
www.elsevier.com/locate/optcom

Optics Communications 274 (2007) 347–353
A Wigner function model for free electron lasers
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Abstract

We derive a 1D quantum model for the free electron laser in terms of a Wigner function for the electron beam. We consider both the
case of an unbounded space coordinate, for which the momentum is continuous, and the case of a periodic space coordinate, for which
the momentum is discrete. The Wigner model extends the Schrödinger model, previously considered, since it also describes the evolution
of a mixed state. Furthermore, the Wigner model shows explicitly the classical limit when the quantum FEL parameter �q is large. This
model is also the starting point for a future extension to a 3D description of the electron dynamics. The results obtained here are also
valid for the quantum description of the collective atomic recoil laser.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Free electron laser (FEL) [1] and collective atomic recoil
laser (CARL) [2,3] are two examples of collective recoil las-
ing systems, in which the particles scatter coherently the
photons of the pump (the wiggler field in FEL or the laser
in CARL) into a forward radiation mode. Exponential
enhancement of the emitted radiation and particle self-
bunching on the scale of the radiation wavelength are the
two main signatures of the collective recoil lasing process.
Originally conceived in a semiclassical regime, in which
the particle motion is described by classical equations,
the collective recoil lasing process allows also for a quan-
tum regime [4–6], in which the particles change their
momentum by discrete units of the photon momentum
�hk. Recently, the quantum regime of CARL has been
observed with a Bose–Einstein Condensate (BEC) in the
0030-4018/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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superradiant regime [7–9], in which the condensate scatters
the photons of an off-resonant laser recoiling with a
momentum multiple of �hk. A similar regime has been fore-
seen for a high-gain FEL in the self amplified spontaneous
emission (SASE) mode operation, aimed to generate coher-
ent X-ray photons [10,11].

Up to now, the quantum model for FELs and CARLs
has been based on a Schrödinger equation for the matter-
wave function W, describing the particles, and on the
Maxwell equation for the radiation field, coupled in a self-
consistent way [12]. The system of equations depends on a
single dimensionless parameter �q, which represents the
maximum number of photons scattered per particle and/
or the maximum momentum recoil in units of the photon
recoil momentum �hk. Also, it has been shown that the clas-
sical regime is recovered in the limit of large �q [4,5,10]. The
Schrödinger–Maxwell equations yields the simplest basic
model of the quantum collective recoil lasing mechanism.

In a recent publication, in which we presented a unified
quantum description for both FEL and CARL [5], we sta-
ted that the Schrödinger equation can be transformed into
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an equation for the Wigner quasi-probability distribution
function and we derived some important conclusions from
this equation. There are several reasons for describing the
particles with a Wigner function W instead of a matter-
wave function W: (1) The equation for W shows explicitly
the classical limit for �q� 1; (2) The Wigner function
may describe also mixed states, whereas a wave-function
W always assumes a pure state, i.e. a perfectly coherent par-
ticle sample. Whereas this assumption seems more appro-
priate for a BEC as in CARL, it does not correspond to
the real situation in FELs or in CARL when cold atoms
in a thermal state are used. (3) The Wigner function may
be extended to a 3D geometry, in which the particles have
transverse position and velocity. Especially in FELs, a real-
istic electron beam has a transverse dimension and an
angular divergence much larger than the quantum limit
implied by the Heisenberg Uncertainty Principle. For these
reasons, it is important to obtain a quantum description of
the collective recoil lasing in terms of a Wigner function for
the particles.

In this paper we introduce the Wigner function for the
particles and we derive its equation for the collective recoil
lasing process. We distinguish between the continuous
momentum case, in which the space coordinate is
unbounded, and the periodic momentum case, in which
the space coordinate is periodic. This is the usual assump-
tion in the classical theory of FEL. Whereas for the
unbounded case it is possible to use the standard definition
of the Wigner function, in the periodic case the space and
momentum variables behave as the rotation angle and
angular momentum of a rotator, and the periodicity brings
to well known difficulties in the quantum description [13].

