed Hamiltonian and V' replaced by
V' — Vope in the role of the perturbation.

The eigenfunctions of Hy + Vg, that replace the plane waves (eigen-
functions of Hy), are usually denoted by x and called distorted waves. The
quantity V' — Vi, is written as V' for simplicity. If we then write the corre-
sponding equation of (7.23) with the unknown wave funtion W replaced by
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X, and V' — Vo rewritten simply as V', we obtain

fowna(®) =~ [ PROGR) (V) wl®). (759)

This is the DWBA expression for the transition amplitude.
Within all possible approximations, we remind that the cross section is
given by
do k f 2
= TP (7.56)
We complete this Section with two specific examples. In the next subsec-
tion we treat the special case of Coulomb excitation, in which the external
perturbation is exactly known. In the following and last subsection, we show
how, within the PWBA, the nuclear excitation can be treated in a simple
way, so that the excitation cross section is proportional to the strength associ-
ated with simple operators. This latter argument has a pedagogical value. It
shows that there is a relationship between the cross section and the transition
matrix elements associated with the operators F' that have been introduced
in Sec. 4.3.

7.4.3 Coulomb excitation

We assume that we are able to single out scattering events in which the
impact parameter is large and, thus, only the long-range Coulomb force is
active. We also assume that the projectile remains in its ground-state, and
its action within the form factor is the same as that of a point charge Z,.
Under this hypothesis, we can write the form factor in terms of the degrees
of freedom of the target only, that is,

Tfi = <f|VCoul|i>
_ / Bry. . dra (R 7a) Voo 60 7). (1.57)

We work again within the independent particle approximation. The de-
scription of nuclear excited states in terms of a superposition of single-particle
excitations has already been carried out in Sec. 4.3. In this spirit, the op-
erator Voou plays exactly the role of F', that has been introduced in Eq.
(4.4). If we call |[LM) the excited state (using the quantum numbers that
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are appropriate in the case of a spherical nucleus), and we use (4.29) and the
related equations, then

Ty = (LM|Veoul0) =Y Xpn(ph™" [Veau0)

ph

> (0[6plph™") (ph ™! | Vieou|0) = /d?’r Voou(R = 7)0pLar (7).

ph

(7.58)

where the completeness relation has been used in the last step. The quantity
dp is usually called transition density. It must have the form

0p(r) = oprm(7) = dprar(r) Y (F), (7.59)

because the density variation associated with the creation (annihilation) of
a state with angular momentum LM must involve the function Y/, (Yoar).

It is useful, at this point, to expand the Coulomb interaction into multi-
poles,

ezZAZa
R~

= 247, ZQAH Ajl Yo (R)Yau(#),  (7.60)

vCoul(ﬁ - F) =

where r~ (r-) are the smaller (larger) between r and R. In the case under
study, clearly r~ = R and r—~ = r, so that the previous equation (7.58)
becomes

Tfi -

T ) R R
[ @ B0 sl [ dr e Spuur)

47T62ZAZ

Y] RL+1YLM(I:€) /dr ri28prar(r). (7.61)

If this form factor is inserted into a reliable expression for the scatter-
ing amplitude, it is clear that the only unknown is the transition density.
In other words, due to the fact that the Coulomb interaction is known, the
measurement of the cross section for Coulomb excitation allows a direct de-
termination of the transition density of the excited state.
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An example is that of the excitation of small-amplitude surface modes. A
small variation of the density can be taken as proportional to its derivative,
that is, one can assume

d
oprm = Br %, (7.62)

where pg is the g.s. density and [ is the only free parameter, that can be
determined by means of a fit to experimental data.

7.4.4 Plane Wave Born Approximation (PWBA) with

a zero-range force
The use of the PWBA and of a projectile-target interaction which is pro-
portional to a Dirac delta is not realistic but has a pedagogical value, as we

will show at the end. The interaction V' can be expanded in multipoles, in
analogy with Eq. (7.60), as

V(R —7) = Vod(R —7) = Z qu (7)Y, (R)- (7.63)

The form factor can be obtained in the same way that has led to Eq. (7.61)
and becomes

Ty = Vo 6pra(R) Yy (R). (7.64)
We now calculate the scattering amplitude within PWBA, that is,
___H 3l @R (P
f(0) 52 /d R T Ty (R). (7.65)
We employ, accordingly, the development (7.32) and obtain
2/~L Ly I
f(0) = Ik Yin(@) Vo [ dR" R%jr(qR)dprm(R). (7.66)

Often, the momentum transfer is such that over the distance scale in which
the transition density is not negligible (typically, the scale associated with the
nuclear surface) the condition ¢R < 1 holds. The spherical Bessel functions
for small arguments behave as j;(¢R) ~ (¢R)*, and the scattering amplitude
can be written

2 :
F6) = =5t Vi@ [ dR R dp(R), (760)
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so that the corresponding cross section becomes

do ky 4p2q*t Ve L
T = Rer o L @Yid) | [ 4R R s
by 2P
SN LA oy [ R R sp(RIP (7.68)

We have supposed that the cross section is averaged over all possible final
M-substates since we are unable to distinguish them with unpolarised beams
and targets. It turns out that the cross section is proportional, via known
factors, to the square of the radial matrix element associated with the action
of an operator like R'V. This operator has the same form as the electric
multipole operator that we have introduced in (6.13).

This decomposition in two factors, a kinematical one and the square of the
action of a radial multipole operator, is strictly speaking only valid within
this not fully realistic plane-wave approximation; however, it possesses a
conceptual validity as a guideline even for more realistic cases.

7.A Appendices

7.A.1 Tranformation between the LAB and COM sys-
tem for the incident energy
We consider a reaction of the type (7.1) and we assume that A is at rest in the

LAB system, while a impinges on it with a kinetic energy T4 = 11/,02.
The origin of the COM system is defined by the coordinate,

Ma7s + My7q

Tcom = ST (7.69)
and its velocity by
— Maﬁa
Yoo = AP (7.70)

The Galilean transformations provide the velocities of A and a in the COM
systems, that are

— — MA/I_]’G
wO = = deow =
— Ma'l_fa
AN = —foom = — (7.71)

My + M,
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From this latter equation, the sum of the kinetic energies in the COM frame
results as

Sopeow _ Ly Mid L, Mii
- ! 27 (My + M,)?2 2 (M4 + M,)?
_ 1 My M, V2 = My T(LAB) A T(LAB)
Q2May+ M, ©  My+ M, A+a ’
(7.72)
where in the last step we have approximated the masses with the mass num-
bers. The quantity -44%e js the reduced mass j.

MA+Ma
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Chapter 8

Compound nucleus reactions

At low energy, particles that participate to the reaction have quite a long
time to interact with one another. As a consequence, one can imagine that
a complete thermalization takes place, that is, the energy brought into the
projectile plus target compound system by the relative motion is shared by
all nucleons, like in the case of the equipartition that defines the concept
of temperature. This picture, in which the system that has been formed
has also, by definition, lost memory of the initial reaction, is the so called
compound nucleus hypothesis. There are experimental evidences for such a
picture, so that the concept of nuclear temperature can be defined.

Before coming to it in some detail, we describe specifically neutron re-
actions and charged particles reactions in the next two subsections. There
is a crucial difference between the two cases since these reactions take place
at incident energies below the Coulomb barrier. What is common to the
different cases is that compound nucleus reactions are isotropic (memory is
also lost regarding the incident projctile direction). Thus, we shall discuss
total cross sections instead of angular distributions.

8.1 Neutron reactions

We shall discuss these reactions by means of one example, and extrapolating
from it their general features. The example of neutrons on 90 is displayed
in Fig. 8.1. The main feature of the cross section is the presence of narrow
peaks, called resonances. We expect them to correspond to excited states in
170. The relation between the incident neutron energy 7}, and the excitation
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Figure 8.1: Total cross section for neutrons interacting with °O as a function
of the center-of-mass energy. Figure taken from [47].

energy F, in this nucleus reads

T, — BE(*°0) = E, — BE(*0)
E, =T, +BE('"0) — BE(*°0) ~ T}, + 4.15 MeV.

