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FEL PARAMETER

Ay = 15—5”)\10 ~ )\w% A =2\, Resonant Wavelength

Yy = \/*w(;a"%}) Resonant energy

p= mc(gk_%) Momentum in Ak unit
0= (k+ky)z—clk—Fky)t Phase

2/3 .
p== (j",g:g) Classical Fel parameter

p=p- =7,y Quantum Fel parameter
z=z2/L, p=p/p Rescaled Position and Momentum
6 =211 [, =\,/4mp  Detuning and Gain length
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1D QFEL MODEL |

Hamiltonian and particle equations

N
H'(0,p) = Y Hi(6,p)  [0j,p6] = idj {a,aq =1
j=1

2 —
P P 0.
HLp _ 4 _( %9;]_”)_ f
]( 7p) {210 [/ Ne ae h.c oa'a
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1D QFEL MODEL Il

N particle described by matter-wave field (6, z)

2T
00.2) = Y e, [ avil0)ie) =

nes

The electrons are treated like BOSONS !l

s Ch | = O = [000),01(0)| = 60— )

A

2T
i — / 1041(0) H' (0, —i0p, a, at) (0)
0

N. Piovella, M.M. Cola and R. Bonifacio PRA 67. (2003)
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1D QFEL MODEL Il

b o= _Ltaea P (0 )
1050 = 2,589¢ ? N, (ae c c) Y
F; 27 ) )
da = |2 / 40 01 (0) e=0(0) + ida
Ne Jo

Preparata Hypotesis (N. — o) ¢ — /N.¢p and @ — +/pN. A
introducing the time-dependence in field A(z) — A(z,0)

i0:0(0, %) = —;ﬁagw, 2) —ip (A(z.0)¢" — ) v(0.2)
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MULTIPLE SCALING APPROACH

Including propagation effect we introduce a slow scale:

2z — vt A ck
= O L ‘ P A p br=v k + ky
10 10 0

<90 o0 oa

performing a perturbation expansion to the first order in ¢ we obtain:
i0:0(0,7,21) = ——a%( 21) = ip (A5, 21)e” — c.c.) ¥(0, 7,21

2T
D A2 21) + 0o, A%, 1) = / 40 [(0, 5, 2) |2 e + i6A(%, 2)
0

R. Bonifacio, N.Piovella, G.R.M. Robb, M.M. Cola, Opt. Commun. 252 (2005)
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1D WORKING EQUATIONS

1 ‘ B 2T
V(0,2,21) = —= »  cn(Z, 21)em0T2) / do [1(9, 7, 21)[> = I(z1)
2T 0
nes
n2
0sC,, = —1 (5 - n5> cn — p{Acn_1 — A%cpi1}
0:A+ 0, A= cnch
nes
‘Cn(i, 21) ‘2 = Probability to find an electron whit momentum p = n(kk) at z and z;
NLe ZnEZ Cnc;;_l = Bunching operator
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THE ENERGY SPREAD

We must include the more physical consistent situation of an initial
distribution for the electron energy.
Infact each electron of the beam has different initial energy.

_ =% _, 5 — I
PYr ¢

cn(Z,21) — ¢cn(9, 2, 21)

P fR dd G(0) > ez cn(d)ch_1(0)

G(6) Is normalized distribution center around 6 = 1/2p
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elf ~plified Spontaneus =mission SASE

Ingredient of SASE:
Starting from noise
Propagation effects

Superradiant instability (the electrons radiate as N?)
Each cooperation length in the e-beam radiates a SR spike
which is amplified when it propagates forward on the beam

SASE in the quantum regime:
In the quantum regime the FEL behaves like a two level systenr
Electrons emit coherent photons as in a LASER

iIn the quantum SASE mode the spectrum is intrinsically narrow
(quantum purification)
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CLASSICAL AND QUANTUM REGIME

p = me’yr/hk

If p>> 1 ,since % ~ p — mc(d7) > hk — Classical behavior

Many recoils implies many photons, hence classically, each
electron emitS many photons

plAI? = (N)pn/Ne > 1

If o <1 — mc(dy) < Rk — Quantum behavior
Each electron emits only a single photon therefore quantum
FEL behaves like a two-level system