This paper is organized as follow. In Section 2 we review
the classical FEL model and in Section 3 we discuss the
quantum FEL model in the classical and quantum regimes.
In Section 4a we introduce the continuous Wigner function
for the unbounded case and we derive its evolution equa-
tion. In Section 4b we define the discrete Wigner function,
following the approach introduced by Bizarro [13], we dis-
cuss its properties and we derive its evolution equation. In
Section 5 we discuss the quantum regime, in which the sys-
tem is described by only two momentum states. Finally,
conclusions are presented in Section 6.
2. Classical FEL model

We start from the classical FEL equations, as formu-
lated in Ref. [1] and written in its standard dimensionless
form:

dhj

d�z
¼ �pj ð1Þ

d�pj

d�z
¼ �ðAeihj þ A�e�ihjÞ ð2Þ

dA
d�z
¼ 1

N

XN

j¼1

e�ihj þ idA; ð3Þ
where hj ¼ ðk þ kwÞz� cktjðzÞ � d�z and �pj ¼ ðcj � c0Þ=qcr

are phase and dimensionless momentum of the jth electron,
with j ¼ 1; . . . ;N , A ¼ E=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2c0nq

p
is the scaled

complex amplitude of the radiation field with electric field
E and frequency x ¼ ck, �z ¼ 2kwqz is the scaled wiggler
length, kw is the wiggler wavenumber, cj is the electron

energy (in rest mass units), d ¼ ðc0 � crÞ=qcr is the energy

detuning, where c0 and cr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk=2kwÞð1þ a2

wÞ
p

are the
initial and the resonant electron energies, n ¼ N=V is the
electron density, V is the mode volume, q ¼ ð1=crÞ
ðawxp=4ckwÞ2=3 is the classical FEL parameter, xp ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2n=m�0

p
is the plasma frequency and aw is the wiggler

parameter. The source term in the field Eq. (3) is the
‘bunching’ b ¼ hexpð�ihÞi ¼ ð1=NÞ

P
j expð�ihjÞ. The same

Eqs. (1)–(3) have been obtained for CARL, using appropri-
ated dimensionless variables and parameters [2,3].

An equivalent fluid description of FEL can be written
for the electron distribution function f ðh; �p;�zÞ, obeying a
Vlasov equation coupled with the equation for A:

of
o�z
þ �p

of
oh
� ðAeih þ A�e�ihÞ of

o�p
¼ 0 ð4Þ

dA
d�z
¼
Z 2p

0

dh
Z þ1

�1
d�pf ðh; �p;�zÞe�ih þ idA ð5Þ

with the normalization condition:Z 2p

0

dh
Z þ1

�1
d�pf ðh; �p;�zÞ ¼ 1: ð6Þ

Note that in the standard form, the electron position is de-
scribed by a phase h varying in ½0; 2pÞ, whereas the momen-
tum variable �p is unbounded.
3. Quantum FEL model

The classical model of Eqs. (1)–(3) can be quantized
introducing the operators associated to the dimensionless
momentum pj ¼ �q�pj ¼ mcðcj � c0Þ=�hk and to the field
a ¼

ffiffiffiffiffiffiffi
�qN
p

A, where

�q ¼ q
mccr

�hk
ð7Þ

is the quantum FEL parameter. Then, the quantum FEL
dynamics are described by the following Hamiltonian
operator[14]

Ĥ ¼
XN

j¼1

p̂2
j

2�q
þ i

ffiffiffiffi
�q
N

r
ðâye�iĥj � h:c:Þ

" #
� dâyâ; ð8Þ

where ĥj and p̂j and â obey to the commutation rules
½ĥj; p̂j0� ¼ idjj0 and ½â; ây� ¼ 1. The Heisenberg equations
for the particle and field operators have been investigated
in the linear regime in Ref. [14].

