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Abstract

We extend the semiclassical model of the collective atomic recoil laser (CARL) to include the quantum mechanical
description of the center-of-mass motion of the atoms in a Bose—Einstein condensate (BEC). We show that when the
average atomic momentum is less than the recoil momentum 7g, the CARL equations reduce to the Maxwell-Bloch
equations for two momentum levels. In the conservative regime (no radiation losses), the quantum model depends on a
single collective parameter, p, that can be interpreted as the average number of photons scattered per atom in the
classical limit. When p > 1, the semiclassical CARL regime is recovered, with many momentum levels populated at
saturation. On the contrary, when p < 1, the average momentum oscillates between zero and 74, and a periodic train of
27 hyperbolic secant pulses is emitted. In the dissipative regime (large radiation losses) and in a suitable quantum limit,
a sequential superfluorescence scattering occurs, in which after each process atoms emit a 7 hyperbolic secant pulse and
populate a lower momentum state. These results describe the regular arrangement of the momentum pattern observed
in recent experiments of superradiant Rayleigh scattering from a BEC. © 2001 Elsevier Science B.V. All rights reserved.
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Keywords: CARL; BEC; Atom laser

With the realization of Bose-Einstein conden- the action of external laser beams, only a small

sation (BEC) in dilute alkali gases [1], it is now
possible to study the coherent interaction between
light and an ensemble of atoms prepared in a
single quantum state. For example, Bragg diffrac-
tion [2] of a BEC by a moving optical standing
wave can be used to diffract any fraction of a BEC
into a selectable momentum state, realizing an
atomic beam splitter. Among the multitude of
experiments studying the behavior of a BEC under
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number have been devoted to the active role
caused by the atoms in the condensate on the ra-
diation. In particular, collective light scattering
and matter—wave amplification caused by coherent
center-of-mass motion of atoms in a condensate
illuminated by a far off-resonant laser were re-
cently observed [3-5]. These experiments have
been interpreted in Ref. [3] as superradiant Ray-
leigh scattering, and successively investigated in
Refs. [6,7] using a quantum theory based on a
quantum multi-mode extension of the collective
atomic recoil laser (CARL) Hamiltonian model
originally derived by Bonifacio et al. [8-11]. In
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particular, the original semiclassical CARL model
was extended in Refs. [12,13] to include a quantum
mechanical description of the center-of-mass mo-
tion of the atoms in the condensate. Whereas the
analysis of Refs. [12,13] is limited to the study of
the onset of the collective instability starting from
quantum fluctuations, some nonlinear effects due
to momentum population depletion were discussed
in Refs. [6,7].

Recently, we have shown [14] that the superra-
diant Rayleigh scattering from a BEC can be sat-
isfactorily interpreted in terms of the CARL
mechanism using a semiclassical model in the
‘mean-field’ approximation [15,16], in which the
rapid escape of the radiation from the condensate
is modeled by a decay of the field amplitude at the
rate k. = ¢/2L, where L is the sample length. The
main drawback of the semiclassical model is that,
as it considers the center-of-mass motion of the
atoms as classical, it cannot describe the discrete-
ness of the recoil velocity, as has been observed in
the experiment of Ref. [3].

The aim of this work is to extend the semi-
classical CARL model to include the quantum
mechanical description of the center-of-mass mo-
tion of a sample of cold atoms. The quantum
model that we obtain is equivalent to that derived
by Moore and Meystre [12] using second quanti-
zation techniques. However, whereas the work of
Ref. [12] is focused on the linear regime and on the
startup of the instability, we study the full non-
linear regime and the quantum and classical limits
of the model. Our basic result is that the atomic
motion is quantized when the average recoil mo-
mentum is comparable to ig (where § = k> — k is
the difference between the incident and the scat-
tered wave vectors), i.e. the recoil momentum
gained by the atom trading a photon via absorp-
tion and stimulated emission between the incident
and scattered waves. In this limit, the quantum
CARL equations reduce to the Maxwell-Bloch
equations for two momentum levels [17]. In the
‘conservative’ (or ‘Hamiltonian’) regime, in which
the radiation losses are negligible, this occurs for
p < 1, where the CARL parameter p represents
the average number of photons scattered per atom
in the classical limit. In the superradiant regime,
for k > 1 (where x = k./wp, K. is the radiation

loss, w;p 1is the collective recoil bandwidth,
w, = h|g|*/2M is the recoil frequency and M is the
atomic mass), the atomic motion becomes quan-
tized for p < v/2«. In this limit, we demonstrate
that a sequential superfluorescence (SF) scattering
occurs, in which, during each process, the atoms
emit a 7 hyperbolic secant pulse and populate a
lower momentum level, as it has been observed in
the MIT experiment [3].