The excitation energy can be read from the upper scale in Fig. 8.1. It is
straighforward, for instance, to identify the first peak in the figure with the
state at 4.56 MeV in 17O having spin and parity 3/2~. This peak has a width
I of about 0.04 MeV. The associated half-life is therefore 7 = A/T ~ 1072 s.
If we compare this time with the interaction time defined above in Eq. (7.4),
we see that this latter is of the order of 10722 s. In other words, the system
lives much longer than the time scale on which it is formed. Therefore, we use
time-dependent perturbation theory to describe its formation and subsequent
decay.

In this Section we call 1, 0, and f, respectively, the initial channel of the
reaction (neutron plus 'O in the example under study), the state that is
formed (excited state of 70), and the final state of the decay. There are,
in general, different final states available. The compound nucleus can decay
through neutron emission, proton emission (although this hindered by the
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Coulomb barrer) and ~-decay (this is less likely because it is an electromag-
netic decay). f labels a specific final state but we often do not detect the
specific final state. Nevertheless, we shall calculate the inclusive or exclusive
cross section, respectively: the former corresponds to all possible final state
decays and the latter is associated with a specific decay channel. For the
sake of simplicity, we shall do it first by neglecting the intrinisic degrees of
freedom of the particles, i.e. their spins. Spin factors will be added at the
end of the derivation.

The general equation of time-dependent perturbation theory, from quan-
tum mechanics textbooks, reads

ihi, =Y Ve "En=Ethg, (8.1)

m¥#n

where m, n are eigenstates of the unperturbed Hamiltonian Hj (in this case,
the one corresponding to the non-interacting neutron and '°0) with corre-
sponding energies F, a labels the probability amplitudes to find the inter-
acting system in the given state, and V' is the interaction. In the case under
study, we could imagine a simple Woods-Saxon potential for the neutron-
nucleus potential but the following derivation is more general. If we restrict
to the states 1 and 0, the previous equation becomes

Zhao = ‘/()16_i(E1_EO)t/hCL1. (82)

In this case a2 + a3 = 1 and, while ag(t = 0) = 0 and a,(t = 0) = 1, we also
assume that ag will remain quite small and we can approximate a; as being
1 for all times. These assumptions, that go together with the more general
one of stopping time-dependent perturbation theory at the lowest (i.e., first)
order, shoud be checked a posteriori.

We do not want at this stage to consider the possible final states as explicit
states. We would just like to consider the possibility that, once in the state
0, the system can decay to the set of states f with a total width I" that we
can measure experimentally. It is a simple exercise to show that this decay
can be simply taken into account by changing the latter equation (8.2) into

- r
ihag = Ve Er=Bolt/hg i5ao. (8.3)
In fact, if we integrate the equation
r
Zhao = —'é—a,o (84)
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we easily find ay = e~2' that corresponds to a2 = e/ with 7 = h/T. We
then go back and integrate Eq. (8.3). The solution is

3 N
o—L(B1—Bo)t _ ,—kt

Ei — Ey + i

ao(t) = Viu (8.5)

The last term in the numerator can be neglected for large values of t. Then,

Vi |?
lag(t)]* = :
(B, — Ep)* + &

(8.6)

This expression shows already the existence of a resonant-shape excitation
probability. We are, nonetheless, interested in the cross section rather than
in the probability of exciting each single state; also, we would like to get rid
of the matrix element Vj; of the potential V', in order to express the result in
terms of measurable quantities only. To do so, we consider the full process
that includes the decay, 1 — 0 — f. The number of events per unit time
(i.e., the transition rate R) is equal to the probability amplitude to excite
the state 0, divided by the half-life for the process 0 — f:

1 [Vou|? Iy

R = |ag(t)|? — - 8.7
1—=0—f |a0( )‘ Tooss (E1 _ E0)2 n %2 A ( )

The trick is now to select the decay back to the initial state 1, that obeys
the Fermi Golden Rule

[(E)) = 27|Vig|*n(EL). (8.8)

We have preferred to label the state with its energy FE; rather than simply
with 1. One reason is that we need the density of states n(E;). This can be
calculated by assuming that the states of the impinging particle are quantized
in a box having volume 2. An elementary calculations proves that

Q 1
n(E)) = ——4rk*-—

(27)3 ho’ (8.9)

where £ is such that r’zﬁ = F, and v is the associated velocity. Finally, the
cross section is the transition rate R divided by the incident flux. The flux,
with one particle in a box having volume 2 as we have assumed so far, is
v/Q. Therefore, we write

Q
0'(1 —0—= f) = ;Rl_m_)f, (810)
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and we insert here the expression of the transition rate (8.7), with the matrix
element |Vj;|? written by means of Eq. (8.8) and, then, the density of states
n(Ey) taken from Eq. (8.9). The result is

T (BT

o—(l—>0—>f):ﬁ(El_E0)2+F_2. (8.11)

As it has been anticipated, spin factors are missing, so that the previous
equation is, strictly speaking, only valid for collisions between two nuclei
having spin zero. It is easy to insert the spin factors, as the cross section is
expected to depend on a sum over final states and average over initial states.
Therefore, if the initial particles are in the spin states j; and jo, respectively,
and the compound nucleus has spin j, we can write

T 2+ LBy
c(l—=0—f)= 22+ D2t 1) (El_EO)2+%2‘ (8.12)

The formula is called Breit-Wigner. As we have mentioned, in many
instances the exclusive cross section is not measured. The inclusive cross
section, or total one, is simply the sum of the cross secions to the various final
states. The only factor in (8.12) that depends on f is I';. Since 'y =T,
we immediately deduce

o1 0y =& (2D GV (8.13)

k? (2]1 + 1)(2]2 + 1) (El - E0)2 + %2

This formula for the inclusive cross section explains indeed Fig. 8.1 above.
In this figure one can see several resonances, each of one can be interpreted
with the formula (8.13) and the height of the peaks decreases as the factor
~ 1%2 predicts. Although Fig. 8.1 refers to a specific case, neutron resonances
exist in all nuclei. The key point is that as the mass number increases the
density of such resonances increases. When they overlap, the treatment in
terms of independent resonances is no longer valid.

8.2 Charged particles reactions

In order to appreciate the difference with the case of the previous Section,
let us now assume to form the nucleus 7O in a different reaction like a+'3C.
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Figure 8.2: Total cross section for a-particles interacting with '3C as a func-
tion of the center-of-mass energy. Figure taken from [47]. See the text for a
discussion, in particular for an explanation of the exponential dashed curve.

We expect to populate the same states, i.e. to find the same resonances
of the compound system. The resonances should be at the same excitation
energy in the compound nucleus: this clearly implies a different center-of-
mass energy, that is readily obtained by applying to this case the equation
analogous to Eq. (8.1) above.

However, the resulting cross section displayed in Fig. 8.2 displays those
peaks on top of an exponential background (the dashed curve) that makes
them negligibly small as the energy decreases. We recognize the signature
of the Coulomb barrier penetration. In fact, the Coulomb barrier height is
generally given by

GQZAZa
Vp= ——- 8.14
B RA+RQ,’ ( )

and at low energy the charged particle must tunnel this barrier. The proba-
bility P for tunneling is invariant under time-reversal, that is, it is the same
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Figure 8.3: Schematic plot for the barrier penetration. See the text for a
discussion.

that has been calculated for the a-decay:

P =

G = e\/f?f;/:dr V(r)— B2, (8.15)

The barrier is assumed here to be spherically symmetric and its radial
shape is depicted in Fig. 8.3. a and b are the inner edge of the barrier and
the outer edge associated with the incident energy FE, respectively, and u is
the reduced mass. In the case of a-decay, if 7y is the typical time interval
between successive encounters with the barrier, the transition rate is

1 1
R=—P=—¢2% (8.16)
To To
and the half-life is then
7 = 19¢%C. (8.17)

If we identify this with 2/I'(E}) in Eq. (8.13), we obtain from it

th (25 +1) r ¢—2G()
o1 = 0) =2 , , 8.18
( ) k? (251 +1)(242 + 1) (B — E’o)2 + %2 To ( )




132 CHAPTER 8. COMPOUND NUCLEUS REACTIONS

where the exponential form has been put in evidence. As G(FE;) is manifestly
a decreasing function of E, the cross section exponentially increases as shown
in Fig. 8.2. In the next Chapter, we shall study the case of £} — 0, evaluate
and use the factor G(F) in that case.