A different approach has been proposed by Preparata
[12] which, using the quantum field theory, has shown that
the collective dynamics of the system of N � 1 electrons in
an FEL can be described by a single wave function whose
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behavior is governed by a Schrödinger-type equation cou-
pled to a self-consistent radiation field equation:

i
oW
o�z
¼ � 1

2�q
o2W

oh2
� i�q½Aeih � c:c:�W ð9Þ

dA
d�z
¼
Z 2p

0

dhjWðh;�zÞj2e�ih þ idA; ð10Þ

where A ¼ a=
ffiffiffiffiffiffiffi
�qN
p

is a classical field and W is normalized to
unity, i.e.Z 2p

0

dhjWðh;�zÞj2 ¼ 1: ð11Þ

Note that Eq. (9) is the Schrödinger equation associated to
the single-particle Hamiltonian (8) (with the correspon-
dence p̂! �ioh) and Eq. (10) corresponds to the classical
equation for the field when the classical average of e�ih is
replaced by the quantum ensemble average. In this sense,
jWðh;�zÞj2 may be interpreted as the electron density. Note
that the quantum model depends explicitly on the single
parameter �q, which rules the transition from the classical
to the quantum regime.

Eqs. (9) and (10) are conveniently solved in the momen-
tum representation. Assuming that Wðh;�zÞ is a periodic
function of h, it can be written as a Fourier series of
momentum eigenfunctions einh:

Wðh;�zÞ ¼ 1ffiffiffiffiffiffi
2p
p

X1
n¼�1

cnð�zÞeinh; ð12Þ

where jcnð�zÞj2 is the probability to have an electron with
momentum p ¼ nð�hkÞ at �z. So inserting Eq. (12) into Eqs.
(9) and (10), we obtain [4,5,10]

dcn

d�z
¼ �i

n2

2�q
cn � �qðAcn�1 � A�cnþ1Þ ð13Þ

dA
d�z
¼
X1

n¼�1
cnc�n�1 þ idA: ð14Þ

An analytical and numerical analysis of the solution of
Eqs. (13) and (14), with the particles initially in a single
momentum state with n = 0 (i.e. cnð0Þ ¼ dn0), shows that
the system behaves classically for �q� 1, i.e. the solution
coincides with that of the classical Eqs. (1)–(3) [4,5]. Con-
versely, in the quantum limit �q 6 1 the particles occupy
only the first adjacent momentum level n ¼ �1 and behave
as a two-level system interacting with the radiation mode.

4. A Wigner function for FEL

4.1. Continuous case

In order to obtain for the FEL a quantum description
analog to the classical Vlasov Eq. (4), we must use the Wig-
ner distribution function [5]. We start with the standard
definition of the Wigner function for a state with statistical
operator .̂ð�zÞ ¼

P
kpkjWkihWkj, where the space coordinate

h is assumed to be unbounded:
W ðh; p;�zÞ ¼ 1

p

Z þ1

�1
dh0e�i2ph0 hhþ h0j.̂ð�zÞjh� h0i: ð15Þ

For a pure state .̂ð�zÞ ¼ jWihWj and

jWðh;�zÞj2 ¼
Z þ1

�1
dp W ðh; p;�zÞ: ð16Þ

As it is shown in Appendix A, it is possible to derive from
Eq. (9) the following equation for the Wigner function

oW ðh; p;�zÞ
o�z

þ p
�q

oW ðh; p;�zÞ
oh

� �qðAeih þ A�e�ihÞ

� W h; p þ 1

2
;�z

� �
� W h; p � 1

2
;�z

� �� �
¼ 0; ð17Þ

coupled with the equation for the radiation field,

dA
d�z
¼
Z þ1

�1
dh
Z þ1

�1
dp W ðh; p;�zÞe�ih þ idA: ð18Þ

Introducing �p ¼ p=�q, Eq. (17) becomes

oW ðh; �p;�zÞ
o�z

þ �p
oW ðh; �p;�zÞ

oh
� �qðAeih þ A�e�ihÞ

� W h; �p þ 1

2�q
;�z

� �
� W h; �p � 1

2�q
;�z

� �� �
¼ 0: ð19Þ

In the limit �q!1 the finite difference term in Eq. (19) be-
comes the derivative of W with respect to �p,

lim
�q!1

�q W h; �p þ 1

2�q
;�z

� �
� W h; �p � 1

2�q
;�z

� �� �
¼ oW

o�p
;

