UNIVERSITA DEGLI STUDI DI MILANO
FACOLTA DI SCIENZE MATEMATICHE, FISICHE E NATURALI
DOTTORATO DI RICERCA IN

Fi1sicA, ASTROFISICA E FISICA APPLICATA

3D QuANTUM THEORY
OF
FREE ELECTRON LASERS

Coordinatore Prof. Gianpaolo Bellini

Tutore Prof. Nicola Piovella
Cotutore Prof. Roberto Pozzoli

Tesi di Dottorato di

Luca Volpe
Ciclo XX

Anno Accademico 2006-2007



January 14, 2008 (©) L.Volpe 2008



To my family, in the hope of the birth of a new life.






Acknowledgments

First of all I wish to thank my tutor Nicola Piovella. During these years he followed
me patiently giving me the possibility to approach the interesting physics of the
quantum free electron laser and of the collective phenomena.

Then I should sincerely thank Rodolfo Bonifacio for the helpful discussion about the
physics of the free electron laser and M. Mary Cola, for her support during these
years and for the stimulating discussions about the collective phenomena.

Thanks to Stefano Olivares, Andrea R. Rossi and Alberto Bacci. They keep cheerful
the atmosphere of our group.

Thank to my friend Jennifer for aid in the correction of text.

A special thought to my friends: Silvia, Elena, Miriam, Andrea A, Matteo B, Al-
fredo, Matteo P, Massimo M, Massimo B, Gabriele, Andrea C, Guido, Fabio, Luigi,
Giuliana e Alessandro for sharing the everyday difficulties.

Finally a wish to thank the members of commission: Prof. D. Jaroszynski, Prof. R.

Fedele and Dr. B. Vacchini for their willingness.






Contents

Prologue
Introduction

1 The Free Electron Laser

1.1 FEL Spontaneous Emission . . . . . .. ... ... ... .......
1.2 FEL Stimulated Emission . . . .. ... .. ... ... ........
1.3 Quantum FEL . . . . . . .. ... .o

2 Classical FEL Theory

2.1 3D FEL Model . . . . . . ..
2.1.1 3D Hamiltonian . . . . . . . .. ... ... L.
2.1.2  Maxwell evolution equations . . . . . . .. ... ... ... ..

2.2 1D FEL Equations . . . . . . . . . .. ...
2.2.1 Steady State regime . . . . ... ...
2.2.2 Linear analysis . . . . . .. ... ... ... ...
2.2.3 Superadiant regime . . . .. ...
224 SASEregime . . . .. ...

23 From 1D to3D . . .. .. .
2.3.1 Transverse effects . . . . .. ...
232 Ful3DModel . . .. ... o
2.3.3 Laser wiggler . . . . . . .. ...

3 1D Quantum FEL Theory
3.1 Hamiltonian model . . . . . . . . ...

3.1.1 Linear analysis and Collective operators . . . . .. ... ...

11
12
15
17

21
21
22
24
28
31
32
37
38
39
40
42
46



ii

Contents

3.1.2 Fermionsor Bosons . . . . . ... ... ... ...
3.2 Quantum field Description . . . . . . . .. ... ...
3.2.1 Quantum propagation model . . . . . . .. ... ... ... ..
3.2.2  Multiple Scaling Approach . . . . . . ... ... ... ...
3.2.3 Momentum expansion . . . . ... ...
3.2.4 The Energy spread . . . . . .. ... ... L.

3.3  Wigner approach and classical limit . . . . . . .. ... .. ... ...

Numerical Analysis of the 1D QFEL SASE regimes

4.1 Statistical proprieties of QFEL Radiation . . . . . . . ... ... ...
4.2  Average Energy of SASE radiation . . . . .. ... ... ... ... .
4.3 Spectral proprieties of SASE radiation . . . .. ... ... ... ...

Quantum 3D Free Electron Laser Model

5.1 3D Wigner Distribution . . . . . . ... ... 0oL
5.2 Quantum 3D Hamiltonian . . . . . . .. ... ... ... .. ... ..
5.3 3D Wigner evolution equation . . . . . . ... .. ... ... .. ...
5.4 3D Field evolution equation . . . . .. ... ... .. ... .. ...,
5.5 3D Wigner Model for QFEL . . . . . . . ... ... 0.

Toward QFEL experiment
6.1 Beam requirementss and Scaling laws for QFEL . . . . . ... .. ..
6.2 Numerical analysis . . . . . . ... ... L oo

6.2.1 Two level system . . . . .. .. ... .. ... ...

Conclusions

A Multiple Scaling method

B Quantum 3D Hamiltonian

C 3D Wigner evolution equation

D Van Kampen Method

E Flattened laser beams

103
105
110
113

121

125

127

133

147

149



Prologue

The realization of a Free Electron Laser (FEL) operating in the quantum regime
could provide a compact and monochromatic X-ray source. In this thesis we de-
veloped a three dimensional (3D) quantum theory for a FEL with a laser wiggler,
based on a discrete Wigner function formalism taking into account the longitudi-
nal momentum quantization. Starting from the exact quantum treatment, a mo-
tion equation for the Wigner function coupled with self-consistent radiation field is
derived in the realistic limit in which the normalized electron beam emittance is
much larger than the Compton wavelength quantum limit. The model describes the
3D spatial and temporal evolution of the electron and radiation beams, including
diffraction, propagation, laser wiggler, emittance and quantum recoil effects. It can
be solved numerically and reduces to the 3D Maxwell-Vlasov model in the classical
limit. We discuss the experimental requirements for a Quantum X-ray FEL with a
laser wiggler, presenting preliminary numerical results and parameters for a possible
future experiment. Moreover we present a systematic statistical analysis of the 1D

SASE which confirm the “Quantum purification” phenomenon.






Introduction

Physical, chemical and biological processes are intrinsically dynamic in nature since
they are related to electronic and atomic structures that evolve with time. The char-
acteristic time scale spans from few femtoseconds, in the case of electronic processes,
to a few tens or hundreds femtoseconds, as in the case of atomic and molecular pro-
cesses. The nascent capability to measure these phenomena at the relevant time
scales will open completely new prospectives and analyses. However, current avail-
able, fully coherent (atomic or molecular laser) light sources emit radiation only in a
limited range of wavelengths. Their use is limited to optical and spectroscopic tech-
niques in the infrared, visible and near-ultraviolet range, excluding all the measure-
ment needing photons with energy higher than few eV. There is therefore a strong
scientific need for a tunable, coherent light source with an energy range from the
vacuum ultraviolet (VUV) to the X-ray region, with a stable and well-characterized

temporal structure in the femtosecond and picosecond time domain.

The “Free Electron Laser” (FEL) can produce radiation pulsed with high peak
brilliance and with photons’ energies ranging from the VUV to the hard X-ray,
i.e. from 10 eV (120 nm) to 10 keV (0.12 nm). These special proprieties of the
FEL come from its basic design which is different from that of common atomic and
molecular lasers (AML). In fact, while for AML the radiation wavelength is defined
and fixed by the quantum state of the optical medium, in the FEL process radiation
arises from the bremsstrahlung of ultra-relativistic electrons in a periodic magnetic
field (wiggler); therefore its wavelength depend only on e-beam energy v and on
the magnetic field period \,, through the following resonant relation A, oc A, /272
Therefore the emitted radiation wavelength can, in principle, range from microwaves
(A ~ 1 cm) to X-rays (A ~ 1 A). The analogy between FEL device and AML is

improved inasmuch as the FEL process involves collective behaviour. In fact, if the
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wiggler is long enough and the electron current is high enough, then the electron
beam will start to bunch under the action of the periodic wiggler potential (i.e.
electrons faster than ~, will decelerate, slower electrons will accelerate) and give
rise to exponential grow of radiation until saturation set a limit on the conversion
of kinetic electron into radiation energy; this is the High-Gain Steady state regime
described by R. Bonifacio, C.Pellegrini and L.M.Narducci [14]. In this regime the
radiated power is proportional to Nf/ 3 (N, is the number of electrons). In 1988 it
was shown [15] [16] that when the propagation effects are taken into account the
FEL can operate in a completely different regime, the superradiant regime, in which
the peak of the radiation power scales as N2. In general, FEL radiation can be
of two different kinds: basic self-emission comes from the direct interaction of the
e-beam with the wiggler magnetic field, while stimulated- emission occurs when a
seed radiation field co-propagates with the electron beam [23]. The self emission
occur starting from random noise in the particle phases: the electrons enter the
wiggler in an unprepared state, so that the initial emission is proportional to N,
(incoherent radiation), then the electrons begin to bunch on interacting with the self-
radiation and wiggler field, involving to emit radiation with intensity proportional
to N2/° (steady state regime) or with intensity proportional to N? (superradiant
regime) 7.e.when the propagation effects become relevant. The FEL self-emission in
which the propagation effects are considerate is a particular mode operation called
Self Amplified Spontaneous Emission (SASE) [15, 16, 17]. The SASE-FEL mode
operation is important at wavelength not accessible to coherent radiation source,
such as the XUV region or the far infra-red spectrum. The realization of a single pass
FEL in the SASE mode is presently the goal of several projects (such as LCLS [53]
at Stanford, USA, XFEL [54] in Hamburg, Germany and [55] in Japan), to obtain a
high-brightness X-ray source. These projects [53, 54, 55| are all based on the classical
theory of SASE [17, 18, 19, 21]. However, such sources will radiate a pulse with a
broad spectrum composed of many random superradiant spikes [17, 18]. Recently
it has been shown that a FEL can operate in a quantum regime [35], in which
the spiking behaviour observed in the SASE mode disappears and the spectrum
reduces to a single narrow line [30, 31], providing an enormous improvement in the
coherence of SASE-FEL X-ray sources. The quantum regime in an FEL occurs when

the electron momentum spread A(p,) = mcA(y) is less than the momentum Ak, of
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the emitted photon (m is the electron mass, ¢ is the speed of light, & is the Plank
constant and k, = 27/\, where \, is the radiation wavelength). In this limit [27, 35]
the photon emission probability is much larger than that of absorption, and each
electron coherently emits a single photon, recoiling by hk,. The particle ensemble
behaves like a two-state system with only two possible average momenta, p = mcyy
and p = mcyy — hk,. In this sense, a FEL in the quantum regime is more similar
to a laser where, instead of the electronic transitions between internal energy levels,
as normally occurs in a laser, the electrons back-scatter the photons of the pump
field (i.e. the static or laser wiggler) into the forward radiation mode, making recoil
transitions between discrete momentum levels, separated by hk,. On the contrary,
in a classical FEL the electron has comparable probabilities to emit or absorb a
photon, so that the net gain is given by the difference between the emission and
absorption probabilities. The transition between classical and quantum regimes is
controlled by the Quantum FEL (QFEL) parameter p = p(mcyo)/(hk,) (where p is
the classical FEL parameter). It has been shown [27, 47] that in the classical regime
(p > 1) many momentum states become occupied and the multiple transitions
between the different momentum states lead to a multi-frequency spectrum with
equally spaced lines and an envelope width Aw/w ~ 2p. The many sequential
transitions occur randomly under the gain curve, leading to the multiple-line chaotic
spectrum observed in the classical SASE. Conversely, in the quantum regime p < 1,
the momentum spread A(p) cannot be smaller than the photon recoil hk and only
a single frequency, corresponding to a single momentum transition, occurs with line
width equal to the ratio between the emitted radiation and the bunch length in
unit of cooperation length Aw/w ~ A/l,. Therefore in the quantum regime the
classical random spiking behaviour almost disappears and a strong narrowing of the

spectrum occurs; this phenomenon is called “quantum purification”.

The one-dimensional analysis of the quantum FEL suggests that an experiment
in the X-ray region, confirming the existence of the “quantum purification” phe-
nomenon (see chapter (3) and (4) and [30, 31, 47]), could be envisaged in the near
future. Therefore, the extension of the 1D quantum model to a “more realistic” 3D
scheme is more than ever necessary. However, in order to realize a QFEL experiment,
a laser wiggler must be used instead of the magneto static wiggler [39, 48, 49]. Such

a choice sets some stringent conditions on the electron and laser beam parameters
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which should be verified by numerical simulations.

In a classical framework, the extension from 1D to 3D is rather straightforward,
as shown by the different classical models in the literature [56, 57, 51, 52]. Several
SASE-FEL experiments based on these theories are actually in progress [54, 53, 55]
and some numerical, experimental friendly codes have been developed for 3D simu-
lations, for instance GENESIS [50]. Conversely, the extension from 1D to 3D theory
in a quantum framework is not so straightforward as in the classical case. This fact
is principally linked to the different nature of electron-radiation interaction along
the longitudinal and transverse directions. In fact, whereas along the longitudi-
nal axis the photon recoil effect is dominant and needs a quantum description, in
transverse dynamics the quantum effects appear less relevant. For these reasons, a
model describing either the quantum behaviour along the longitudinal axis and the

approximately classical behaviour along the transverse coordinates, is necessary.

As shown in chapter 3 (see ref. [24, 29]), in the 1D quantum model the electrons
are treated as bosons which interact with each other only via the radiation field. In
particular the e-beam is described by a Schrodinger wave-field obeying the bosonic
equal-time commutation relation. The extension of the Schrodinger model into 3D
geometry does not lead to a correct model, because the 3D Schrodinger equation
describes a pure state (i.e. AxAp, ~ h ) with a transverse normalized emittance
€, = 7€ equal to the Compton wavelength €, ~ X. and a transverse momentum
distribution with a width near Heisenberg’s Uncertainty Principle (HUP) limit i.e.
Ax’' ~ A./(07:). We are interested to describing only electron beams in which the
transverse momentum distribution is thermal, i.e. with a width Az’ ~ €,/(07,)
much larger than the quantum limit. Therefore a mixed state with AzAp, > h
will be necessary and can be conveniently represented with a Wigner distribution

function.

The aim of this thesis is to develop a three dimensional, time dependent quan-
tum model based on a discrete Wigner function formalism which describes the three
dimensional spatial and temporal evolution of electron and radiation beams, includ-
ing diffraction, propagation, laser wiggler, emittance and quantum recoil effects.
Following the previous considerations, this model should admit three fundamental
limits: 1) transverse classical limit i.e. there should exist a parameter ruling the

transition from quantum to classical behaviour for the transverse motion only. We
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will show that this parameter can be defined as the ratio between the Compton
wavelength (i.e. the longitudinal emittance ) and the transverse normalized emit-
tance i.e. « = A./€,; when o ~ 1 the transverse emittance is of the order of the
Compton wavelength i.e. we are describing a 3D ultracold e-beam. On the contrary
when o < 1 the transverse emittance ¢, is much larger than the Compton wave-
length i.e. we have a thermal transverse momentum distribution

2) 1D limit i.e. the 3D equations should reduce to 1D equations when transverse
effects are neglected;

3) full classical limit i.e. the 3D Maxwell-Wigner equations should reduce to the 3D
classical Maxwell-Vlasov equations when p > 1 (for the longitudinal motion) and

a < 1 (for the transverse motion).

Summarizing, our 3D quantum model should admit the classical limit, in agree-

ment with the Correspondence Principle which a quantum theory should satisfy.

The Wigner function is usually defined in the first quantization formalism, how-
ever we shall see that it can be defined also starting from the second quantization
formalism following the quantum statistical approach used in ref. [45]. This new
point of view permits us to formulate our 3D theory in a more complete and rig-
orous way. In Particular: 1) The theory treats, from the dynamic point of view,
fermions and bosons in the same way; the difference between fermions and bosons
statistic appears only when we consider the quantum commutation rules of the cre-
ation and annihilation operators and in the choice of the initial state (i.e. boundary
condition). 2) The energy spread effects can be included in the initial condition
in a natural way and do not appear explicitly in the evolution equation, while in
the 1D Schrodinger model it must be added as a weight distribution of the initial
momentum in the driving term (bunching factor) of the field evolution equation (see
section 3.2.4). Nevertheless in this model we neglect some important aspect such the
quantization of the self radiation e.m. field that would allows us to investigate the
3D photons statistic and the space charge effects. The quantization of the e.m. field
is necessary for the complete knowledge of the FEL process and we think that our
model can be extended to include it in a natural way. The space charge effects are
also demanded; these are included in this model only in the Paraxial approximation
i.e. assuming that the transverse repulsion between neighbour electrons is smaller

than longitudinal one. in this way we obtain only an indication of the tendency of
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the phenomenon. Although

This work can be divided in three parts: the first part (cap.1, cap.2) contains a
review of classical FEL theory, the second part (cap.3, cap.4) introduces the quan-
tum FEL theory as it was recently developed by R.Bonifacio et al, and presents a
1D numerical analysis of the statistical propriety of SASE radiation in the quantum
regime. This analysis proves the existence of the phenomenon of “quantum purifi-
cation” predicted earlier but never investigated in details. The third and final part
(cap.5, cap.6), which contains the main result of this thesis, presents the extension
of 1D quantum theory in a more realistic 3D model based on a discrete Wigner
function, in which all important longitudinal and transverse effects are included.
A complete discussion of the requirement for a future QFEL experiment and some

numerical simulations complete this work.

In chapter 1 we introduce the basic physics of the FEL process, such as self
and stimulated emission. Moreover we show the existence of the instability solution
which leads to collective phenomena i.e. the high-gain steady-state and superradi-
ance regime in which the intensity of the emitted radiation is proportional respec-
tively to N /3 and N 2 where N, is the number of electrons. In chapter 2 we obtain
the classical 3D Hamiltonian (sec. 2.1.1) describing N, electrons interacting with a
laser wiggler (or magneto static wiggler) and with a self-emitted e.m. field. The 3D
Maxwell evolution equation for the self-emitted field are also obtained (sec. 2.1.2).
In order to explain more clearly the basic physics and the different regimes of the
FEL, a complete overview of the classical theory is presented in section 2.2 assum-
ing 1D approximation (Paraxial approximation). The 1D theory is based on set of
2N,.+1 equations describing the evolution of the dynamical variables: electron phase
with respect to wiggler potential # and electron energy -, for each electron of the
e-beam, and complex radiation field amplitude. In sections 2.2.1 and 2.2.2 the 1D
system is solved analytically (linear approximation) and numerically in the steady
state regime (no propagation effects), showing exponential growth and collective
behaviour, which leads to a radiation power proportional to Nf/ 5, Subsequently,
in section 2.2.4, the propagation effects (i.e. the difference between electrons and
photons velocities “slippage”) are included, describing the superradiant regime in
which the radiation power is proportional to N2. Finally we introduce (sec. 2.2.3)

the SASE mode operation which is based on two ingredients: starting from noise,
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and superradiance effects. In section 2.3 we move to a fluid dynamics description
of the FEL system, obtaining 3D Maxwell-Vlasov coupled equations. Finally, in
section 2.3.3 we discuss why a laser wiggler is necessary in the quantum regime.
Chapters 3 and 4 are dedicated to the 1D quantum theory. In particular, in sections
3.1 and 3.2 we present the 1D steady state model as it was developed in [28, 29, 30|
and [24]. Propagation effects (slippage) are taken into account in section 3.2.1 using
the multiple scaling method [4, 35] and a linear analysis is performed; in section
3.2.4, following [32], the energy spread effect is considered; finally, in section 3.3,
the discrete Wigner function [41] is introduced and following Ref.[44], the 1D model
is reformulated in terms of them. For a pure state the Wigner model is equivalent
to the Schrodinger model and in addition, it admits a classical limit. Chapter 4 is
dedicated to numerical integration of the 1D quantum model. In particular a nu-
merical analysis of the quantum SASE radiation proprieties is performed similarly
to the study by Saldin [18] for the classical SASE. The difference between classical
and quantum regimes are investigated and the existence of “quantum purification”

[30] phenomenon is numerically proved.

Up to this point the quantum theory is presented in the 1D approximation; the
third and final part of the thesis (chapters 5 and 6) is devoted to developing a
3D quantum theory for a FEL. In particular in chapter 5 we introduce, following
[45], the second quantized Wigner formalism in which the multi particle nature of
the FEL is treated in a natural way. In section 5.2 we obtain the 3D Quantum
Hamiltonian in second quantized formalism, while in sections 5.3 and 5.4 the evo-
lution equations of the e-beam Wigner function and the self-radiation e.m. field
are obtained. The Wigner evolution equation obtained in section 5.3 describes an
electron beam with a transverse normalized emittance till to the ‘ultracold’ limit
of the Compton wavelength, then we expand its evolution equation in terms of a
characteristic parameter which permits to perform a classical transverse approxima-
tion, keeping intact the longitudinal quantum recoil effects. In chapter 6 we discuss
the beam and the wiggler field requirements in order to operate a FEL in a high-
gain quantum regime; in particular the section 6.1 is dedicated to the emittance
criteria for the e-beam. A numerical parallel code QFEL3D has been developed [49]
for solving our working equation; in section 6.2 we present preliminary numerical

simulation neglecting the propagation and energy spread effects, while in section 77
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a more accurate numerical study is performed in the particular two-level approxi-
mation. The inhomogeneous broadening due to the emittance and the transverse
laser profile effects are numerically investigate and particular Flattened laser beam
profile are proposed and tested instead of the usual Gaussian profile. Finally a set

of possible experimental parameters for a future QFEL experiment is presented.



Chapter 1

The Free Electron Laser

The Free Electron Laser is essentially a device that transform the kinetic energy
of an electron beam (e-beam) into e.m. radiation. The relativistic e-beam passing
through a periodic magnetic field oscillates in the transverse direction and emits
radiation (synchrotron radiation) confined in a narrow cone along the propagation
direction. The periodic magnetic field is provided by the so-called wiggler, an inser-
tion device usually realized with two arrays of permanent magnets with alternating
polarities or with two helical coils with current circulating in opposite directions.
The wavelength of the emitted radiation depends on the wiggler period, on the
strength of the magnetic field and on the electron energy. This means that the FEL
can be continuously tuned in frequency, ranging from microwaves (A ~ 1 c¢m) to
X-rays (A ~ 1 A); this is one of the main advantages of FELs with respect atomic
and molecular lasers, where the wavelength of the radiation field is fixed by the
quantum transition between two atomic or molecular states, and it has, in general,
a small tunability, since the energy levels of the active media are fixed; moreover
another advantage of the FEL with respect atomic and molecular lasers is that its
main processes happen in vacuum, with no thermal dispersion o breakdown effects
in the active medium. For this reason the FEL can provide a powerful source of
tunable, coherent e.m radiation.

In general, the FEL radiation can be of two different kinds: basic spontaneous
emission comes from the direct interaction of the e-beam with the wiggler magnetic
field with no injected field, while stimulated emission occurs when also a seed ra-

diation field co-propagates with the electron beam. In this chapter we introduce

11
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the basic physical description of these two processes, then we introduces a quantum

regime comparing the different behaviour between classical and quantum regimes.

1.1 FEL Spontaneous Emission

It is well known that a free charge cannot radiate because of the energy-momentum
conservation; the word “free” in FEL describes the state of the electrons used as
active medium: the electrons are not bound as in atomic or molecular lasers. In the
FEL the electrons are not really ”free” because of the interaction with the periodic
magnetic field that generates a radiation which is particularly intense and confined
around the instantaneous velocity vector. The FEL radiation is really a synchrotron
radiation, i.e. the radiation emitted by an electric charge moving at relativistic
speed when a transverse force is applied to it. This radiation is greater than that

due to a parallel force by a factor v2, where

=V (1)

is the electron energy, ymc? in the rest mass unit, with ﬁ = i/ec.

Figure 1.1: Planar wiggler

The magnetic field is generated by the “wiggler”, whose simplest realization can
be made in different ways; we assume, for the moment, an helical wiggler made of
two helical coils with current circulating in opposite directions. In the following
we will substitute the helical wiggler with an helical polarized conterpropagating

laser. In both cases, the electrons inside the wiggler are periodically deflected by



1.1. FEL Spontaneous Emission 13

the Lorenz force
F=—ef x B, (1.2)

generated by the wiggler magnetic field B,, on electrons with charge —e, which are
traveling at speed ¥ along the wiggler. Since the magnetic field of the wiggler have a
periodic alternated polarization, the electrons will “wiggle”, i.e. oscillate transver-
sally along the same longitudinal trajectory. Its main features are the following:

i) The intensity is proportional to the electrons current i.e. the radiation is
incoherent (I o< N, where N, is the number of electrons).

ii) the emitted radiation is confined in a narrow cone along the direction of
electrons motion (that will be identify with the z-axis) within an angle of order of
~ 1/vy/N,, where N, is the number of wiggler period.

iii) it is narrow-band radiation, with on axis spectral distribution

d*I
dQ2dw

o sinc? (WNww — ws) (1.3)

Ws

where sinc(x)=sin(x)/x. Hence the spectrum is peaked around a spontaneous fre-

quency w, = 2me/ s where, for on axis radiation,

Ay = Lﬂ”xw (1.4)

B

with 3 = (v))/c and A, the ondulator period, and its full line-width at half height

Aw 1 (1.5)

The above equation show that the spontaneous emission line-width can be reduced
simply by increasing the number of wiggler periods.

The above result are most easily explained in the (average) longitudinal electron
rest frame, here each electron ”sees” N,-periods wiggler as N,,-periods conterprop-
agating pseudo-radiation field [1], with Lorentz contracted wavelength A, = A, /7.
Hence, it oscillates NN, times, emitting a wave packet of length N,/ peaked at
A, ~ X . In other terms, it acts as a "relativistic mirror” where the radiation is
reflected by a Compton back-scattering. In this process we neglect the Compton

shift, in agreement with the assumption of a purely classical description. From this
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picture we obtain the same result of eq. (1.3,1.5). In fact it well known that the
Fourier transform of a plane-wave truncated after N, oscillations is a sinc-function
with line-width Aw/w, = N_!. The resonant condition (1.4) can be also derived
using the laboratory frame, requiring that during the time necessary for an electron
to travel a wiggler period A, the electromagnetic wave will slip over it by a radiation
wavelength A\,

= . (1.6)
’U|| C

From eq.(1.6) we can write (ky, + k,)dz/dt — w, = 0, (v = dz/dt) or equivallently
d[(kw + k)2 — w,t] /dt = 0, showing that the resonant relation can be obtained also
by imposing the relative phase 8 of the electron in the wiggler and e.m. field to be
constant.

;l—f =0, 0 = (ky + ky)z — wyt. (1.7)
In the next section we will show that the module of electron transverse velocity

v = cﬁ is approximately:

- a
B~ = 1.8
18] S (1.8)
where
eAw By
Yy = —2 1.9
“ 2rmc? (1.9)

is the wiggler parameter. Thus, from 1/7? =1 — ﬁﬁ — (3% it follows

1 1+a?
— = - (1.10)
Y v

where 7ﬁ =1/(1- ﬁﬁ) Finally using the resonant condition (1.4) in the ultrarela-
tivistic limit v > 1 we obtain:

1 -5 Auw
)\s = 7)\11) == )\w
5] 27

This relation shows the high tunability of the FEL; in fact, the wavelength A can be

1+a2

7 (1.11)

changed by varying either electron energy v, wiggler magnetic field B,, or its period
Aw-



1.2. FEL Stimulated Emission 15

1.2 FEL Stimulated Emission

Stimulated emission takes place when a radiation field with wavelength A ~ A;, co-
propagates with the electron beam inside the wiggler. From the resonant relation

(1.11) one can define the resonant electron energy

Aw(l+a2)

=y LT ) 1.12
gl o (1.12)

We shall see in the next section that if the electron energy and the radiation
wavelength preserve the relation (1.12), then the relative phase (1.7) between the
transverse oscillations of the electrons and the radiation remain constant. Depending

on the value of this relative phase, one of these processes occurs for each electron:

e the electron gives energy to the field and decelerates, i.e. stimulated emission

which provides “gain”,
e the electron takes energy from the field and accelerates, i.e. absorption,

If the first of these two processes dominates, then the injected radiation field is
amplified as in the first amplified experiment [65] ; moreover if the wiggler is long
enough or if the process happens in an optical cavity, then the spontaneous emission
is amplified, as in the first FEL oscillator experiment [66].