8.3 Experimental findings and the nuclear tem-
perature

The compound nucleus hypothesis was proposed by Niels Bohr back in 1936.
It has been verified much later in many cases. As we stated at the start of
the Chapter, according to this hypothesis the reaction process is slow enough
so that the participating nuclei form a compound system in which energy
and angular momentum are statistically shared among all nucleons. In this
situation, no memory is kept about the initial state: the decay is independent
from the initial state. One example is provided by the two reactions

p 4+ Cu — %7Zn*
a+%9Ni —» %47Zn*.

It has been proved [48] that the final decays of the compound nucleus %4Zn*,
like 3Zn+n, 2Zn+2n, 2Cu+n+p ... have the same cross section in the two
reactions provided the compound nucleus is formed at the same excitation
energy.

In this respect, the Breit-Wigner formula (8.12) can be factorized as

c(l1—=0—f) = o(l =0) By,
Ly
F )
where I'(Ey) has been simply written as I and By is the branching ratio. As
we said before, we expect that neutron and proton decays are possible only
above threshold, but as soon as they are possible I';, > I', > T',. In many
cases one can approximate I' with I',,, or B,, with 1.

Let us now assume that one can measure the energy spectrum of the
emitted neutrons. The assumption of nuclear thermalization is supported by
those cases in which the neutrons obey the energy dependence which can be
expected in case of a thermalized source, i.e. they obey a Maxwell-Boltzmann
distribution like

By = (8.19)

n(E)dE ~VE e P/TdE, (8.20)



8.3. ... NUCLEAR TEMPERATURE 133

where n(E) is the number of neutrons with energy between E and E + dE,
the normalization is omitted for the sake of simplicity, and the temperature
T is written in units of MeV. Whenever the experimental energy spectra are
fitted by a curve of the type (8.20), one can extract a value for 7" from the
fit. Since the compound nucleus excitation energy E is known, the purpose
is now to find a relation between E and T

In a standard thermodynamic picture one would expect

ﬁu
= Inw(E), (8.21)

e

where S is the entropy and w(F) is the density of states at the energy F. In
principle, it is possible to calculate with modern nuclear structure methods
the density of states. A schematic calculation that can be done analytically,
albeit with some effort, is based on the Fermi gas model. The key parameter
in this case is the single-particle level density at the Fermi surface go. This is
the inverse of the gap between the last occupied and first unoccupied state.
We write, in the case of N = Z = A/2,

o 0k 20A

=9 =7 8.22
5 k3 A7 (8:22)
where € is a s.p. energy, ¢ = %, and the last equality follows if we take k

around kr and we use Eq. (2.30) since of course p is proportional to A. The
latter equation, in the case 0A = 1 and ¢ = e provides

QEF 3A

§F = ==& == 2
34 = Yo 2er (8.23)

A parameter which is proportional to the single-particle level density around
the Fermi energy, and which is defined for the sake of practicity, is

T3 A
_rea 8.24
T 6 2er (8:24)

At this point, one should count in how many ways particles can be distributed
on the single-particle energy levels of the Fermi gas in such a way that the
difference between the total energy of the nucleus and that of the g.s. is
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equal to E. Although tedious, this counting can be accomplished (cf. the
Appendix 2B in [49]) and the result is

w(A,E) = 60 avar (8.25)
’ 12(go )%/

If we use this result, by keeping only the dominant exponential dependence
on E, to obtain the temperature from Eq. (8.21) we arrive simply at the
equation

E =aTl”. (8.26)

While the theoretical value in the case of the Fermi gas calculation is a =
A/16 MeV ™!, experiments give values of the order of a = A/8 MeV~!.



Chapter 9

Selected topics in Nuclear
Astrophysics

This Chapter is not intended to give a complete view of the broad domain
of Nuclear Astrophysics, to which numerous available textbooks are devoted.
Rather, we shall just illustrate a few pedagogical cases in which nuclear
physics is highly instrumental to tackle and solve astrophysical problems.

9.1 Nuclear reactions inside stars

9.1.1 The origin of the energy emitted by the sun

There are simple arguments that show that the sun cannot produce energy
but through nuclear reactions. The solar luminosity, L, is known to be
about 3.83 10?6 W. Let us assume that this energy is the outcome of usual
chemical reactions. As an example, we take the reaction

C + 02 — COQ,

for which it is known that 1 kg of C provides 3.35 107 J. The mass of the
sun is known to be 1.99 10%° kg, so that if our closest star were made by one
third of C and two thirds of O, the total energy available would be

1
E = 3 1.99 10 3.35 10" J = 2.22 10°7 J. (9.1)
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This energy would be all exhausted within a time ¢ simply given by

i= L _ 1.8 10% y. (9.2)

Lo
Obviously this time is too short, and this fact was perceived as a great puzzle
already back in the 19th century. We know now that the sun has an age of
the order of 10° years and the missing factor 10° can be understood, after
the discovery of the atomic nucleus, as the scale factor between chemical (i.e.

atomic) energies of the order of eV and nuclear energies of the order of MeV.

9.1.2 Hydrostatic equilibrium and average properties
of the sun

The sun, as other stars, can be thought to be a sphere in hydrostatic equi-
librium. We consider the thin region between r and r + dr, where a mass
4r?drp(r) is found if p(r) is the density. The gravitational attraction be-
tween this mass and the total mass M (r) between zero and r can be written
as if M (r) were concentrated in the origin, and reads

42 p(r)M (r)dr
2

dfg = -G = —AnGp(r)M (r)dr, (9.3)

where G is the Newton’s constant. If we divide the force (9.3) by 47r?, we
obtain the gravitational pressure that is directed inward (as the minus sign in
the latter equation implies) and must be balanced by the difference between
internal pressures on the outer and inner edges of the region, p(r+dr)—p(r).
This means

plrtdr) —plr) _dolr) ___dFa __ M) g
dr dr Amr2dr r2 '
This equation, together with the definition of M (r), that is,
M(r) = / dr' 4mr” p(r'), (9.5)
0

could be solved if p as a function of the density were known.
Here, we limit ourselves to the extraction of a few average numbers from
our empirical knowledge of the solar properties’. We take Eq. (9.4),

dp __  M()o(r)

dr 72 ’

!The standard solar model (SSM) is described in textbooks and provides a full descrip-
tion of the inner dynamics of the sun.
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we multiply both sides by 4773, and integrate from zero to the radius R
which is defined as the point where the pressure vanishes. This amounts to

writing
Rooad M
/ 4L g = —G/ Mélﬁrzdr. (9.6)
0 dr 0 r
The r.h.s. is simply the gravitational energy, that is
M GM?
Eg = —G/ M4ﬂr2dr =k R@, (9.7)
0 r

where k is 3/5 for a uniform density distribution. We shall approximate
k ~ 1. The Lh.s can be integrated by parts to give

R
47rr3p(7’)‘(? - 3/0 p(r)dmridr = —3pV. (9.8)

The first term in the L.h.s. is manifestly zero while the second one defines an
average pressure p. Therefore,
Eo GM?
3V " 4xRY’

D= (9.9)
From the latter equation, and knowing the radius of the sun which is 6.96
10® m, one extracts an average pressure of ~ 10'* Pa. We can also extract
an average temperature by means of the perfect gas equation. If m is an
average mass of the constituents?, then

 NkgT Nm1 7
- L Wy N
p Vv V m B m B4+,
_ 4 R3
kT = 2170 g 4 ke, (9.10)
Mg

where kg is the Boltzann’s constant and p is the average density. The value of
kgT, although it corresponds to a rather high temperature on the terrestrial
scale (& millions of K), is quite small on the nuclear scale. In this regime,
nuclear reactions are very much below the barrier and are extremely hindered.
This explains the long life of the sun (and of the life on Earth, by the way).