Our starting point is the classical model of
equations for N two-level atoms exposed to an off-
resonant pump laser, whose electric field E, =
e&ycos(ky - X — wyt) is polarized along é, propa-
gates along the direction of k» and has a frequency
w, = ck, with a detuning from the atomic reso-
nance, 4,y = w, — @y, much larger than the natu-
ral line width of the atomic transition, y. We
assume the presence of a scattered field (‘probe
beam’) with frequency w; = w, — 4, wave num-
ber & making an angle ¢ with k> and electric field
E = (&/2)[6(t)e® ) £ cc] with the same po-
larization of the pump field. In the absence of an
injected probe field, the emission starts from fluc-
tuations and the propagation direction of the
scattered field is determined either by the geometry
of the condensate (as in the case of the MIT ex-
periment [3], where the condensate has a cigar
shape) or by the presence of an optical resonator
tuned on a selected longitudinal mode. By adia-
batically eliminating the internal atomic degree of
freedom, the following semiclassical CARL equa-
tions has been derived [8-10]:

do,

h R 1

& =P (1)

do. .

% = —[de” +c.cl, 2)

dd 1 L, s

Fr D BLRR UL 3
=1

where © = pw,t is the interaction time in units
of wp, 0; = (ki — k) - ¥; = qz; and p; = qu.;/pa;
(where ¢ = |g|) are the dimensionless position and
velocity of the jth atom along the axis 2,
A = —i(ey/nshwp)"?&(2)e’, 5 = Ay Jw,p and p =
(Q0/245)" (wpPn/heg?)'? is  the collective
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CARL parameter. Q) = ué,/h is the Rabi fre-
quency of the pump, ny =N/V is the average
atomic density of the sample (containing N atoms
in a volume V) and p is the dipole matrix element.
We assume w, =~ »; = ck, so that ¢ ~ 2ksin(¢$/2).
Eqgs. (1)-(3) are formally equivalent to those of the
free electron laser model [18]. In order to quantize
both the radiation field and the center-of-mass
motion of the atoms, we consider 0;, p; = (p/
2)p; = Mv.;/hq and a = (Np/2)"?4 as quantum
operators satisfying the canonical commutation
relations [0;,p;] =16, and [a,a] = 1. With these
definitions, Eqgs. (1)—(3) are the Heisenberg equa-
tions of motion associated with the Hamiltonian:

1 N N )
H= , ijz + ig(ZaTe‘H’ — h.c.> —dd'a
= =)
N

ZHJ ,p)s (4)

J=1

where g = \/p/2N We note that [H, Q] = 0, where
O=ada+ Z _, p; is the total momentum in units
of 7ig. In order to obtain a simplified description
of a BEC as a system of N noninteracting atoms
in the ground state, we use the Schrodinger
picture for the atoms (instead of the usual
Heisenberg picture [19]), ie. |¥(6y,...,0y)) =
[W(60y))--- | (0y)), where [(0;)) obeys the single-
particle Schrodinger equation, i(0/07)[y(0,)) =
H:(0;,p;)|y(6;)). In this paper we describe the light
field classically. Hence, considering the field op-
erator a as a c-number, Eq. (3) yields:

= 1da —l—gz |€7'H’|lﬂ (0,))- (5)

Let us now expand the single-atom wave function
on the momentum basis, [Y(0;)) =, c;(n)ln);
where p;|n), = nln),, n=—oc,...,00 and ¢;(n) is
the probability amplitude of the jth atom having
momentum —nhqg. This description of the atomic
motion in a BEC assumes that the atoms are un-
localized inside a condensate of dimension W and
that the temperature is so small that the momen-
tum uncertainty o, ~ %i/o, can be neglected if

~ W. Introducing the collective density matrix:

N
Sun =37 D eslm)' e m)e (6
Jj=1

a straightforward calculation yields, from Egs. (4)
and (5), the following closed set of equations:

dSm n
d17 =1i(m — n)SpmpSpn + g [A(Smt10 — Smp—1)
+A*(Sm,n+l - SmflAn)L (7)
= Z Sn‘nJrl — KA, (8)