This oversimplified picture of the FEL gain process is at the single-particle level
and leads to the Madey’s small signal regime: let consider a “long” electron pulse so
that the slippage of the radiation over the electrons can be neglected (steady state
regime). Then we realize that the initial electron phase 6 are randomly distributed
over each radiation wavelength. Hence for a nearly mono energetic and resonant
electron beam, on average half electrons will decelerate and half electrons will accel-
erate with the result that no net gain will occurs. The Madey’s small signal regime
occurs when we inject, in a short wiggler, a low current electron beam with average
energy slightly above resonance (y)g > 7., such that gain (slightly) prevails over

absorption.

Electron Bunching and High-gain regime

However, electron can communicate each other via the common radiation field, or

even directly for high enough current density, In fact, if the wiggler is long enough
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and the electron current is high enough, then the electron beam will start to bunch:
electrons faster than ~, will decelerate, slower electrons will accelerate, so that the
electron energy will be driven toward resonance. This energy modulation becomes
space modulation, i.e. the electrons start to bunch in packets on the scale of the
radiation wavelength (microbunching), around a phase that produces gain. Since
most of electrons have nearly the same phase, they emit coherent collective syn-
chrotron radiation. The variable representing how strongly bunched the electrons

are, is the bunching parameter:

e

N,
1 —i0; — /,—if
B E;e = (e ). (1.13)

Given the physical meaning and mathematical definition of the phase 6, it should
be clear how B is the measure of the longitudinal modulation of the electron beam
on the scale of the radiation wavelength. A bunching equal to zero represents a
completely random distribution of phases, while an ideal bunching of |B| = 1 can
only be possible with all electrons perfectly in phase. We shall see the existence
of a collective instability for the system, which lead to electron self-buncing and
to exponential grow of radiation until saturation, set a limit, on the conversion of
kinetic electron into radiation energy; this is High-Gain Steady state regime. In
this regime the radiated power is proportional to N 3, whereas in the incoherent
radiation case, the power is proportional to N,.

A completely new physics appears if the propagation effect, due to the differ-
ent velocity of the electrons and the radiation beam, is taken into account. As a
consequence of this effect (known as slippage) the radiation pulse moves ahead with
respect to the electron pulse by a radiation wavelength A, each every wiggler period
Aw, t.e. by I, = NyA, at the end of a N, period wiggler. From analytical and
numerical studies it has been shown [15] [16] that when the slippage length I, is
large the FEL can operate in completely different regime, the superradiant regime,
in which the peak of the radiation power scales as N? (see chapter 2). Radiation
intensities scaling as N2 may also arise from coherent synchrotron radiation emit-
ted by electron which have been pre-bunched by an external source. The radiation
field emitted by these pre-bunched electrons sum up coherently to give N? scaling;
this is the ”superradiance” as defined by Dicke [12] i.e. spontaneous emission from

a coherently prepared system. In a FEL the electrons enter the wiggler in unpre-
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pared state, so that the initial emission is proportional to IV, (incoherent emission),
then the electrons begin to bunch on interacting with the spontaneous radiation
and wiggler field, involving to emit radiation with the intensity proportional to NZ.
This behaviour is a self-organized phenomenon and is different from the Dicke’s
"superradiance” but more similar to the atomic ”superfluorescence” [13].

The FEL can operate also in the absence of the input signal Ay (i.e. self-
emission ), starting from the random noise in the particle phases; this mode operation
is called Self Amplified Spontaneous Emission (SASE). We shall see in next
chapter that, when the SASE-FEL is dominated by the slippage, the emitted fields
exhibit superradiant spikes [17]. The SASE-FEL mode operation is important at
wavelength not accessible to coherent radiation source, such as the XUV region or
in the far infra-red spectrum. The realization of a single pass FEL in the SASE
mode is presently the goal of several projects (such as the LCLS [53] at Stanford,
USA, XFEL [54] in Hamburg, Germany and [55] in Japan ...), to obtain a high-
brightness X-ray source. This project are all based on the classical theory of SASE
which will be shown in detail in the next chapter. However, such sources will radiate
a pulse with a broad spectrum composed by many random superradiant spikes [17].
Recently it has been shown that an FEL can operate in a quantum regime [35], in
which the spiking behaviour observed in SASE mode disappears and the spectrum
reduces to a single narrow line [30, 31], providing a enormous improvement in the
coherence of SASE-FEL based X-ray sources.

1.3 Quantum FEL

So far, most of the properties of FEL have been analysed and found remaining in a
strictly classical framework; however, the classical theory is, after all, only an approx-
imation. In attempt to extend the range of the FEL operation into the X-ray region,
the quantum effects should be taken into account. In fact, at these wavelength, the
electron recoil due to the emission of a photon becomes comparable to the emission
line width, and a quantum mechanical treatment of the electron-photon interaction
becomes compulsory. Let explain this fact more clearly: As we have anticipated
above, the “classical theory” is only an approximation of the “reality”, which seem

to be quantum; the borde-line between the classical and quantum world is defined
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by the Heisenberg Uncertainly Principle (HUP) which can be written in terms of
the position and momentum uncertainty, ApAz > h, or in terms of the energy
and time uncertainty, AEAt > h. When the Heisenberg inequality is strong (i.e.
>) quantum effects can be neglected and the system behaves classically, conversely
when the inequality tend to similarity (i.e. ~) quantum effects become relevant so
that quantum theory is necessary. Assuming that for a relativistic electron with
energy E, = mc?y, the interaction time is proportional to the inverse of the emitted
photon frequency At o< w, ! the energy-time Uncertainly relation can be written as

follows
AYA > A, (1.14)

where )\, = 2mc/w, is the emitted photon wavelength, A. = A\./27 and A\, = h/mc =
0.024A is the Compton wavelength.

This relation shows that reducing the emission wavelength the strong inequality is
not anymore satisfied. Therefore, for a complete understanding of the basic FEL
process we need a quantum theory which describes the interaction between the beam
electrons and the emitted photons in terms of discrete momentum exchange. Such
a theory should be tend to a classical description when the inequality in the HUP is
strong (i.e. >>), hence we should looking for a parameter which rules the transition
between the classical and the quantum regime. This parameter can be found starting

from Eq.(1.14) which can be written as follows
(medy) (k) = 1 (1.15)

where k, = 21/,

The dimensionless left side of Eq.(1.15)can be choose as our transition parame-
ter, because it represent the ratio between the maximum classical electron momen-
tum spread mcAvy and the photon recoil momentum hk,. The classical regime
occurs when the electron momentum recoil is greater than the photons recoil i.e.
(meA~)/(hk,) > 1 then each electron emits many photons i.e. “multi-photons emis-
sion”; conversely the quantum effects become important when the electron momen-
tum recoil is of the order of the photons recoil (mecA~y)/(hk,) < 1 then each electron
emits only one photon. The theoretical development of a complete 3D quantum the-
ory for a FEL is the aim of this thesis. In chapters 3 and 4 we will obtained a com-

plete 1D model which depend only by a single parameter, the “QFEL-Parameter”
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(see Eq. (5.17)) which agree with the parameter defined in Eq.(1.15). Moreover we
will shown that, ruling by the QFEL-Parameter, the 1D quantum model admit a
classical limit. The complete 3D theory will developed in chapter 5.
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Chapter 2

Classical FEL Theory

From the discussion of the previous chapter it results that a proper classical theory
describing a high gain FEL amplifier must be a many-particle theory, moreover, the
electron dynamics should be self-consistently related to the evolution of the e.m.
field dynamics. One can set a self-consistent scheme for the FEL dynamics (simi-
larly to that of the Mazwell-Bloch equations in laser physics [5]) which couple the
Maxwell equations with the Newton-Lorentz equations for charged particles mov-
ing at relativistic speed in an e.m. field; alternatively one can use a Hamiltonian
approach in analogy to ref. [10] [11] [57]. This approach allows to extend in a
natural way the classical model to the quantum framework. We will obtain the elec-
tron dynamics equations starting from a full 3D relativistic Hamiltonian of a single
electron interacting with a circular polarized e.m field and conterpropagating laser
beam (e.m. wiggler) (instead of the usual static wiggler), the evolution equations
of the e.m. field are derived from the Maxwell equations in the Slowly Varying En-
velope Approximation (SVEA). The longitudinal electrostatic interaction between
electrons (i.e. space-charge effects) will be also taken into account, but only in the
1D approximation. In the second part of this chapter we will overview the Classical

1D theory, its different regimes with their most relevant features.

2.1 3D FEL Model

The circularly polarized laser wiggler and the radiation fields are characterized by

the transverse vector potential A which can be written in terms of the polarization

21
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vector é = (2 4 i9)/V/?2 as:

a = %A:am—aw.
mc
_ e —iky(z+ct)
a = —aqe +c.c (2.1)
V2
. € tkr(z—ct)
a, = —i—=ae +c.c (2.2)
V2
i Bralx..2) (23
= X .
Ar me2ky I\ X1, 2

where, F; and k; = 2w/ \; are respectively the electric field and the wave number of
the laser wiggler, while F,, k, and w, are respectively the electric field amplitude,
the wave number and the frequency of the radiation field. Note that we are assuming

at the moment a single frequency only for the radiation field E,.

2.1.1 3D Hamiltonian

The time dependent Hamiltonian equations can be derived from the modified Hamil-

tonian principle [2] [11]

t2
5/ (pedz/dt + pydy/dt + p.dz/dt — H)dt = 0. (2.4)

t1
Since we are interested in the systems evolution along the z axis , we change the

independent variable from t to z, and using H = E (where E is the total energy)

we obtain:
z2
(5/ (pedzx/dz + pydy/dz — Hdt/dz + p,)dz = 0. (2.5)
21
In eq. (2.5) (x,ps), (y,py), (t, —F) appear as a new canonical variables with respect
to a new Hamiltonian H; = —p,. Hence, we can write
de  Op. dy  Op. dp, Op. dp, Op: (2.6)
dz  Op, d»  0Op,” dz Ox’ dz Oy’ ‘
dt 0Op, dE Ip:
= = (2.7)

dz  OE’ dz = Ot

Let H be the relativistic Hamiltonian for one electron interacting with e.m. field

2
H=c [p — EA} +m2c2 + eV = mc*y +eV = E. (2.8)
c
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where E, = —dV/dz. Assuming all the variables in unit of mec, the second equation

dy _ (0Op:
@__(at _ez), (2.9)
¢ L (2.10)

_— 6 =
z z
me2 dz’ mc?

in (2.7) become:

€, =

and the new Hamiltonian is

H(z, P, y, Py ct,—vy;2) = —\/72 —1-P2—P2—|a]? +2 (Pa, + Pya,) +®
(2.11)
where P, = yn, +a and H = —P, are respectivelly the transverse and longitudinal
momenta and 1, = dx, /dz. Here, we shall adopt, the following notations for the
transverse coordinates: (P, P,) =P, and (z,y) = x,.

The above Hamiltonian can be simplified with a general assumption:

1. the fast oscillating term 2 (P - a)) can be neglected,
2. The ultra-relativistic limit, v > /1 + P? + |a]? is assumed,

3. the small term |a,|* < |a;|* can be neglected.

with 1)-3), the Hamiltonian (2.11) is approximated by

1 .
Hx, , Py, ct,—y;2)=—y+ > [1+P% +|af —i(ajae? —cc)]+@ (2.12)

where 0 = (k, + k) 2 — ¢ (k, — ky) t is electron phase in the wiggler and radiation

potential. From the Hamiltonian (2.12), we obtain the equations of motion:

dx o0H P

- (2.13)
% _ g_g:% (2.14)
dg - _%_]; :_%(% larf? — i (afaye® — c.c.)] (2.15)
% = —%—Z = —%(% [a,)* —i (a}kareie —c.c.)] (2.16)
c% = —aa—i[ =1+ QL’YQ [14 P2+ P2 +|a|* —i(aja,e” —c.c.)]  (2.17)
&y _ OH +e, = e [a}*a,«ew +c.c.] +e,. (2.18)

dz — Oct) 7 2y
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Note that using the definition of the total momenta of an electron in e.m potential
as defined in Eq.(2.8) normalized to mc we obtain Py, = 3,7 = 1,7 — a, since the
transverse velocity of the electron in the total vector potential can be written as

follows
a

In the paraxial approximation 1, < 1 then Eq.(2.19) is reduced to the familiar

expression found in literature 5, = —a/y [6, 57].

2.1.2 Maxwell evolution equations

The evolution of the e.m. transverse potential a, and of the longitudinal electrostatic
field e, = —0®/0z can be determined from the rescaled Maxwell equation, expressed

in the Coulomb (or radiation) Gauge (V - a, = 0):

0? 1 9 [Lo€
2 - — -
(Vl + 92 2 8t2) a, - J (2.20)
0?10 e
2 - — —
<vl t55 at2) o el (2.21)

where J,; and p are respectively the transverse component of the electron current

and the electron density (for a beam of N, electrons):
N N
J=ecY B 53<X—Xj(t)>, o=eY & <X—Xj(t)> (2.22)
j=1 j=1
vector potential
The evolution of the transverse e.m. field can be obtained in the following way:

substituting the electron current (2.22) in (2.20) we get

(DD + V] a, =~ 3" 5,87 (x1 = x,(0) 6 (: — 5(t)  (223)

€gmc? 4
=

where we have defined D* = 9/0, 4+ 0/c0;. The radiation beam which propagates
in the opposite direction with respect to the electron motion can be neglected be-

cause it does not interact resonantly with the electrons. The complex amplitudes
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ar (X1, 2) is assumed to be a slowly varying function of the longitudinal coordinate
z; this means that the fast variation on the radiation wavelength scale does not
affect significantly the field enveloped amplitude. This is known as Slowly Varying
Envelope Approximation (SVEA):

da,(x,z,t)
‘ ar(Xs, 2 ‘ < ke lar(xy,2,t)| (2.24)

da, (x4, 2,1)
‘ ¢ XL = ‘ < Wy lap(xp, 2, t)] (2.25)

or shortly |D~a, (x4, 2,t)| < k, |a.(x1, 2, t)|.

Note that this approximation is based on the presence, in the FELs dynamics,
of two different scales; one of the order of the radiation wavelength, and the other
on the scale of the interaction length, normally three or four order of magnitude
larger then the radiation wavelength. More precisely (as we will shown in sec.(2.2.3)
the second scale length coincides with the “cooperation” length [.; moreover, the
possibility to separate the two different scales can be done clearly by using a multiple
scaling approach which will be introduced in chapter.3.

Because of (SVEA), the second order derivatives in longitudinal and temporal

coordinate in eq. (2.23) can be neglected

A~

DD~ +V2)a, ~ —_9k, eifr(z=c) [D* +
[ J_] \/§

2

i2k;t] a, + c.c.

(2.26)

Substituting Eq.(2.19) for the electron transverse velocity (), and projecting the

equation (2.23) on the é direction we obtain

V2 2 2 Ne , 0 _ . , .
{ ] 0 = me {QZ(XJ_ z)e iay (X1, 2) . mezk(z—ct)} %

2k, eomc?k, = Y

X6 (x1 —x1;(t)) 0 (2 — 2(t))
(2.27)

We average Eq.(2.27) on the fast scale 6, over a longitudinal dimension I, several

N's long I, = s\, (where s is an integer number). In particular we integrate both
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side of Eq.(2.27) by 1/, fRX A 3] OF similarly by 1/(k,ly) [, X[—sm,sx) Where X(as)
is equal to one within |[a, b] and zero otherwise; then the right side of Eq.(2.27)
becomes:

1
k. ly

1
I

d2x[—sr,sm0(2 — 2; (t))e_w
R

Then, defining the average over N, electrons of generic function as:
(f(&x1)) Z J(&,x1)0(x1 —x14(1)) (2.29)
and the total longitudinal electron density n. = X[—sr,sm Ve /1, we obtain:

2 —if
P35 (2) {{%5), - (%), - (me) f e
12k, 2 \wr Y 1 Y/ 1

where w, = \/€?n)|/egm, is the longitudinal plasma frequency.
The first average in Eq.(2.30) shows that the e.m. field evolution is ruled by the

sum of all electrons phases. As it has been suggested in chapter. 1, this average
term is zero if the electron phase is homogeneously distributed. Furthermore, if
most of electron have the same phase then the average is different from zero, and
it may influence the radiation dynamics. The last two terms on the right side
of Eq.(2.30) are usually neglected; the second term is proportional to a, which is
smaller compared to a;, while the third, is a fast oscillating term; then the evolution

equation for the self consistence radiation field can be written in a more simple way:

\l kE (w, > Jae
— (e 2.31
o] =3(2) 5, asn

Space charge effects

Here we investigate the longitudinal micro-bunch space charge effects i.e. the re-
pulsion between neighbours electrons at the scale of the radiation wavelength. The
macro space charge effects are not considerate because of its effects becomes impor-
tant only for very low value of the e-beam energy. A full investigation of the space
charge effect would be useful because of the local repulsion between electrons could

be inhibit the establishment of the micro bunching in the FEL process. However a

i 1 "y
/ deX —sm sw]6(9 0; ( )) 0= EX[—SW,Sﬂ']e 03(1&)‘

(2.28)
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complete solution of the Eq.(2.21) is out of the aim of this thesis; rather, here, we
investigate the paraxial approximation of Eq.(2.21), in which only the longitudinal
micro-bunching space charge effects are considerate i.e. V = 0. Similarly to the
evolution equation of the e.m. vector potential a, we assume the SVEA approxi-
mation in Eq.(2.21), then the evolution of the longitudinal electrostatic field in the

paraxial approximation can be written as follows:

o 10 Ame? n,
{&—i—ga] & = TN 25 (6 —6,) (2.32)

Neglecting the time dependence and Expandmg the electron density in a Fourier

series with respect to 8, we obtain

de. Arn.e? o
ae = e Zeme —infy +cc. (2.33)
z

n=1

where (f(£)) = 1/N, Z;V:I f(&;). Finally, the longitudinal electrostatic field is:

e.(0,n) =k, (%)2 i M + c.c. (2.34)

m

Note that the first harmonic term (i.e. n = 1) is proportional to the bunching factor
B = {e7"). Clearly, the longitudinal space-charge force is appreciable only if the
electron density is large enough. Similarly to the transverse e.m. field, the e, -field
is proportional to the sum over the electron phases. This fact shows that the space-
charge effects are negligible also if the electron phase is homogeneously distribute,
such a way that the average is zero. Note also that if we sum the space-charge
force over the electrons, the result is zero; this means that, it is an internal force
with respect to the electron system and its macro effects can be negligible as above
mentioned. As we have anticipate this treatment of the space charge effects is only
a preliminary investigation, then for simplicity only the first harmonic term (n = 1)

will be considerate.

2 .
e.(0) = 2k, (ﬂ) (e~} sin(6) (2.35)
w
Eq. (2.31) and Egs.(2.13-2.18) together with Eq.(2.35) form a self-consistent
scheme for the 3D dynamics of N, electrons interacting with radiation and laser

wiggler fields.
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The basic physics of FEL can be understood more clearly in the 1D scheme
approximation. For this reason, before starting to analyze the full 3D model, i will

review the one dimensional theory and its result.

2.2 1D FEL Equations

The 1D approach is exhaustive for almost everything of the FELs physics, more-
over, at the same time it offers a very clear simple picture of the basic mechanism
of the FEL process. In the previous section a set of closed 3D equations repre-
senting the evolution of the whole system has been obtained (2.13-2.18,2.31 ). The
one-dimensional approximation consists in neglecting any dependence on transverse
spatial coordinates (eq.2.13-2.16), so that our physical quantities depend on prop-
agation direction (z) only, and time ¢. The dynamical variables are the electron
phase 6, the electron energy ~ and the dimensionless radiation field amplitude a,.

The electron dynamic equations (2.17,2.18) in the 1D approximation becomes:

dt 1 ;

g = 1T gp tlaf —ia (e’ —cc)] (2.36)
d kr 3

d_z _ _“;7 [a,e” + c.c] + e.(6). (2.37)

The 1D field evolution can be obtained neglecting the transverse dependence in
the radiation field a,(z,x,) = a,(z) and assuming magnetic wiggler a;(z,x) = ay;
then integrating both side of Eq.(2.31) by 1/ [, dx,, where ¥ is the transverse

section of the beam, we obtain

o 10 k(w,\” e ¥
(@*za) “=3 (;) “w< S > (2.38)

where the plasma frequency is w, = \/e*n./eyme with n, = n| /X (n = N./1p).
The evolution equation for each electron phase can be obtained from Eq (2.36)

do dt v2 — 2
. = — _— = r 2
7, = (ke k) = ke =k ( " (2.39)

where 7, = k.(1+a?)/2k, is the resonant energy introduced in the previous section
(1.12).
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We assume that during the interaction with the e.m. field, the energy of each
electron remains close to the resonant energy, v ~ ~,, this assumption is known as

the “Compton limit” i.e.

Vi — Tr Vi — Ur

~ <1 (2.40)

Vi Tr
With this assumption and taking into account the multi particle nature of the
process, we define a new energy-variable 7; = B0 Phe phase (2.37), the energy

Vr
(2.38) of each electron, the e.m. field (2.39) and the space charge terms (2.35) give

rise to a close system of 2N, + 1 equations

db;
B ] (2) ) e
dz 292 U7 o "\w ’ '
a 1 a . kaw wp 2 —10
(5 oan) =5 () 24

Notice that we have still neglected in Eq.(2.43) the term proportional to a,. More-
over, because of the Compton limit, v can be carry out from the average in the field

equation, so that (e=% /) ~ (e} /~,.

Universal Scaling

One of the most profit features of the 1D FEL model is the possibility to introduce
(2.41,2.42,2.43) a dimensionless scaling for all quantities so that no experimental
parameters appeare explicitly in the equations. This allows a general analysis of
the FEL interaction independently of the particular set of parameter and a simple
interpretation of the basic physics of the process.

We start defining the fundamental FEL-parameter

1 [ ayw, 2/3
p= - (41{: c) . (2.44)

In terms of p the system of coupled evolution equations (2.41,2.42,2.43) can be set

in a dimensionless form by introducing the following variables and parameters.
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_ Uk w
L = — AT = a’T 245
= N (2.45)
z=z/l, t=t/l, l,=1/2kyp (2.46)

where [, is the gain length. Note that in this universal scaling

€ ‘ EO | 2
me2y,mne

n=plAl = = Prad/Poeam, (A, = (e/mc?)A,). (2.47)

is the ratio between the e.m. field and the electron beam energy, i.e. the efficiency

of the FEL.

Using this ”Universal scaling” we obtain:
d

0 =0; (2.48)

d , ,

Eﬁj = — [A€" + c.c.] +(e™) sin(0;) (2.49)
0o 10 i

where ¢ = 4p(1 + a2)/a?, is the space-charge parameter. Note that the ¢ is
proportional to p, which is much less than unit in the Compton limit (see Eq.(2.40)
and Eq.(2.82)), so we will neglect it.
d

Lo —p, (251)

d _ 0.

= (A€ + c.c.] (2.52)
o 10 i

(£ + Ea_f) A= (e™") (2.53)

As we have anticipate before the 1D FEL equations assume a dimensionless form,

with the advantage of being solvable without having to specify the operating param-

eters. Once solved, the scaling can be reversed to find the real physical quantities
needed for a particular experimental set-up.

The 1D FEL equations (2.51-2.53) form a Maxwell-pendulum model: in fact,

writing explicitly the real and imaginary parts of the field A, = |A,|exp(ip) we get

2

% = —2|A,| cos(b; + ¢) (2.54)

Of course, this equation greatly differs from an ordinary pendulum since, amplitude

and phase off the field , are not constant, but their evolution is determined by

Eq.(2.53).
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2.2.1 Steady State regime

The set of equations (2.51-2.53) can be written in a simple way operating a standard

transformation of coordinates
z=2z, Z=z—(y)t (2.55)

The differential operators of the FEL equations change as follows:

d o 10 0
0 1 0 0 0
gz tem ~ mt(- g 237

where in the first step of the eq. (2.56) we assumed z =~ (v)t with ((v) the
longitudinal electron average velocity).

The relation (2.57) shows that the time derivative can be neglected if the differ-
ence between the electrons velocity and the speed of light is unimportant (1—(3) ~
0 — (y) =~ c) or alternatively if the interaction time is small compared with the
slippage time. This limit can be easily understood from equation (2.57) by nor-
malizing Z to the total length of the wiggler L,, and ¢ to the electron pulse time
= ly/(v); the ratio between coefficients of the time derivative and the space

derivative becomes:

L= (8) Noh L.
L(3)) Iy b

where we have used the resonant condition A, = A, (1 — (5)))/{3))-

=9 (2.58)

If the slippage parameter S is much smaller than one, the time derivative can be

neglected (steady state regime):

db,
d—gj = P (2.59)
%i:_MW+w] (2.60)
z
) (2.61)

dz
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Constant of motion

The set of equations (2.59-2.61) admits two constants of motion. The first can be

obtained differentiating the average momentum
igejp:—Ni\A ? — @) +|AP=C (2.62)
dz ! “dz" ' '

where C is a constant. The meaning of this conservation law becomes clear if we

return to physical quantity, using the relation (2.45) and (2.47):

_ s 1 & Ay co| Eo|? 2 = 2 )
() + A" = FZ + — mc ZA’YJ' + eV |[E|"=C" (2.63)

2
e 4= PV MNP =

j=1
where n, = N, /V.

The above relation agrees with the energy conservation low (the energy of the
wiggler has been supposed constant) and shows that the energy of the emitted
radiation field is extracted from the kinetic energy of the electron beam.

The second constant of motion is the total Hamiltonian of the system with 2/N.+1

variables:
Ne 152- Ne
H(0;,p;, Re(A,), Im(A,))j=1n, = Z EJ —1 [Ae" + c.c.] (2.64)
j=1 j=1

This Hamiltonian can be written in a more compact form in which, the real and
immaginary part of the radiation field are included as canonical variable (6, po). In
fact defining A, = (6y + ipo) /2N, we obtain:

Ne ,2
H(‘gjaﬁj)j:O,Nﬁ R Vares Z (908111 + poCOS((g )] (265)

which gives the correct equations of motion (2.59),(2.60) and (2.61)

d9; OH dp;  OH .
_ - _ f =0, N, 2.66
dz  Op; dz 00, =5 (2.66)

2.2.2 Linear analysis

It is well known that at the wiggler entrance (z = 0) the electron beam exhibits

a narrow longitudinal energy distribution. For simplicity, we assume here a Dirac
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Delta distribution i.e. each electron has the same initial energy v;(Z = 0) = o, so

that the dimensionless momentum p at time z = 0 is given by

— Yo — Vr
p(0) = =9 2.67
0)=2— (2:67)

We define this value as the detuning parameter 6. It is particularly useful to

redefine our variables so that the initial condition for p is zero:

p; = pj—9
0 = 0,0 (2.68)
Al = A7

In this way the detuning parameter appears explicitly on the equations, which

(dropping the primes) read:

o

R —= 1) 2
dz Dj ( 69)
dp; 0.
— = — A" .C. 2.
E (A, + c.c.] (2.70)
dA, it ,

= ! A 2.71
Ve (™Y +i0A, (2.71)

This set of equations can be linearized in terms of three collective variables [14]

A = A, field amplitude (2.72)
B = (e™) bunching (2.73)
P = (pe ") momentum bunching (2.74)

neglecting the second order terms (=) and (p?e~"?) we obtain a close set of

linear equations

B ,

el —iP (2.75)
dP

- = A (2.76)
dA - _ B+idA (2.77)

dz
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which can be reduced to

PA PPA

Assuming a solution of the form A o< e~** one obtains the following dispersion

relation which rules the stability of the system:

N6 +1=0 (2.79)

when Eq.(2.79) has three real roots, then the system is stable, but if it has
one real root and two complex-conjugate ones, then one of the latter will cause an
exponential growth of the field until non-linear effects come into play.