PIAP = (N)pn/Ne = 1
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QUANTUM 1D LINEAR THEORY |

Performing a linear analysis and looking for solutions proportional
to ¢!A*+t@21) we obtain the dispersion relation:

(A=A, ()\2—%)+1_0 T

Note that:
Forn=0andw =0 — (A —9) (AZ ﬁ) +1=0
Quantum steady state dispersion relation

Andforp>1— A—=0)N+1=0

Classical steady state dispersion relation

R. Bonifacio, N. Piovella, G.R.M. Robb and A. Schiavi PRST 9, (2006)
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QUANTUM 1D LINEAR THEORY I

1T0—F—F+—+7———+——+——+—7——1—+—
0.8
0.6
S (a) (b)
= (c)
C
E 54
(d) (©)
e
(f)
0.2 /\
ocoo+————+———u L L L
10 5 0 5 10 15

whenp<1—6=5, width=4,/p Peakof 3\= .,/

2p
0 a:0, b:1/2, ¢:3, d:5, e:7, f:10

p a:o00, b:1, c¢:1/6, d:1/10, e: 1/14, f:1/20




QUANTUM 1D LINEAR THEORY Il

The regions of the spectrum that corrisponding to gain &\ > 0 appear like a series
of discret line corresponding to different value of n. Each of this line is center in

w = (2n — 1)/2p with distance 1/p and has a width of 4,/p, this corrispond in the
momentum space to shift of 2k /2 with a width 453/2(hk)
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FROM 1D TO 3D, PROBLEM AND SOL

PROBLEM

the tranverse motion is essentially classical. So we look for a model
which describes the quantum behavior on the longitudinal dimension
and at the same time the classical behavior on the tranverse
dimension.

extension via Shroedinger equation (0) — ¥(0, z,y) ?
NO because it describes a cold beam with a quantum
emittance equal to compton vawelength 2=

SOLUTION!

Write a Discrete Wigner function W,, (6, z;, p;) and perform the
classical limit only for the transverse motion in the limit:

Ac
a~— —(
€n
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1D DISCRETE WIGNER FUNCTION

In longitudinal dimension ¢ is periodic then the momentum of
the electron must be discrete

Therefore we write the 1D Discrete Wigner function introduced
for the first time in the (1994) by Bizarro.

1 7'('/2 . 9
Wa(0) = - / 402000 1 0 |56 — 0')

T J—r/2

= wyp(0) + Z sinc[(n —n' — 1/2)7w, 11 /9(0)

1 [" :
ws(0) = — d0'e 2904+ 0" |0 —0"), s=kors=k+1/2

2 J_ .

J.P. Bizarro, PRA 49 3255 (1994)
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1D WIGNER MODEL FOR QFEL

Evolution equation

For 6 = |¢)(v| pure state,

/

S er Wh(f,2) = [1(6,2)]> Beam profile

¢ 1 Wi(8,2) = |en(2))? Density probability

\ anz fir Wn(Q,z) =1 Normalization
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CLASSICAL LIMIT

for p>1—p=s/p becomes a continuos variable

_ _ 1 1\
P (Wet1/2 — Ws_1/2) — P [W (p + 2p> W ( — %> — OpW

In the momentum space j + 5> become p + b
MAXWELL-WIGNER = MAXWELL-VLASQOV
(0z + pOy) W — p (Aew + c.c.) oW =0

0+ 0,,) A / dp / d0' W (0, p,z, 21)e " +isA
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3D QFEL WIGNER MODEL HOW TO

Write the 3d quantum Hamiltonian

Define the statistic operator o

Define the 3D Discrete Wigner rappresentation of ¢

Write the 3D Wigner Evolution equations

Perform the classical limit only on the transverse coordinate
» Or similary:

w8(97 27 Zl) — w8(97 27 Zlaita I_)t)

Az, z1) = A(z, 21,%t),  aw — awgi(Xe)
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3D QFEL HAMILTONIAN