where J,,, = 0 + (m + n)/p and we have redefined
the field as 4 = \/2/pNae*. We have also in-
troduced a damping term —«A in the field equa-
tion, where k = k./w,p, k. =c¢/2L and L is the
sample length along the probe propagation, which
provides an approximated model describing the
escape of photons from the atomic medium. In the
presence of a ring cavity of length L.,, and reflec-
tivity R, k. = —(¢/Lcay) In R, as shown in the usual
‘mean-field’ approximation [11]. Egs. (7) and (8)
are completely equivalent to the CARL equations
(1)~(3) and determine the temporal evolution of
the density matrix elements for the momentum
levels. In particular, p, = S,, is the probability of
finding the atom in momentum level |n), (p) =
>, nS,, is the average momentum and 3 S, 41 1S
the bunching parameter. Eqs. (7) and (8) are
identical to these derived by Moore and coworkers
[12] second quantizing the single-particle Hamil-
tonian H; and introducing Bosonic creation and
annihilation operators of a given center-of-mass
momentum. For a constant field 4, Eq. (7) de-
scribes a Bragg scattering process, in which m — n
photons are absorbed from the pump and scat-
tered into the probe, changing the initial and final
momentum states of the atom from m to n. Con-
servation of energy and momentum require that
during this process w; — wy, = (m+n)w,, i.e.
Omn = 0. Eqgs. (7) and (8) conserve the norm, i.e.

Yo Smm =1, and, When x = 0, also the total mo-
mentum Q = (p/2)|4|* + (p). Fig. la shows |4|’

vs. 7, for k =0, 6 =0 and 4(0) = 10~*, compar-
ing the semiclassical solution with the quantum
solution in the classical limit, p > 1: the dashed
line is the numerical solution of Egs. (1)—(3), for a
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Fig. 1. Classical limit of CARL for p > 1 in the case k = 0: (a)
|4|* vs. 7 as obtained from the classical equations (1)~(3) (---)
and from the quantum equations (7) and (8) for p = 10 (—); (b)
population level p, vs. n at the occurring of the first maximum
of |4, at t=12.4. The other parameters are 5 =0 and
A(0) =104

classical system of N = 200 cold atoms, with initial
momentum p;(0) =0 (where j=1,...,N) and
phase 0;(0) uniformly distributed over 2=, i.e.
unbunched; the continuous line is the numeri-
cal solution of Egs. (7) and (8) for p =10 and a
quantum system of atoms initially in the ground
state n = 0, i.e. with S, ,, = 0,00,0. Fig. la shows
that the quantum system behaves, with good ap-
proximation, classically. Because from Fig. la the
maximum dimensionless intensity is |4|* ~ 1.4,
the constant of motion Q gives {p) ~ —0.7p and
the maximum average number of emitted photons
is about (a'a) ~ Np. Hence, the CARL parameter
p can be interpreted as the maximum average
number of photons emitted per atom (or equiva-

lently, as the maximum average momentum recoil,
in units of g, acquired by the atom) in the clas-
sical limit. Fig. 1b shows the distribution of the
population level p, at the first peak of the intensity
of Fig. 1a, for = = 12.4. We observe that, at satu-
ration, 25 momentum levels are occupied, with an
induced momentum spread comparable to the av-
erage momentum.

Let us now consider the equilibrium state with
no probe field, 4 =0, and all the atoms in the
same momentum state n, i.e. with S,, = 1 and the
other matrix elements zero. This is equivalent to
assume the temperature of the system equal to zero
and all the atoms moving with the same velocity
—nhq, without spread. This equilibrium state is
unstable for certain values of the detuning. In fact,
by linearizing Egs. (7) and (8) around the equi-
librium state, the only matrix elements giving lin-
ear contributions are S, , and S, 1, showing that
in the linear regime the only transitions allowed
from the state n are these towards the levels n — 1
and n+ 1. Introducing the new variables B, =
Sn,n+1 + Sn—l,n and Pn = Sn,n-H - Sn—Lna EqS (7) and
(8) reduce to the linearized equations:

9By _ 5B, Lp. 9)
T p
ar i

" _i5.P,— LB, — pd 10
T 0,F, = By = pA, (10)
a4
“U_p 11
Y5, (1)

where J, = 0+ 2n/p. Seeking solutions propor-

tional to e“~%) we obtain the following cubic
dispersion relation:
(A= 68, —ir) (22 = 1/p*) +1=0. (12)