If instead of choosing an ideal cold beam, we assume an initial energy distribution
f(po) with a finite width, then (2.79) is formalized by

. 0 fpo) _

The above integral can analytically solved for instance in the case of a rectangular

or Lorenz distribution [32]. for the rectangular case with half-width ¢+, we obtain:
A=\ —pH)+1=0 (2.81)

where 1 = d7v/py, is the energy spread parameter. As the exponential behavior of
A,(2) is determined by the imaginary part of the complex root of Eq.(2.81), it’s
relevant to plot it as a function of the detuning parameter ¢ for different values of

the energy spread p. Fig. 2.1 suggests some immediate considerations:
1. given a spread pu, the optimal gain occurs for the specific detuning shift
2. Energy spread (p > 0) lowers the growth rate, and shift the resonance to 6 = p
3. The width of the gain course shrink as /.

Coming back to physical variables, this means that in order to preserve the
exponential gain, the e-beam must satisfy:

o

< 2.82
- (2.82)
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Figure 2.1: Immaginary part [ImA| vs. the detuning parameter for different values
of u: (a) p=0— (f) p=10.

The solution for the cold beam case (1 = 0) at resonance (§ = 0) is:

—1—+/3i \ —1+V3i
- 5 3= 5

3
A = A\ , Ao 5 5

(2.83)

and the form of the scaled field intensity is
3

A(z) = %Z (A(O) - z@ . m(om) e~iNz (2.84)

For z > 1 (exponential growth regime) the growing mode A3 dominates over the

oscillatory A\; and decaying Ay modes, so that

VERE (A(O) - iB)E?())) - fm(om) o~z (2.85)

The first term in the bracket corresponds to the amplification of an external input
signal, while the second and the third terms correspond initial coherent bunching.

As it result from linear analysis an exponential instability of the emitted radiation
field takes place in the FEL, until non-linear effect moving to saturation this growth.
The linear solution of the exponential growing mode fits well the numerical solution
of the full non-linear system (2.59-2.61).

In fig. (2.2) is plotted the radiated power, as obtained from the numerical integra-
tion of the 1D non-linear equations. The figure shows that after an initial lethargy,

the field power grows exponentially, reaching a saturation in few gain lengths. After
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Figure 2.2: Radiation field intensity vs Z (semi-log scale)

saturation, the amplification process is replaced by an oscillatory energy exchange
between the electrons and the radiation field. In the case of a seed signal intensity
| Ag|?, the asymptotic linear solution is given by the (2.85)
2 1 2 <
[AI? = 2| Aofexp | V3T (2.86)
9 lg
so that the [, as defined in Eq(2.46) corresponds effectively to the FEL gain length.
Since saturation occurs at |AJ? ~ 1, from the eq. (2.86) we can estimate the satu-

ration length as

L, ( 9 ) M
Zogt = —=In | —— | o« — 2.87
=\ ar) < (2.87)

Furthermore the result |A|> ~ 1 means that the saturation value is independent
of the initial condition. Since we know that |.A|? is proportional to |E|?/pn., and
p o< n'/3 then

) |EP 2 . 4/3
|A|* o a5 = |E|* x n, (2.88)

i.e. the intensity is proportional to ng/ 3

instead of n.: this implies the existence of
a collective behavior in the electron beam.

The independence of the saturated field amplitude on its initial value gives us
another important information, related again to the importance of the p parameter.
In the (2.47) we have defined the efficiency 1 of the FEL as n = p|.A|?* then the

measure of FEL efficiency will be given by p.
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In this section we have shown that in the context of the 1D theory, p is the only

parameter wich give the constraints on the FEL.

Avy/y~p Energy spread
N = Praa/Pocam =~ p Efficiency (2.89)
lyoc1/p Gain length

2.2.3 Superadiant regime

The steady-state regime that we just described is based on the assumption that
the slippage is negligible (S < 1 i.e. Iy < [p): the wiggler is not long enough to
appreciate the difference in velocity between the electrons and the radiation, so that
all sections of the electron beam evolved almost identically and the peak power of
radiation scale as ny®. When slippage is taken into account, the FEL can operate in
a different regime of cooperative emission, the superradiant regime [15, 16, 17, 6, 7],
where the peak power scale as n?.

the slippage modifies substantially the interaction process between the radiation
and the electron: in fact, the radiation propagates with respect to the electrons,
interacting with different sections of the electron beam, so that there is a region,
near the trailing edge of the electron pulse and of length [, where the electrons emit
radiation without being affected by the radiation produced by the other electrons
behind them.

Let us introduce a new characteristic length which will be useful for the analysis

of the propagation effect, the cooperation length,

Ar

l.=
dmp

(2.90)

its meaning can be better understood using the resonant relation (1.4), which allows

to write it in terms of the relativistic parameter [

)—1

lo=1,

L—{(5) _ { 0 if (4 (291)
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if the velocity difference between the electrons and the radiation field is unim-
portant, then [. tends to zero, otherwise the propagation effect becomes relevant,
and [, increases.

We define the electron pulse to be long or short with respect to the cooperation
length. In general, if the electron pulse is long enough (I, > I.), the superradiant
and the steady state instability will be present together: superradiance occurs in the
region near the trailing edge of the electron pulse (slippage region) while the steady-
state emission occurs in the remaining part of the beam, this is named ”strong
superradiance” because the peak power is greater with respect to the steady state
regime. However in the short-bunch regime (I, < [.) the radiation emitted by
electrons escapes from the electron pulse in a length shorter than the synchrotron
period, so that the steady-state saturation can never occurs: this regime is called
7 weak superradiance” because the peak power il lower with respect to the steady
state regime.

It’s possible also to observe pure superradiance by tuning the system out of
resonance: in fact, while the steady-state regime needs to resonance to produce
exponential gain, Superradiance be close always on resonance with the electrons,
since coherent spontaneous emission. So, when the system is detuned in such a
way to prevent steady-state radiation, the superradiant instability travels forward
unperturbed electrons, extracting energy from them with an even greater efficiency

than in the steady-state resonance.

2.2.4 SASE regime

The Self Amplified Spontaneous Emission (SASE) regime for a FEL is made up
of three basic ingredient[17]:

1. high gain instability
2. propagation effect i.e. “slippage”
3. start-up from noise

The first experimental observation of the high-gain regime, also starting from noise,
was carried out in the microwave range using a wave guide in the Livermore exper-

iment [67]. Presently, short wavelength FEL, which amplify incoherent shot noise
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via SASE are of greater interest worldwide as a potential source of ulra bright co-
herent X-ray radiation [68, 69]. Moreover the SASE FEL in the X-ray region is the
goal of several project, such as the LCLS [53] at Standford, USA, and XFEL[54]
in Hamburg, Germany. here we review the most important features of the SASE

regime, which is characterize by the following characteristic length:

[, Bunch length
l. Cooperation length (2.92)
l, Gain length

An important parameter determining the evolution of the system is given by the
ratio between [, and [, (the number of cooperation lengths in a bunch length), If
the ratio [, to l. is greater than 27 (long bunch case) then the the radiation pulse
contain many spikes each one having a maximum duration corresponding to about
27l with width of order of 1/, and large intensity fluctuation. On the contrary if
the ratio [, to I, is equal or less then 27 (short bunch case) only one single radiation
pulse is present in this case, with no inner spike. In both cases the superradiant
case occurs for sufficiently long ondulators. The final result is an almost chaotic
temporal pulse structure with a broad spectral width and with a number of spikes
of the order of the number of cooperation lengths in a electron bunch.

Finally we have been understood that in order to model correctly this spiking
behavior, we must take into account not only the slippage between the radiation
and electron pulse, but also the finite bunch length; the electron bunch behaves as a
lp/1. statistical independent zone each of that give rise to a superradiant spike which
growth and narrow extracting energy from electron within a cooperation length.
In the chapter 4 we will shown that in the novel Quantum SASE regime [30] a
completely different behavior occurs, the ”classical” random spiking behavior almost
disappears and a strong narrowing of the spectrum occours. This new phenomenon

is called ” Quantum purification ”.

2.3 From 1D to 3D

The description of an N, electron beam can be made introducing, in the transverse

dx
phase space (x,,7n,) (where n; = d—L and z is the longitudinal coordinat along
z
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the beam direction), the second order moments; as for istance the rms beam size

2

02 = (x2), the rms beam angular divergenze ¢’> = (%) and the mixed terms

(x; -m.). The rms beam size (for example in x direction) evolvs in the free space
as:

o) = e (ﬂ* " ﬁ—) (2.99)

where 3% = (22)/e, is one of the twiss parameters and e, = +/(22)(n2) — (zn,) is
the rms emittance, that is conserved in the free space evolution and for a linear
transport system. z = 0 correspond to the point where (z - 7,) = 0 and the beam
size is minimum (”beam waist”). The radiation beam can be describes in a similar
way, in fact, using the free space diffraction formula is possible to show that the

radiation Gaussian beam size evolves as:

o, (2) = \/ 27 (ZT + 2—2) (2.94)

where Z, = 4rc?/)\, is the Rayleigh range. The evolution equation of the electron

beam size and of the radiation beam field are formally equivalent if we identify
Erad = A\p/4m as a rms emittance of the Gaussian radiation beam and * as the
Rayleigh range of the electron beam. However the evolution in a free space of the
conterpropagating laser beam size o;(2) follow the same relation of eq.(2.94) where

instead of Z, we subsitute Z; = 4wo?/\; where ); is the laser beam wavelength.

2.3.1 Transverse effects

From this picture we can set some resonable condition that must be necessary sat-

isfied in a 3D geometry:

1. The matching (i.e. the superposition) between electron and radiation beams
requires that the beam waist and the Rayleigh range of each other must be

comparable.
Oe ™~ O, (2.95)

(Z—)2 (2.96)

ﬁ*ZZr - krerz

| —
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2. The electron beam should be contained in the laser beam and the electron

beam should not diverge appreciably in a Rayleigh range Z;

O¢ < o (297)

] 2
B°<Zi — ke < 3 (2) (2.98)

)

The condition (2.96) is known as the " Pellegrini criterium” and it will be shown that
it can be relaxed in particular condition depending on the ratio between the electron
and the radiation beam size (2.95). Conditions (2.97) and (2.98) are more stringent
and concern the matching between the e-beam and the laser wiggler profile. If
conditions (2.97) and (2.98) are violated inhibition of the gain process occurs. If we
use a magnetic wiggler instead of the laser wiggler then the homogeneous condition
(2.98) can be written as k€, < 1 that is usually satisfied. In fact, for a wiggler period
of order )\, = lem and emittance &, ~ 10~"m-rad, ke, ~ 107*. A FEL experiment
with a laser wiggler does not require a focusing system for the electron beam , since
the interaction between electrons and laser beam occurs in the free space near the
beam waist zone i.e. the interaction length L, is of the order of few laser Rayleigh
range (L, ~ Z;), Hence the gain process occurs if the condition (2.98) is satisfied.
Furthermore if a magneto static wiggler instead of a laser wiggler is used, then the
interaction length is usually more than one meter, and the electron beam must be
conveniently focused to keep a nearly constant beam size. A linear magneto static
wiggler provides a “natural” focusing effect in one transverse direction and needs
external focusing (by quadrupole magnets) on the other transverse direction. This
focusing force induces an oscillation of the electron motion with a frequency much
smaller than the ondulator frequency \,. For a matched beam in two plane the
beam size (averaged over the wiggler period \,,) remains constant along the wiggler,
while individual electron perform a periodic transverse motion, just called “betatron
motion”.

A potential deleterious effect for the FEL is the apparent energy spread induced
by a betatron motion i.e. by the transverse velocities of the electron. The rela-
tion between the energy spread and the transverse velocity can be made taking
into account the transverse dimension in the resonant condition; it straightforward

demonstrate that an observer far away in the 7, direction from the axis sees a
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different period 1.e.
A
1 Aw 2 2 2
A= 72 {1+ a2 + 71~} (2.99)

where ), is replaced by \;/2 for a laser wiggler. The above relation agrees with the
resonance condition (1.11) when the angle of the observer tends to zero. From the
transverse resonant relation (2.99) and using the relation Avy/y ~ AMN/2\, we can
argue that the energy spread normalized to the FEL parameter p has the following

contributions:

1. The different longitudinal momentum distribution, (see Eq. 2.82)

A
( 7) ~1 (2.100)
P Vr 1D

2. The off-axis variation of the wiggler parameter

Ay 1 Ad

3. The angular divergence of the beam

pPY) . 201+a] '

These effects are called “non homogeneous effects”and give rise to a broadening

of the resonant condition.

2.3.2 Full 3D Model

A most useful scheme for modelling a beam of N, electrons interacting with e.m.
field is the Maxwell-Vlasov scheme. Following this scheme we introduce the trans-
verse phase space variables (x,7,) (7. = dx, /dz) and the longitudinal phase space
variables (0, p). The electron distribution, for a given phase and longitudinal mo-
mentum, in the transverse phase-space, can be described by a distribution function
F(x1,n.) with a non negative value equal to the number of electrons per unit area
at the transverse phase space point (x,,7,). A Gaussian distribution function is
normally adopted for its simplicity. Hence, the number of electrons within a dx; dn,

at the beam waist is (such that (x, -n,) = 0)

Ne xi i
F(xy,ny) dxydny = o, P\ 7202 " 507 dx dn, (2.103)
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where the emittance is €, = 0,0,.

The evolution equation of the electron beam distribution function can be obtain
using the Liouville theorem 0f/0z = {H, f} where {H, f} i the Poisson bracket. !
At the begining of this chapter we have obtained a three dimensional Hamiltonian
with its associated equations of motion (2.13)-(2.17) and an evolution equation for
the radiated e.m. field (2.31). Now we introduce the 3D Universal Scaling”:

0=k +k)z—c(k—k)t, Z=—, % =%
lg o
= —Ir _ g -
p:'y ’7, pL=—n1, n.=dx,/dz, a =ag(z x.)
Pr €
aoQy Yr Vr e

Ar = 5 9/1 . 9\ g “o5/1 9\
2p*(1 + ag) p*(1+ aj)

€z

_ E,
P*(1 + ad) mc?
(2.104)

where ag = ay,, g(Z,x_) is the tranverse laser profile, o is the rms electron 'radius’
at the beam waist, €, is the rms beam emittance and w, is the plasma frequency.

With this universal scaling the equations of motion (2.13)-(2.18) can be written:

(dx,
XL (11— pp)p
i (1 —pp)PL
dp. 2p _ § 2 0
BL_ 2P S gl —i (6" A — coc.
dZ X( pp)vXJ_ |:2p2|g‘ Z(g € CC)

(2.105)

o ¢ . bX
IR > (1 — —
=P {Qp( 917) = pL]
dp — * 10

Whereas the 1D theory is ruled only by the FEL parameter p, instead, in the
3D theory we must introduces new parameters which characterising the transversal

dynamics.

For a dynamical function f(q(t),p(t),t) of conjugated Hamiltonian variables ¢ and p the evo-
lution in time is: % = % + {%g—g %g—g} where the second term in right side is the Poisson
bracket. Assuming that the function does not depend explicitly on time (i.e. df/0t = 0) and using

the Hamiltonian equations ¢ = %—ZI and p = —%—IZ we obtain: % = {%—?3—5 - %—gg—g} ={H, [}
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2
__%
1+ a?

) L€,
X = 2k,€,, b:ﬁ—g*: 22 3

In the Compton limit the term proportional to p (as for instance in (1 —pp) ~ 1)

(2.106)

can be neglected since the value of p ranges about from 107° to 1073, with this

simplifications the Egs. (2.107) becomes:

(dxy b5
dz Pt
dpy 3 2
b pXVXng\
4 (2.107)
do £ ) bX ,
W S(1- _
=P 2p( l91") = —P1
dﬁ * 10
\ Ez—(g Ae —i—c.c.)—i—é'.

They can be obtained by the following Hamiltonian operator

67 _ f be 6 . * 7 &5
TPl P o (U= 19l) = =l | ol — i (oA ) +

P
2 4

(2.108)

where ® = 7,/(p?(1 + a2))® is such that & = -0 /0.

Now using the Liouville theorem, the Hamiltonian operator (2.108), the Maxwell
evolution equation (2.31) and 3D Universal Scaling (2.104) we obtain the following
Maxwell-Vlasov close system of equations for an e-beam interacting with a laser

wiggler and radiation fields.

of _ ¢ o UX ) Of
£+bplvnf—|—{p+%(1—|g| >_Tpi}%
af &

+{€-[g7Ae” +ecl} oo = Vi |9 Vp. [ =0

o pX

0 0 o a ,
_ A = — 2 —1i0 : )
{6z+6z1 Zavl} , g/_7r d@/de/RdeLe f+idA, (2.109)
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where b = [,/* is the diffraction parameter of the electron beam, a = 1,/Z, =
b/X and Z, = 4mc? /), are respectively the diffraction parameter and the Rayleigh
range of the emitted radiation with a transverse radius equal to the electron beam
radius. The distribution function f and the radiation field A, has the following
dependence f = f(0,p,X.,p1,2,21), A, = Ap(0,X,,2,7), and g = g(X,, Z) is the
laser wiggler profile.

The term b p, Vi, corresponds, with the unscaled variables, to 7, Vx, (where
nL = 0x,/0z) and describes the transverse drift of the beam, responsible for in-
stance of the beam size increasing away from the beam waist; the comparison of
two diffraction terms a ~ b that correspond to Eq. 2.96, will be investigate in detail
in chap.6. It rule the matching between the electron and radiation beam. In fact,
assuming the same initial spot size, if b < a the electron beam is contained into the
radiation beam that correspond to the ”Pellegrini condition” X < 1 otherwise the
radiation is confined into the electron beam size.

The phase term of Eq. (2.109) contains three terms which, with the unscaled

variables, can be written as:

(__W_WT_(AV)
D= = ~1
Pr P Vr/)1ip

13 1 Ad Avy
4 _(1_|g|2>:_ 2 =
2p 2p 1+ ai P V) ay

bX

Wy LI (80

and are responsible of the "non homogeneous effects” (2.100)-(2.102). The effects

of the laser wiggler profile will be discussed later.
Finally, the last term dp,/dz = £/(2pX)Vy, |g|*> corresponds with unscaled
variables to a focusing force due to the laser wiggler profile 7, = —a? /(279)*V«, |g]*.
Note that p,Vyx, = p,0/0% + p,0/0y and the average in the field evolution
equation is replaced by the average over an ensemble, (O) = / Of(&)d¢ with
J(&)dg = 1.

This closed set of equation can be solved numerically choosing a Gaussian initial
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conditions at f(z =0) = fy:

(2.110)

(XL + b?ol_)J_]z I_)_%_
2 2

fo(0,p, %1, P1) ox exp {—— -

where Zj is the waist position. Typically, a Gaussian phase-space profile correspond

to a thermal distribution. In this treatment we have neglect the energy spread
effects, which will be treated in section (3.2.4).

A complete numerical study will be developed afterwards when a fully three

dimensional quantum theory of the FEL will be formulated. It will have the im-

portant property that it should tend to the classical limit, in agreement with the

Correspondence Principle which every “respectable” quantum theory should admit.

2.3.3 Laser wiggler
Magnetic versus Laser wiggler

It has been proposed [58] [59] [60] that one can use, instead of a magneto static
undulator, a high power laser pulse as the undulator, for a X-ray emission region.
In fact since A\, o A, /272, scaling down the wavelength of emitted radiation can
be done or increasing the electron energy or, alternatively, reducing the undulator
period. An infrared pulse, coming from high power Nd or C'O, laser, whit a wave-
length A; of 1 or 10 pm could yield X-ray FEL radiation with electrons energy about
a hundred MeV

Al

)\TO(4—72

~ 14 (2.111)

Now with a simple argument we show why the laser wiggler is advisable for the
X-ray FEL emission in the classical scheme while its is necessary in the Quantum
regime.

We shall see in the third chapter that the FEL can operate also in a Quan-
tum regime, the transition between Quantum and Classical regime is ruled by the

Quantum FEL Parameter

= py— (2.112)

where A\, = h/mc is the Compton wavelength and h is the Planck Constant
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The QFEL-parameter is proportional to the ratio between the electron energy
and the single photon energy, the quantum regime occurs when p < 1.
Using the resonant relation and the definition of p in Eq.(2.112) the condition

for the quantum regime can be written in terms of p:

V2,
p <
VA (14 a2)

In the first chapter we have shown that to reach the high gain regime, a number

(2.113)

1
of period of the order of N, oc — is required, then the wiggler length is:
p

A3 (1 + a2
Ly = Nyhy ~ 22 > ﬁ+%) (2.114)
p c

For an X-ray FEL experiment A\, ~ 1A using a magnetic wiggler with a period
A = lem and E = 3.5 Gev, we obtain from the eq. (2.114) L,, > 3 Km that is pos-
sible but unpraticable. If we substitute the static wiggler with a Conterpropagating
laser wiggler we must substitute in the resonant relation and otherwise A\, — A\;/2,
and for a tipical atomic laser the wavelength is about 1 um that is three order of
magnitude less then that of the magnetic wigller , then with this new parameter

and assuming a most reasonable energy E = 2.5 Mev we obtain L,, > 2 mm.
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Chapter 3

1D Quantum FEL Theory

As we have shown in the previous chapter most of the properties of a FEL can be
analyzed and found remaining in a strictly classical framework. Even if the original
proposal of an FEL by Madey was formulated in a quantum framework, the main
bulk of the FEL theory has been later developed using classical physics. However,
while for all existing FEL devices classical physics are a perfectly safe approximation,
quantum effects could become relevant when operating in different regions for the
range of the experimental parameters. In particular for very short wavelengths, the
electron recoil from the emission of a photon can stop being negligible compared
to the emission line width, making necessary a quantum mechanical treatment of
the electron-photon interaction. The parameter which rules the transition between
the classical and the quantum regime is the ”"Quantum FEL parameter” (QFEL-

parameter) which can be defined as follows:

_ mey A

P= P =P (3.1)

here A\, = h/mc = 0.024A is the Compton wavelength, w = ck is the photon
frequency and p is the classical FEL parameter (see Eq. (2.89)). The p-parameter is
approximatively equal to the ratio between the momentum of the electron and the
momentum of the single photon, namely its represent the electron momemtum in
unit of Ak. As we have anticipate in section (1.3), the QFEL-parameter is different
representation of the Heisenberg’s Uncertainly Principle (HUP) (see Eq. (1.15)).
Note that from the eq. (2.82) the maximum induced energy spread in a FEL is

49
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A(7y) =~ py (see Eq.(2.100)), then from Eq. (5.17) we obtain:

_ mcA(y)  Alp:)
P="m = hk (32)

which agrees with the definition given in section (1.3). This means that the classical
momentum spread A(p,) is proportional to the photon recoil through the p constant.

From this picture we can summarize:

e p>1— Ap.) > hk

The momentum spread is much greater than the photon recoil, i.e. the number
of photons emitted by each electron is large and the quantum effects are unim-
portant, so that the interaction can be interpreted in the classical framework;

this is the most common situation especially at the low frequency emission.

e p<1—A(p:) < hk

The momentum spread is of order of the photon recoil, so that each electron
emits only one photon via Compton backscattering and quantum effect become

important. This regime occurs only in the high frequency emission range (i.e.
X-ray)

Now, if each electron emits a single photon the peak energy of the resulting
radiation field could be smaller than that in the classical case, where each electron
emits many photons, however we argue that there is a net improving of its quality;
we will show that in the quantum regime the spectral proprieties of the radiation
field is better than in the classical case. This improving of the spectral proprieties
becomes evident when propagation effects are taking in to account: in fact, as we
have shown in the previous chapter, the radiation field in the classical SASE has an
almost chaotic temporal pulse structure with a broad spectral width; on the contrary,
in the quantum regime, we shall see that the random spiking behaviour almost
disappears and a strong narrowing of the spectrum occurs, this is the phenomenon
of "Quantum purification” [30] [31].
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3.1 Hamiltonian model

We start from the classical steady state model (2.59-2.61) where we define a new
scaled momentum and field variables in order to introduce the QFEL-parameter:
__pj _ me(y =) -
L = — = — Ne AT .
p] p hkT ) a p (3 3)

These new variables are still canonical and preserve the Poisson bracket

{0;,p}=0:; {a,a"} =1 (3.4)

Note that as in the classical steady state theory we have supposed that the radiation
field is monochromatic, i.e. a single mode.
In order to quantized the system the electrons dynamical variables become op-

erators in the Hilbert space

0—0, p—p=—id/o0, (3.5)
the field amplitude and its complex conjugate becomes respectively photon creation

and annihilation operators
a,a* — a,al. (3.6)

Then the Poisson bracket (3.4) becomes Quantum Commutation Rules (QCR)

~

[0, Dr] = i0; ., [a,a'] =1 (3.7)

The Hamiltonian operator of N, electrons interacting with a single mode of radiation

(from eq. 2.64) is:
Ne (p2 5 i i
i = > {i iy /Nﬁe [&ewﬂ' - aﬂe—“’ﬂ} } (3.8)

In the classical theory we have defined the detuning parameter § = (v, — v0)p
as the average initial momentum of all the electrons in the beam 1i.e. each electron
come into wiggler device (or in the interaction region if we use a laser wiggler) with
the same initial § (see eq 2.67). In addition we have shown that it is also possible
to introduce a more realistic thermal distribution (see eq. 2.80) for taking into

account the initial energy of each electron. In the Quantum Mechanic framework this
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approximation is forbidden by the Pauli Principle when we treat fermion particles,
i.e. two or more fermion could not have the same quantum state. We will discuss
this problem in the next section. 3.1.1 when the second quantized scheme will be
introduced. For now we assume forward that under some specifical condition, (which
in the FEL are usually satisfied), the electrons can be treated as "bosons” [37] [38].
This permit us to assume the same initial condition for all electrons.

Let us, as in eq. (2.68), define the operators such that the average momentum

distribution is centered around 7y
P=p—p5 0=0-06z a=ae™ (3.9)

In fact, can be checked that:

<A,> _ mc(yj %) % — Y0 - mc(vj — %) (3.10)
hk 0Vr hk '

y —

Then, dropping the prime, the Hamiltonian (3.8) can be written in the following

way:
H=H.+ Hyog + Hin (3.11)
with
( e ~2
=3 %
=1 2P
H,oq = —0d'a (3.12)
Ne — . .
H = —1 — [&ewﬂ' — afe i
0 j=1 c

where H, and H,,q are respectivelly the electrons and the emitted photons kinetic
energy, while H;,; is the interaction term. From this Hamiltonian and using the

QCR (3.7) we obtain the equation of motion for the electron and photon operators:

dp; . 2 . 2 P o[~ b | At o—if
d—ZJ = —ilp;, H] = —ilp;, Hint] = — N, [ e +ale 6’] (3.13)
db; N .

= —il0;, H] = —i[0;, H,] =

hsY |§>

= (3.14)

d& . ~ . - PN ﬁ —i@j
= = —ila, H] = ~ila, H] :zaaﬂ/ﬁe;e (3.15)
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These equations imply the existence of the following integral of motion

%{Zﬁﬁ&*&} =0 (3.16)
J

which represents, as in the classical case, the conservation of momentum.