2The composition of the sun includes about 71% of H, 27% of He as well as small
amounts of heavier elements. If only H were present, the average mass of one proton and
one electron is = 0.5 amu. Including He we can write m =~ 0.61 amu.
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14%
3
~ %He(a,7)Be
: | 0.02%
1
"Be(p)°B
8B(e* v)%Be
$Be(a)*He
Chain III

Figure 9.1: Main cycles that contribute to H burning, that is, possible trans-
mutations of H into He, in the sun. Figure taken from [50].

9.1.3 Nuclear reactions in the sun

Bethe and Cricthfield [51] were the first to propose a cycle of reactions that is
able to turn H into He. Nowadays, this is known as ppl-cycle. Bethe is also
responsible for pointing out the existence of the so-called CNO-cycle, and
these discoveries were awarded with the Nobel prize. The pp-cycle reactions
are depicted in Fig. 9.1, whereas the CNO cycle is described in specialized
textbooks.

9.1.4 The case of other stars

The main observable that determines the properties of a star is its mass.
As is evident from our discussion about the sun in 9.1.2, had we taken a
star with larger mass we would have found larger values of T" and p. In
fact, the sun belongs to the low-mass stars (masses equal to 0.4-2 My). It
is relatively young, and at the present stage it still converts H into He as we
have just decribed in 9.1.3. Stars of this type are prone to exhaust H, contract
themselves, increase the values of T, and start burning He. Eventually, they
may end up in a white dwarf made up with mainly C and O.
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Massive stars behaves quite differently. If we take, as an extreme case, a
star that starts from a mass around 25 M, after burning H and He it can
further contract due to gravitational forces, increase internal temperature and
pressure, and start ignition of heavier elements; thus, such stars go through
C-, Ne-, O-, and Si-burning. We do not discuss the details of the nuclear
reactions that take place, nor we attempt to estimate the time scales and the
amount of energy released.

The only point we want to make here is that in other stars than the
sun, obviously different reactions can take place and the temperature can
be higher. In the next Section we shall discuss how to estimate the reaction
rates of these reactions in a general fashion, once astrophysical considerations
have provided a reliable number for the temperature.

After Si is exhausted in a star, most of it is composed of nuclei like **Fe.
Then, no further energy can be released via fusion reactions and the equil-
brium between gravitational energy, that tends to contract the system, and
energy generated by nuclear processes that opposes the contraction, breaks
down. The so-called core collapses, and the electron degeneracy pressure is
able to counteract this contraction only when the mass is smaller than the
so-called Chandrasekhar limit (=~ 1.4 My). The core collapse is accelerated
by electron capture by iron nuclei (the so-called neutronization), and actu-
ally by other complex phenomena that reduce the available energy density
and pressure. When the core reaches such a high density that neutrons feel
the short-range hard-core repulsion (that we have described in Chapter 1),
the core bounces back and a shock wave produces the so-called supernova
explosion. How this happens in detail, is not yet well understood.

9.2 The Gamow peak

Let us take a generic reaction kK — j. The cross section will depend strongly
on energy because it is associated with barrier penetration, as we have seen
in Chapter 8. The center-of-mass energy is, in turn, related to the relative
velocity between k and j, v = |0}, — ¥}], by E = uv?. At a given energy F,
the cross section is the number of reactions per unit time [i.e. the transition
rate r(F)| and per target nucleus, divided by the incident flux. We call d®ny,
and d®n; the number of particles of the species k and j with velocities in a
three-dimensional infinitesimal volume of the phase space around j, and ¥/},
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respectively. Then, we can write

_ r(B)/d’n;

o(E) = (9.11)

d3ny v

while the total reaction rate rj_,; integrated over all possible velocities of the
particles k£ and j reads

Thesj = / r(E) = / o(E)v d®njd*ny,. (9.12)

This reaction rate can be calculated by assuming a Maxwell-Boltzmann dis-
tribution for the particle velocities, namely

3/2 2
3 m; mivs\ g
= [ — - , 9.1
d’nj =n; ( ’ T) exp( ’ T)dv], (9.13)

where n; is the total number of particles j, m; is their mass, and 7" is the
temperature of the environment in which the reaction takes place. Exactly
the same equation holds for d®n;,. It is convenient to change variables to the
center-of-mass and relative coordinates,

(9.14)

[this latter equation is a generalisation of Eq. (1.5)]. Then, velocities must be
transformed accordingly and the following well-known result can be found:

1 1 1 1
§mjvj2- + §mkvz = §MV2 + §,uv2 = Ecom + £, (9.15)
where M is the total mass and V is the velocity associated with R. With

this choice,

3/2,3/2

Thoss = MTey / o(Eyv e mar (3MVE3m0%) oy, g8, (9.16)

j

27kaBT)3
The integral over the center-of-mass veocity V can be done straightforwardly
since the cross section does not depend on it, and one is left with a standard
Gaussian integration. The result is

3/2 wo?
/ o(E)v e 5T dmvido. (9.17)
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We change the integration variable to £/ = % pv? and obtain our final result

1/2
Thesj = NN (i) (l{:BT)_3/2/dE o(E) E e E/kBT (9.18)

T

This latter equation would imply that one has to know the cross section
at incident energies between 0 and oo in order to extract the reaction rate.
However, this is not the case: we shall demonstrate that only a limited
range of incident energies must be actually explored. The cross section o(F),
because of the Coulomb barrier, is an exponentially growing function of F
whereas the exponential (Boltzmann) factor is decreasing with E. There
will be a limited region around the maximum of the integrand that allows
obtaining the result of a complete integration, to a very good approximation.

The maximum of the integrand, i.e. the product between the two ex-
ponential factors o(E) and e #/#87 is called the Gamow peak. The linear
function FE is negligible in the present context. We calculate the position of
the Gamow peak by starting from Eq. (8.18). As anticipated at that stage,
we first evaluate the Gamow factor G(FE) at extremely low energy.

We re-write the cross section that we have already written in Eq. (8.18)
as

o(E) = %S(E)e‘QG(E), (9.19)

where the dominant exponential factor has been kept, the quantity 1/F
corrsponds to the factor 1/k% in Eq. (8.18), and the other factors, either
constants or factors that have a mild dependence on E, have been gathered
under the symbol S(F). S(E) is called astrophysical factor. We remind that
the Gamow factor, already defined in Eq. (8.15), reads

o) =2 [ Wy m,

and the points a and b are defined in Fig. 8.3. Let us identify a with the

nuclear radius, and b with the classical turning point 7o, that is defined

through

ZiZjez ZiZj62
= =227

rc
Tco E

In such a case, the integral appearing in the Gamow factor can be evaluated

E:V(Tc):

(9.20)
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analytically with the replacement r = rocos?0. The result is

., [R R( R)
cos — —y/—(1—-—
ro ro ro

For energies in the range between fractions of keV [like in Eq. (9.10)]
and 10 keV the assumption r¢ > R is extremely appropriate. Then, we can
definitely write

G(E) = %C V2uE (9.21)

G(E) = %g\/zuE. (9.22)

We derive r¢ from Eq. (9.20) and we consider that e? = ahc where « is the
fine structure constant. Then

o —2G(E)

= exp

raZiZ;\ et = ¢ O/VE (9.23)
VE ’

and, thus, the integrand of Eq. (9.18) behaves as

f(E) =exp [_k:BiT — %} (9.24)

if we just neglect S(E). We define Ey as the maximum of the function f(E).
A simple maximization of this function yields

bE T\
Ey — ( 23 ) —1.22 (2222 A4,eaT2)" eV, (9.25)

where in the last step we have defined A,.q = A;A,/(A; + A;) (with obvious
notation) as well as the quantity Tg which is the temperature in units of
10° K. The opportune constants have been grouped. Ej is the energy of the
Gamow peak.

9.3 The nucleosynthesis problem

After having laid out the main features of reactions in stars, and especially
the fact that these reactions take place at low energies around the Gamow
peak, many further questions arise. How did these reactions produce, and
how do they keep producing, the elements that we find in the Universe? This
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Figure 9.2: Abundance of the elements in the solar system, normalized to
the number of Si atoms which is taken as 10°.

is perhaps the main question, and it has been listed among the most crucial
unanswered problems in physics.