ð20Þ
so that the equation for the Wigner function becomes the
Vlasov Eq. (4), where however the space coordinate h is un-
bounded, whereas in Eqs. (4) and (5) the classical distribu-
tion function f ðh; �pÞ is periodic in ð0; 2pÞ. Although the
choice of the h-domain in the classical picture has no con-
sequences on the momentum variable �p, in the quantum
description they are intrinsically related, since if h is a peri-
odic variable in ð0; 2pÞ, then necessarily the conjugated
momentum variable p is discrete. This makes necessary to
introduce a discrete Wigner function.

4.2. Discrete case

For variables such as rotation angle and angular
momentum, well known difficulties arise due to periodicity
[15]. To solve this problem, it is possible to define a discrete
Wigner function, following the work of Bizarro [13]

W mðh;�zÞ ¼
1

p

Z þp=2

�p=2

dh0e�2imh0 hhþ h0j.̂ð�zÞjh� h0i: ð21Þ

The momentum is now represented by the discrete label m.
This definition keeps the required properties of the Wigner
function as a quasi-probability distribution. For simplicity,
we assume in the following a pure state (i.e. .̂ð�zÞ ¼ jWihWj).
By tracing over one variable, we obtain the probability dis-
tribution for the other
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Z þp

�p
dhW mðh;�zÞ ¼ jcmð�zÞj2 ð22Þ

Xþ1
m¼�1

W mðh;�zÞ ¼ jWðh;�zÞj2: ð23Þ

This implies the normalization of the discrete Wigner
function

Xþ1
m¼�1

Z þp

�p
dh W mðh;�zÞ ¼ 1: ð24Þ

Inserting in (21) the Fourier expansion (12) we obtain

W mðh;�zÞ¼
1

2p

X
m0 ;m00

c�m0 ðtÞcm00 ðtÞe�iðm0�m00Þhsinc ð2m�m0 �m00Þp
2

h i
:

ð25Þ
Following Ref. [13], we write

W mðh;�zÞ ¼ wmðh;�zÞ þ
Xþ1

m0¼�1

ð�1Þm�m0�1

ðm� m0 � 1
2
Þp wm0þ1=2ðh;�zÞ;

ð26Þ
where

wmðh;�zÞ ¼
1

2p

Xþ1
m0¼�1

c�mþm0 ð�zÞcm�m0 ð�zÞe�i2m0h ð27Þ

wmþ1=2ðh;�zÞ ¼
1

2p

Xþ1
m0¼�1

c�mþm0þ1ð�zÞcm�m0 ð�zÞe�ið2m0þ1Þh: ð28Þ

The introduction of the two new functions wnðhÞ and
wnþ1=2ðhÞ is necessary in order to obtain a dynamical equa-
tion for the Wigner function. The integer and half-integer
functions wnðhÞ and wnþ1=2ðhÞ are orthogonal to each otherZ þp