3.1.1 Linear analysis and Collective operators

We perform a linear analysis of the Hamiltonian (following [31]) introducing, similary

to the the classical case (eq.3.17), the quantum collective operator

B = \/Ne<e_ié) Bunching operator

(3.17)

—if —if
P=+/N, { e ™) _g () } Symmetric momentum operator

where (O) = 1/N, Zjvﬁ O,. We consider a, p; and (e_ié) as fluctuation operators,

i.e. we consider initial states for the electrons and the field such that
(a)o = (p)o =Y el =0 (3.18)
J
Writing the Heisenberg equations of motion and neglecting the high order terms

V Ne(p e~ p) and a'(e~2%), we obtain the following equations in the linear regime:

b _ip (3.19)
dz p

dp i

-~ = __B_-./p 2
e I Vpa (3.20)
% _ /3B +ida (3.21)
z

Comparing this set of linear equations with (2.76), follows that the quantum cor-
i
rection to the classical description is given by the term ——B. Looking for solution

p
of the above linear system of the form B(z) = Byexp(iAz), we obtain the cubic

characteristic equation

(A —9) (V — —) +1=0 (3.22)
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Notice that the above dispersion relation coincides with that of a classical FEL
(2.81) whit an initial energy spread for a case of a squared distribution of width
1/2p i.e. this extra term (with respect to the classical cold beam dispersion relation
2.79) represent the intrinsic ”quantum momentum spread” which, in dimensional
units, becomes hk/2. The features of the solution of the cubic equation are shown

in Fig (3.1)

10— 77—

lIma|
G

0.0
-10 -5 0 5 10 15

Figure 3.1: Immaginary part of cubic solution for different values of p:
(a)=00, (b)=1, (c)=1/6, (d)=1/10, (e)=1/14, (£)=1/20.

When p < 1 the resonance, i.e. the optimal gain, occurs for § = 1/2p; the full
width and the peak of the gain curve are respectively 4,/p and [Im(\)|maz = /s
Hence the bandwidth narrows as square roots of p while as we have anticipate the
peak decreases with the same scaling laws. Note also that the field and the bunching

grow exponentially as exp(y/pZ), so we introduce the quantum gain length

Iy Au

I, = N T (3.23)

that, in the quantum regime is larger that the classical one.

A more accurate study of the behaviour of the cubic equation and of its physical

meaning will be done when the propagation effects will be also treated.
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3.1.2 Fermions or Bosons

First of all we should answer to the following question: in a FEL should the electrons
be treated as fermion ¢ It is well known that the Pauli exclusion principle asserts that
there can not be more than one electron per each momentum state 7.e. the energy
spread would be must larger then how is usually assumed. The Pauli Principle
becomes relevant if we treat indistinguishable particles, i.e., if the single particle

wave packets overlap. This condition is satisfied if, and only if [37][36]
el < NA2 (3.24)

where A, = A./2m, A. = h/mc is the Compton wavelength, while ¢ and ¢, are
respectively the longitudinal and transverse normalized emittance. Let us discuss
the (3.24) condition starting from the 1D theory. One must impose that the classical
phase space area in unit of the minimum wave-packet quantum uncertainly area
AzAp/h must be smaller than the number of electrons of the beam N.. Since
p = ymc and € = AyAz, one has ¢ < N.A. and the 3D extension leads to Eq.
(3.24). Note that since Az = [, (where [, is the bunch length), N, = Il;/ec (where [
is the beam current, e is the electron charge and ¢ is the speed of light) and Ay = ~p,
Eq. (3.24) can be written as

Vped ec
I X

ec

)\3

<1 or 1> —ypel (3.25)

Checking this inequality for a reasonable value of parameter [39] v = 50, e, =
10~% m-mrad, then we obtain I > 10'2A that is completely out of the current
experimental possibility (different value of parameters can be found in [52] [53] but
the result is similar) so that the wave-packets do not overlap and the electrons
can be considered as ”distinguishable particles”. In the first quantized scheme this
fact implies that the total electrons wave function factorizes i.e. it can be written
as the product of single wave functions. In chapter 5 the particle statistic will be
treated in a more accurate way using the Wigner function in the second quantization

formalism.
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3.2 Quantum field Description

An alternative description to the N-particle Hamiltonian model (3.12) can be for-
mulated in the second quantized formalism. In this formulation the N, electrons are
described by a matter-field operator 111(9, Z) obeying the bosonic equal-time com-

mutation relation and the normalization condition:

{@(9), xiﬁ(e')} —5(0—9), / - Ut () §(0)do = (3.26)

whereas the photons emitted (i.e. the single mode field) are described as in (3.6) by
the creation and annihilation operators obeying the bosonic commutation relations
(3.7)

The second quantized Hamiltonian can be obtained in terms of first quantized
Hamiltonian (3.12):

2
H = / UHOVH (0, —i0y, &, a') T (0)d6. (3.27)
0

and the Heisenberg equation for the fields are:

O LY [P T o]
i = 2paer,/N[ ae}qf (3.28)

da 21 T b
z

This set of equation can be also obtalned using the path integral method [24] in the
mean field approximation i.e., assuming the minimal action principle (see Appendix
?7?).
Let us now expand the matter-wave field in the momentum basis,
BO) = > caunld), el =G (3.30)
where u,,(0) = (1/v/2m)e™ are the eigenfunctions of p with eigenvalue n and ¢, are

the annihilation operator for the state with eigenvalue n. The evolution equations
(3.28) and (3.29) become:

oé,, 2 [ b
8—02 = —Zn—cn + Nﬁ [a'¢,1 — aéni] (3.31)
% = ,/ Z &l i, +ida (3.32)

n=—oo
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The bunching operator appearing as a driven term of the evolution equation for
the photons (3.29)

B=— ey (3.33)

is the quantum expression of the classical bunching parameter which can be view as
a coherent superposition of different momentum states.

The Eqgs.(3.31)-(3.32) has been investigated for the first time in the semi classical
regime (steady state) [?] in which a and ¢,, are treated as a classical function. A fully
quantum treatment of the steady state linear regime of Egs. (3.28) and (3.29) has
been given in [29] where the photons statistic are also treated; the initial condition
assume the equilibrium state with no photons ((a)o = 0), all the electrons in the
state with n = 0 ((¢/¢)g = N.). Then considering ¢4y and @ as a fluctuation
operator, we obtain the same quantum linear equation (3.21), in which B=¢+ éT_l
and P = ¢ — éT_l are respectively the quantum linear bunching and momentum

bunching operator.

3.2.1 Quantum propagation model

A fully quantum propagation theory of FEL (in which both the electrons and the
emitted field are quantized) is desirable but is out of the aim of this thesis. The
propagation effects would need of a multi mode quantized photon field (the single
mode approximation leads to a quantum steady state theory as in ref. [24] [29]. An
alternative approach is the multiple scaling method which has been previously used
in the classical FEL theory [10]. This method is similar to the ”course-graining” ap-
proximation used in statistical mechanics, where the microscopic degree of freedom
was mediated introducing a cut-of. We will introduce the multiple-scaling approach
in the next section, at the moment, we want to stress the relation between the col-
lective operator approach developed in the previous section and the above Quantum
Field Description (see Egs. (3.31)-(3.32)). It has been shown, using the path inte-
gral approach [24], that for a sufficiently large number of electrons the matter-wave
field (3.30) and the photon field can be approximate by a classical field with the

following scaling law:

U — /N,  a— +/N.jA, (3.34)
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In fact for N, — oo the quantum fluctuation can be neglected since they go as
1/v/N,, and Egs.(3.31)-(3.32) are satisfied also by the (3.34). This means that
the FEL theory can be formulated essentially as a "mean field” theory that can
be handled in a semi classical framework, where electron motion is quantized while
radiation field is treated classically. As we have anticipated before, using this approx-
imation we loose information about photons statistic and the quantum fluctuations,
nevertheless, we keep intact quantum description of the electron-photon interaction.
In fact, it has been shown [40] that the mean field approximation in the path integral
formalism ( i.e. taking "the classical” trajectory between all those possible ones in
the quantum propagator (i|f) ~ exp {(i/h)S(i, f)} where i and f are respectively
the initial and the final generic quantum state) corresponds to the first quantum
correction O(h).

Using approximation (3.34) and introducing the time dependence in the radiation
field A,.(2) — A,(2,60) (where 0 = (k, + ky)z — vt with v, = ck,./(k, + ky)), from
the (3.28) and (3.29) we obtain:

_ ovTe /=
i% _ —;—p% i [AZ 0 —he] U(z0)  (3.35)
0A,(z,0) N 1 0A,(%,0)

0z 5 00 = [U(z,0)] e +idA,(z,0) (3.36)

The first equation (3.35) is equivalent to the single particle Schréodinger equations
for the matter-wave field interacting with a classical e.m. field, which can be obtain

by the following single particle Hamiltonian (see 3.12 and 3.34):

Ne A2
a= Z g,  O= g_p —ip [ Az, 21)e% — e (3.37)
assuming a non interacting particle ensemble i.e. assuming that the Schrodinger
electron wave function associated to the Hamiltonian (3.12) factorize i.e. (01,6, ...,0,) =
W(6)1(02) ... 1(0,). This fact implies that the dynamic of the system are ruled
merely by the single Schrédinger evolution equation i0v(0;)/0z = H;y(0;). Fi-
nally, we have shown that the mean field approximation, using the path integral
method, is equivalent in the second quantized scheme [24] to the non interacting
particle approximation in the Schrédinger picture (first quantized scheme) and both

the descriptions can be view as a semi classical approximation.
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3.2.2 Multiple Scaling Approach

In this section we introduce the multiple scaling approach which allows to take into

account the existence of two different spatial scale lengths:

e The variation of the electrons distribution on the scale of the radiation wave-

length A, describing the bunching on the variable 6

e The variation of the field envelope on the much longer scale of the cooperation
length I, = A,/4mp, described by z = 2p0 = (2 — (v)t)/l(F)), i.e., the
coordinate along the bunch, in unit of cooperation length (note that some

times @ ~ 1 ultra relativistic approximation).

Therefore we introduce two different time variables, # and Z7, in matter and
radiation fields A, (z,0, z1) and VU(z,0, z;) then the derivative respect to 6 becomes
0/00 — 0/00 + 2p0/0z,. As shown in the Appendix (A) expanding ¥ and A,
in terms of power of 2p, it is a good approximation taking the zero order terms
of the series. In fact usually the value of p is about 10~*. The multiple scaling
method permit us to modified the equations (3.35)-(3.36) including the propagation
dependence [28, 30, 31]:

OU(z,0,2) 1 0%0(50,5)

i +ip [Ax(z,21)e " —h.c.] U(z,0, 7)3.38)

0z T2 062
0A,(%, % 0A,(%, % 1 [ _ _io . - _
ézz ) + a(zzl ) = %/0 dO|U(z,0,2) e +i0A,(2,2) (3.39)

The above set of equations describe the light propagation in the quantum FEL
model ,i.e., yields the spatio-temporal evolution of the radiation field amplitude
A,(Z,z1) and the matter wave field ¥(z,6, z;). Notice that the wave function ¥
depends only parametrically on z; as a consequence of the spatial dependence of
the field amplitude A,(Z, z1). Moreover we assume that U is a periodic function
of 6; this hypothesis is reasonable if the bunch length is much greater than the
radiation wavelength and gives rise to a description of the electron beam in terms
of the cooperation length [. instead of wavelength A, (I, ~ p~'),). Egs. (3.38)
and (3.39) describe the pulsed regime of FELs for a particle sample that initially is

unbunched on the scale of the radiation wavelength X, , i.e., such that ¥(z = 0,6, z;)
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is independent of €. It can be shown that eq.(3.38) implies:

a 2
o2 ), do |V (z,0,z)> = 0. (3.40)

Hence the dimensionless density profile

Io(#) = /027r do |V (3.41)

is independent on Z. This means that the spatial distributions of the particle does
not change appreciably on the slow scale z; during the interaction with the radiation.
The classical propagation Eqgs. (2.51)-(2.53) does not contain any explicit parameter
while Egs. (3.38)-(3.39) depend on p. Note that p|A,|> = |a|?/N, is the ratio between
the photon and electron density. We will shown in the next section that Eqs. (3.35)-
(3.36) admit a classical limit for p — 0: this limit can be done in a natural way by

using a Wigner formalism instead of the usual Schrodinger like equation.

3.2.3 Momentum expansion

Egs. (3.38)-(3.39) are conveniently solved in the momentum representation, in fact

the ”#-periodic” electron wave function can be written as a Fourier series of momen-

tum eigenstates e™?:

U(z,0,50)=—— > cu(z 7)™ (3.42)

where |c,(z, 21)|? is the local probability to have an electron with momentum p =
n(hk) at z and z;. So inserting Eq. (3.42) into Eqs.(3.38)-(3.39) we obtain

dc,,

5 - _ZEnCn - ﬁ [Arcn—l - A:cn-l-l] (343)
A, 84, &R, .
Py + 95 n:z_:oo CnCh 1+ 10 A, (3.44)

where E, = n?/(2p) +nd, and B = >.7°° ¢,c:_, is the bunching factor. Egs.
(3.43)-(3.44) are the discrete QFEL model. They are our working 1D equations
and their fully statistical numerical analysis will be discussed afterwards in the next
chapter. As in the classical case, a first approach to this set of Eqs. can be done

using the linear approximation.
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Linear Analysis

We now perform a stability analysis of Eqgs. (3.38)-(3.39) when the electrons initially
occupy an arbitrary momentum eigenstate with momentum n(hk). Moreover we
assume that the system is in an equilibrium state with no field, A, = 0, and all the
electrons in the state n , with ¢, = 1 and ¢, = 0 for all m # n. Looking for solutions
of the linearized equations proportional to e!***®1) (where @ = (I./c)(W' — w,) =
(W' — w,)/(2pw,) is the frequency shift of the radiation field with respect to the

resonant frequency w, ), one obtains the quantum dispersion relation

(A—A,) </\2 - 4%02) +1=0, (3.45)
Ay=6+" . (3.46)
P

Note that the dispersion relation in Eq. (3.45) reduces to that of Eq.(3.22) when
n = 0 and w = 0. The behavior of the imaginary part of A as a function of A, is the
same as that shown in fig. 3.1, with A,, instead of §. We recall that, when p < 1,
the resonance moves from A, = 0 to A,, = 1/(2p), with a width of 4,/p in units
of A,,. This corresponds, in the momentum space, to a shift of hk/2 with a width
4p%2(hk). Let us explain in more exhaustive way the above relations: first of all we

note that assuming vy =~ v, >~ v then w — ¢ can be written as follows:

LY e = Y% Wm0 YT =% Y=
2w o 2p? b P ks P

in terms of the momentum spread A(p) = me(y—7y) we obtain w —§ = A(p)/(phk,)

then the detuning parameter (3.46) becomes:

A, =2 (n - Ah;pr)) (3.47)

The resonant condition then becomes

1 hk
Ay =— —Alp) = (2n — 1) ==
"= 25 (p) = (2n - 1)

(3.48)

The above relation shows explicitly that the electron momentum recoil is in unit
of the emitted photon momentum. Moreover from eq (3.47) it follows that the

separation between two different resonant emission is
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Let us now consider a fixed value of p and plot Im(A) for § = 0 as a function of
frequency shift w, as shown in fig. 3.2. It can be seen that the regions of the spectrum
corresponding to gain (Im(A) > 0) appear as a series of discrete lines corresponding
to different values of n. Fach of these lines is centred on @ = (2n — 1)/(2p),
equally separated by a distance 1/p, and has a width of 4,/p. The transition to
the classical limit of a broad, continuous gain spectrum can be seen from fig. 3.2 to
occur when the line separation becomes smaller than the line width, i.e. 45%2 > 1

or p> (1/2)43 ~ 0.4.
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Figure 3.2: Imaginary part of the unstable root of the cubic equation (2.81) vs.
w=(w—w)/(2pw) for 6 =0, (a) p=0.1, (b) p=0.2, and (c) p = 0.4. Each line
is centered around w = (2n — 1)/(2p) and has a width 4,/p. For p > 0.4 the lines

overlap and the spectrum becomes continuous.

The physical reason for these discrete frequencies is that in the quantum regime
the electron recoils by hk, so that electrons undergo a transition from an energy
E, < p* < n? to the state with energy E,_; o< (n — 1)2. Hence, the transition
frequency varies as 1 — 2n, as shown above. As discussed in [?], for p > 1 the
electrons have almost the same probability of transition from the momentum state
n to the momentum states n &1 (i.e. |c,q1|> = |e,_1]?), absorbing or emitting a
photon. On the contrary, in the case p < 1, |cpy1|> < |en_1]?, i.e. the particles can
only emit a photon with transition n — n — 1, behaving approximately as a two-

level system [30] described by the Maxwell-Bloch equations [5].
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3.2.4 The Energy spread

A complete description of the FEL dynamics must be include the inhomogeneous
effects due to the broadening of the resonance, caused by for instance a spread of
initial electron energy ~y. The significance of the inclusion of the inhomogeneous
effects is that it allows us obtain an upper limit for the initial energy spread in the
electron beam driving a FEL in the quantum regime. A complete analysis of the
inhomogeneous effect has been given in [32], whereas here we show only the basic
method. Egs. (3.35)-(3.36) have been derived assuming a mono energetic electron
beam, where all electrons entered the FEL undulator with the same momentum.
More precisely, the parameter d = (v —,.)/p7, describes the detuning of the initial
electron energy 7o from the resonant v, defined by the central frequency w, = k,c of
the emitted radiation. We wish to generalize the models used until now to include
the more physically realistic situation of an initial distribution for the electrons’
energy; so we take a normalized distribution centered around the resonant detuning
0, such that

/ ” G(6)ds = 1, / ” G(6)6ds = 6, (3.50)

o0 oo

In order to take into account the energy spread distribution (3.50) we modify
the Egs. 3.43 and 3.44 including the d-dependence in the coefficient ¢, (z, ;) —
¢n(Z,71,0), which can be interpreted quantum mechanically as the probability am-
plitude to find an electron with a detuning ¢ and a momentum p = n(hk). The
evolution equation of the ¢, (3.35) and the evolution equation of the radiation field

(3.36) change as follows:

dc,, . _ %

862 — _ZEnCn —p [Arcn—l - Arcn-l-l] (351)
04, 0A, X §

7=+ oz _n;)o /_ . do6G()cnc,, (3.52)

The field evolution equation is different from the ideal ”cold” case (3.36) because its
driven term, the bunching factor, has been weighted over the distribution G(d). This
implies a loss of gain that is proportional to the width of the distribution, whereas
if the width of the distribution tend to zero i.e. G(0) — 6(0 — ;) Eqgs.(3.39) tends
to Eqgs.(3.36).
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3.3 Wigner approach and classical limit

Up to now, the quantum 1D-model for FELs is based on a Schrodinger equation for
the matter-wave function W (eq. 3.35), describing the particles, and on the Maxwell
equation for the radiation field A, (eq. 3.36), coupled in a self-consistent way. It
is well-known that the Schrodinger equation can be transformed into an equation
for the Wigner quasi-probability distribution function. In general, there are several
reasons in order to describe the particles with a Wigner function W instead of a

matter-wave function WU:

e The equation for W shows explicitly the classical limit for p > 1;

e The Wigner function may describe also mixed states, whereas a wave-function
U always assumes a pure state, i.e. a perfectly coherent particle sample; this

assumption does not correspond to the real situation for FELS

e For the same reasons of the previous point, a Wigner distribution can be more
easily extended to a 3D geometry, in which the particles have a transverse
distribution in position and velocity space. In fact a realistic electron beam
has a transverse dimension and an angular divergence much larger than the

quantum limit implied by the Heisenberg Uncertainty Principle.

For these reasons, it is important to obtain an alternative quantum description of
the FELs in terms of a Wigner function for the particles. In the second chapter
we have obtained a Maxwell-Vlasov equation (see eq.(2.109)) where the classical
distribution function f(0,z,p) is periodic on 6 in (0,27). In the classical picture
the choice of 8-domain has no consequence on the momentum variable, but in the
quantum description they are intrinsically related, since if 6 is a periodic variable
in (0,27], then necessarily the conjugated momentum variable p is discrete. This
problem was solved by J.P. Bizarro introducing a ”Discrete Wigner function” for

rotational angular variable 6-p [41, 42, 44].

+/2 o
Wo(0,2) = ~ / 46’ =20 G (9 — ¢ 2) U (010, 5) (3.53)

7
w/2
The momentum is now represented by the discrete label m. This definition keeps

all the required useful properties of the Wigner function as a quasi-probability dis-

tribution, i.e. tracing it over one variable gives the probability distribution for the
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other:
+7
+oo
> Wal6.2) = 0(0,2)] (3.55)

This implies the normalization of the discrete Wigner function

00 +7

> / Wo(0,2)do = 1. (3.56)
Inserting in (3.53) the Fourier expansion (3.42) we obtain

1

Wn(6,2) = Py Z,, () e (D) e = Psine | (2m —m/ — m") g . (3.57)
Following ref. [41] [44], we write
“+oo
Win(0,2) = wn(2) + Y sinc[(m—m' —1/2) 7] w1720, 2). (3.58)
where
1
— _ * - -\ —i2m’6
wy(0,2) = o ; Crvpot (Z) Cin—n (Z)e (3.59)
1 & 4
wm+l/2(9>5) - o Z_: C:1+m/+1(2)cm—m/(2)€_z(2m e (3-60)

The introduction of two new functions w;, () and wy,41/2(0) is necessary in order to
distinguish the two contributions of evenness and oddness in the Wigner function
(3.57), and it is necessary in order to obtain a dynamical equation for the Wigner
function.

These integer and half-integer small Wigner functions are orthogonal to each

other:

+m
/ 40 w6, 20,16, 2) = 0 (3.61)

for all m,n, and contain all the information needed to determine W,,(,z). The

probabilities for the momentum m and the phase # can be derived directly from the
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W, (0) and wy,11/2(0) too:

en(B)2 = /_ " 0w (0, 2) (3.62)
VO = 3 {10n0.2) + 10,2} .63

The importance of the integer and half-integer small Wigner functions is that, while
for the W,,,(0, 2) it is not possible to find a closed evolution equation, it can be done
for ws(0,zZ) where s = m (eq. 3.59) or s = m + 1/2 (eq. 3.60) (with m € Z) is
half integer number. Deriving Eqgs.(3.59)-(3.60) with respect to z and inserting Eqs

(3.51) for the amplitudes ¢, (Z) we obtain, after some algebra,

awsg(z, 2 %awsa(g, D (A + A7) L1 o(6,2) — wo10(6,5)} = 0

(3.64)

where s = m or s = m + 1/2. The finite difference term in the potential represents

the momentum exchange between the electrons and the emitted photons; in fact,

treating s/p as a continuous variable and using the eq.(3.3) and the definitions of p
(2.112) we obtain:

1 1

24‘—_—)
p o 2p  meyp

(mc(v o)+ hf) (3.65)

which shows that the momentum recoil is in unit of discret packet equal to the
photon momentum hk,.

The bunching of the electron beam can be written in this new formalism too:

o] +00 47
(™) = Z CnCh 1 = Z / dfe " w,,112(0, 2) (3.66)

so that Eq.(3.64) can be closed by coupling it to the equation for the radiation field

dA, = [
Loy / e P wy15(6, 2) + IS A, (3.67)

Egs. (3.64) and (3.67), in the case of a pure state, are equivalent to Egs. (3.43) and
(3.44).
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Classical limit

The most important requirement that each Quantum theory must be satisfy is the
existence of the ”Classical limit” i.e. should exist one parameter which, in general,
represent the characteristic scale of the theory. When the scale length of the physical
phenomenon is of the order of the Plank constant A then the theory must take into
account the quantum effect whereas when the scale length is much greater than A
the quantum effects are mediated and disappear, so the classical description can
be used. The parameter which rules the transition between the classical and the
quantum description in our Quantum FEL theory is the QFEL parameter p (see eq.
2.112). When p is less then unity the momentum spread of the electron is of the
order of the photon momentum (each electron emit one photon) and the quantum
effect becomes relevant, on the contrary when p is much greater than unity the
momentum spread of the electron is much larger then the photon momentum (each
electron emits many photons), and we are in a classical framework. The classical
limit p — oo can be done in a natural way using the Wigner formalism as follows:
Note that for p > 1 the discrete momentum variable s can be converted in a
continuous variable normalizing it to p p = s/p, as a consequence, the discrete
Wigner function becomes a continuous function of p, ws(0) — W (p,d). Now we
take in to account the potential term of the evolution equation (3.64) and omitting

the time and spatial dependence we perform the classical limit p — oo:

W(p+55) = WP~ 55) af(p
p{wsriys — wemrpo} — { Y } - %p) (3.68)

Hence for p > 1 the discrete Wigner evolution equation (3.64) reduced to the corre-
sponding Vlasov equation for the classical distribution f(6, p, z) whit p € (—o0, +00)
and 6 € (0, 27].

af faf * 10 af o

55 P55 — Llg" A +cc)] 35 = (3.69)
+m

8’%’“ + a%r = / do / dp e f —idA, (3.70)

aZ 821 . R

These equations agree with equations (2.109) in the one dimensional limit i.e.
from Egs. (5.16) imposing X =0, b =0, ¢g(z) = 1.
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The Wigner picture generalize the Schrodinger picture i.e. Eqgs. (3.64 and (3.67)
contains as particular case (pure state) Eqgs.(3.43) and (3.44)); therefore it will can
extended to a more realistic three dimensional model. The equivalence of the two
different pictures can be shows numerically as follows: Since w;(6, Z) is periodic in

0, it can be expanded in a Fourier series:

w,(6, 7) = % S wh(z) exp(ikh). (3.71)

Using (3.71), Egs.(3.64) and (3.67) become:

ow*

a; + ’Lk%uﬁ —p [AT <w§;11/2 - wf__ll/Q) + A <wfj:f/2 - wffll/z)} = (3.72)
dA, <
= = D whiy +i0A, (3.73)

m=—0Q

The Fourier components w”(z) are related to the Fourier components ¢,,(Z) of the

wave function ¥(6, 2),

2k *
Wi = CrikCm—k (3.74)
2k+1 o *
Wl = Crgks1Cmek- (3.75)
In particular, w,, = |¢,,|? are the momentum probabilities and w,, , /2 = Cmi1Cm

are the m-th bunching components, describing the overlapping between the m and
m + 1 states.

A numerical analysis has shown full agreement between the solutions of Egs.
(3.72)-(3.73) and Eqs.(3.43)-(3.44). As example Fig.3.3 shows the intensity p|A,|*
sthe bunching [b] = |32, w) sl wh, wy and |w! | vs. Z = /pz for p = 0.1

and § = 5 (quantum regime). The initial conditions are wd(0) = |co|?> = 1 — €2,
w?,(0) = |e1|* = €, such that [co> + |c1|* = 1 and w!, ,(0) = cje1ev1 — €,
where € = 1072, In this regime only two momentum states, m = 0 and m = —1 are

significantly populated. The crosses in fig.3.3 represent the intensity p|A,|? and the
bunching |b| = |, cnch,_|, as calculated from the solution of Egs.(3.43)-(3.44).
Fig.3.4 shows |A,|*> and b vs. z for p = 5 and § = 0 (classical regime). In both the

quantum and classical regime the two solutions overlap perfectly.
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Wor W45 ‘szl

Figure 3.3: Quantum regime, for p = 0.1 and § = 5. (a): Intensity p|A,|? (continuous
line) and bunching |b| (dashed line) vs. Z = y/pz. The crosses represent the solution
of Eqs.(3.43)-(3.44). (b): w (continuous line), w?, (dashed line) and |w!, ,| (dotted

line) vs. Z.

Figure 3.4: Classical regime, for p =5, § = 0. Intensity |A,|* (continuous line) and

bunc hing |b| (dashed line) vs. Zz.
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Chapter 4

Numerical Analysis of the 1D
QFEL SASE regimes

In this chapter we solve numerically the set of 1D QFEL equations (3.43) and (3.44)

derived in the previous chapter.

acn . _ *
g = _ZEncn —p [Arcn—l - Arcn-‘rl] (41)
8A Z CnCr_1 + 10 A, (4.2)

where E,, = n?/(2p) +nd, and b= >" c,ct | is the bunching factor. Note that
in the 1D approximation these equations are equivalent to Eqgs.(3.72) and (3.73) if
the Wigner function is defined in terms of a pure state (see section (3.3)).

We will show that the discrete gain spectrum of the quantum regime shown in
Fig.(3.2), can give rise to a phenomenon of ”Quantum purification” in which the
random spiking behaviour, proper of the classical regime, almost disappears and
strong narrowing of the spectrum occurs. Moreover we will show that the spectral
line-width of single spike is Aw/w ~ A, /l,, similarly to the spectrum line-width of
a wave train long [, with wavelength A,.