In the exponential regime, when the unstable
(complex) root 4 dominates, B(t) ~ €*~%)" and,
from Eq. (9), P, = —pAB,. The semiclassical limit
is recovered for p > 1 (when k =0) or p > /k
(when x > 1) and §, ~ 9, i.e. neglecting the shift
due to the recoil frequency w;. In this limit, maxi-
mum gain occurs for § = 0, with 2 = (1 —iv/3)/2
when k=0 or 1= —(141)/v2x when x> 1.
Furthermore, |S,,:1] ~ |S.—1..|, so that the atoms
may experience both emission and absorption.
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This result can be interpreted in terms of single-
photon emission and absorption by an atom
with initial momentum —nkqg. In fact, energy
and momentum conservation impose w; — W, =
2nF 1)w, (ie. 0, ==x1/p) when a probe pho-
ton is emitted or absorbed, respectively. In
the semiclassical limit, the gain bandwidths are
Aw ~ @ > o, when k =0 and Aw ~ k. > o,
when k > 1, and the atoms may both emit or ab-
sorb a probe photon. On the contrary, in the
quantum limit the recoil energy /%w, cannot be
neglected, and there is emission without ab-
sorption if |S, 41| < |Sy—1.], 1.€. B, = —P, and 1 =
1/p. This is true for p < 1 when k = 0, with the
unstable root A= 1/p+9,/2—(1/2)\/5>—2p
(where o' =3, —1/p), and for p < 2k when
k> 1, with Rel~1/p+ (pd,/2)/(5,> + k*) and
Im/~ —(pk/2)/(6,> + x?). In both cases, maxi-
mum gain occurs for J,=1/p (e. A4y =
(I —2n)w,), within a gain bandwidth of Aw ~
w,p*? for k = 0 and Aw ~ k. for x > 1. Hence, in
the quantum limits p < 1 for k =0 and p < V2«
for k > 1, A~ 1/p and the gain is due exclusively
to emission of photons, whereas in the semiclas-
sical limit gain results from the positive difference
between the emission and absorption average
rates. When x = 0, the resonant gain in the limit
p<1lis Gs=wpy2p=/3/21(Q0/242)7/Netr,
where y = p?k* /3nlie, is the natural decay rate of
the atomic transition and Ny = (2%/4)(c/yL)N is
the effective atomic number in the volume V' = AL,
where A and L are the cross-section and the length
of the sample. When «x > 1, the resonant SF gain
in the limit p < v/2x is Gsp = w,p*/k = G2 /2K, =
(3/21)(R0/242)*(1*/A)N, in agreement (except
for a factor 16) with the expression of Ref. [6]
obtained from a multi-mode theory.

The above results show that the combined effect
of the probe and pump fields on a collection of
cold atoms in a pure momentum state n is re-
sponsible of a collective instability that leads the
atoms to populate the adjacent momentum levels
n—1 and n+ 1. However, in the quantum limit
p <1 when k=0 (or p < v2Kk when x > 1) con-
servation of energy and momentum of the photon
constrains the atoms to populate only the lower
momentum level n — 1. This holds also in the
nonlinear regime, as we have verified solving nu-

merically Egs. (7) and (8). In the quantum limit
above, the exact equations reduce to those for only
three matrix elements, S, ,, S,—1,-1 and S,_; ,, with
Su—1n-1 + S, = 1. Introducing the new variables
Sn = Sn—l,n and VVn = Sn,n - Sn—l,n—ls Eqs (7) and (8)
reduce to the well-known Maxwell-Bloch equa-
tions [20]:

as, oo P
5= 1S, + 5 AW, (13)
daw,

" _p(4°S, + he), 14
= —p(A'S, +he) (14
d4
E_Sn_K/L (15)

where &, =0+ (2n—1)/p. When k=0 and
8 =0, if the system starts radiating incoherently
by pure quantum mechanical spontaneous emis-
sion, the solution of Egs. (13)—(15) is a periodic
train of 27 hyperbolic secant pulses [21] with
|4|* = (2/p)sech’[\/p/2(x — 1,,)], where 1, = (2n +
1)In(p/2)/+/p/2. Furthermore, the average mo-
mentum (p) = n + tanh’*[/p/2(t — 1,)] — 1 oscil-
lates between n and n—1 with period t,. We
observe that the maximum number of photons
emitted is (a'a),,, = (pN/2)|A|;2)cak =N, as ex-
pected. Fig. 2 shows the results of a numerical
integration of Eqs. (7) and (8), for k =0, p =0.2
and ¢ =5, with the atoms initially in the mo-
mentum level » = 0 and the field starting from the
seed value 4o = 10~>. Fig. 2a and b show the in-
tensity |4|> and the average momentum (p) vs. t, in
agreement with the predictions of the reduced
equations (13)—(15).