Fig. 9.2 shows the relative abundances of elements in the solar system.
H and He are the most abundant and their formation happened during the
Big Bang. There is a big drop in abundances in correspondence with Li, Be
and B, and a sharp increase at C and O (which explains, among the rest, the
existence of life on the Earth). After that, the curve on the average decreases
but there is a huge peak around Fe, Co and Ni which is referred to as the
iron peak, plus other peaks that can be connected with nuclei having magic
or double-magic character. The reactions among charged particles, and the
associated reaction rates defined by Eq. (9.18), can explain the abundances
up to the iron peak. To explain the production of heavier elements, that
are characterised by a neutron excess, neutron capture processes need to be
invoked.

Neutron capture, or (n,y) processes, point towards increasingly neutron-
rich nuclei. If nuclei become neutron-rich, they undergo (-decay. To under-
stand, or simulate in detail, what happens in a neutron-rich environment,
one needs to know the nuclear masses, the decay lifetimes, and the low-lying
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states. [-decay has a well-defined lifetime, while the neutron capture rate
obeys a formula like (9.12) and depends strongly on the neutron density.
Hence, the needs to look for environments in which such density may be
large.

In usual conditions, the neutron density is not very large and the neutron
capture is slowed down by (-decay. A nucleosynthesis process that takes
place in such conditions is called the s-process (s stands for slow). Only much
larger neutron densities can give rise to the so-called rapid, or r-process. In
such a case, the neutron capture rate is so high that the process can proceed
to more neutron-rich systems without being hindered by [-decays.

Reaction network equations, in which the number of particles 7 as a func-
tion of time is written in terms of the reaction rates that create or destroy
them, can be devised. One of the difficulties is identifying the appropriate
astrophysical environment. The exact site of the r-process is for instance not
yet known with certitude. While for a certain time the common belief was
that supernova explosion was the most likely r-process site, this has idea has
been questioned lately.

The recent observation of neutron star merging has been a kind of break-
through in this quest. In the merging, together with the detection of grav-
itational waves and of neutrinos, an electomagnetic signal called ”kilonova”
has been detected [52]. This points to the huge relevance of such event for
the synthesis of the heavy elements.

9.4 Neutron stars

The existence of systems composed only by neutrons, and bound by the
gravitational force, was predicted by Landau long time ago, at the beginning
of the 1930s®. The discovery of neutron stars came only much later, in 1967.

3At least, this is often said. For those who are interested in reading a review of
what may have happened in the early 1930s, specifically in an hyopthetical discussion
between Landau, Bohr and Rosenfeld about neutron stars, can consult the arxiv paper at
https://arxiv.org/abs/1210.0682.
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9.4.1 A crude argument

The existence of a netron star can be, at our level, understood by means of
a simple exercise based on the semi-empirical mass formula,

N — 2
BE(A, Z) = ayA — agA*3 — CLA% + pairing term.

A system with only neutrons has no Coulomb, and is expected to be very
large if the binding energy of the latter formula, which is negative, must
be counterbalanced by the gravitational energy (9.7), that we can take with
k = 3/5 assumung that the density is uniform. Being the system very large,
we can neglect the surface energy and obviously the pairing contribution. We
arrive at the following balance between nuclear and gravitational energies,

namely

3 Gm?
CL\/A—CLAA—FE m

A =, (9.26)

To
where m is the nucleon mass and the radius is taken as usual from Eq. (2.1).

If we replace reasonable values for the parameters of the mass formula,
like ay = 15.85 MeV and ax = 23.21 MeV, we obtain

A =510, (9.27)
The corresponding mass and radius are
M =mA~10® kg ~0.05 My,  R=ryAY®~5 km. (9.28)

These estimates are qualitatively important in order to show that a neu-
tron star can exist, but they turn out to be very crude. The actual mass
of a neutron star is between 1 and 2 solar masses, and the radius is around
10 km. 1.4M, is a kind of canonical mass that characterises many observed
stars. Most of the particles are neutrons but there is a small fraction of pro-
tons and electrons, whose number can be fixed once the number of neutrons
is given, thanks to the two conditions of charge neutrality and equilibrium
with respect to the weak processes, namely direct and inverse (-decays.

The error in the estimates comes mainly from the unrealistic assumptions
that the density is constant and that, whatever the microscopic structure of
the star, the standard formulas for binding energy and radius hold still true
as if the star were a giant nucleus. We know, to some extent, that while
in the inner part the density can reach several times the nuclear saturation
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density, it goes down to fractions of the saturation density before the surface
of the star is reached. In other words, the neutron stars have a non-trivial
structure.

In the next subsection, we will explore how we can arrive at better esti-
mates for the mass and radius of a neutron star, using a microscopic descrip-
tion.

9.4.2 The Tolman-Oppenheimer-Volkov (TOV) equa-
tion

The calculation of the mass and radius of a neutron star can be performed
by assuming hydrostatic equilibrium. The classical (i.e. Newtonian) version
of this assumption has been elucidated in 9.1.2 and has led to Eq. (9.4). We
could, for pedagogical purposes, solve the Newtonian hydrostatic equilibrium
equation for a neutron star but the results would be not realistic.

Actually neutron stars are so compact (that is, the local mass density is
so large) that corrections from general relativity cannot be neglected. We
cannot discuss here how one can deduce from general relativity, with assump-
tions that include the spherical symmetry, the corrections to Eq. (9.4). We
merely write down the result, which is the celebrated Tolman-Oppenheimer-
Volkov (TOV) equation:

(9.29)

p is here the energy density £ divided by ¢?. In the case of the Newtonian
version of this equation we can replace it with the mass density. We remind
that the pressure p can be related to the energy density £ (or to the total
energy F or the energy per particle F/A):

OE  ,dE  df

p=oa = A=, (9.30)

Here, as in the rest of this text, 2 is the volume and the assumption of
constant particle number A is made. Because of Eq. (9.5),

M(r) = /0 dr’ 47T7’/2p(7’/),
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the problem of determining the three functions p(r), p(r) and M (r) can be
solved if £ or E/A are given. Of course, the solution is not unique but there
is a class of solutions, each for a given value of the boundary condition. In
fact, one integrates the coupled differential equations (9.29), (9.30) and (9.5)
by starting from an ansatz for the central pressure p. = p(r = 0). A very
pedagogical introduction to this topic can be found in Ref. [53].

The issue is, then, to have a model and an expression of the equation
of state (EoS) for the matter that exists in neutron stars, in the form of
Eq. (9.30). In many cases, the assumption has been made that neutron
stars are merely made of pure neutron matter. While this assumption is not
realistic, as we discuss in the next subsection, it leads to a reasonable first
approximation to solve the TOV equation. In Sec. 2.3.1 we have discussed
a simple approach to the EoS of symmetric nuclear matter. This can be
extended to asymmetric matter or pure neutron matter. In other words,
there exist indeed many attempts to calculate masses and radii of neutron
stars by using Skyrme forces. Many other models, basically all those have
been discussed in the first Chapters of this text, have been employed to
calculate those masses and radii.

In Fig. 9.3 we show, for the sake of mere illustration, a few calculations
based on Skyrme forces. The reader may note the vertical slope that the
curves tend to display. There is a qualitative argument to explain this feature.
Let us start again from the hydrostatic equation, in the Newtonian version

4The temperature is assumed to vanish in this context, so that the equation of state is
a relationship between pressure and density.
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(for the sake of simplicity). We can approximate

dp Mp D M M

dr r? R~ TRER
The nuclear pressure is produced by the short-range repulsion among neu-
trons; if we take it as a two-body interaction, by neglecting the three-body
contribution, we obtain that £ goes like p? and E/A goes like p. This argu-
ment can be checked by going through, once again, Sec. 2.3.1: in particular,
the second term at the r.h.s. of Eq. (2.41) testifies to our statement. Then,
Eq. (9.30) provides a pressure that goes like p?, and Eq. (9.31) predicts that

(9.31)

1 M? M?

In this approximate equation, the mass simplifies and a sort of rough inde-
pendence of the value of the radius from the mass shows up. This provides
a qualitative explanation of the vertical slope that we have spotted.