The simulation assumes that all electrons are initially in the momentum state

n = 0 i.e. the electrons are treated as bosons and the energy spread effects are

neglected. The initial conditions for all the simulations are:
AT(Zl, z = 0) = 0,

71
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=4/1— b2 (4.3)

where by = 0.01 and ¢(z;) is a randomly fluctuating phase with values in the range
0, 27).

|
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Figure 4.1: Numerical solutions of Eq. (3.43)-(3.44), for I, = 30l. and § = 0, in the
classical regime (p = 5 and z = 30) (a, c¢) and in the quantum regime (p = 0.1 and z =
150) (b, d): Graphs (a) and (b) show the scaled intensity and Graphs (c) and (d) show the
corresponding scaled power spectra as a function of scaled frequency @ = (v’ — w,.)/2pw;,
where w, is the resonance frequency. The dotted line in (a) and (b) mark the front edge
of the electron pulse. The frequency shift in (d) is in agreement with that predicted from
Fig. 3.2(a).

Fig. 4.1(a) and (b) show the field intensity as a function of z; at z = 30 for the
classical regime and z = 150 for the quantum regime, respectively. Fig 4.1(c) and
(d) show the corresponding classical and quantum power spectra of the radiated
field versus @ = (v’ — w,)/2pw,, where w, is the resonant frequency. It can be seen
that there is a dramatic difference between the classical evolution (Figs 4.1(a,c))
and the quantum evolution (Figs 4.1(b,d)). The temporal structure in the clas-

sical limit (Fig.4.1(a)) is almost chaotic, with a broad spectrum. In contrast, the
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Figure 4.2: The transition from quantum SASE to classical SASE: Scaled power spectra,
P(®), as a function of scaled frequency @ = (v’ — w,)/2pw, for z = 150, calculated from

a numerical solution of Egs. (3.43)-(3.44) for § = 0 when (a) p = 0.1, (b) p = 0.2, (¢)

p=0.3,and (d) p = 0.4.

temporal behaviour in the quantum limit (Fig.4.1(b)) shows a purification of the
initially noisy evolution, and the corresponding spectrum is composed by narrow
lines, the positions of which are in agreement with those predicted by linear theory
(see Fig.3.2(a)). Note that the line separation 1/p corresponds in real units to the
relativistic recoil frequency. In fact, in the simple case when ¢ = 0 and using the

relations (3.46), the resonant shift between two different emission can be written as

/
_ _ W — Wy

A=Ay =& — " = -
2pw,

"
W — Wr o Wrec

(4.4)

2pw, 2pw,.

where w,.. = w' — w”. Finally using Eq.(3.49) and the definition of p we obtain [29]

Wree = 2RK2 /My, (4.5)
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Note that the recoil frequency in atomics physics is associated to the relativistic
energy recoil E,.. = p2,./2m~, for an electron interacting whit photons whose
energy is fw,, through the relation wye. = E,c./h; where the momentum recoil in
the moving electron frame is p,... = 2hk,.

The left hand side of Fig. 4.1(b) is the rapid beat between the two frequencies
of Fig. 4.1(d). For small values of Z only the frequency with @ = —1/(2p) appears.
Increasing z additional lines down shifted by 1/p also appear.

The transition from the quantum regime of SASE to the classical regime is
demonstrated in fig. 4.2, which shows the scaled power spectra, P(w), for different
values of p for z = 150. It can be seen that there is a transition from discrete,
narrow lines to a quasi-continuous spectrum when p > 0.4, in agreement with the
predictions of the linear analysis described in the previous section.

The reason for ”Quantum Purification” of the SASE spectrum is as follows [39]:
The maximum induced energy spread in an FEL is A(v)/v ~ p (see Eq.2.89), this
relation can be written also in terms of momentum spread A(p) = mc(y — ) and
the QFEL parameter p (Eq.5.17) as

A(p)
hk,

~p (4.6)

The QFEL parameter can be interpreted as the ratio between the classical momen-
tum spread and the photon recoil , so that quantum effects become important when
p < 1, since in this case the discreteness of momentum exchange is relevant. This
allows to explain in a simply way the origin of the broad and spiky classical spectrum
and the reduction to a single line in the quantum regime. The radiation emission
is due to the transition between adjacent recoil momentum states (p™ = nhk,),
which are equally spaced by the photon momentum . The emitted frequencies in
the transitions n — n — 1 are also equally spaced, since they are proportional to
the difference between the corresponding kinetics energies. In the classical regime
(p > 1) many momentum states becomes occupied (see Eq. (4.6)), and the multiple
transitions between the different momentum states lead to a multi-frequency spec-
trum with equally spaced lines and an envelope width equal to Aw/w ~ 2A~y /v ~ 2p.
The several transitions occur randomly under the gain curve and this leads to the
multiple-line chaotic spectrum observed in the classical SASE. Note also that, since

the radiation is emitted in a time [,/c , each line has a Fourier transformed line-
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width (Aw/w = A./l;). Hence, assuming there are always enough random bunches
to negate presence of long space with zero intensity between the spikes one can es-
timate that the average number of spikes N in a bunch of length [, in the classical
regime are given approximatively by the ratio between the envelope spectral width
and the single spike spectral line-width [17], i.e.

2p . lb
A/l 27l

N, ~ (4.7)

Conversely, in the quantum regime p < 1, the momentum spread A(p) cannot be

larger than the photon recoil hk, and a single transition occurs, whose line-width is

Aw ~ A (4.8)
W JQFEL b .

Hence, the ratio between the quantum and the classical line-width is given by Eq.
(4.7). For instance, for a beam with @ = 1 nC and [,=1 ps in the Angstrom region
the QFEL line-width (see Eq.(4.8)) is of the order of 10~ , whereas the line-width
of the envelope of the classical SASE spectrum is of the order of 1073, Hence QFEL
naturally produces transform limited radiation which would be useful for ultra-high

resolution studies of processes.

4.1 Statistical proprieties of QFEL Radiation

The Self Amplified Superradiant Emission (SASE) mode for FEL is made up of
three basic ingredients [17, 30, 31]:

e High-gain regime i.e. collective instability
e Propagation or ’slippage’ effects
e Start-up from noise

This imply that the process of amplification in the SASE FEL starting from shot-
noise in the electron beam have essentially a stochastic nature. Therefore a rigorous
analysis of the FELs process must be done in terms of probabilistic statement. A
complete study of the statistical proprieties of the SASE in the classical frame-work

has been done by Saldin et al. in [18, 19]. Here we present a fully analysis of
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the SASE FEL radiation spectral proprieties in both quantum and classical regime
comparing the different results.

We have run on a parallel computer the equations (4.1)-(4.2). Each run yields a
statistical ensemble of N; shots, whose statistics is then investigated. In particular,

we calculate:

1. The average value and the standard deviation of the integrated energy in the

quantum regime p = 0.2 for different value of the bunch length (Fig. (4.4))

2. The average value and the standard deviation of the istantaneous power in the

quantum regime p = 0.2 (Fig. (4.5))

3. The average and single shot spectrum value in the quantum regime p = 0.2

for different position in the magnetic wiggler (Fig.(4.7))

4. The standard deviation of the average spectrum in the quantum regime p = 0.2

for different value of the bunch length (Fig. (4.8)) and for different value of p
(Fig. (4.9))

5. The standard deviation of the average spectrum in the classical and in the

quantum regime (Fig. (4.10)) (normalized to the saturation length)
6. The line-width of the single spectral spike (Fig. (4.11))

As in the previous simulation we assume that all electrons are initially in the mo-
mentum state n = 0 with the initial conditions (4.3). Moreover, the initial bunching
amplitude |by| is randomly generated with a negative exponential distribution for
|bo]? [20, 18] (see fig.4.3).

The 1D quantum model depends only by the QFEL parameter p. Then we
introduce a convenient quantum scaling, i.e. we rescale all variables and parameters

in terms of p:

F=\pz, H=+p7, 0=0/Vp=Il(w—w)/c, A=A, (4.9)

The new scaled amplitude is such that |A|? = p|A,|> = (Npnot/Ne) is the average

number of photons emitted per electron, and

and [. = (4.10)
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Figure 4.3: Initial distribution of |by|* generated in the code.

are respectively the quantum gain length (3.23) and the quantum cooperation length.

Using the quantum scaling low in Eq. (4.9) our working equations (4.1)-(4.2) be-

come:
ocy, =~ < -
5 = —iE,c, — [Acn_l — A cn+1] (4.11)
0A  9A X -
el — * 0A 4.12
FERGYS n;oo CnCp1 + 10 (4.12)

where E, = n?/25%/? + nd with § = 6/,/p.

4.2 Average Energy of SASE radiation

The average energy E vs. Z is defined as

1 l~b+2 _
ﬂazt/ 514G, 5. (4.13)

ly Jo
As we have been shown before in the quantum regime the radiation spectrum is com-
posed by a single narrow line, centered around @ = —1/ (2[)3/ 2), which corresponds
to a frequency w ~ w, — wye. down shifted with respect to the classical resonant

frequency w, by the relativistic recoil frequency, wy.. = 2hk2/m~yy (see eq.(4.5)).
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The spectrum in the exponential regime, up to saturation, is well approximated by

a Gaussian curve. In fact, from the linear theory (see section 3.2.3) [27, 29, 32, 33].
~ 1 — 1
4@, DI~ Fbo(@[eV IS & L lin(@)P)e e AT (414)

where 0 = /2/Z. An approximated solution for equation (4.13) can be obtained as

follows: the initial bunching amplitude is given by

[bo(21 ol Z expli —o(a)))] = ﬁ + Fg ;exp — ¢(21);)], (4.15)

starting from noise the initial phases ¢°(z;) is random variable, so that the last sum
with i # j vanishes and the initial bunching amplitude average over a A, distance
can be approximated by (|by|) ~ 1/1/Ny., where Ny, = I/(ec)), is the number
of electrons within a longitudinal distance A, I and e are respectively the current
of the e-beam and the charge of the single electron. Since by(@) is the Fourier
transform of by(%;), then using Parsifal theorem A@(|by(@)[?) ~ I,/Ny,. Moreover
taking Aw ~ 1/(2p+/p), from (4.14) we obtain, in the limit of very long beam,

2 “+o00 - / ~
E(3) ~ l/ do|A(@, )P = 22 WS iﬁ%, (4.16)
lb —00 N)\\/_ 2]\[6\/g

where N, = N, _(A./ l;) is the number of electrons in the cooperation length I
Fig.4.4a shows E vs. Z for p = 0.2 and three different beam lengths: I, = 22.36
(black continuous line), I, = 17.89 (blued dashed line) and I, = 13.42 (red dotted

line). The values are the average of a sample of 303 shots. The saturation is reached

after approximately nine quantum gain length (i.e. Z =9). The maximum of F is
approximately 0.7, so that on average the number of emitted photons is the 70%
of the total number of electrons in the beam. We note that E is independent on
the beam length I, for a sufficiently long electron beam. Fig.4.4a shows also the fit
of E in the linear regime made by the function (a/v/Z) exp(f%), as it results from
the analytical expression (4.16). The fit yields @ = 3 x 1077 and 3 = 1.9, in rather
good agreement with the expected value from the approximated equation (4.16),
a=5x10""and 8 = 2.

Fig. 4.4b shows the relative fluctuation og/E vs. Z for the three different beam
lengths. It is seen that the fluctuations reach their maximum at the end of the
linear regime. The first local minimum corresponds to the saturation point (2 =9).

Notice that the fluctuations decrease when the electron bunch length increases.
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Figure 4.4: (a): Average energy E vs. % for p = 0.2, [, = 22.36 (black continuous
line), I, = 17.89 (blued dashed line) and I, = 13.42 (red dotted line). The green line
shows the approximated solution (4.16); (b): Relative fluctuation og/E vs. Z for
the three different beam lengths of (a).

Fig.4.5 shows the instantaneous power P = |A|?, averaged over the statistical
sample, and their fluctuations op/P vs. Z in the middle of the electron beam
(71 = 1,/2). In the linear regime of SASE mode operation the value of the deviation

is close to unity, and its minimum at saturation.

In fig.4.6 we show the histograms of the probability density distributions, p(P), of
the instantaneous output power and p(F), of the average energy, at different dimen-
sionless wiggler length Z. We observe that in the linear regime p(P) is still a negative
exponential distribution (see the case Z = 5 in fig.4.6), whereas the energy distri-
bution p(E) follows a Gamma distribution p(x) = (MM /T'(M))zM ! exp(—Mz),
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Figure 4.5: Instantaneous power P = |A[?> (a) averaged over 303 shots and their

fluctuations op/P (b) vs. Z at 7, = [,/2, for = 0.2 and [, = 22.36.

where x = E/(E), M = 0,2 ~ 8.37 and 0, = og/(E) = 0.346.

After saturation, the energy distribution can be approximated by a Gaussian
distribution. Note also that whereas in the linear regime the energy fluctuations
o(E)/E is inversely proportional to VT, and grows with Z, after saturation it is

almost stationary and independent on [, (see fig.4.4b).

Finally, we have investigated the dependence of M on the beam length 7, and on
the wiggler length 2. A numerical fit shows that M ~ C(l,/%) with C ~ 1.5 + 0.2.
Whereas the linear dependence on the beam length is the same as in the classical
case, the dependence on Z is rather unexpected, since the frequency bandwidth is
o= \/%, so that M « [;,02, instead of the more usual relation M l~ba obtained

in the classical regime.
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Figure 4.6: Histograms of the probability density distributions, p(P), of the instan-
taneous output power and p(FE), of the average power, at Z = 5,9, 13. Calculations

have been performed over 303 independent statistical events.

4.3 Spectral proprieties of SASE radiation

The single-shot radiation spectrum is mainly composed by a single narrow line, as
it can be see in fig.4.7, showing the spectrum vs. @ at different z for [, = 221,
and p = 0.2. The figure shows two typical single-shot spectra and the spectrum
averaged over 303 shots. We observe that initially (e.g. for Z = 1) the spectrum
is broad and contains many spikes . However, during the exponential regime the
spectrum cleans up and the single shot produces a single main spectral line. Note
also that the spectral line of the single-shot spectrum is much narrower than the

average spectral line.
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Figure 4.7: Average spectrum and single-shot spectrum for I, = 221, at different ,
p=02

The average spectral width o vs. Z is plotted in fig.4.8 for different beam lengths
l,. Tt can be seen that ¢ is independent on I, and it reaches a minimum (~ 0.5)
at saturation (i.e. at Z = 9). The dashed line is the approximated solution \/ﬁ
obtained in the linear regime (see eq.(4.14)). After saturation, the spectral width

increases and the shape acquires some structure.

Fig.4.9 compares the average spectral width o, = \/pd vs. z/zz obtained in
the quantum regime (p = 0.2) with the one obtained in the classical regime (p =2).
The width in the quantum regime is a factor y/p smaller than the classical one,

The scaling as \/p, in the quantum regime p < 1 is demonstrated by fig.(4.10),
where o' = 0,/4/p is plotted for three different case p = 0.1 ,0.2 and 0.3 with
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Figure 4.8: Average spectral width for different bunch lenght, p = 0.2
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Figure 4.9: Average spectral width for different p = 0.1,0.2,0.3, [, = 221,

Finally we have studied the evolution of the single shot spike width osPikes:
fig.4.11 shows oPkes vs. 1/ I, for different value of [, where [, = [, / I.. This simulation
confirms our prediction of Eq.(4.8); in fact the data are well interpolate by the linear
relation gPikes ~ 27/ I which, back to dimensionless variables, can be written as
Aw/w = N/l [17, 35, 31].

Note that in this analysis the energy spread effects have been neglected, so this

scaling low is not bounded below. In fact should there exist an intrinsic limit to the



84 Chapter 4. Numerical Analysis of the 1D QFEL SASE regimes

] p=0.1,02,03 L =22L'
. o=alp G |
z'=z/L'g
S

Figure 4.10: quantum average spectral width (p = 0.2) and classical average spectral
width (7 = 2), I, = 301,
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Figure 4.11: spectral width of the spike at 24, = for p = 0.2 vs. lb/l;.

narrowing of the single spike due to the longitudinal energy fluctuations i.e. when

the e-beam is characterized by a longitudinal temperature different from zero.



Chapter 5

Quantum 3D Free Electron Laser
Model

The one-dimensional analysis of the quantum FEL suggests that an experiment
in the X-ray region, confirming the existence of the “quantum purification” phe-
nomenon (see chapter (3) and (4) and [30, 31, 47]), could be envisaged in a near
future. Therefore, the extension of the 1D quantum model to a “more realistic”
3D scheme is more than ever necessary. In the classical framework, the extension
from 1D to 3D is rather straightforward, as shown by the different classical models
present in the literature [56, 57, 51, 52]. Several SASE-FEL experiments based on
these theories are actually in progress [53, 54, 55] and some numerical friendly codes
were been developed for the 3D simulations, as for instance GENESIS [50]. In this
experiment the device is composed by magnetic wiggler, for instance in the LCLS-
project at SLAC the magnetic wiggler is long about 102> m while, as we have shown
in Section (2.3.3), a future QFEL experiment needs a laser wiggler instead of the
static magnetic wiggler and the beam requirement are much stronger that in the
classical case. In particular the energy spread and the emittance requirements of
the electron beam are under the actual experimental possibility, but we trust in the
next future technology evolution. The experimental requirement for an X-ray future

experiment will be treated exhaustively in the next chapter.

The extension from 1D to a 3D theory in a quantum framework is not so straight-
forward as in the classical case. This fact is principally linked to the different nature

of the electron-radiation interaction along the longitudinal and transverse directions.

85
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In fact, whereas along the longitudinal axis the photon recoil effect is dominant and
needs a quantum description, on the contrary in the transverse dynamics the quan-
tum effects appear less relevant. For these reasons, a model describing either the
quantum behaviour along the longitudinal and the approximately classical behaviour
along the transverse coordinates, is demanded.

As we have shown in chapter 3 and following [24, 29], in the 1D quantum model
the electrons are treated as “non interacting” bosons, i.e. the electron-electron in-
teraction is neglected and the electrons of the beam communicate each other via the
radiation field. In particular the e-beam is described by a Schrodinger mean-field
operator obeying the bosonic equal-time commutation relation. The extension of
the 1D model into a 3D geometry does not leads to a correct model, because the 3D
Schrodinger equation describes a pure state (i.e. AzAp, ~ h ) with a transverse
normalized emittance €, = ~ve, equal to the Compton wavelength ¢, ~ X. and a
transverse momentum distribution with a width near to the Heisenberg’s Uncer-
tainty Principle (HUP) limit i.e. Az, ~ Ac/(07,). However we are interested to
describing only electron beams in which the transverse momentum distribution is
thermal, i.e. with a width Az}, ~ €,/(07,) much larger than the quantum limit.
Therefore our system should be described by a mixed state with AxAp, > A which
can be conveniently represented by a Wigner distribution function. The Wigner
distribution function was introduced in section 3.3 in terms of the pure state W(0)
(see Eq.(3.53)). However it can be defined also in terms of the density operator o
that describes more general mixed state [44] (for a pure state o = [)(¢|). Up to
now we have used the first quantization formalism, but we shall see in the following
that the Wigner function can be also defined in the second quantization formalism,
in which the multi particles nature of the FEL process can be treated in a more
natural way. In this chapter we develop a 3D Quantum FEL theory starting from
a new point of view following the quantum statistical approach developed in [45];
obviously our intent is to obtain a set of coupled equations which describes the evo-
lution of a 3D electron beam interacting with a e.m./ laser wiggler field. This set of

equations must be admit three fundamental limits:

1. transverse classical limit i.e. there should exist a parameter ruling the tran-
sition from the quantum to the classical behaviour for the transverse motion

only;
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2. 1D limit é.e. the 3D equations should reduce to Egs.(3.64)-(3.67) when trans-

verse effects are neglected;

3. full classical limit 7.e. the 3D Maxwell-Wigner equations should reduce to the

3D classical Maxwell-Vlasov equations.

The chapter is organized as follows: in section 5.1 we introduce the Wigner dis-
tribution function in terms of the second quantization formalism, then we discuss
some reasonable simplification which lead to the One Particle Wigner Distributions
(1PW) definition. In section 5.2 we obtain the three dimensional FEL Hamiltonian
in second quantization scheme. In section 5.3 we derive the evolution equation for
the 1TPW using the Von Neumann evolution equation and the 3D Hamiltonian ob-
tained in section 5.2. In section 5.4 we obtain the 3D evolution equation for the
slowly varying amplitude of the radiation field A, using the multiple scaling method.
Finally in section 5.5 we perform the Classical Transverse limit in order to obtain

the required set of equations which describe the 3D QFEL dynamics.

5.1 3D Wigner Distribution

In spite of the common Hamiltonian structure there are considerable differences be-
tween the classical and the quantum formalism. In the classical case the observables
are describe by functions while in the quantum case these functions becomes oper-
ators acting on the abstract Hilbert space. It is well known that due to the “Weyl
correspondence rule” there exists a representation of the quantum mechanics that
is much closer to the classical mechanics. Here we review only the basic concepts
which are necessary for our attempts. We start by noting that an arbitrary operator
O, in the second quantization formalism, can be written in terms of the Schrodinger

operator as follows:

0= O() + /dX1 \I’T(Xl) Ol \Il(Xl) + ...

+ (s!)_l/dxl...dxs i) B (x)0,8(xy) ... ()
+ ... (5.1)

Here the Schrodinger operator can represent both fermions or bosons, depending on

the choice of the commutation rules; for example, the Schrédinger operator defined
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by the Eqs.(3.26), is a boson operator. Here we define general commutation rules
valid for both cases:
[\II(X), \IIT(X’)} — §(x — X
0
(0. W ()| = |20, ()| =0 (52)
0 0
where § = £ with [a, b]_ = ab — ba for bosons and [a, b+ = ab + ba for fermions.
The average value of the (5.1) operator is expressed in terms of the density matrix

0 as
(O) = TrpO
_ Z(s!)‘l/dxl...dxs T {0 (x)) . W ()0, () . W () }5.3)

S
Note that it is always possible to move the time dependence from the operator to

the density matrix i.e. if the operator is time dependent then
TroO(t) = Tro(t)O (5.4)

(see ref.[45] for the demonstration).
Now using the “Weyl correspondence rule” we write the first quantized operator

in term of classical variables

0= /dkldjl . dkdju Bk, - K exp (—ian G+ - 13n> (5.5)

n=1
where q,,,, p1, are position and momentum canonical conjugate variables and
B(kiji, ..., ksjs) is a function such that f(—...) = *(+...) in order to ensure
the hermitian character of the operator 0.

The above representation permits us, making same algebra [45] [46], to obtain

the representation of the average value of a general quantum observable:

o)

(0) = Z(S!)_l/d(hdpl ...daqsdps Os(aipy, - - - asPs) Ws(aips, - - -, 4sps) (5.6)

s=1
where we have defined the s-particle Wigner function W(qip1, - .., qspPs) as fol-

lows:

Ws(qlpb E) qsps) = (87T3)_8 / djl cee djsexp <_Z Zjn . pn)

n=1

1. 1, 1., 1,
xTr {Q‘I’T(Ch = 5hin) - Uf(q, — M)W (an + 5hin) - (g, + 57745)} (5.7)
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with normalization:

N!

/dqldpl -..dq.dpWy(aips, - - -, qsPs) = N9 (5.8)

The (5.6) representations is the quantum analog to the average value of a general
observable in classical statistical mechanics. However this is only an analogy, in fact
it is well known that the phase space (¢,p) of a system can not have the same
meaning in the classical and in the quantum mechanics. In the latter case we can
not represent a pure state of the system by a point in phase space because of the
Heisenberg’s principle. In spite of this fact, the statistical representation of a many-

body system is possible in term of a distribution vector,

W = {Wy(qip1,....9sPs);s=1,....,} (5.9)

whose component are s-particle Wigner functions. In terms of these functions, and
in terms of the sets of observable Os(qi1p1, . .., qsps) the “formulation” of quantum
mechanics is identical to the classical one.

As shown before, since the time dependence can be included within the statistic
operator, the evolution equation for the reduced Wigner function is related to the

basic Von Neumann equation for the density matrix:

i o(t) = [H, oft)] (5.10)

Let us note that the Von Neumann equation is independent of the representation
chosen for the operator. The Von Neumann equation shows that the evolution equa-
tion depends by the Hamiltonian of the system, so usually (for almost all physical
systems) the Hamiltonian is made up by the sum of one-particle and two-particle
operators which in general are respectively the kinetic term and the interaction po-
tential term. This means that instead of all s-component in the Wigner distribution
vector we could considerate the first two terms only (s=1,2). This shows that in
classifying the operators as in Eq.(5.1) we bring out a feature of a great simplicity,
which is very helpful, especially in dealing with a system of many particles. The
s-representation of the operator in Eq.(5.1) can be interpreted as the sum of s terms

O =0+ 01+ 03 + ... each of them represents: for s = 1 a system of N non
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interacting particles, for s = 2 a system of N interacting particles where the interac-
tion is limited only between two neighbours ..., an so on. Since the FEL dynamics
is described by a single particle Hamiltonian (see Eq.(3.12)), we consider only the
first term (s = 1) of the Wigner vector (5.9), which corresponds to the One Particle
Wigner Distribution (1PW) (for simplicity W, = W).

o } 1 1
Wiap) = (57)" [ di e (<50 T {0 Wila - Jr)¥(a+ 510} 610
with normalization:

/dq dp W(q,p) = N. (5.12)

Then, the average value of a general quantum observable can be written as:

(0) = /dq dp Os(a,p) W(a,p) (5.13)

Note that an extension of the model in which the two particle Wigner function is
also included can be of interest principally for two reasons: 1) In this work the 3D
space charge effects have been neglected. However, if these effects are considered, a
two-particle operator is needed, (this operator represents the Columbian potential
between electrons) in the 3D QFEL Hamiltonian, 2) as we shall see in section 5.3 and
in appendix C the 1PW formalism is independent on the statistic of the particles .e.
different choice of the commutation rules (§ = + for fermions or § = — for bosons)
bring to the same evolution equation for the 1PW. The first difference between

fermions and bosons appears in the two-particle (s = 2) Wigner function.

5.2 Quantum 3D Hamiltonian

In this section we obtain the second quantized FEL Hamiltonian. Let start from
the Classical 3D Hamiltonian obtained in chapter (2.108); we drop, for simplicity,
the charge term (see section. (2.1.2)).

1€

=2
— p b_2 2 bX_2
H=2 42 S _ 2
5 TPl D p( l9])

TPL T piX\gl2 +i(g"Ae? —c.c.),

(5.14)
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where X, = (Z,y) and p, = (P, pyy). The variables are defined in the “Classical
3D Universal Scaling” (see Eq.(2.104)):

(0= (k. +k)z—c(k — k)t
_ oz . Z—17.t
Z - — = —
L LA
p=1— s (5.15)
PVr Pr
_ _ g
X = XL/U, PL = €—5¢
A, = d Q.
\ Wpr/ P

and o is the rms electron 'radius’ at the beam waist, €, is the rms beam emittance
and w, is the plasma frequency. Note that ¢ = g(x,,2) in Egs. (??) and (5.19)
represents the transverse laser wiggler profile whose analytic form will be specified
in the next chapter. The three dimensional parameters are defined as follows:
_ %

1+a§

) L€,
bt

The physical meaning of each single term of the Hamiltonian will be discussed in

X = 2ke,, b=

(5.16)

detail in the next chapter.