�p
dhwmðh;�zÞwnþ1

2
ðh;�zÞ ¼ 0; ð29Þ

for all m; n, and contain all the information needed to
determine W mðh;�zÞ. In particular, the probabilities for the
momentum m and the phase h can be derived directly from
wmðhÞ and wmþ1=2ðhÞ

jcmð�zÞj2 ¼
Z þp

�p
dhwmðh;�zÞ ð30Þ

jWðh;�zÞj2 ¼
Xþ1

m¼�1
fwmðh;�zÞ þ wmþ1=2ðh;�zÞg; ð31Þ

so that the normalization condition is

Xþ1
m¼�1

Z þp

�p
dhwmðh;�zÞ ¼ 1: ð32Þ

The importance of these functions is that, while for the
W mðh;�zÞ it is not possible to find a closed evolution equa-
tion, it can be done for wmðh;�zÞ and wmþ1=2ðh;�zÞ. Deriving
Eqs. (27) and (28) with respect to �z and inserting Eqs.
(13) for the amplitudes cnð�zÞ, we obtain, after some algebra,

owsðh;�zÞ
o�z

þ s
�q

owsðh;�zÞ
oh

� �qðAeih þ A�e�ihÞfwsþ1=2ðh;�zÞ

� ws�1=2ðh;�zÞg ¼ 0; ð33Þ
where s ¼ m or s ¼ mþ 1=2. Eq. (33) is similar to the
Wigner Eq. (17) obtained for the continuous case, with
the difference that now the momentum is discrete and
two separate distribution functions are needed. In this
new formalism the bunching of the electron beam can be
written as

he�ihi ¼
X1

n¼�1
cnc�n�1 ¼

Xþ1
m¼�1

Z þp

�p
dhe�ihwmþ1=2ðh;�zÞ; ð34Þ

so that Eq. (33) can be closed by coupling it to the one for
the radiation field

dA
d�z
¼
Xþ1

m¼�1

Z þp

�p
dhe�ihwmþ1=2ðh;�zÞ þ idA: ð35Þ

Eqs. (33) and (35), in the case of the pure state of Eq. (12),
are equivalent to Eqs. (13) and (14). Note that, in the limit
�q!1, �p ¼ s=�q becomes a continuous variable,
wsðhÞ ! �qf ðh; �pÞ and �q½wsþ1=2ðhÞ � ws�1=2ðhÞ� ! of =o�p, in
the same way as in Eq. (20) for the continuous case. Hence,
for �q� 1 Eq. (33) reduces to the corresponding Vlasov Eq.
(4) for the classical distribution f ðh; �pÞ, with
�p 2 ð�1;þ1Þ and h 2 ð0; 2p�, and Eq. (35) reduces to
Eq. (5).

Since wsðh;�zÞ is periodic in h, it can be expanded in a
Fourier series:

wsðh;�zÞ ¼
1

2p

Xþ1
k¼�1

wk
s ð�zÞeikh: ð36Þ

Using (36), Eqs. (33) and (35) become:

owk
s

o�z
þ ik

s
�q

wk
s � �q½Aðwk�1

sþ1=2�wk�1
s�1=2ÞþA�ðwkþ1

sþ1=2�wkþ1
s�1=2Þ�¼ 0

ð37Þ
dA
d�z
¼
Xþ1

m¼�1
w1

mþ1=2þ idA: ð38Þ

The Fourier components wk
s ð�zÞ are related to the Fourier

components cmð�zÞ of the wave function Wðh;�zÞ, in the fol-
lowing way

w2k
m ¼ c�mþkcm�k ð39Þ

w2kþ1
mþ1=2 ¼ c�mþkþ1cm�k: ð40Þ

In particular, w0
m ¼ jcmj2 are the momentum probabilities

and w1
mþ1=2 ¼ c�mþ1cm are the m-th bunching components,

describing the overlapping between the m and m + 1
states. A numerical analysis has shown full agreement
between the solutions of Eqs. (37), (38) and Eqs. (13),
(14). Fig. 1 shows the intensity �qjAj2 and the bunching
jbj ¼ j

P
mw1

mþ1=2j (Fig. 1a) and the Fourier coefficients w0
0,

w0
�1 and jw1

�1=2j (Fig. 1b) vs. z0 ¼ ffiffiffi
�q
p

�z for �q ¼ 0:1 and

d = 5 (quantum regime). The initial conditions are

w0
0ð0Þ ¼ 1� �2, w0

�1ð0Þ ¼ �2 and w1
�1=2ð0Þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
1� �2
p