From the discussion of the TOV equation, the most important take-home
message is that the measurement of the mass and radius of neutron stars
provides a strong constraint on the EoS and, in turn, on the nuclear models
for the neutron stars components and their mutual interactions. A few years
ago, it has been shown that neutron stars exist whose mass is equal to, or
slightly larger than, two solar masses. This observation has ruled out many
models than predict only smaller values of the mass.

The constraints on the radii have been for quite a long time rather loose.
Moreover, masses and radii had been, until very recently, observed for dif-
ferent systems only. While this text was being written, NICER has observed
for the first time the mass and radius of the same compact object.

This latest constraint, as well as those coming from the gravitational
wave (GW) observations during the merging of neutron stars (that we do
not discuss here) are setting new constraints for nuclear physics. All this
testifies to a current ”Renaissance” period for the physics of astrophysical
compact objects.

9.4.3 Brief discussion of the neutron star structure

There are many reasons to imagine that neutron stars cannot be simple
"gigantic nuclei”. The densities that characterise them, namely the density
profiles p(r) from the integration of the TOV equation, span several orders
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Figure 9.4: Schematic picture of the
different layers of a neutron star.
A more thorough discussion can be
found in [55].
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of magnitude. The inner density is unknown but it must be of the order of,
or higher than, the nuclear saturation density. The outer layers of neutron
stars display values of the density that are two or three orders of magnitude
smaller. There are excellent reviews on our current understanding of the
neutron star structure [55]. Generally speaking, starting from the surface
and moving inward, we believe that the following layers are found:

e outer crust: fully ionized atoms are disposed in a lattice, and are sur-
rounded by an electron gas;

e inner crust: neutron-rich nuclei in a lattice co-exist with the electron
gas and with free neutrons;

e outer core: nuclei dissolve and nuclear matter shows up;

e inner core: the composition is unknown, although it may have a very
exotic character: hyperons or even deconfined quarks may exist therein.

A simple picture of these layers is displayed in Fig. 9.4. In the following,
we shall not discuss the physics of these layers as this would imply a quite
considerable effort. We limit ourselves to simple, qualitative arguments that
are meant to elucidate why we expect such succession of layers. In this re-
spect, our discussion follows the simple sketch prvided by Ref. [56]: this short
lecture note is a concise source that allows understanding the basic physics
that govern dense matter, thanks to a format similar to FAQs (Frequently
Asked Questions).

At the outer surface of the star, at vanishing density, the configuration
will be the most favourable energetic configuration that we imagine also on
Earth, namely °Fe atoms. With increasing density, atoms are ionized and
the electrons acquire higher and higher energies and reach the relativistic
regime. At high densities and high energies, the Coulomb interaction be-
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comes unimportant®. This brings us to the picture for the outer crust: nuclei
(that is, fully ionized atoms) in a lattice, surrounded by an electron gas. By
going inward, as density and pressure increase, electron capture by nuclei
becomes more important and the nuclei are neutron-rich.

As we learnt, nuclei cannot accommodate too many neutrons. Here,
nuclear physics comes in as the position of the neutron drip-line determines
tre transition from the outer to the inner crust. This latter, in fact, starts
when nuclei “drip neutrons out” and is composed by very neutron-rich nuclei
in a lattice, surrounded by neutrons in addition to electrons. The properties
of this neutron gas or liquid are not easy to extrapolate from terrestrial
studies. The role of neutron superfluidity has still to be fully understood, for
instance.

It is intuitive that, by further increasing density and pressure, we must
go towards a phase in which nuclei and free neutrons coalesce. This defines
the so-called outer core. It is far from obvious to determine which shapes
emerge from this coalescence. Whereas matter has sooner or later to become
uniform at some density, what happens before that value is attained is subject
of debate. The question is, here, whether elongated systems in which the
surface is non-zero (rods or “spaghetti”, flat surfaces or “lasagna”) have a
lower energy, at a given density, than uniform matter. We do not dwell on
this question as the energy balance is governed by a very subtle interplay
between surface energy and Coulomb energy.

Completely uncertain is the composition of neutron stars at even higher
densities. Above the nuclear saturation density, the energy density may be
large enough so that new particles are produced: other leptons like u’s, or
hyperons like the >, A or = particles. Unfortunately, at present we have
poor knowledge, if any, about the interactions between hyperons and nuclei,
or between hyperons themselves. It is impossible, so far, to draw conclu-
sions about the presence of these species and their contribution to the bulk
properties of neutron stars. The same can be said regarding the possible
emergence of quark matter. The properties of the inner core are subject of
many speculations.

SWe leave it as an exercise, with the following hints: take the electron gas at given
density p, derive the average distance between electrons as well as the typical (Fermi)
momentum, and deduce that the ratio between interaction energy and kinetic energy goes
to zero when the velocity goes to c.



Chapter 10

Fusion and fission reactions

10.1 Heavy-ion fusion reactions

We do not treat here hydrogen fusion. Instead, we are interested in the case
of heavy ions. Fusion is often the only method, starting from two colliding
nuclei, to synthetize super-heavy elements. Fusion is also an important reac-
tion in stellar environments (cf. the discussion in Chapter 9). Last but not
least, as we will see below, heavy-ion fusion is one of the best physics cases
to elucidate the subtle features of quantum tunneling.

Let us assume we want to study the fusion between two ions (A, Z;) and
(Ag, Z5). Fusion is classically possible if the potential between the ions can
be overcome, but is also possible below any potential barrier because nuclei
are quantal objects. The problem can be treated by separating different
partial waves characterised by their angular momentum /. In other terms, if
we reason using only the radial coordinate r, the effective potential between
the ions reads

R+ 1)

2 (10.1)

‘/l(r) = VNuclear(r) + VCoulomb(r) +
The nuclear potential Vi,eeqr can be taken, e.g., with a Woods-Saxon shape,
the Coulomb potential Voouoms can be approximated as that of two uni-
formely charged spheres, and the last term is the well-known centrifugal
potential. p is the reduced mass.
By choosing the example of 0 and '®*Sm we find the behaviour that is
displayed in Fig. 10.1 (in the figure caption we mention the parameters that
have been used), as far as the nuclear and Coulomb term are concerned. We
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Figure 10.1: Potential among the two nuclei O and '**Sm. The nu-
clear potential has the Woods-Saxon shape (2.3) with radius R given by

1.2 <Ai/ it A;/ 3) [fm] and depth equal to 60 MeV, while the Coulomb po-
tential is that of two point charges Z; and Z,. Figure taken from K. Hagino.

now consider the role of the angular momentum of the relative motion. We
start from a simple classical approximation in which the relationship between
the impact parameter b and the angular momentum [ is simply
[ = kb, (10.2)
2uE
2
We define a grazing angular momentm [, in the following way: the sys-
tem is characterised by this angular momentum if the corresponding incident
energy FE is equal to the potential at its maximum. If R is the radial value

corresponding to this maximum, then [, is the solution of the implicit equa-
tion

where k =

B2, (1, + 1)
2uR?
In order to have a simple estimate of this solution, we employ Eq. (10.2) and
define accordingly b, = [,/k. We can then write
W (kb,)®
2uR?

E = Wg (R) = VNuclear(R) + VCoulomb(R) + (103)

E=V+ (10.4)



10.1. HEAVY-ION FUSION REACTIONS 153

60

o —J
W !
Sooo

50 -

40

V [MeV]

30

20 -

10

25 ‘8 1‘0 112 114 116 i8 20
r [fm]

Figure 10.2: Potential among the two nuclei 0O and **Ni. In this case,

the total effective potential is displayed, including the centrifugal term, for

different values of [. If the energy is the one indicated by the horizontal line,

the meaning of the approximation that fusion takes place when [ > [, which

is equal to 10 in this case, becomes evident. Figure taken from K. Hagino.

where V' is a shorthand notation for the sum of the nuclear and Coulomb
potentials. We can see such simple estimate in Fig. 10.2. As we discuss in
the next subsection, the correspondingly simple estimate for the fusion cross
section consists in assuming that as soon as the impact parameter is equal
to, or smaller than, the grazing one b,, then fusion takes place.