At the beginning of this chapter we have prefigured that should there exist one
parameter which rules the transition between the quantum and classical regime
on the longitudinal direction and one parameter which rules the transition from
quantum and classical regime on the transverse direction. At this point we write

explicitly the form of this two important parameters.

e QFEL parameter (see Eq.(2.112)).

mey,
_ 1
P (5.17)

e Transverse parameter:
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h

MeY,€,

(5.18)

o =

The meaning of p is well known, while it is possible to note that the transverse
parameter a can be obtained by the ratio between the width of a thermal and cold
momentum distributions as we have defined at the beginning of the chapter, i.e.
a = AZpyre/ AT} erm = Ac/€n. The transverse parameter o plays a fundamental rule
for the transition between the quantum and classical transverse dynamics. In fact
when a ~ 1 the transverse emittance is of the order of the Compton wavelength
i.e. we are describing a 3D ultracold e-beam. On the contrary when o < 1 the
transverse emittance ¢, is much larger than the Compton wavelength i.e. we have

a thermal transverse momentum distribution.

First quantized Hamiltonian

In order to quantize the system, let introduce the new longitudinal and transverse
momenta scaled in terms of the parameters defined in Egs. (5.17) and (5.18) such
that:

_ me(y — )

p= o — p=pp—20

(5.19)

mey,o 1=
pJ_:< }Z )ﬂL_)pJ_:(O‘ 1)PL

These new variables are even canonical conjugate and satisfy the Poisson brackets
rules (PBR):

{e,p} =1 and {$7pm} = 1? {y7py} =1 (520)

In order to quantize the Hamiltonian we adopt the canonical quantization rules,

such that the dynamical variables become operators in Hilbert space,
XJ_—>)ACJ_, pL—>f)L:—iVxl, ‘9—>¢9, p—>ﬁ:—i89. (521)

and the Poisson bracket (5.20) becomes Quantum Commutation Rules (QCR)

~

{w,ps} =1—=[,5:)- =i, {yp}=1—=[0,p) =i and {0,p}=1—[0,p] =i

(5.22)
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The first quantized Hamiltonian H (é, P, X1,D1;Z | Z1) can be written as follows:

H=K+D+U, + U, (5.23)
where
( 1 ab
K:_A2 A2
2,P + 5 P1
A § L bX 5.
D=p {5‘1‘ %(1 - ‘Q(XL,ZW) - TOZ2P2¢
(5.24)

U =—ip <g*(5<l, 2)A (%L, 7, 7)e? — h.c.)

Uy = —=lg(ky,2)|?

are respectively the Kinetic operator K, the Detuning operator D and the potential
operators Ul UQ.

Note that z;-dependence is parametric, so we will omit it in the following. More-
over note that from Eq. (5.19) the new longitudinal and transverse momenta are
proportional to ™! (in fact A does not appear in the commutation rules (5.22))
moreover the new Hamiltonian (5.34) is also proportional to i~* then the Von Neu-

mann evolution equation (5.10) becomes:

(5.25)

Second quantized Hamiltonian

In order to define a second quantized Hamiltonian let introduce the Schrodinger

operator which creates (or annihilate) one particle in the (6, x ) position.

‘I’(97)_(J_) = !

/ dk? ¢, (k) ™ ekrxs (5.26)
(21)® mez /B2

where the f-periodicity of ¥ has been used. The commutation rules for the Schrodinger
field operator (5.26) are:

[(U1(0,%,), ®(0',%x,)], =d6(x1 —x\)6(0 —0"). (5.27)

0
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and the normalization condition is:
2
/ de/ d’x ¥1(0,%,)¥(0,%,) =N, (5.28)
0 R2

The creation and annihilation operators acts on a the generic state of the multi

particle Fock space

(k1)) = [ Inm(k0)) (5.29)
meZ

where n,,(k,) represents the number of electrons within the quantum state with
discrete longitudinal momentum m and continuous transverse momentum k,;. The
action of the creator and annihilator operators on a Fock state (5.29) is different
for bosons or fermions since it depends on the choice of the quantum commutation
rules:
allcs) el (K] = 8 —K0) 8,
co(ky),c (K)| =0

ol (k1) el (k)| =0 (5.30)

)y ~n! 0

where §# = £+1 and [a, b|+ = ab+ba. For an ensemble of N bosonic particles the initial
state can be assumed with all electrons in the same longitudinal m and transverse

k | momentum state:
[nm(ky)) = [00,01,..., Ne,Opmg1...,0s) BOSONS (5.31)

Conversely if we treat an ensemble of N fermionic particles in the initial state,
they can not stay all in the same quantum state because of the Pauli Principle, so
we assume that all the particles have the same longitudinal momentum m but a
different transverse momentum k, , in order to have a different quantum state for

each particle (we neglect spin).

1 (k1)) = |00 (k1 ), 00(K ), -+ s 7im(K1 ), Oma (KL ) - - -, 0o (k1)) FERMIONS(5.32)

We shall see, in the following, how the initial conditions is describes by the 1PW.

Note that we have neglected the energy spread effects, since in each of the above
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mentioned initial state (Eqgs.5.31-5.32) all the particles are in the same longitudinal
momentum state m. Now, the second quantized Hamiltonian can be obtained in

terms of the first quantized Hamiltonian (5.34):
2T
H = / a0 [ ax UH0,%.) HO,p, %1,p1:7| 5) ¥(O.%)  (5.33)
R2

With a standard calculation which is reported in the Appendix C we obtain the
expression of the second quantized Hamiltonian in terms of the creation and anni-

hilation operators,

H=K+D+U, +U, (5.34)
where
( (1 ab
K = ; /R 2 A’k _Q—ﬁmQ 71{] ¢l (ky)em(ky),

D= Z/m A’k _(5 + fp) m — %a mki] cf (ki )em(ko )+

2
- f—p;m | S artan) [ e ke ks + ) -

. d? o
U, = —ip E / d2kJ_/ = {Gslar,z, 2) d,(k)en(ks +qu)+
- R2 R2 27T

G}(QL 27 2‘71) Cin,(kJ_)Cm(kJ_ - QJ_)} )

d’q.
pozXZ/Rz gs(aL, 2 >/ d’k1 e, (ki)em(ks +q1).

The functions g(q., Z) and Gf(q, 2, z1) are respectively the Fourier transform

\

of the real function |g(x ., 2)|* = (2m)~! [, d*qu e ™+ 9 g;(qy, 2) and of the Com-
plex function g(X.,2)A4,(xy1,%, %) = (27) 7" [, d’qL e ™94 Gy(qy, 2, 7).
5.3 3D Wigner evolution equation

We start from the definitions of the 1IPW in the second quantized scheme (5.11). It

is possible write the 1IPW in terms of angular variables on the longitudinal direction
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and continuous canonical variables in transverse direction. As we have shown in
section 3.3, if € is periodic then p must be discrete (i.e. 6 and p are rotational
variables) and consequently we have to use the discrete Wigner function introduced
in chapter 3 [41]. After this consideration the 1PW (5.11) can be written as follows:

1 (2 e ,
Wn(9>)_(J_7pJ_a27 21) - 3 d@l/ dQXJ- 6_7’2(Xl.pl+6 ") X (536)

w3 =

Tr{ o(z,5) ¥I(0 -0, %, —x )V (O+0,%, +%)}

A long but straightforward calculation (see Appendix C) leads to a Wigner rep-

resentation in terms of the creator and annihilator operators:

Wn(ea XJ.? Pi, 27 21) = Z Z sinc[(n —m—= M/Q)W]wm+u/2(9> XJ.? P, 27 2*71)

©n=0,1 m

o > 5 1 —i20(m/’ —i2% | -
Winip/2(0, X1, P1, 2, 21) = %Ze 260 +ﬂ/2>/2 APk ek x (5.37)
m/ R

Tr {Q(Zv Zl) Cin+m/+u(pJ_ + kl)cm—m’ (pJ_ - kJ_)}

Note that this definition is similar to the 1D Wigner function which has been in-
troduced in section (3.3), in particular the half integer character of the index which
leads to a definition of two different Wigner functions wy,,/2. All the difference
from the definition of the continuous Wigner function are in the longitudinal vari-
ables (6, p) which have been studied in detail in section (3.3).

Tracing the Wigner function over one variable, we obtain the probability dis-
tribution for the other variables. In particular, the momentum and the position

distributions are respectively:

+m
Pm(27 2lapL) = / de dz)_(J_ wm(ea)_(anJ_aZa 21)

T R2
Tr {o(z,7) ch(P1)em(p1)} (5.38)
Q(GJXJ_?ZJ Z_l) - Z/ d2pJ_ {wm(67il7pL727 Z_1)+wm+l/2(675cl7pJ_727 Z_l)}
m YR
(5.39)

Note that the half-integer functions w,, /2 do not contribute to the integral in
P,, [41] because of f_t:r df w4172 = 0. As a consequence we can defined the current

density (normalized to unity at the peak) in term of the integer Wigner function
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only
+7
J&L5A) = 3 / 1 [ Ppr wn(0,%,p0,%5)  (5.40)
m -7 R2
I(z) = /d%‘q J(X.,%Z,7) (5.41)
R2

Note that as in the 1D theory (see section 3.2.2), in 3D geometry the dimensionless
longitudinal beam profile (5.41) does not depend on z (i.e. is stationary). This
means that, thank to the multiple scaling approach (see the next section (5.4),
and the Appendix (A)), the spatial distribution of the particles does not change
appreciably on the slow scale z; during the interaction with the radiation.

The evolution equation of the 1IPW can be obtained in term of the integer and

half integer Wigner function wy,; /2

0 . 0 _ _
£Wn(6,>’cl,pL; Z) = Z Zsmc[(n —m — ,u/2)7r]£wm+u/2(8,xbpl; zZ).(5.42)

n=0,1 m

Then using the Von Neumann evolution equation (5.25) we obtain:

0 _ _ i —i20(m/+41/2) 21, —i2%, k
£1Um+u/2(‘97XJ_apJ_;Z) = E;e » /R2 dk e L x (5.43)

Tr {Q(Z) [Ha C11+m/+“(pi + kl>cm—m’(pl - ki)] }
where we have used the cyclical of the trace
Tr {[H, o(2)] X} =Tr {o(2) [H,X]}. (5.44)

in order to extract the time dependence from the commutator. Note that, in the
1PW evolution equation, the commutators between the Hamiltonian and the creator
and annihilator operators give the same result both for bosons and fermions, since
they are independent with respect to the QCR choice. Appendix (C) reports in
detail the demonstration which leads, after a long calculation, to the fully evolution
equation of the 1PW wy(0,%,,py1; 2, 21) in the following integro-differential form

(spatial (x; and €) and temporal (Z and Z7) dependence are omitted for simplicity):
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(2010 (o) S o s S

0z 2 Y, 2 VA
€ saX d’qy I Q. QL
_Zan b= 2 R 2w 9slkr; 2)e {ws PL= 7) W <pl Ty

(
£ L9t e, 2y Lo T (o= %) v (a4 %))

42 , ,_ . _
—,0/ %{ewa(kl,z, Z)e AL — e‘”’G’}(kL,z, z’l)e“‘l"h} X
R2

™
q. q.L
{ua (2= 5) =i (P4 ) }-

where s = m + u/2 is integer (u = 0) or half integer (u = 1), with m € Z. The

above integro-differential evolution equation describes a three dimensional electron
beam interacting with a laser wiggler field and with a self radiation e.m. field .
Its numerical solution is unworkable, however we shall see in the following that,
performing the classical limit on the transverse variable, we obtain a basic evolution

equation which will be our working equation.

5.4 3D Field evolution equation

The evolution equation for the three dimensional e.m. field A, in terms of the
classical Vlasov distribution has been obtained in section (2.1.2) using the SVEA

approximation and the multiple scaling method:

(ﬁ + i, —iaV?2 ) A(X1,2,71) =9(X1,2) B(Xy,2,21) +i0A. (X1, 2, 21)
B(X.,%,2) :/ df e n(0,%.,2 7).

+m
n(875{J_727 51)/};dp/};2 dsz_/ do 6_20 f(67p7xL7pl727'Z_1)' (546)

where B is the bunching operator, n is the density of the particle in the spatial
position (0,x,) at (z,2;), f is the classical distribution function, ¢ is the laser
wiggler profile and a = [,/Z, is the radiation diffraction parameter (see section
(3.2.2)). Using the quantum analogous Q(6,X,, %z, z1) (see Eq.5.39 ) of the classical

density n(0,x,,z, 21), the quantum bunching operator can be written as:
—+m

B()_(J_727 2*71) - / d¢ e_iaQ(ea)_(ana 21)

—Tr

(5.45)
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+m
_ / a6 0y / PP ws12(0,%0,pLs 5 2. (5.47)
_ m R2

™

Let us shown that, similarly to 1D Quantum field description (3.33), the 3D
bunching operator (5.47), defined in a second quantization Wigner formalism, in-
volves a coherent superposition of different longitudinal momentum state. In fact
using the explicit definition of the 1IPW (see Eq.5.38 ) in the momentum space, we

obtain:

Brza) = X [t Y [ TG e [ S
y <~y ~1 — 2 — ) It R2 7T2
Tr {9(2) cin+m’+1 (z1,PL + ki)em—m (Z1,P1L — kl)}

2
- [ [
™ R2 R2 71'2

Tr {oc},(z,z,pL +ki)emo1(2,21,pL — ki) } (5.48)

where in the final step we moved the z-dependence from the statistic operator o to
creator and annihilator operators using Eq.(5.4). Note that neglecting the transverse
dependence (L— 0) in the non realistic limit of zero temperature (7" — 0) the

bunching factor (5.48) becomes

B(xy1,2,4) = Y Tr {oc(z.a)cn(2.5)} =) (ch(Z A)cn (2 2))
1—0 m T—0 m

(5.49)

where we have used limy_ g0 = limr_oe ™™ = I whit 3 = 1/(kT) (k; is the
Bolzman constant).
The evolution equation of the emitted field, in terms of the 1PW is:
0 0
(& + a—z_l — Z&V?{L) Ar = g()_(l7 E)B(ila 27 21)

+m
:g(XJ_uz)/ do e_ZQZ/ d2pJ_ wm+l/2(67il7pL7§7 Z_l) +Z§AT
—7 m R2

(5.50)
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5.5 3D Wigner Model for QFEL

The integro-differential evolution equation (5.45) describes an electron beam with a
transverse normalized emittance till to the “ultra cold” limit of the Compton wave-
length €, > X.. However, as we have anticipate in section (5.2), we are interested
in describing an electron beam in which the transverse momentum distribution is
thermal, with a width Az}, ~ €,/(07.) much larger than the quantum limit
Ae/(07:). As anticipated in section (5.2), the parameter controlling this limiting
process is « (see Eq.(5.18)). We start expanding the integral in Eq.(5.45) within the
following formula’s (see Appendix (D)):

[ S o =) o (s )]

- W} Veiws (p1) VL f(x1) (+)
=> - |
m} Vo ws (pL) VI f(x0) (5)

(5.51)

The Egs. (5.51) can be converted into a-power expansion (see Eq.(5.18)), intro-

ducing the “classical” momentum variable (see Eq.(5.19)).
o -
pL=ap, = anL — Z%a’pzws Za”@" w ( (5.52)

where 1, = dx, /dz.
Finally, using Eqgs. (5.52) and (5.51), the 1IPW evolution equation (5.45) can be

written in the following form:

9 R I
%wm+u/2(euxl7pL; Z) - ZO& Qi@j_u/Q(e?XLapl; Z) (553)
n=0

The explicit form of Qi:lu /o is reported in Appendix (C), here we stress that typical
values of the beam normalized beam emittance are €, ~ 10~ "m rad, and X, ~
10~**m, so that the typical values for o is 107¢ which is very small , especially if we

consider that deriving the 3D Hamiltonian we have neglected terms proportional to
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p whose typical value is 107* —107°. So we are allowed to retain only the zero-order
term in a-power expansion (5.53) i.e. Q. The zero-order evolution equation of
the 1PW coupled to the evolution equation of the self radiation e.m. field form our
QFEL model, which describes an ultra relativistic e-beam interacting with with a

laser wiggler field and with the radiation field.

o, D 5 § 2 bX _, | Ows
WV ws = >+ o (L= gl) — = 54
55+ 0P Vswg {p+ 2p( 191%) = = pl} 59 (5.54)
- p (g*Areie o gA;!:e_w) [w3+1/2 - ws—l/Q} N PiXV;‘chP : vfu_ws = 07
aAT aAr . B —+m » .
0z " om iaVy, Ar :gzm:/m d*p. /_7r dfe™ " wyni1/2 + 10 A,. (5.55)

where b = [,/3* and a = l,/Z, are respectively the diffraction parameter for the
electron beam and for the radiation field; while X = b/a is the ratio between the
diffraction lengths which controls the geometric condition between electron beam
and radiation beam (see chapter 6). A complete investigation of each term of the
Egs. (5.54) and (5.55) will be done in the next chapter, whereas we limit our
dissertation to the initial condition and the classical limit.

We assume that at z = 0 all the electrons have the same longitudinal momentum
mo = 0 (no energy spread), while the transverse continuous momentum k, are
continuously distributed in (—oo, 00), such that the Pauli principles is satisfied i.e.
the total momentum vector K, o< k| + k is different for each electron within the
beam. The initial distribution is given imposing m = m’ = p = 0 in Eq. (5.38), so
we have:

wo(R1,p1) = % e {oeh(p. 1 )eolps i)} 5.56)
Note that assuming k, = 0 and ¢ = I we obtain wy(X,,p.1) = (|c}(p.L)[?) which can
be assume as a Gaussian distribution in the phase space (X,,p1) (see Eq (6.41)).
It is important to note that Eq.(5.54) reduces to a Vlasov equation in the classical
limit p > 1. In fact, for p — oo the new longitudinal momentum, p = s/p, can
be treated as a continuous variable and w4(0,X,,p1,%,21) — pf(0,p, X1, P1, 2, 21)

then we get:

sl o 3) oG )] - o
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where f is a classical electron distribution function. In this limit, Eqs. (5.54) and
(5.55) reduce to the classical Vlasov-Maxwell Eqs.(2.109) obtained in the second
chapter. The quantum evolution for wg, Eq.(5.54), contains the quantization of the
longitudinal momentum in units of 7k (as the 1D model) and describes the transverse

dynamics by the same classical terms appearing in the Vlasov Eq.(2.109).



Chapter 6
Toward QFEL experiment

In the previous chapter we got a complete set of evolution equations which describe
the 3D FEL dynamics in the quantum regime; this set of equations differ from that
of the 1D model (see Egs.(3.64)-(3.67) in section (3.3)) by the same 3D terms of the
classical Maxwell-Vlasov (see Egs. 2.109 in section 2.1.2). In this chapter we discuss
the meaning of the 3D extra terms and the requirements that the e-beam and the
wiggler field should be satisfied in order to preserve the high gain saturation in FEL
process. All the 3D effects can be controlled by two parameters only, a and B, or by
its combination (for example X = b/a) and by the laser wiggler parameters. As in
the 1D model (chapter 3 and 4) we assume the quantum scaling i.e. all variables
and parameters are rescaled in terms of the QFEL-parameter p.

Iy

Z,’

Uy (6.1)

*

- _ = 21 -
; 21221\/5277 a=
C

Sils
Sil=

S w

where from Eqgs.(4.10)

z;:l—g AT O

NN VP Ampp

are the quantum gain and cooperation lengths. Note that in Eq. (6.2) the magneto

(6.2)

static wiggler wavelength was replaced by the laser wiggler wavelength using the
substitution A, — A\;/2. Finally we scale the detuning and the wiggler parameters,
and the radiation field

F= 01T e B A= A = Ve (63

(1+ad)v/p’ 2p*(1 + aj)

103

NV

)
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where a is the laser wiggler amplitude and a, = (e¢/mc?)E(x,,z)/k, (see section
2.1) .

The new scaled field amplitude is such that |A|> = 5|A,]> = (Nphot/Ne) is the
average number of photons emitted per electron.

From Egs. (5.54) and (5.54) using the quantum scaling we obtain

ows ~ _ s é 52 Ow;

BE +pr-V,—uws+{T/2 2—( \g| ) } 20 (6.4)
- (g*Aela - gA*e_w) [ws+l/2 - ws—l/Q] - § xl|g‘2 va_wS = 0.
9,9 i A= Z/ d’p /H dfe™ w1 /o +i0A. (6.5)
93 az~1 X =g — /e PL . m+1/2 . .

Let us discuss the meaning of each single 3D extra term of Egs.(6.4) and (6.5).

e For the second term in the curl parenthesis in Eq.(6.4) the following corre-

spondence to unscaled variables holds
bpL - Vi, — 71 Vx,. (6.6)

where 77, = [gn 1 = dx, /dz. This term describes the transverse drift of the
beam, responsible of the beam section increasing from the waist position Z, as
=o+/1+[(2 — %)/+/pB*]? in the free space and for a Gaussian beam.

e The second and third terms in the curl parenthesis in Eq.(6.4) account for the
change of the FEL resonance induced by the beam emittance and by the laser

wiggler profile.

b? 1 €2 (6.7)
P 2075 02(1+ a2)’ '
3 2 1 Adj

S 1g?) ~ 6.8
1= lg) ~ o (6:5)

where in the first relation the maximum divergence angle |n,| ~ €,/v,0 has

been assumed

e For the last term in Eq.(6.4) the following correspondence to unscaled variables

holds -
LT gl Yy, %L g (6:9)



6.1. Beam requirementss and Scaling laws for QFEL 105

where x| = —(a3/2v%)(Vx, |g|?) is the ponderomotive force due to the laser

transverse gradient.

6.1 Beam requirementss and Scaling laws for QFEL

In order to operate a FEL in the high-gain quantum regime, the energy spread must
be less than the QFEL line width, i.e. Ay/y < py/p (see sections 3.1.1 and 3.2.3).
As we have shown in chapter 2 (see Eq. (2.101)) emittance is an other cause of
inhomogeneous broadening of the radiation line width, due to the beam divergence.
In fact, since the resonant wavelength depends on the divergence angle 1, according
to Eq.(2.99)

R +a3+v2ni)’ with 0<gy, <. (6.10)

4~2 Yo

the inhomogeneous broadening due to emittance is

AN 2Ay €

~ 7 n < 2p+/p. 11
Ay ¥ o2(1+a3) — VP (6.11)

This inequality can be written, using the definitions of l~g and Z,, as

Z
€n < ?’” Nt (6.12)
T lg

or, in terms of our 3D parameters a and b, as

<1. (6.13)

This condition arises naturally in our model, since the term (6.7) in Eq.(6.4) accounts
for the change of the FEL resonance induced by emittance.
Another important constraint on the beam emittance arise when a TEMyq Gaus-

sian laser wiggler is used instead of magnetic wiggler. In this case

X1,2) = ! ex X,
9502 = e g O {405[1 —id(: — %) } ’ (614

where 0, = R/o = ao, d = Zg/Zl, Z; = 4t R*/)\;, and R is the minimum rms laser
radius (R = wy/2) at the beam waist position Z;. In fig.6.1 is shown the evolution

in 2D geometry of the Gaussian laser profile assuming d = 0.2, Z; = 6.5mm and
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Figure 6.1: Evolution of transverse Gaussian laser beam in 2D geometry for d=0.2,
Z; = 6.5mm and o; = 2

0; = 2. Imposing that the electron beam does not diverge appreciably during the
interaction with the laser wiggler, i.e. in a laser Rayleigh range Z;, then it should

be
B* > Z. (6.15)

From the definitions of §* and Z; it follows:

en < Z—: (%)2. (6.16)

This condition can be quite restrictive if ¢ << R. In terms our dimensionless
parameters, Eq.(6.15) is written as b < d. In addition we must impose from Eq.
(6.8) the following condition

1—|g* S 20/ (6.17)

in order to preserve the resonant relation; this means that we need a “very flat”
laser profile; for example using g = 0.2, p = 107* and € ~ 1072 (see ref. [39]) we
have 1 — |g|*> < 1072. An alternative to TEMy, could be the Super-Gaussian (SG)
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[64],
g,(r,0) = exp[—(r/wo)"] (u>2) r=+/22+1y? (6.18)

which becomes more and more box shaped for increasing . However, the evaluation
of the free-space propagation of the field with the SG profile cannot be performed
in a closed form for p > 2, and it must be calculated numerically. A particular
flattened laser beam profile, which have a simple propagation law, was proposed
by F. Gory [61, 62], the Flattened Gaussian Beam (FGB) and by A.A.Tovard the
Multiple Gaussian Beam (MGB) [63]. Such lasers can be produced by suitable
transparency films [61, 62] or by overlapping different Gaussian beams [63]. In both
cases, it is possible to realize a laser which remains almost transversally flat within
few Rayleigh ranges Z; from the beam waist. The free-space propagation for FGB
and MGB laser profile are obtained in Appendix E. Here we show the analytic
expression for the FGB:

R S N i J

) 2™ e - %)

where A,, = 1/ M exp{—m?}, oy = R/o = ay, d = 1,/ 7, Z) = 4w R?/)\;, and

R is the minimum rms laser radius (R = wy/2) at the beam waist position Z,. The
FGB becomes more and more box shaped for increasing the number (M) of the
overlapped Gaussian beam. The number which control the slope of the FGB profile
is m = 2M + 1 where M is the number of Gaussian beam, so the TEMy, Gaussian
beam (see fig. (6.1)) correspond to m = 0. Figure 6.2 shows the evolution of FGB
using d = 0.2, Z, = 6.5mm and o, = 2, for two different case (a) overlapping M = 3
Gaussian beam (m = 1) and (b) overlapping M = 5 Gaussian beam (m = 2).

As anticipated previously the Eqgs. (6.4) and (6.5) depend only by few parame-
ters; on the contrary the experimental parameters are several. We fix few parameters
obtaining the formulae of the others in terms of the fundamental too. Let start from
the definition of the QFEL parameter (see Eq. (5.17)) in terms of the wavelengths

and the fundamental FEL resonant relation :

- Ay (1 + a?
p=my 7= Al T ay)

: o (6.20)

where A\, = h/mc ~ 0.024 A is the Compton wavelength. Therefore we fix the

independent parameters:
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Figure 6.2: Evolution of FGB g,,(Z, Z) in 2D geometry with d =02, Z, = 6.5mm
and 0, =2 for (a) m=1and (b) m=2.

1. QFEL-parameter: p

2. radiation wavelength: A,

3. laser wiggler wavelength: A\,

4. wiggler parameter: ag

5. number of amplitude gain lengths for interaction length: a; = L/ l~g

6. the ratio between the laser wiggler and the rms beam radius at the focal point:
a9 — R/ o

7. normalized beam emittance: €,

where the interaction length can be defined as L, = cTins ~ Z;, Z; = 47 R? /AN =

4r(caz)?/ N\ is the laser Rayleigh range, 7, = 7;/2 and 7 is the laser pulse duration.
Using Eqs. (6.20) the QFEL parameters is related to the classical FEL parameter

p by

Ae

YA

22X
)\r)\l(l + (1,3)

=p

p=p (6.21)

The FEL parameter (2.89) can be also written as [39, 9]

1 I\Y3 Ue A1 Qo
= — | — 6.22
p 27y ([A> ( 4o ) ( )
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where I, ~ 17kA is the Alfven current. Assuming as current density the peak
current I divided by the effective surface 27wo? for a transversally Gaussian or o>
for a flat top shape of the current, the parameter ., is 1 or /2 respectively. From
Egs. (6.20) and (6.22) with same algebra we obtain

=3 2
_ 2 PO

where the units are \.(A), \;(um), R(um) and o(um). For a given o the electron
current is proportional to p3, so that, going from the quantum to the classical regime,
if p? increases for instance by a factor 10, the current increases by a factor 103. This
is one of the reasons why the use of a laser wiggler may be much more convenient
in the quantum regime that in the classical one (see section 2.3.3). The relation

between ag and the laser power P is, in agreement with [§]

P(TW) = (2‘{;‘)3;)2 (6.24)

where u; is the laser wiggler analogue to ..
Now using the Egs. (6.20), (6.21), (6.22), (6.23), (6.24) and (6.2), we obtain a
useful formulae for the main experimental parameters, expressed as a function of

the independent parameters p, A.(A), A\(um), e,(mm-mrad), ag, a1, as:

v ~ 50 j\\—i(l + a?), (6.25)
p~48-1071 A Alﬁl SoiTa) (6.26)
l,(mm) ~ 8.3 - 1072 AA?’H"’O (6.27)
o(mm) ~ 1.8 [A s }1/4 (6.28)

Dol
P(TW) ~ 0.57 al% ( . @) (6.29)
/)\ N1
7(ps) ~ 0.27 a = AL+ a) (6.30)

. D21 4 a2)p (6.31)

I(A) ~ 989
agazu? A
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Since the dimensionless parameters in Eqs. (6.4)-(6.5) becomes:

b~05 — 2 - 6.32
a1/ 1+ CL(2) )\12 ( )
az \
a~2-107% 2~ 6.33
a 0 Y ( )
b2 a2 1
— ~320 —21 6.34
451, a1(1 + (1,(2)) )\l ( )
é 3 2 Ar A
>~ 6.35
2p 0% ag (1+a2)p? (6.35)
- 1
de~ 2 — (6.36)
aq

6.2 Numerical analysis

In order to solve the set of coupled Eqgs. (6.4)-(6.5) we expand the -periodic Wigner

function in to a Fourier series.