~2
= _ p ab o
H(6 ; = — 4+ —
(0,p,%¢, Dt; Z) 2§+ 5 bi
§ 2 bX 5 5
S (1 - O
+ p [2p( 9il”) = —-a7p
b Ll in (g1 A e,
202
- me(y — Yo mceyo dXy -
L 2 2 A
b _97 *_0__7 X:kET, f: S ) = y
3* €r 1+ a2, McYo€r
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3D DISCRETE WIGNER FUNCTION

Wm(ea X, I_)t) — wm(ea X, I_)t) + Z Sinc[(m —n-—- /L/Q)ﬂ-]wn—l—,u/2(97 Xt |

I o
ws(ﬁ,i,f)t) = 2—7_‘_3 d6/6_2298

—Tr

/ dje KR () — 0 %+ %} | 0| R — X}, 0+ 0
R2

From the evolution equation 9:0 = —1 {FI, @} we obtain

a=0Ly/Z, =b/2X, Z, =4nc/) \U’
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QFEL MAXWELL-WIGNER EQUATION

) S bX
Ozws  + {—I_(S_I_Qp(l 911°) 2Pt}86ws

D ®

_ ( “Ae? + c.c. ) [w8+1/2 — ws—l/ﬂ
- £ 4,0 Wst1/2 T Ws—1/2
+ wp [vjt (gl Ae” — CC')} { 2 } self focusing

b L+ aX) | - o5 (Tala) - Vi =0,

27
(05 + 0,,) A — zaV2 =X Z / d°p / do wm+1/2(9,5<t,f)t)e_w.

me/
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ANALYSIS OF TRANSVERSE TERM |

: S S 9. DX o
6 = 424154 >(1— it

Affect the QFEL resonance )\ = A [1 +az, + 5 (05 + 95)]

e

0p = ’V(;);(;yr > (&) ~ 1 | Longitudinal detuning

A 2
é(1 — ]91‘2) > ( 7) ~ L Ady Off-resonance due to laser profile variation
Gy

A 22
N ( fy) ~ L 0% Off-resonance due to beam divergence
T,y
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ANALYSIS OF TRANSVERSE TERM I

X; = bpy

Tranverse motion of the electron (divergenze of beam)

bt = —5ox (Vxla?) = 8= — 50,0} (2)

Ponderomotive force due to the transverse laser profile
(defocusing)
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QFEL 3D WORKING EQUATIONS |

k _ k _ik6
Wy = 27T ZkEZw €

I K S g2y = Xy
Ozwg + zk{ﬁ+5+2p(1 911%) 2pt}89w

+ g ARl g AR )

k-1 k-1
- (  Aw g; Aw s+1/2 s—1/2

s+1/2 s—1/2

D
[ aE: —L(V ail*) -V ]wk—o
t X Xt

(07 +0.,) A — Z@VZ = gi Z / detwm+1/2(9 X¢, Pt)-

mes

Dottorato di ricerca in fisica XXI Ciclo, Seminario di fine |l anno — p.26/2€




QFEL 3D WORKING EQUATIONS I

w2k Z(n + K'o|n — k')

keZ
W2, o Y+ K 4 1l — k)
keZ
wy, oc (n| oK) 1d —ley |
w}lH/Q o {(n+1|o|n) 1d —cy, cp = cpcn—1

> 1d —>|C_1 ’2 two level n=0,-1
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3D QFEL TWO LEVEL APPROXIMATIO

0 1

D =wy —w,  Population difference
B=uw!, 1, Bunching (polarizzation)
L,=Ly/+/p Quntum Gain length

p<04n=0,—1||g; =1 static wigler

(0 +b'PiVg,) D+ 2(AB" +c.c.) =0
X
(62/ -+ b/f)tv)—ct — i%\ptP) B=AD

(azl —+ (?Zfl — Z"V?—ct) A = d2f)tB
R2

A=AVp Z=2ZJp==z/Ly, bV =Ly o =Ly/Z 21 =21p
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CONCLUSION

We propose a new 3D Quantum FEL Model based on a
MAXWELL-WIGNER equations

The Wigner approach let us mix the different behaviour
between the longitudinal and tranverse dynamics

The MAXWELL-WIGNER equations switch into the classical
MAXWELL-VLASOV equations for p > 1

Future Developments:

Implementation 3D Maxwell-Wigner code and simulations
Search of particular analytic solution
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