10.1.1 Classical approximation

In the purely classical approximation, fusion takes place in all those events
in which the impact parameter b is smaller than the grazing one b,. In terms
of cross section, this means

bg
ot :/0 2mb db = 7b}. (10.5)

We take b, from Eq. (10.4) and we also use the fact that £ = Z—If With
simple manipulations we arrive at

v

o = 1R (1 — E) , (10.6)
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where V' is the barrier height, that is the maximum value of the potential
V, and R is its radial position. Data taken at different energies above the
barrier obey such law and interpolation allows extracting the values of V'
and R. As soon as we go below the barrier we must take into account the
penetration factor.

10.1.2 Sub-barrier fusion and Wong’s formula

The correspondence between [ and b that has been approximately described
by Eq. (10.2) should be replaced by

1

This is Eq. (10.28) and is proven in the Appendix. Note that the difference
with the previous estimate, kb = [, is not relevant for large values of kb.

Then, the classical value (10.5) can be written in terms of the angular
momentum /[ and complemented by a transmission coefficient for each par-
tial wave Py(FE), that gives precisely the probability that such partial wave
penetrates the potential barrier,

a:/QWbdb:%Zl:(QlJrl) — %ZI:(QMLI)PZ(E). (10.7)

Since we may use this formula around the barrier, the best approximation
for the transmission coefficient is

P(E) = [1+ 93] (10.8)

2p
B2
[a and b are the inner and outer edge of the barrier, as in Fig. 8.3 and
Eq. (8.15)]. Note that the previous Eq. (10.8) reduces to P(E) = e~2¢(F),
exactly in the form of Eq. (8.15), if we are well below the barrier and the

Gamow factor G(F) is large. Note also that in Eq. (10.9) we have written
the angular momentum squared consistently with (10.28).

with

) 1/2
LR W+ 3)” —E] (10.9)

2/uw"2
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There is a way to evaluate anlytically the Gamow factor if one approx-
imates the shape of the barrier by using a reversed parabola, that is, with
the replacement

R (1+1)°

Vr)+ e

— V- %WQ (r—R)?, (10.10)
where Vg is the maximum of the barrier, R is its radial position as it was
above, and w is a parameter to be fitted to reproduce the barrier shape at
best (at least close to the maximum). Note that we aim at reproducing the
shape of the barrier for [ = 0. One can find, by direct inspection, that the
height of the barrier changes with [ but the change of the curvature can be
safely neglected. Then, the Gamow factor becomes

G(E) — \/;/dr [VB—E—éuw (r—R)} v
(Vs —E

_ 10.11
. (10.11)
Eventually,
i 1
P = [1+e§7<VBO—E>] , (10.12)
2 1
-1 ﬁ—g VBo+h2(l+:) —-F
2% (Vi — ) 2l
P = [l—l—ehw 2 } = |1+e . (10.13)

where Vpg is the barrier height in the case of [ = 0, and we have worked
within the aforementioned approximation, that is, we have assumed that for
different values of [ only the barrier height Vg changes and not its shape.
The total cross section is

a:%;(zzﬂ 1+exp{ {V 1+ hz(w)?_E]}’ (10.14)

and the sum can be replaced by an integral to find an analytical solution.
The result is the famous Wong’s formula [57], that is,
fw R?
2F

It is easy to show that this formula reduces to the classical one, Eq. (10.6),
in the case F >V, that is, far above the barrier.

g =

In [1 n ei—ﬂE—VBo)] . (10.15)
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10.1.3 Failure of potential models below the barrier:
fusion enhancement

Wong’s formula works well, except when one goes well below the Coulomb
barrier and the parabolic approximation (10.10) fails. One can estimate
more precisely the transmission coefficient P, by solving numerically the
Schrodinger equation with a realistic potential, and calculate the cross section
from Eq. (10.7). This procedure goes under the name of “potential model”.

These potential models work relatively well for light systems, but fail to
reproduce the experimental findings for a number of heavy systems at ener-
gies below the barrier (for the same systems, they do work for energies above
the barrier). In particular, potential models underestimate the fusion cross
sections so that this phenomenon has been given the name of “subbarrier
enhancement” of the fusion cross section, around the turn of the 1970s and
during the 1980s. The origin of this enhancement could not be traced back
to the choice of the specific potential.

The detailed treatment of this enhancement goes beyond our scope here.
The interested reader can look at [58] and references therein. In the case
of deformed nuclei, for instance, one must evaluate the barrier penetration
by taking into account the rotational motion: different relative orientations
of the two nuclei lead to barriers with different shapes. Also other kinds of
nuclear excitations, like the low-lying vibrations that we have discussed in
Chapter 4, affect the fusion processes.

10.2 Nuclear fission

10.2.1 General aspects

After the discovery of the neutron, in 1932, there was immediately much in-
terest in the possible reactions that this new projectile could induce, without
the hindrance associated with the Coulomb repulsion. One of the directions
was the exploration whether neutron capture could lead to the production
of elements with atomic number Z larger than 92 (so-called “transuranic”
elements). There were difficulties, at that time, to identify the final products
of neutron-induced reactions. O. Hahn and F. Strassmann showed in 1939
that elements with mass equal roughly to one half of U were produced, when
neutrons impinged on that target. L. Meitner and O. Frisch gave the correct
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Fission shapes (axial) as a function of t

Figure 10.3: In a simple way, we sketch in the upper part of the figure the
elongated shapes through which the nucleus is supposed to evolve before
undergoing fission. In the lower part, we show the energy as a function
of the deformation parameter a,. The dashed line corresponds to the case
of spontaneous fission (AE < 0). The full line displays the case in which
initially AE > 0 and there is a barrier, that the system can pass by means of
tunneling (spontaneous fission), or that can be overcome if an initial energy
E, is provided (induced fission). The dashed line indicates the critical line
AFE = 0. See the text for a discussion.

interpretation of the phenomenon which is now called fission.
A typical fission process is

25U 4+n — “'Ba+% Kr+ 3n,

and this reaction releases about 200 MeV. There are many possible outcomes
of a fission reaction. Another one is, for instance,

B5U+n — "9Xe +9 Sr + 2n.

A thorough discussion of the statistical distribution of the possible fission
channels can be found in the specialized literature. Here, we just stress a
few basic facts. First, the fact of being highly exoenergetic is common to all
fission channels. Observing 2-3 neutrons with energies of the order of =~ MeV
is another typical feature. Last but not least, the fragments are neutron-rich
and they typically undergo (-decay.

The first question is how fission occurs, why it is not spontaneous for U
and needs to be induced, and why it is spontaneous for some heavier elements
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like Cf. The standard modelization introduced by Bohr and Wheeler [59] is
based on the idea that the the nucleus goes through increasingly elongated
shapes, like those that are schematically drawn in the upper part of Fig.
10.3. Once the two centers that appears in the shapes that are displayed are
separated by a thin “neck”, Coulomb repulsion pushes the two sub-systems
apart.

The deformed shapes can be better defined by going back to the general
formula (5.1). If we specialise it to the case of axial symmetry, one has

R(0) = Ry [1 + oy Py(cosh) + oy Ps(cost) + .. ] . (10.16)
The parameters o' are related to « in Eq. (5.1) by simple relationships since

20+ 1
47

Yio(0) = Py(cosb).
We will use « instead of o’ in what follows, for the sake of simplicity.

For pedagogical reasons, we further restrict to the case of quadrupole
deformation, namely we assume that (at least in the first steps) the shape
is simply described by the parameter a,. We aim at understanding the
behaviour of the energy when s is small, namely for small deviations from
the spherical symmetry. The relevant plot is visibile in the lower part of Fig.
10.3: if the energy decreases (AE < 0) fission can happen spontaneously,
but this is not the case of the energy increases and the spherical shape is a
local minimum (AE > 0).