(9 XJ_7pJ_7Z Zl Zw XJ_upJ_7Z Z1>€ o (637)

kEZ

This leads to obtain our working equations:

ow,* s 3 W B, &
BE + Zk{—g/g 2_(]'_|g| >_ﬁpl Wy

_ ( * Awh—1 g*z‘iwf__ll/z +g;1*wi;+1 _ gArwh! )

s+1/2 +1/2 s—1/2
- f& , .
0P Ve = 25 (Veulgl) - Ve, | we =0, (6.38)
£+ ’ a A= Z/ d*pLw, X Z,7) +i0A  (6.39)
0z 07 X1 gmeZ o m+l/2 LPL, %2 .

From the definition of the 1PW in Eq. (5.38) follows

1 .
w?zrlz; _ ﬁ koJ_e—’LQXJ_~kJ_ x Tr {Q Cjn_,_k(pj_ + kJ_)Cm_k(pJ_ — kJ_)}
R2
1 —i9% -
w?rl::—ll/Q = ﬁ o d2kJ_€ 2%k x Tr {Q Cin_’_k_’_l(pj_ + kl)cm—k(pJ_ - kJ_)}

(6.40)
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In particular for k; = 0 and ¢ = I, w® (p1) = (|e,(pL)]?) is the 3D momen-
tum probability distribution and w,,,,,(p1) = (c P (pL)em(pL)) is the 3D m-th

bunching component distribution.

A numerical parallel code QFEL3D has been developed for solving the coupled
Eqgs.(6.38) and (6.39) based on finite-difference integration of the motion equations
on a Cartesian three-dimensional spatial grid [49]. The electron motion is described
by a 7D Wigner function (i.e. ws(0,, 9, p, Py|Z, 71) and the energy spread variable
5 ), which is continuous in the transverse phase-space and discrete in the longitudinal
phase-space variables. From a numerical point of view a 7D space simulation imply
an enormous time-cost, then the use of parallel computing is necessary. For this
reason here we present two different simulations: the first is done integrating the set
of evolution equations (6.38)-(6.39) in 3D geometry and assuming a uniform laser
wiggler (¢ = 1), while the latter is done integrating Eqgs.(6.38)-(6.39) in 2D geom-
etry assuming the two level approximation (see section 6.2.1) and using the FGB
introduced previously (see Eq. 6.19). We did not considerate in both simulations
the propagation effects, which have been investigated extensively in chapter 4, and
the electrons’ energy spread 8, which however can be taken into account introducing

an inhomogeneous broadening (see section (3.2.4)) [32]. Both simulations are done
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in the quantum regime i.e. p = 0.2 assuming as initial condition an electron beam

described by a thermal state of energy mc?y, and transverse phase space distribution
w(X1, P,z =0) =wy(XL,pr) o exp{—|xL +bzp.]?/2 — [pL[?/2}  (6.41)

with the waist position at Z = Z; (see Egs. (5.56) and (6.40)).

3 M 1
2.5 o
2
106
1= 1.5
04
1
05 0.2
0 0

Figure 6.4: (Color) Radiation intensity |A[?> as a function of transverse coordinate
x, and of wiggler position Z. Parameters same as for curve (b) in Fig. 6.3. The
dashed line corresponds to the electron beam rms radius o. As a reference, the 1D

model intensity would saturate to unity.

Let us show preliminary results by the first 3D simulation: assuming g = 1,
the system depends on the diffraction and emittance parameters only, i.e. @ and
b. The interaction is taken over 10 gain lengths (Zmae = a2 = CTint/ l~g = 10), with
the beam waist in the middle, Zy = 5. A set of possible experimental parameters
corresponding to this simulation is listed in Table 6.1.

We have considered three different values of the beam emittance in order to
investigate its effect on the gain: (a) ¢, =0, i.e. b=0; (b) €, = 0.05, i.e. b= +/a =
0.013; (¢) €, = 0.1, i.e. b = 0.025 = 2y/a (where the emittance is in mm-mrad).
Figure 6.3 shows the total FEL radiation energy, F(z) = [ d?%,|A|?, vs. Z for the

cases (a)-(c) in table 6.1 . Figure 6.4 shows a color map of the intensity in the plane
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(7, z) for the (b) case in table 6.1. It can be seen that intensity saturates to a lower
level in the beam halo with respect to the beam axis, and that the gain changes
along the transverse direction. Notice that the total emitted energy and the on-axis
peak intensity can reach a significant fraction of the 1D model for the proposed

parameters (b) in table 6.1.

6.2.1 Two level system

The full 3D simulation of our working equations (6.38)-(6.39) shown that the most
important effects which inhibit the gain process comes from the resonant term (Eqgs.
6.8), moreover a simulation of the complete evolution equations (5.54)-(5.55) which
taken into account also the propagation effects due to the 27 derivative require
a very long computation time. A preliminary study can be done assuming some
approximation; in fact the 1D and 3D simulation have shown that when p < 1 only
the two state n = 0, —1 are involve, others level occurs only for very long interaction
length [49]. This consideration permit us to approximate our working equation,
considering the n = 0, —1 level only.

From Egs. (6.40) for a two level system follows that Py(X1) = [, d*Prw)(X1, D)
and P_y(X1) = [p d’p w’ (X, ,p.) are the 3D probabilities distributions for m = 0
and m = —1 momentum levels, while B(x.) = [, deLwI_I/Q(XL,}_)l) represents
the 3D bunching factor (or polarization).

We define the two level variables as follows:

{ D=w)—w’, Population difference (6.42)

B=uw', /2 Polarizzation

In terms of this new variables our working equations (6.38) and (6.39) become:

0 7= éa’ 2 _ A 12%
{£+prviL—%zviL‘g| VI-)J_}D——Q (AB +CC)

0 5 a 2 NS 2 P 2 A
9 S A 2. Sy -2 _ Aip
90 e La_ /d2 B+ibA (6.43)
0z "9z, Ve ffaTI )¢ PLET ‘

For these simulations we assume all electrons in the same longitudinal quantum

state m = 0 and with a continuously distributed transverse momentum (see Eq.
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6.41). The interaction is taken over 7 gain lengths (Zpe: = a2 = cTint/ l~g =17), with
the beam waist Z; = 5. Note that, during the time evolution the total probability
Py(x1) + P_1(x1) = wi(x,) is conserved (see fig. (6.8)). For simplicity we neglect
the defocusing term 6.9 in Eqgs. (6.43). In fact deriving with respect to  Eq.(6.14),
the coefficient in Eq. (6.7) becomes (€ /(pa2))(a/b) whose numerical value is typically
1072. In figure 6.5 we show the field intensity as a function of Z (A;) and the 2D gain
as a function of the inhomogeneous term b?/4a (Ay) obtained assuming a uniform
Note that the gain is Halved for 0%/4a ~ 2 i.e.
5/ 2v/@ ~ 1.4 confirming the validity of the inhomogeneous condition in Eq.6.13.

laser wiggler profile (¢ = 1).

2,0 T T A 1,0 a) T T T T
E | A)| G o (A)
15k (a) | 0,8 - © b
) 1 06} .
(d)
1,0+ (©) 4 -
0,4} 1
L (e)
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0,2} 0 y
0,0 : : . ooL—o
0 5 10 15 0 2 4 6 8 10
z b’/4a

Figure 6.5: Fig.(a): Radiation intensity E(2) = [, dz|A(%,7)|? as a function of Z
for different values of the inhomogeneous term b?/4a. Fig.(b): Gain G(b?/4a) =

[, dG(7,1%/4a) as a function of the inhomogeneous term 5%/4a calculated at 2 = 6

The introduction of the transverse laser profile cause two different effects on the
FEL process: the first is due to the decrease of the gain caused by the presence of
the transverse laser profile in the driving term of the field evolution equation (6.43),
this imply that the transverse gain distribution G(Z, ) is proportional to that of the
laser profile, i.e. the number of wiggler photons which interact with the electrons
is lower in the beam halo with respect to the beam axis (see figure 6.2). Since the
total 3D gain (G(2) = [, dZG(Z, Z)) using the laser profile is smaller with respect to
the uniform case g = 1, moreover the reduction degree of the gain is proportional to
the slope of the laser profile. The latter effect induced by the laser profile, which is

the most critical, cause a decrease of gain till to the complete inhibition of the high
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gain process; this is due to the change from the fundamental resonance induced by
the term £/2p(1 — |g(Z, 2)|?) in the second equation of (6.43). Figure (6.9) shows
the field intensity E(2) = [, d7|A(z, Z)|? as a function of Z (figures A,C,E) and
the 2D gain G as a function of £/2p (figures B,D,F) for different choice of FGB
profile (m =0 A B, m =1C D, m =2 E F). Note that, as was shown in figures
(6.9 B,D,F), increasing the flatness (i.e. increasing m) the decrease of the gain is

reduced.

8

1= 0

(el

Figure 6.6: Radiation intensity |A|?> as a function of transverse coordinate Z and
of the number of interaction lengths z for the parameters listed in table 6.2. As a

reference, the 1D model intensity would saturate to unity.

From the discussion about the beam and laser wiggler requirements in section 6.1
and using the numerical result showed in figure 6.5 for the emittance requirements
and in figure 6.9 for the laser wiggler profile requirements we deduce that in order to
obtain the high gain regime the value of emittance must be equal or less than 1mm-

mrad, moreover FGB profile with m > 1 is necessary in order to have a sufficient
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Figure 6.7: Radiation intensity |A|?> as a function of the number of interaction

lengths Z: (dark line) ideal case, (blu line) parameters same as table 6.2.

fraction of the on-axis peak intensity compared to that of the 1D model. A set of
possible experimental parameters corresponding to this simulation is listed in Table
6.2. As shown in table 6.2, if the emittance and the laser wiggler profile are both
included the requirements become more stringent.

Figure 6.6 shows the radiation intensity |A|? as a function of transverse coordi-
nate T and of the number of gain lengths Z obtained using the value of experimental
parameter listed in table 6.2; while in figure 6.7 the radiation intensity as a function
of the number of gain lengths Z (from table 6.2) is compared with the optimum
2D ideal case (£/2p = a = b = 0). Note that the diffraction effect caused a lower
descend for the emitted field in the beam halo with respect to that on the beam
axis. This give an additional contribute to the transverse integration after satura-
tion time. The probability distributions Py(Z, Z) and P_;(z, Z) for the m = 0 and

m = —1 momentum state are showed in fig. 6.8.
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z (b)

Figure 6.8: Probability distribution for m = 0 momentum state Py(z) (Fig. (a)) and
for m = —1 momentum state Py(Z) (Fig. (b)), as a function of transverse coordinate

Z and of wiggler position Z.
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Figure 6.9: field intensity E(2) = [, dz|A(z, 2)|? vs. 7 for different values of £/2p
and Gain G(£/2p) = fRdfG(i’,é/Qp) vs. £/2p for m = 0 (A,B), m = 1 (C,D),
m =2 (E,F)
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Independent parameters symbol value
QFEL-parameter p 0.2
radiation wavelength A(A) 2
laser wiggler wavelength Ar(pm) 1
laser wiggler parameter ag 0.15
Interaction length in unit of l~g ay 10
ratio between laser and e-beam radius as 2
FEL parameter p 6-107°
gain length l,(mm) 1.3
laser wiggler parameters symbol value
laser Rayleigh range Z;(mm) 6.5
laser radius R(pm) 22.8
laser power P(TW) 2
laser duration T1(ps) 88
length and time interaction Ling(mm), 73 (ps) | 13.2, 44
e-beam parameters symbol value
e-beam energy 7y 36
e-beam radius o(pm) 114
bunch length [p(p4m) 347
peak current I(A) 863
numerical parameters symbol (a) (b) (c)
normalized emittance | ¢,(mm-mrad) | 0 0.05 0.1
e-beam diffraction b 0 | 0.013 0.025
field diffraction a 0 |16-107*|1.6-107*
resonant shift emittance l~)/ 2V/a 0 0.5 1

Table 6.1: Set of possible experimental parameters using uniform laser wiggler g = 1
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Independent parameters symbol value
QFEL-parameter p 0.2
radiation wavelength A(A) 2.5
laser wiggler wavelength Ay (pm) 1
normalized emittance €, (mm-mrad) 0.05
laser wiggler parameter ag 0.05
Interaction length in unit of l~g ay 7
ratio between laser and e-beam radius a 2
FEL parameter ) 6.6 -107°
gain length l,(mm) 1.47
laser wiggler parameters symbol value
laser Rayleigh range Z;(mm) 5.0
laser radius R(pm) 20
laser power P(TW) 0.17
laser duration 71(ps) 67
length and time interaction Ling(mm), 73 (ps) | 20.1, 33.4
e-beam parameters symbol value
e-beam energy 7y 31.7
e-beam radius o(pm) 10
bunch length lp(pm) 97.3
peak current I(A) 3083
numerical parameters symbol (value)
e-beam diffraction b 2.3-1072
field diffraction a 2.9-10714
resonant shift emittance I;/ 2Wa 0.68
resonant shift laser £/2p 46
laser diffraction d 0.29

Table 6.2: Set of possible experimental parameters using the FGB laser wiggler with

m==6




Conclusions

In this thesis we have presented the 3D time dependent quantum model for a FEL
with a laser wiggler based on a fluid description, in which the electrons of the beam
are described by a Wigner distribution function which is continuous in the transverse
phase-space and discrete in the longitudinal phase-space variables [41]. This model
extend the 1D Schrodinger-Maxwell model discussed in chapter 3, where the electron
beam is described by a wave function W(6,z). The 3D Wigner function has been
obtained in terms of the creation and annihilation operator in the finite temperature
second quantization formalism as formulate by Balescu [45] and it has a broader
validity than the Schrodinger equation, since it can also describe a statistical mixture
of states, which cannot be represented by a wave function but rather by a density
operator. The evolution equation for the Wigner function has been obtained starting
from the Liouville-Von Neumann evolution equation for the density operator and
using the 3D Hamiltonian in a second quantization scheme obtained in section (5.2),
while the evolution equation for the radiation e.m. field has been obtained, starting
from the paraxial Maxwell equations, in the slowly varying envelope approximation
(section 2.1.2). The propagation (or “slippage”) effects have been considered using
the multiple scaling method i.e considering the existence of two different spatial
length scales: the variation of the electrons distribution on the radiation wavelength
scale describing the bunching on the variable 6 and the variation of the field envelope

on the much longer scale of the cooperation length I, (typically I, ~ 10%),).

From the dynamical point of view our model treats both fermions and bosons
similarly, so that the “Preparata hypothesis” [24] i.e the electrons in FEL can be
treated as bosons (see also section 3.1.2) [37, 36|, is no longer necessary. The result-
ing model describes the 3D spatial and temporal evolution of electron and radiation

beams, including diffraction, propagation, laser wiggler, emittance and quantum re-
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coil effects. It reduces to the 3D Maxwell-Vlasov model in the classical limit p > 1
and can be solved numerically. Using quantum universal scaling (Eq. (5.19)) the
3D extra terms in our model depend only on two parameters , which are related to
the diffraction (or Rayleigh range) of the radiation and electron beam, and on the
laser wiggler parameters which are related to the particular transverse profile of the

laser.
We have performed two different numerical analyses:

e In chapter 4 we numerically solved the 1D quantum model in the SASE op-
eration mode performing a complete statistical analysis of SASE FEL spectral pro-
prieties, confirming the existence of the phenomenon of “Quantum purification”
predicted in [30]. In this new quantum regime the spectrum of the emitted radia-
tion is mainly composed of a single narrow line whose line width is proportional to
the ratio between the radiation wavelength and the bunch length; on the contrary,
in the classical regime the spectrum is composed of many such random spikes, whose

number is proportional to the ratio between bunch and cooperation lengths.

e In chapter 6 we have presented a study concerning the effective possibility for
a future experiment confirmation of this quantum regime. We have discussed the
experimental requirements for a Quantum X-ray FEL with a laser wiggler, obtaining
useful quantum scaling laws for the main experimental parameters (Egs. (6.31)).
In particular, we have studied the decrease of gain caused by the inhomogeneous
broadening of the radiation line width, due to beam divergence and transverse laser
profile. Since same important constrain (see Egs. (6.12), (6.16) and (6.17)), which
must be satisfied in order to preserve the quantum high gain process, are derived.

Preliminary 3D numerical simulations confirm that the most critical 3D effects
arise from the change of FEL resonance due to emittance of the beam (6.12) and
transverse laser profile (6.17). The inhomogeneous broadening due to the emittance
has been investigated in details for the quantum regime i.e. in the two level approx-
imation and a useful numerical fit relation describing the gain as a function of the
inhomogeneous term has been obtained. It shows how FEL action is suppressed for
beam emittance values which violate the inhomogeneous condition of Eq. (6.13).

The transverse laser profile effects have been also numerical investigated in the
quantum regime. In particular we have shown that a flattened laser beam profile

[61, 62] is preferible to the usual TEMy, Gaussian beam in order to preserve the high
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gain regime. We have shown numerically that the decrease of the gain caused by the
laser profile is strongly reduced using a flattened laser profile. Finally we performed
a numerical analysis in the quantum regime taking into account both the emittance
and the laser profile effects, obtaining a set of possible experimental parameters for
a future QFEL experiment (table 6.2).

On the basis of the numerical analysis and the examples of experimental param-
eters considered above, we conclude that, although beams with emittance below the
required inhomogeneous limit, Eq. (6.12), are presently far from being produced,
the big advantages of QFEL motivate a large effort for its realization. In fact the
quantum regime of a FEL with a laser wiggler can be a convenient X-ray source,
since the emitted radiation has the important property of high temporal coherence
with no spiking, whereas in the classical regime many random spikes are observed.
This is the fundamental difference between the quantum and the classical regimes.
Furthermore, the full line width of the spectrum in the classical regime can be three
or four orders of magnitude larger than the single spectral line width obtained in

the quantum regime.
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Appendix A
Multiple Scaling method

We start from the Eqs.(3.35) and (3.36) in chapter 3.

0¥ (z,0) 10V(z,0) N i _
=53 =% o —ip[A,(2,0)e™ —h.c.] ¥(z,6) (A.1)

0A,(2,0) = 1 0A.(z,0) o g i
0z +2p 90 = |V(z,0)]" e +i0A,(%,0) (A.2)

We introduce the new variable z; = €6 with € = 2p, since € >~ 1074 then we can
treated # and z; as independent variables. The matter wave field and the radiation
field become respectivelly A,(zZ,0) — A,(Z,z10) and V(Z,0) — V(Z, 21, 0).

Using the following chain rule

0 0 0
Egs.(A.1) and (A.2) become:
oV 1 [ 02 0? 5 02 . —if * i0
Zg __Q_ﬁ (w—i-QE&eaZl + € a—z%) \I]—Zp [Arfi —Are :|\I], (A4)
N W
(6£ + 20 - e%) A, = €|U|" e +iedA, (A.5)

Now we expand the matter wave field and the radiation field in power of €

U =00 4ev® 4 (A.6)
A, =AY A 4 (A7)

Introducing the series expansions of Eq.(A.2) in to Egs.(A.4) and (A.5) we obtain

equations relating the coefficients of the various power of e. We are only interested
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to the zeroth and the first-order (i.e. ¢ — 0). For the matter wave field W(0, z, z;)

the zeroth order is

v 10°00 » ;
I = % ip [A,go)e A0 xe ‘] o0, (A8)

Which corresponds to Eq.(3.38), whereas for the radiation field A,.(0, z, z;) the zeroth

and the first-order are respectively,

oA

5 =" (A.9)
aAM . A" 9AY

50— (WO 267 45 A — FERR (A.10)

hence ALY = A&O)(z, z1) is a slowly varying function of z; and does not depend on 6.
integrating both sides of Eq.(A.10) over 6 between 0 and 27 and assuming that

AW is a periodic function of #, we obtain

LA 1O i/%mﬂm\?e—""ﬂ'aA(O) (A.11)
0z 0z) " 27 Jo r '

which corresponds to Eq.(3.39).



Appendix B

Quantum 3D Hamiltonian

Let start from the Classical 3D Hamiltonian obtained in section (2.3.2)

b7 _ f be 5 . * 7
+§p2¢+P 2—p(1—\9|2)—7p2¢ +p—X\g|2—’é(9 Ae” —cc) (B1)

with the relative associated equations of motion (we drop, for simplicity, the charge

term (see section. (2.1.2))

(dX, _
—dZ :vi)lH:pr_
dp. § 2
Pl Ve H=-—>2V,
(B.2)
df bX
O o H=p+ |- - p?
== Ol =p+ | 5-(1-1g[") — =Pl
dp_ o * 6
L % = —89H— —<g Are +C.C.)
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where X, = (Z,y) and p, = (P, pyy). The variables are defined in the “Classical
3D Universal Scaling” (see Eq.(2.104)):

(0= (b, + k) z—c(ky — k)L,

z=2z/ly, 7= (2-0t)/lP

p= , 0=00—"7)/pw (B.3)

_ _ o
XL =X./0, pL= e_ﬁl
T

w
A, = ay.
\ Wpy/PY

and o is the rms electron 'radius’ at the beam waist, €, is the rms beam emittance

and w, = +/e*ng/(egm.) is the plasma frequency. Note that g = g(x.,2) in Egs.
(B.1) and (B.3) represents the transverse laser wiggler profile, whose analytic form

will be specified in the Appendix E. The three dimensional parameter are defined

as follows:
l l,e a?
X = 2ke,, b=-2L =29" =—0 B4
‘ g o2 ¢ 1+4ad (B-4)
The QFEL parameter and the transverse parameter are respectively:
_ mey; h
— = B.5
p=p hk, ’ @ mey, €, (B.5)

In order to quantize the system let introduce the new longitudinal and transverse

momenta scaled in terms of the parameters defined in Eq. (B.5) such that:

_mely =)
P=—"r p=pp—9

(B.6)

pPL = <mch%a> B — pL=(a")pL

These new variables are even canonical conjugate and satisfy the Poisson brackets

rules:

{e,p} =1 and {$7pm} =1, {y7py} =1 (B7)
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In order to quantize the Hamiltonian we adopt the canonical quantization rules,

such that the dynamical variables become operators in Hilbert space,
XL — X1, PL—DPL=—iVy, 0—0, p—p=—idy. (B.8)

and the Poisson brackets (B.7) become Quantum Commutation Rules (QCR)

A

{2,p:} =1 [8,p.)- =i, {y.py} =1—[0,p,)- =i and {0,p}=1—1[0,p]_ =i
(B.9)

The first quantized Hamiltonian H (é, P, X1,DP1;Z | Z1) can be written as follows:

H=H,+ Hy + H; (B.10)
whit
([~ 1 ab 13 bX
H :_A2 a2 6 S A T 22
1 2ppj_+2pj_+(+2p)p 404p¢

I] a — 6 A —\ |2 A~
Hy=+4+—— 2_ > (B.11)
2 =+ lo®e AP - oloe, 2

H?; - _Zp <g*(il7 E)AT(:)A{J_?ZJ Z_l)eié - g(ilag)A:(iLVz? Z_l)e_ié)
\

Note that the dependence on z; is parametric only. The Hamiltonian in second
quantization formalism can be obtained introducing the Schrédinger operator which

creates (or annihilates) one particle in the (6,x, ) position.
W(0,%.) = (2m) ) / A%k cp(ky) €™ eke®e (B.12)
meZz R?

Here we assume that the FEL system is periodic in the longitudinal direction (i.e
0), as the FEL is usually considerate. The commutation rules for the Schrodinger
field operator (B.12) are:

[U1(0,%.), ¥, %x1)], =6(xL —x\)5(0 — ). (B.13)

0

and the normalization condition is:

2w
/ d@/ d’x O(0, %, )¥(0,%,) =N, (B.14)
0 R2
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The creation and annihilation operators acts on a the generic state of the multi
particle Fock space
(k1)) = ] Inm(kL)) (B.15)
mez
where n,,(k,) represents the number of electrons within the quantum state with
discrete longitudinal momentum m and continuous transverse momentum k. The
action of the creator and annihilator operators on a Fock state (5.29) is different
for bosons or fermions since it depends on the choice of the Quantum Commutation
Rules (QCR):

ca(ky), cL/(k;) = 0(k. —K)) O

:cn(k ), ¢, (K, )' =0

ot (k,), el (K, )' ~0 (B.16)

where § = +1 and [a,bl+ = ab £ ba. The D-dimensional Dirac Delta and the
1-dimensional Kronecker Delta are defined respectively as follows:
Px—x) = ! 5 / APy Yo 5 = 1 /27r dge?tm=m") - (B.17)
2m)” Jro ’ (2m) Jo
The second quantized Hamiltonian H can be obtained in terms of the first quan-
tized Hamiltonian (B.10):

H - H1 + H2 + H37 (B18)
where
27 B
H; = / de/ d’x, Oi(0,x,) H, ¥(0,%,), i=1,2,3 (B.19)
0 R2
Here we introduce some convenient definitions:

e The functions gf(q, Z) and Gf(q, 2, 1) are respectively the 2D Fourier trans-

form of the real function

g(%0, 2)? = (2m) /R P, e g (qL, 2) (B.20)

and of the Complex function

F(XJ_,E, Z_l) = g(f{l,2>A,«(Xl,2, Z_l) = (271')_1/ d2(1J_ 6_ixl'qLGf(qJ_,2, Z_l).
R

(B.21)



131

e All the parameters are defined as follows:
1 ab £ bX £

= —, Qg = a3 =—, a4 =—0qQ°, a5=——

— 5 ) (B22)
2p 2 2p 4

apX
The FEL Hamiltonian in term of the creation and annihilation operators can be

calculated as follows: For the first term of Eq. (B.18) we have

H, = 27T Z/ d@/ dXJ_/ ko_/ d2k/ —z(@m—&-xlkl)
R2 R2 R2

( 105 — a;Va, —i(az + 6)9p — ia10pVz ) 'K ¢f (k) )y (K))

S P T
R2 R2 R2

(a1m” + ask + (a3 + 0)m’ — asm'k?) ¢, (k1 )cw (K))
= > / A’k / A%K' O (k. — K )
s R?

(a1m” + ask? + (a3 + 6)m' — aym'K?) cf (k1 )ew (K

where we have used the Dirac and Kronecker Delta functions as defined in Eq.(B.17).