In the superradiant regime, x > 1, Egs. (13)—(15)
describe a single SF scattering process in which
the atoms, initially in the momentum state n,
‘decay’ to the lower level n — 1 emitting a =
hyperbolic secant pulse, with intensity \A|2 =
1/[4(x* + 8,%)]sech’[(t — tp)/7s] and average mo-
mentum (p) =n — (1/2){1 + tanh|[(z — tp)/7sr|},
where tsp = 2(k* + 8,%)/pi is the ‘SF time’ [15,16],
p = tsrarcsech(2|S,(0)|) ~ —tsr In 4/2|S,(0)] is
the delay time and |S,(0)] < 1 is the initial po-
larization. Fig. 3a and b show |4]* and (p) vs.
7 calculated solving Egs. (7) and (8) numerically
with k =10, p =2, 6 = 0.5 and the same initial
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Fig. 2. Quantum limit of CARL for p < 1 in the case x = 0: (a)
|4]* and (b) (p) vs. 7, for p=10.2, 6 =5, A(0) = 105 and the
atoms initially in the state n =0. We note that (p) = —(p/
2)(|47 = [4(0)1).

conditions of Fig. 2. We observe a sequential SF
scattering, in which the atoms, initially in the level
n = 0, change their momentum by discrete steps of
hg and emit a SF pulse during each scattering
process. We observe that for 6 = 1/p the field is
resonant only with the first transition, from » = 0
to n = —1; for a generic initial state n, resonance
occurs when ¢ = (1 — 2n)/p, so that in the case of
Fig. 3a the peak intensity of the successive SF
pulses is reduced (by the factor 1/[k + (2n/p)*])
whereas the duration and the delay of the pulse are
increased. However, the pulse retains the charac-
teristic sech? shape and the area remains equal to 7,
inducing the atoms to decrease their momentum by
a finite value 7%g. We note that, although the SF
time in the quantum limit (tsg = 2K/p at reso-
nance) can be considerable longer than the char-
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Fig. 3. Sequential SF regime of CARL: (a) |4|* and (b) (p) vs. t,
for p =2, 6 =0.5, k=10, and the same initial conditions of
Fig. 2.

acteristic superradiant time obtained in the clas-
sical limit, tsg = V2, the peak intensity of the
pulse in the quantum limit is always approximately
half of the value obtained in the semiclassical limit
(see Ref. [14] for details).

In conclusion, we have shown that the CARL
model describing a system of atoms in their mo-
mentum ground state (as those obtained in a BEC)
and properly extended to include a quantum me-
chanical description of the center-of-mass motion,
allows for a quantum limit in which the average
atomic momentum changes in discrete units of the
photon recoil momentum /g and reduce to the
Maxwell-Bloch equations for two momentum
levels.

These results demonstrate that the regular ar-
rangement of momentum pattern observed in the
MIT experiment [3] can be interpreted as being
due to sequential SF scattering. However, the
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single-mode, one-dimensional theory presented
here describes more appropriately the experimen-
tal configuration of Ref. [5], where a cigar-shaped
condensate was exposed to the driven laser along
its major axis and a single scattered mode was
observed in the opposite direction. In this case,
g ~ 2k and the atomic recoil momentum is parallel
to the incident and scattered fields. In contrast, in
the MIT experiment the condensate was exposed
to the driven laser along its minor axis y and two
counterpropagating scattered modes were ob-
served along the major axis, i.e. along 42, with
atoms moving at 45° with respect to y, i.e. along
the unit vectors ¢, = (J F2)/ V2. In this case, the
atoms may scatter photons into each mode and the
atomic momentum is determined by the discrete
number of recoil events they have experienced with
each mode, i.e. p = fig(n1é, + nye,), where ¢ = \/2k
and n , is the number of scattered photons into the
modes 1 and 2, respectively. The main difference
from the single-mode case is that mixed orders
(1,1), (2,1), etc. may be observed in addition to
the two independent atomic families (n;,0) and
(0,n,). The single-mode theory presented here can
be easily generalized with two modes, allowing for
a more detailed description of the momentum
distribution observed in the MIT experiment.
Furthermore, a decoherence mechanism taking
into account the atomic dephasing responsible
of the coherence decay can be included into the
model, as suggested in Ref. [6].

We note that our theory extends the model of
Ref. [6], taking into account (although for only a
single mode) all the higher-order ‘side modes’ n,
corresponding to multiple scattering of the pump
photons. The analysis of Ref. [6] is limited to the
exponential buildup of the first-order side modes,
(1,0) and (0, 1), from quantum fluctuations and to
the nonlinear effects due to population depletion
of the mode (0,0). The analysis of Ref. [6] has been
further extended in Ref. [7], where a bi-dimen-
sional sequential superradiance, with two scattered
modes, is described, including however only the
second-order contributions (0,0) and (1, 1) in ad-
dition to the first-order contributions (1,0) and
(0,1).

A detailed study of sequential SF, including
two-mode emission, bi-dimensional matter wave

formation, decoherence and other aspects of the
MIT experiment will be the object of a future ex-
tended publication.
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