, where

� ¼ 10�2. In this regime only two momentum states, m = 0
and m ¼ �1, are significantly populated. The crosses in
Fig. 1a represent the intensity �qjAj2 and the bunching
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Fig. 1. Quantum regime, for �q ¼ 0:1 and d = 5. (a) Intensity �qjAj2
(continuous line) and bunching jbj (dashed line) vs. z0 ¼ ffiffiffi

�q
p

�z. The crosses
represent the solution of Eqs. (13) and (14). (b) w0

0 (continuous line), w0
�1

(dashed line) and jw1
�1=2j (dotted line) vs. z0.

Fig. 3. wk
s vs. s and k at �z ¼ 7:5, for �q ¼ 5 and d = 0.
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jbj ¼ j
P

mcmc�m�1j, as calculated from the solution of Eqs.

(13) and (14). Fig. 2 shows jAj2 and b vs. �z for �q ¼ 5 and
d = 0 (classical regime). In both the quantum and classical
regime the two solutions overlap perfectly. Finally, Fig. 3
shows a bi-dimensional representation of wk

s as a function
0 10 15 20 25
0.0

0.5

1.0

1.5

|A
|2,

, |
b|

Z

 |A|2

 |b|

5

Fig. 2. Classical regime, for �q ¼ 5, d = 0. Intensity jAj2 (continuous line)
and bunching jbj (dashed line) vs. �z.
of s ¼ n=2 (with n ¼ 0;�1; . . .) and k ¼ 0;�1; . . . for the
classical case of Fig. 2 at �z ¼ 7:5, corresponding to the po-
sition of the peak intensity. We observe that in the classical
regime a large number of momentum states (approximately
+12) and Fourier component (up to jkj 6 32) becomes
occupied. On the contrary, in the quantum regime �q� 1,
only w0

0, w0
�1 and w1

�1=2 (corresponding to the momentum

states m ¼ 0;�1) are appreciably different from zero.
5. Two-level approximation

It is interesting to see which is the form of the Wigner
function in the quantum regime �q� 1, for which the
momentum space is spanned only by the two states
m = 0 and m ¼ �1, i.e. the wave function is
Wðh;�zÞ ¼ ð1=

ffiffiffiffiffiffi
2p
p
Þ½c0ð�zÞ þ c�1ð�zÞe�ih�. Then, from (26) to

(28) we obtain

W mðhÞ ¼
1

2p
w0

m þ
ð�1Þm

ðmþ 1=2Þp ½w
1
�1=2eih þ c:c:�

� �
; ð41Þ

where wm ¼ 0 for m 6¼ 0;�1. We note that we have an infi-
nite number of component W m, also if we have only two
momentum states.

We define the population difference D ¼ w0
0 � w0

�1 and
the polarization B ¼ w1

�1=2 which, from Eqs. (37) and
(38), evolve, together with the radiation field A, with the
following equations:

dD
d�z
¼ �2�qðAB� þ A�BÞ ð42Þ

dB
d�z
¼ i

2�q
Bþ �qDA ð43Þ

dA
d�z
¼ Bþ idA: ð44Þ

Note that the �q parameter can be reabsorbed through the
redefinition [10]
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A0 ¼
ffiffiffi
�q
p

Ae�id�z ð45Þ
B0 ¼ Be�id�z ð46Þ
z0 ¼

ffiffiffi
�q
p

�z; ð47Þ

so that the equations take the form:

dD
dz0
¼ �2ðA0B0� þ A0�B0Þ ð48Þ

dB0

dz0
¼ �id0B0 þ DA0 ð49Þ

dA0

dz0
¼ B0; ð50Þ

where d0 ¼ ½d� 1=ð2�qÞ�= ffiffiffi
�q
p

. At resonance, d0 ¼ 0, the
solution of Eqs. (48) and (49) for an initial condition close
to Dð0Þ ¼ 1 is A0ðz0Þ ¼ sechðz0 � z00Þ, B0ðz0Þ ¼ � sinhðz0 � z00Þ
sech2ðz0 � z00Þ and Dðz0Þ ¼ 1� 2sech2ðz0 � z00Þ, where z00
depends on the initial fluctuation of polarization B0 [16].
So, the Wigner function (41) for m ¼ 0;�1 becomes