If we take the energy from the semi-emprical mass formula, as a function
of deformation the volume energy does not change if the volume is conserved,
and also the asymmetry energy remains constant. We can calculate both the
change in the surface energy and in the Coulomb energy. The surface energy
increases as the surface increases. In fact, the surface energy can be written
as 05, where S is the surface and o is the surface tension. The sphere has
the smallest possibile surface for the given volume. The change associated
with the ellisoidal shape can be analytically calculated at lowest order in as.
A detailed calculation can be found in Ref. [60]. The result is

2
Esurf = Esurf,O (1 + gag) ) (1017)

where Egu10 is the surface energy of the sphere having radius R, that is,
Esurf,O = CLSA_2/3-
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Even more tedious is the calculation of the Coulomb energy. It is straight-
forward, though: one assumes a uniform charge distribution and just in-
tegrates the contributions from the Coulomb interaction between pairs of
charges in two points. The result reads, again at lowest order in aso,

1
Ecou = ECoul,O (1 - gag) s (1018)

where now Egoug = acZ? A3,

The net result is that the variation of the energy for small values of as is

given by
i—gE — %aSAz/g — %aczm—l/?’. (10.19)
This quantity in the r.h.s. can be evaluated by using the typical parameters
of the mass formula. AE = 0 if
2

2 _ s g (10.20)

A ac
For smaller (larger) values than ~ 50, the change AFE is positive (negative).
This fact explains why only very heavy elements can undergo spontaneous
fission. The parameter Z2/A is often called fissility parameter.

In Fig. 10.4 we show the known life-times for spontaneous fission and the
role played by the fissility parameter. While the dashed line shows a possibile,
plausible fit of some of the data®, we should stress that the microscopic study
of fission is an active field of research and the fine structure of the data can
be seen as resulting from shell effects and other subtle phenomena that we
do not treat here.

We move now our attention to induced fission. In the lower plot of Fig.
10.3, one can also see that, if an external source can give the nucleus an initial
excitation energy F,, the barrier can be overcome even in case of nuclei that
would have a very long half-life (sometimes infinite, in practice) associated
to spontaneous fission. The energy can be supplied by neutrons, photons but
also charged particles. In the case of the capture of very low-energy neutrons,
the energy of the compond system and the barrier heights are known in the
case of U, Th and Pu isotopes. We shall consider U in the next subsection,
because of its practical interest.

Tt is an empirical law which was proposed before many of the displayed data have
become available.
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We end this part by stressing that many interesting aspects of fission are
not treated here: the case of double barriers and fission isomers, the role of
triaxiality, the distribution of masses and kinetic energy among the fission
fragments, the case of ternary fission (to name only a few).

10.2.2 The case of U and the role of pairing

Some fission barriers have been known for quite some time. For instance,
in 236U, the barrier height is 5.3 MeV while in U the barrier height is 5.5
MeV. The two are not markedly different, as one expects. However, when
a very low-energy neutron is captured by ?**U the energy of the compound
system 236U becomes 6.55 MeV. On the other hand, the energy of 23¥U plus
a thermal neutron (i.e., of the compound system #°U) is 4.81 MeV. This is
why the former is a fissile material while the second is not. We see here the
role played by pairing: energies are higher in an even system than in an odd
one.
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Figure 10.4: The known lifetimes for spontaneous fission (taken from
https://fr.wikipedia.org/wiki/Fission_spontanée) are displayed as a
function of the fissility parameter x = Z2/A. The dashed line shows the
linear trend (in log scale) predicted by one of the many available empirical
formulas.
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10.2.3 The fission chain reaction

As we have anticipated in Sec. 10.2.1, a low-energy neuron impinging on U
produces fission with a release of &~ 200 MeV of energy. This is of course
relevant for energy production. The ratio of energy released vs. mass of fuel,
E /miyuerc? is of the order of 1072, We can compare this number with a typical
one associated with the release from chemical reactions. In Chapter 9 (Sec.
9.1.1), we have considered carbon and pointed out that 1 kg of it produces
E = 3.35 107 J: in this case the ratio is 1077,

We should point out, however, that not 100% of the released energy from
U fission is immediately available under the form of heat or radiation. In a
typical fission like the one mentioned at the start of the Section, 167 MeV
go into kinetic energy of the fragments, 5 MeV go into kinetic energy of
the neutrons, and 6 MeV are found in ~-rays. This is the energy which is
readily available. About 15 MeV are released after 5-decays, either in terms
of electron energies or delayed v-rays: as a consequence, this energy may
appear with a large time delay, even years. Finally, 12 MeV are carried away
by neutrinos and this energy is not deposited anywhere.

Energy release from a single fission is not the only point to be kept in
mind. If one wants to produce energy, the fission process must have a suf-
ficiently large rate, and be self-sustained. Every fission event produces 2-3
neutrons. We will denote this number by v in what follows, and assume v =
2.5. These neutrons can ignite a chain process under given circumstances as
we explain here below.

As for the cross section, we show in Fig. 10.5 the total cross section of
neutrons on 2*U. For thermal neutrons, below 0.1 eV, this cross sections
reaches almost 10 b, which is a huge value, but it drops to about 7 b in the
MeV range. As we said, one is interested here in the fission cross section,
which is about 84% of the total one at very low energy, while in the MeV
range fission takes place about 1 time over 6. However, having a 100%
235U enriched sample is, in practice, impossible. The natural abundances
are 99.28% for 238U and 0.72% for 23U. A so-called “enriched” sample may
reach 3% of 2%°U. As for 238U, this is not fissile, as the fission cross section
is negligible when the neutron energy is below the &~ MeV scale. The total
neutron cross section is approximately constant in a broad energy range, and
is about 10 b. There are jumps above this value in the resonance region but
resonances are narrow and we will not consider their presence here.

We briefly discuss how these numbers impact the estimate of the outcome
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Figure 10.5: Cross section of neutrons on ?°U as a function of the neutron
energy. oy is the total cross section, while oy is the cross section for fission.
Taken from [47].

of a chain reaction. The typical density of a U sample is 4.8 10?® nuclei/m?.
The total neutron cross section will depend on the neutron energy and the
enrinchment in ?>U. For a quick estimate, we consider a value around 10 b,
which correponds to the value for neutrons with energies around 1 MeV, more
or less for both isotopes (***U and ?**U). The reaction rate for one neutron
on U is pvo, where v is the neutron velocity. Thus, the time between two
reactions is

T=—, (10.21)

and the mean free path is simply

r 1
po 48108 7102
As we said, we expect v = 2.5 neutrons for each reaction carrying away 5
MeV all together. With an energy of 2 MeV, the velocity of the neutron is 2
107 m/s and the time 7 is about 1.5 1079 s.

Let us denote as n(t) the neutron number at time ¢. This quantity will
obey the following equation,

l:

m ~ 3 cm. (10.22)

n(t+dt) =n(t) + (vg—1) %n(t), (10.23)
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where the second term describes the increase due to new fission processes.
Each interaction eliminates one neutron and, if fission occurs with a probabil-
ity ¢, it produces v = 2.5 new neutrons. The time step dt must be compared
to the time 7 that we have previously defined. The solution of Eq. (10.23) is

n(t) = n(0)eHx. (10.24)

This solution shows that the reaction can sustain itself if ¢ is larger than
1/v=0.4.

q is not only determined by the cross section value, but also by all the
physical conditions that affect the neutron transport. Controlling a nuclear
reactor means basically to control g. An uncontrolled increase of ¢ may
lead to catastrophic events due, for instance, to a lack of the control of the
temperature.

10.3 Appendix: relation between b and [

We start by reminding the formula for the scattering amplitude,
1 .
HOES > (21 + 1)e sing Py (cos(0)), (10.25)
!

where the partial wave expansion has been introduced, 9; is the phase shift
associated to each partial wave, and P, is a Legendre polynomial. The Leg-
endre polynomials obey the well-known orthonormality condition,

+1 2
dp P(p)Pr(p) = O,
/_1 1) P (p) 2+1"

and by exploiting it one readily obtains

_47T

o= /dQ FO)F =75 S0+ 1)sin’s; (10.26)

The largest possible value is found for 9, = 1. We equate this value to
the classical expression in terms of the impact parameter b:

A7
:ﬁ (
1

o

24 1) = 2ﬁ/db b. (10.27)
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This latter equation provides the required relationship

1
kb=1+ 2, (10.28)

that is used in this Chapter.
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