W 0ðh0Þ¼
1

2p
1�sech2ðz0�z00Þ 1þ4

p
sinhðz0�z00Þcosðh0Þ

� �� �
ð51Þ

W �1ðh0Þ¼
1

2p
sech2ðz0�z00Þ 1�4

p
sinhðz0�z00Þcosðh0Þ

� �
; ð52Þ

where h0 ¼ h� �z=ð2�qÞ. For a classical system, the Wigner
function is positive in all the points of the phase space
and assumes the role of the probability density distribu-
tion, while for a quantum system this does not hold and
the Wigner function can become negative in certain zones
of the phase space. It’s then interesting to find out when
W 0;�1 becomes negative, i.e. when the system can be cer-
tainly considered in a quantum regime.

Using the integral of motion D2 þ 4B02 ¼ 1, it’s easy to
see that

W 0ðh0; z0Þ < 0 when
w0
�1

w0
0

> a2
h ð53Þ

W �1ðh0; z0Þ < 0 when
w0
�1

w0
0

<
1

a2
h

; ð54Þ

where ah ¼ p=ð4 cos h0Þ. Since w0
0 þ w0

�1 ¼ 1, Eq. (53) and
(54) can be written in the compact form

W mðh0; z0Þ < 0 when w0
m <

1

1þ a2
h

; ð55Þ

where m ¼ 0;�1. From Eq. (55), it follows that the Wigner
functions W 0;�1ðh0;�zÞ can be negative only when the popu-
lation difference is jDj < ð16� p2Þ=ð16þ p2Þ 	 0:237 or
equivalently when B0 > 4p=ð16þ p2Þ 	 0:486, i.e. when
the polarization between the two states is close to its max-
imum value 0.5.

6. Conclusions

We have derived a 1D quantum FEL model in terms of
a Wigner function for the electron beam. This model
extends the Schrödinger–Maxwell model discussed in
previous works [4,6,10,11], where the electron beam is
described by a collective wave function Wðh;�zÞ. In fact,
the Wigner function model has a broader validity than
the Schrödinger equation, since it can also describe a statis-
tical mixture of states, which can not be represented by a
wave function but rather by a density operator [17]. In a
first step, we have derived the equation for a continuous
Wigner function, published in Ref. [5] without demonstra-
tion. However, the continuous Wigner function cannot be
defined for a periodic system, as the FEL is usually consid-
ered, in which the electron coordinate is the phase of the
periodic ponderomotive potential. In order to define prop-
erly the Wigner function for a periodic spatial variable, we
have then introduced a discrete Wigner function and we
have derived a set of equations which is equivalent, in the
case of the pure state considered in Section 4, to the Schrö-
dinger-Maxwell model. The Wigner function model has the
important property that it shows explicitly the classical
limit for �q� 1, in which a finite difference term becomes
a continuous derivative and the equation for the Wigner
function becomes a classical Vlasov equation. This prop-
erty shows the transition from the quantum to the classical
regime. Furthermore, the 1D Wigner model is the starting
point for the extension to a 3D description of the electron
dynamics, as it will be discussed in a future publication.
This can be of relevance for a realistic description of the
quantum FEL regime, in which the transverse motion of
the electrons is expected to reduce the gain and the emis-
sion process.
Appendix A. Derivation of Eq. (17)

The Wigner function for the continuous case and a pure
state is defined as:

W ðh; p;�zÞ ¼ 1

p

Z þ1

�1
dh0e�i2ph0W�ðh� h0;�zÞWðhþ h0;�zÞ:

ðA:1Þ
Setting h� ¼ h� h0 and differentiating with respect to �z, we
obtain

oW ðh; p;�zÞ
o�z

¼ 1

p

Z þ1

�1
dh0 expð�i2ph0Þ oW�ðh�;�zÞ

o�z
Wðhþ;�zÞ

�

þW�ðh�;�zÞ
oWðhþ;�zÞ

o�z

�
: ðA:2Þ

Using Eq. (9) we can write

oWðhþ;�zÞ
o�z

¼ i

2�q
o2Wðhþ;�zÞ

oh2
þ

� �qðAeihþ � c:c:ÞWðhþ;�zÞ

oW�ðh�;�zÞ
o�z

¼ � i

2�q
o2W�ðh�;�zÞ

oh2
�

þ �qðAeih� � c:c:ÞW�ðh�;�zÞ;

which once inserted in (A.2) yield

oW ðh; p;�zÞ
o�z

¼AþB ðA:3Þ
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where

A ¼ i

2p�q

Z þ1

�1
dh0e�i2ph0

� o2Wðhþ;�zÞ
oh2
þ

W�ðh�;�zÞ �
o2W�ðh�;�zÞ

oh2
�

Wðhþ;�zÞ
( )

ðA:4Þ

B ¼ �q
p

Z þ1

�1
dh0e�i2ph0

� fAðeih� � eihþÞ � c:c:gW�ðh�;�zÞWðhþ;�zÞ: ðA:5Þ
Let’s first calculate A. Since oh0=oh� ¼ �1, with a partial
integration with respect to h0, we obtain

A¼ i

2p�q

Z þ1

�1
dh0e�i2ph0 o

2Wðhþ;�zÞ
oh02

W�ðh�;�zÞ�
o

2W�ðh�;�zÞ
oh02

Wðhþ;�zÞ
� �

¼ p
p�q

Z þ1

�1
dh0e�i2ph0 oW�ðh�;�zÞ

oh0
Wðhþ;�zÞ�

oWðhþ;�zÞ
oh0

W�ðh�;�zÞ
� �

¼� p
p�q

Z þ1

�1
dh0e�i2ph0 oW�ðh�;�zÞ

oh�
Wðhþ;�zÞþ

oWðhþ;�zÞ
ohþ

W�ðh�;�zÞ
� �

:

ðA:6Þ

Since oh�=oh ¼ 1,

A¼� p
p�q

Z þ1

�1
dh0e�i2ph0 oW�ðh�;�zÞ

oh
Wðhþ;�zÞþ

oWðhþ;�zÞ
oh

W�ðh�;�zÞ
� �

¼� p
p�q

o

oh

Z þ1

�1
dh0e�i2ph0 W�ðh�;�zÞWðhþ;�zÞf g

¼�p
�q
oW ðh;p;�zÞ

oh
: ðA:7Þ

Let’s now calculate B. Rearranging the terms in Eq. (A.5),
we can write:

B ¼ �q
p
ðAeih þ c:c:Þ

Z þ1

�1
dh0½e�i2ðpþ1=2Þh0

� e�i2ðp�1=2Þh0 �W�ðh�;�zÞWðhþ;�zÞ ðA:8Þ

and using the definition (A.1), we have

B ¼ �qðAeih þ c:c:Þ W h; p þ 1

2
;�z

� �
� W h; p � 1

2
;�z

� �� �
:

ðA:9Þ
Finally, we obtain Eq. (17):

oW ðh; p;�zÞ
o�z

¼ � p
�q

oW ðh; p;�zÞ
oh

þ �qðAeih þ c:c:Þ

� W h; p þ 1

2
;�z

� �
� W h; p � 1

2
;�z

� �� �
:

ðA:10Þ
The same Eq. (A.10) for the more general Wigner function
(15) can be obtained in the case of a mixed state, due to the
linearity of the statistical operator, .̂ð�zÞ ¼

P
kpkjWkihWkj.
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