Integrating on k', and summing on m’ we obtain:
Ho= 30 [ o mlm ko el ke
m R2

hi(m,k,a;) = aym?* + axk> + (az + 0)m — agmk3 (B.23)

For the second term of Eq. (B.18) we have

2
H2 _ 27T Z / d6 /2 d kJ_/2 d2kl —i(0m+x -k, ) X
R R

m,m’

. d2 —iX m arx
o+ i) | 2“ gl 2)e s HOM G (e ()
R

2
2
= (2n) 32/ do d2xl/ dkL/ d2k’/ = g(qu, 2) X
R2 R? R2

m,m’

e—ie(m m )e—lij_‘(ki__kj_"'qJ-) ((L5 — agm') (kJ_>Cm’ (k/J_)

3 / d’
B / Tk / d2k L 9r(aL, 2)0mm 6(ky — k') (a5 — agm/) cf (k)cn (K))
R2 R2 R2 2

m,m’

Integrating on k| and summing on m’ we obtain:

d2q _
He = 3 i) [ e | 2 ar(an. ) ehlen ()

ha(m, a;) = a5 — agm (B.24)
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For the last term of Eq. (B.18) we have

2

d’ . o
{—iﬁ/Q 2?: {Gilau, z, z)e > rare — h.c.}} eFilm ok el (k) )ew (k)
R

2w
= —ip(2m) Y / do [ da*x, / A’k / d’k’, /
-l R? R? R? R?

{Gf((h_, z, Z—l)e—iO(m—m’—l)6—iil(kl—kl+ql) _ G}(Qb z) Z—l)e—w(m_m/—i-l)e—iiL(kL—kl—ql)}

d2(lJ_
(ke (K))

Similarly to Eqgs.(B.23)-(B.24) we integrate on k’, and sum on m’ using the Dirac

and Kronecker Delta functions obtaining;:

., d*q o
H; = —sz/d2kL /R2 27: {Gilar, 2, z1)c!, (ki )em (ki +qui)—

Gilas, z, a)eh,(ki)emi (ke —q1)} (B.25)



Appendix C
3D Wigner evolution equation

We start from the One Particle Wigner Function (1PW) defined in terms of the
creation and annihilation operators [45] as was been obtained in chapter 5 Eq.(5.37),
considering angular variables in longitudinal direction and canonical variables in

transverse directions [41]

1 [t R
Wn(97)_CJ_7pJ_a27 2'71) = _3/ 2 del/ d2)_(/l 6_22(Xl.pl+6 " X (Cl)
™ _ R2
2
Tr{o®(6—0¢,% —x)VO+6,%x, +%)}

where ¢ = o(z, z1). Using the Fock space representations of the Schroedinger field
operator of Eq. (B.12) the Eq.(C.2) becomes:

_ ]_ _ _ixl . _ 1/
Wo(0,%1,p1) = (22 > /R2 d*x, /R2 d’k; /32 A’k e PPkt e (C2)

_r
2

Y ¢ Cnomm) ix, (K ) Gi0tmm) Ty £ ef (ke (K)) )

o

Considering the following formula where sinc(x) = sin(z)/x

1 if £ =0
}ﬂ/ 2dy€—W£:SHm<§Z>:: 0 if & = 2k (C.3)
e i CD'T e opa

2k +12 B

and Using the Dirac Delta function in Eq.(B.17) we obtain:

1 o , ,
W,(0,%,,p1) = 5.3 Z /R2 A%k, sinc[(2n — m — m/)7w /2] e~ X PLkL) mib(m=m’) o

m,m’
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Tr{o cl,(ki)ew (2pL — K1)} (C.4)

Let consider two different cases m +m’ = 2, m —m’ = 2" and m +m' =
204+ 1, m—m' =2I'+1 with [,I" € Z, moreover we introduce a new momentum
variable k', =k, —p,. Therefore, using Eq.(C.3) and neglecting the prime the Eq.

(C.4) can be written as:

_ 1 . _
Wa(0,%1,p1) = 2 Z sinc[(n —m — p/2)m| Wi p/2(0, X1, P1)
pn=0,1 m
1 N .
Wigpy2(0, X0, PL) = o Z / A%k e m Hn/2) gtk ko
m'eZ R?
Tr {g ¢! man(PL 4+ K1) (P — kl)} (C.5)

The evolution equation of the discrete 1PW W, is related to the evolution equa-

tions of the two discrete functions wy, and w41/ (1pw).

oW, = % Z Z sinc[(n —m — p1/2) 7|0 W42 (C.6)

n=0,1 m

Moreover the evolution equations for the 1pw are related to the evolution equa-

tion for the density operator o which contain all the time dependence
dz0 =i[o, HJ. (C.7)

Therefore the evolution equations for the 1pw can be written as:

9 Z .z i —i20(m/+p/2) 2 —i2% ) 'k
£wm+u/2(97XL,PL,Z) = ;;6 a /R2 d7k e " X (C.8)

Tr {Q(E) [Ha Cin_;_m/_l,_“(pl + kJ_)Cm—m’(pJ_ - kJ_):| }
where we have used the cyclical of the trace
Tr {[H, o(2)] X} =Tr {o(z) [H,X]}. (C.9)

in order to extract the time dependence from the commutator. Using the Hamil-
tonian in (B.18) and the evolution equation for the density operator in (C.7) the
Eq.(C.8) can be written as:

azwmw/g == 21 + 22 + 23 (ClO)
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where

R i —i20(m/+11/2) 2 —i2%, 'k
Y = Wgze 2 . A%k e~ 2xrke (C.11)

Tr {Q(Z) [Hi, ciﬁm/w(pL +ki)Cmm(PL — kL)] }

Before calculate the three contributions ¥; for the evolution equation (C.10) we
remark that in the 1PW formalism the commutator between the FEL Hamiltonian
and the creator and annihilator operators appearing in Eq. (C.12) gives the same
result using both fermions and bosons, since it is independent on the QCR choice

(B.16). In fact, using the following formulae:

b (C.12)

lab,c]_ = alb,c]_—[c,a]_b=alb,c, —[cal,

and defining ¢; = ¢y, (k1) and A j) = 6, m;0(ki;, ki) with m € Z and k) € R?

we obtain:
[cic%c;cd = {CJ{ [cg,cg}iczl — cg [c4,ci]i cg} = {CJ{C4A(2,3) — cgch(M)} (C.13)

where in the last equality of Eq.(C.13) we have used the QCR (B.16). Note that
the commutator from Hamiltonian and the creator and annihilator operators is (for
the 1IPW) always of the form |:C-]i:C2, C§c4] which is manifestly invariant with respect
to the QCR choice, as shown in Eq.(C.13). Here in after we assume a bosons QCR

Let calculate the first term of Eq.(C.10) using the explicit expression of the
second quantized Hamiltonian in Eq. (B.23)

i —i20(m’ —i2% -
N, = ﬁz/m A2k, ei200m +u/2) —i2% Ky Tr{Q [Hl,cI,ler,w(pLJrlq)cm_m,(pl —kl)”

v —i20(m’ —i2% | -
= - D, /RQd2kl/RQd2k’le W tn/2) =Xk (m" K a;) x

™ {o [c; () (K1), €hy (P14 K1) (P — 1)) b

— % Z / koJ_ / koIJ_ 6—i29(m/+p/2)6—i2iL-klh1 (m”, k/J_, az’) %
R2 R2

m/,m’

T {0 { el (K1) [ (K0): €]y (P + K1) € (Pr — i)+

(P K1) [l (), € (P = k)| 0 (I1) } }
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i P e
_ ﬁ 2 / koJ_/ koJ_ e i20(m +,u/2)e 2% kth(m",kl,ai) >
R? R?
m/7m//

Tr {Q {Cin//(kl)cm—m’(pl - kl)é(m”,m-l-m’-l-u)é(klj_a PL + kJ_) -

Cin—l—m’—i-p,(pl + kJ_)Cm// (kl)(s(m//7m_m/)(5(kl, PL — kl)}}

where we have used the QCR in Eq.(B.16) and the Dirac and Kronecker Delta

functions as defined in Eq.(B.17). Integrating on k/, and summing on m” we obtain:

_ i 2 —i20(m/ +11/2) —i2% 1 'k
zl_ﬁ;/mdkle /2 mizx ke
{hi(m+m' 4+ p,pL +ki,a;) —hi(m—m',p;. —ki,a;)}
Tr {Q Cin—i-m’—i-u(pl + kJ_)Cm—m/ (pJ_ - kJ_)} . (014)

Let calculate the second term of Eq.(C.10) using the explicit expression of the second

quantized Hamiltonian in Eq. (B.24)

i —i20(m/’ —i2% | -
22 = ﬁ Z/ dsz_ e 20( +H/2)€ 2Rk {TI‘ Y |:H2,Cjn+m/+u(pl + kl)cm_m/(pl — kl)]}
m/ R

! ! gmi20(m’ —i2% T
= — d2k d2k 20(m/+p/2) —i2% ) -k i " ) %
3 Z /R2 L/RQ Le e o gr(Z,a1)ha(m”, a;)

m!/,m’

Tr {g [cin,, (K )enr (K, +qy), cL+m,+u(pl + ki )cmm(PL — kL)] }
- 5 Z d’k d2k | e i20(m +u/2) p—i2x 1 ko d'a, (Z,q1)ha(m”, a;) x
o 7-‘-3 o R2 L R2 1 27_‘_ gf Y q.J_ 2 ) 1

2
' m! R

TI' {Q {C;[n”(k/l) [Cm”(klj_ + CIJ_), C1n+m,+“(pj_ + kJ_):| Cm—m’(pj_ — kJ_) +

el i (PL k1) [Cjﬂ,,(kl), Conmi (D1 — kl)] Cour (K, + qJ_)}}
1 ;. , e

- d2k d2k —i20(m/+u/2) ,—i2% ) -k
3 m’zn;” /R2 L /R2 1 € €

Tr {Q {Cin” (k/J_)Cm—m/ (pJ_ - kJ_)(S(m”,nH-m/-i-u)é(k/J_ +qL,pL+ kJ_) -

d2

%gf(i q1)ho(m”, a;)
R2 T
Cin+m'+u(pl + kl)cm”(klj_ + ql)(s(m”,m—m’)(s(klj_a PL— kJ_) }}

where, again, we have used the QCR in Eq.(B.16) and the Dirac and Kronecker

Delta functions as defined in Eq.(B.17). Integrating on k/, and summing on m” we



137

— i 2 —i20(m/+p/2) ,—i2%x 'k
2o = 7T3X;/Rleqe e texLEL
T { oha(m 4+’ + 1, @)l (PL + ket = AL )mom (P — k)=

hao(m —m/, ai)ciﬁm/w(pl +ki)emm(pL—ki + ‘h)} (C.15)

Let calculate the third term of Eq.(C.10) using the explicit expression of the
second quantized Hamiltonian in Eq. (B.25)

i —i20(m’ —i2% | -
23 = EZ/RdekJ_e 20( +H/2)€ 2Rk TI"{Q [Hg,Cjn_i_m,_i_M(pJ_+kl)cm_m/(pl—kl)]}

= = Z / d2 / d2 / —7,29 (m/+p/2) —Z2XJ_ k, TI'{Q >
™ R2 R2

m m//

d*qu
/R2 o ——Gy(%,5,q1) [Cin//(kl)cm”—l(kl +a1), ¢, (P KL (PL — kJ_)] -

S TI
/R2 27TJ_Gf(Z>Z17qJ-) [ b ()€ (K = 1) el (PL K Cmom (L — kJ_)] }

- % ) / d’k, / APk, e 200 /2 o=KLk Tf{gx
m/ mll R2 R2

d2
/2 qJ_Gf(ZWZ_th_) X
R

2T

{Cjn”(k,J_> |:Cm” 1(kJ_ + qJ—)? jn.l,_m +M(pJ_ + kJ.):| Com—m/ (pJ_ - kJ_) +

C;[n—i-m’—i-u(pl + kJ—) [Cin”(k,J_% Cm—m’(pl - kl)] Cm”—l(klj_ + qJ_)} -

qr .
/2 J_Gf(zwthl) X
R

2m
{C:rn”(kl) |:Cm//+1(k ql)a :fn+m +u(pl + kJ_):| Crin—m/ (PJ_ - kJ_) +
cIner +u(Pr+ky) [ o (K1), € (P — ki)] Crr41(k }}
— d2 d2 / —7,29 (m/+p/2) —Z2XJ_ k| T {
7T3 mZn:z” /RQ /RQ nex

/ Gf z Zl> qJ_)
R2
{cm,,(kL)cm_m/(pl —ky) 5(m"—1,m+m'+u) 0k +qi,pL+ki)—

P+ K )1 (K ) (s m = ') 3(K, pu — k) } -
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Par .,
LQ 27TJ_Gf(Z7zlan_) X

{Cjn//(klj_>cm—m’(pl - kJ_) 6(m”+1,m+m’+u)) 5(klj_ —q.,P1L + kJ_) -
cin+m/+u(pl + kJ_)Cm”—l-l(k/J_ - qJ_) 5(m”,m—m’) 6(klj_7 PL— kl)}}

Integrating on k/, and summing on m” we obtain:

_ P 2 —i20(m/ +p/2)  —i2% 1 'k {
Y = E d“k H LT X
3 3 — /R2 L€ € ryo

dqr ., ,_
/2 2T Gf(z’ <1 qJ_) X {Cjn-i-m/-i-u-i-l(pJ- +ky - (IJ_)Cm_m’(pJ_ o kJ‘)
R

Cin,-i-m’-l-u(pJ_ +ki)Cnm-1(pL — ki + QL)} -

d2(lJ_ -
/2 2m Gf(z7 Z,4q1) X {Clm+m’+u—1(PJ_ +ki +qi)cmm(pL — ki)
R

Chrmu(Pr K )em w1 (P — ki —au) b} (C.16)

Now we calculate the three terms in Egs.(C.14),(C.15) and (C.16) in terms of the
1pw in order to obtain a close Wigner evolution equation. Before start we remark
same relations which will useful for the following. Using the explicit definition of
the 1pw in Eq.(5.38) we obtain:

1 o —i260(m’ +11)2) 2 2%,k
OpWytpy2(0, %1, p1) = %Z(—ZQ(W +p/2))e a . dk e "L X

Tr {Q(E, Z_l) ciﬁm/w(pL + kJ_>Cm—m’(pJ_ - kl)} (C17>

then we associate the term —i2(m’+ 1/2) to dpw. Similarly to Eq.(C.17) we obtain

the following rules:

—i2(m’ 4 p/2) — Opw, —i2k, — Ok, w, —4(m' + p/2)* — Gw, —4kT — 92 w. (C.18)
Moreover we omit the explicit time and spatial dependences that is not useful for the
demonstration; in particular Wy, y,2(0,X1,P1,2,21) — Winiue2(PL), 9(Z,q1) —
gr(aL) and G¢(z, z1,q1) — Gr(qu).

DIM X;:

Let start from the term ¥; in Eq.(C.14):

1 () .
N - = d2k —i20(m’+pu/2) —i2%, -k,
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i{hi(m+m'+pu,pL +ki,a;) —h(m—m'p. —ki,a)}
Tr {Q C;+m/+u(pi + kl>cm—m’(pl - kJ_)} (C19>

where ihy(m, k1, a;) =i (aym?* + ask? + azm — aymk?)

i{hi(m +m'+p,p1 +ki,a;) —hi(m—m',pL —ki,a;)} =

iar[(m +m' + p)* — (m —m')?

ias[(pL +k1)? — (pL — k1)’

i(ag +0)[(m+m' + p) — (m —m')]

— dag[(m+m + p)(pr +ki)* = (m—m')(pL — k)’ (C.20)

+ o+ o+

Now using the relations in Eq.(C.18), for each single term of Eq.(C.20), we obtain:
o iay[(m+m'+p)?—(m—m')?] — diay(m+p/2)(m'+p/2) — —2a1(m+11/2)0p
o iax[(pr +ki)*— (p1L —ki)? — diasp ki — —2a:p1 0%,
e i(az+0)[(m+m'+p) — (m—m)] — 2iag(m' + pu/2) — —az0s

o —ias[(m+m' +p)(prL+ki)* — (m—m)(pL —ki)*| =
—tag{m[(pL +ki)? = (P — ko )*] +m'[(pr +k1)* + (P —k1)’] + pl(pr +ki)*]} =
—iaq {4p  kym +2m'(p? + k%) + u(p? +k2) + 2up. k. } =
s {dp K, (m + 1)2) + 2D (' + 1)2) + 262 (! + 11)2)} =
+ ag {2pL(m+ p1/2)0%, + P10y — 10502 }

Using the explicit definition of the parameters a; ...ay4 in Eq.(B.22) we can write

the evolution equation of the 1pw X; relative to the first H; Hamiltonian:

bX
—abp, {1 —aX(m+ pn/2)} 0z, + Ecﬂ%@il} Wnppu/2(Pr) (C.21)

DIM 3,:

Let start from the term 3, in Eq.(C.15):

1 dqu . ’ o=
3 - d2k —i20(m’+u/2) ,—i2% ) -k T{ %
p 7?‘”’;/132 J_/R2 S grlan) e e r{ 0
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l {hg(m +m' + p, ai)c:rn-i—m/-i-u(pl +ki —ai)cnm(pL —ki)-
ha(m =1, 4)C, ey (PL+ K )em (pr — ki +an)} b (C22)

where ihy(m,a;) = ias — iagm

Introducing the new variable k/, =k, — q, /2 we obtain the following relations:

p.+ki—q.—p +kK, ,p. -k —p —k|
p.+k, —pl+k,,p—ki +q —pl -k,

oo 9% L/ Q% .
e i2x ) -k | e 12X | kl .e X qJ—, (023)

where we have defined pf = p. £q, /2. Since, neglecting the prime in k/, , we have:

a2
q 0% - —i20(m/ +11)2) —i2% ) 'k
Y, — E 4%k 191 (m/+u/2) J_J_T{ «

i {[a5 - a3(m + m’ + ,[L)] m+m +u(pJ_ + kl)cm m’ ( J__ - kJ—)_
[as + ag(m — )], 1, (T + K )emom(PT — k1) | |
2
_ 2 dq. —i%, - —i20(m/ +11/2) ,—i2% | 'k
= 7T3Z/Rgdkj‘ o gf((l) L4aL e B/2)e J_J_TI-{QX
{lias — iag(m + 1/2) = ias(m’ + 1/2)16], 4, (P + K1 )Emmr(PT — K1)
ias — ias(m + 1/2) + ias (' + /D]l (L + K )emm (P k1) b (C.20)

Since using the relations in Eq.(C.18) and the explicit definitions of the param-
eters as and az in Eq.(B.22) the evolution equation for the 1pw X, relative to the

Hamiltonian Hy in Eq.(B.24) can be written as follows

2

d -
o POfX[l N aX(m Tu/2)] /Rz Q?rL gr(ar) e ™ {wnin2(P]) — Wintp2(P1) |
4€p . 2 (q ) —1X1qL {69 [Wm+u/2(pl) + wmw/g(pi)]} (C25)

where pT = p, +q, /2.

DIM 33
We start from Eq.(C.16) which can be written as follows

Y3 = X31— 39— 233+ M34 (C.26)
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where

ﬁ . , oo
231 _ _E d2kJ_ e 120(m +u/2)e 2% 'k, >
’ 71'3 R2
m/

d2
TI"{ / 2—Gf(ql) m~+m/ +u+1(pJ_ + kJ_ - qJ_)Cm m/ (pJ_ - kJ_)}

) — d2 —226' (m/+p/2) —z2xL k| >
3.2 3 Z/R?
d? qL
TT{Q . on Gf(‘h) Contm +H(PL +ki)Cm—m—1(pL — ki + (IJ_)}
R
_ P 9 —i20(m!+p)2) —i2%, k.
X = — d°k & X
d? AL s 1
Tr{ G ( 1)c Crntm/ +pu— (P +ki+q)Cmm(PL — kJ_)}

2374 = = 2 : d2 —226' (m/+u/2) —z2xL k, %
™ R2

d*qy -,
TI"{Q/ 27TJ_ Gf(qJ_> Cin,+m’+,u(pJ_ + kJ_>Cm—m’+1(pJ_ - kJ_ - ql)}

For each of the four above mentioned terms we have:

° 2371:
Introducing the new variable k/, =k, —q, /2 we obtain the following relations:
p.+ki—q —p, +k, , p. -k —p —k|,

oo oo , .
6—12XJ_‘kJ_ N 6_7'2XJ-'kL X 6—zx1_-qJ_7

—i20(m/+p/2) —i20(m/+pt/2) 0

(& — €

where we have defined pT = p; +q, /2 and u* = 14 1. Since, neglecting the

prime in k/, | we have:

_ A 2 —i20(m’+ +/2) —i2xk
2371—pﬂgz/dke " Lx

d2
Tr {g / q.
R2 2T

[ Lq %l B
= 5 [ SEGHa) 2(0]) (C2)

(@)e™™ % el (BT + ki )enon(PT — k1) |

2T
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o E3,21

Introducing the new variables k', = k; —q, /2 and m” = m’ + 1 we obtain

the following relations:

p.+k. —pl+kK , p.—ki+q —pl -k
m4+m'+pu—m+m"+pu,m—-—m'—1—m-—-m"
6—’i2}_(J_'kJ_ N 6_i2il.kl . 6—’L')_{J_'CU_

o~ 120(m/ +11/2) —i20(m”"+p7/2) | 56

— €

Since, neglecting the prime in k/, and in m”, we have:

e i e
2372 p - 2 :/ d2kJ_ e 120(m/+p /2)6 i2zk | >
™ T JR2
m

d’q iz,
Tefo [ GG el (07 + K (0T~ K0}

_ d2q % -
= 5 [ SEGHa)  2(0]) (C28)

° 23731

Introducing the new variables k', = k; + q. /2 we obtain the following rela-

tions:

/

p. +ki+q. —p +k, , p. -k, —p -k,

6—7;2)_(J_'kJ_ — 6_2'2}_(J_'kl . el’ij_‘ql

—i20(m/ +11/2) —i20(m/+p~/2) | —i0

(& — € (&

Since, neglecting the prime in k', , we have:

_e v I /- i
23’3 — p - § / koJ_ e 229(7?1 +u /2)6 2xk | %
™ ; R2
m

d2(1J_ * X |-
Tefo [ SEGH@I el (6 K)o (b] — )

g, d2q % %, -
= [ RGeS () (C.29)
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o 23741
Introducing the new variables k', = k; + q,/2 and m” = m’ — 1 we obtain

the following relations:

p.+ki—p +k, , pi—ki—q—p -k

m+m' +pu—m+m”"+ut, m—m'—1—-m-—m"

6_7;2>_CJ_‘kJ_ N e—i2)_{J_'le . 6i}_(J_'qJ_

. / » w4 »
e i20(m'+p/2) _ e 20(m" +p*/2) | e 0

Since, neglecting the prime in k/, and in m”. we have:
9 1 )

et . P .
2374 =7 - § / koJ_ e z20(m +u /2)6 i2xk | %
Y p R2
m

d2 * X - — —
TY{Q/ qu ( 1)ea C;[n—l-m’—i- (Pt ki)enm (Pl — ki)}
R? g

2m

— _—i d q * X - —
= RGeS a(0) (C.30)

finally, using Egs. (C.27),(C.28),(C.29) and (C.30) the Eq. (C.26) becomes:

d2 —I1X —1 X - -
Y3 = ﬁ/2 {ewa qJ—) tte er( ) * ql} {wm+u+/2(pj_) - wm+u‘/2(pi>}
R

(C.31)

Then we can can write the Full 1IPW integro-differential evolution equation,

O ws(py) =
2 bX
—abpy {1 — aX(m+ p/2)} Vx, ws(pL) + [)1—)6(@2agv2 wy(p.)
a2 [0 faem e (o) — o)}
POfX aaim Rz 2m griaL)e Ws\PL) = Ws\PL
i [ SR gplane o {0 [upD) + un(pD)] )
2
+ﬁ/RQ d"q. {Gf —ziquez‘G + G}(ql)eiiL'QLe—iQ} {w8+(pl) — We— (pi)}

(C.32)

where pf = py +q./2, s =m+ /2 and s* = s+ 1/2.
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Classical transverse limit

The integro-differential evolution equation (C.32) describes an electron beam with
a transverse normalized emittance till to the “ultra cold” limit of the Compton
wavelength ¢, > X.. The numerical solution of the Eq. (C.32) is unworkable,
however, as we have anticipate in section (5.2), we are interested in describing an
electron beam in which the transverse momentum distribution is thermal, with a
width Az}, ~ €n/(07:) much larger than the quantum limit X./(o7,). This fact

permit us to simplify our model.

We start expanding the integral in Eq.(5.45) within the following formula’s (see
Appendix (D)):

[, st o (o ) < (o )]

R2
1 2n 2n =
. 521 (2m)] Voiws (pr) Vil f(X1) (+)
= Z [(—
n:() /l n n S
22 (2n + 1)!] Vo ws (pL) VT (x0) - (5)
then the Eq.(C.32) becomes:
azws(pJ_> -
S & bX
{3 (545) - Tot oo
bX
—abp, {1 —aX s} Vi ws(pL) + Ea 89V ws(pL)
5 = _]' " n n =
+POé—X[1 +aX(m+ p/2)] Z mvij_lws(pl)vij_l|g(XJ_>|2

n=0

Z 122n 1V2”69w5( )Vzn‘g( )‘

= Zn n — 2 * —z
5 o (Ba) — (1P (1)) V5, (P + ()6 )
n=0

(C.33)
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Now we introduce the “classical” momentum variable (see Eq.(5.19))

_ o
PL=0apL= "7 (C.34)

T

where the parameter o = A./€, (see Eq.(5.18)) represent the ratio between the
longitudinal and transverse emittance. Since Eqs. (C.33) can be converted into

Q-power expansion

azws(pl> -

bX
. {% + (5+ 2€_p) — Tﬁi} 69w3(f)¢)

bX
—bp, {1l —aX s} Vg, ws(pL) + EORBQVQ ws(Pp)
e 1) 2n+1

+L[1+QX(m+,u/2 1y (=1)"a

X e Ve POV g EP

n=

n2n

Z ) 2% oot Vo Orws(PL) VR lg(x1)[?

_pz nlan gj_ {ws—(pJ_) ( 1) ws*(pl }V {F XJ_ 616 —|—F* _20}
(C.35)
The Eq.(C.35) can be written in a more compact way:

D.wy(pr) = QY +aQW + o2 Z o™ (C.36)

where Q,, = Q,(0,X,,p1,s) and in particular the zero €, the first ; and the

second order € terms of the series expansion are defined as follows (6 = 0 for

simplicity):
s & bX _ ¢
00 = L[240 2 - lae?) - B0t 00— 00V, + ok 9PV )
+ﬁ {w8+(f)L) Wg— pJ_ }{F XJ_ 620 + F* _20} (C37>
Qv = {+bxsplv,q + %saxl\g(xgﬁvm} wy(p)
—iBVm {wes (PL) +we (PL)} Vi, {F(RL)e” + F*(x,)e ) (C.38)
bX 3 3 _
ne = {16 239V2 +?V2 89V2 |g(xl)| _mvg |9(Xl)|2v%L}ws(pl)
+292 fw, (pL) — wer (PL) }VZ {F(xL)e” + Fr(x)e ™} (C.39)

8 pL
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Appendix D

Van Kampen Method

Consider the following expression where w and f are complex functions and p, q

and x are m-dimensional vectors:

[ i@ (pa 3) = 3 Vo) [ g (19"

n=0

_ Z Vaw(p) (i%VX)n = Z i"(ﬂ:)nvgw(mvxf(x) (D.1)

| 1on
— n! e nl2

Moreover we have:

[, i@ fu (e 5) 2w (p-3)}
ST [ e { () = (5)')

ST s () b oo

where f(q. ) is the m-dimensional Fourier transform of f(x,). The term in the curl

parenthesis of Eq.(D.2) can be written as follows:

2 n' 2 — ' nvx {1 + (—1) } = 22”_1vx = va .
{("’_%VX)TL — <_%VX)H} _ n ny _ U 2n+1 . (_1)n 2n+1
nl n‘2”v =07 = (2n+1)!22nv Z(2n+1)'22”v ‘

using the above relations Eqgs.(D.1) becomes

[, Frf@ee{u (o) =u(p-3)) =

147
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> g VRO )+
EA (D.4)
1) e Ve w(p) VT f(x) -

— (2n+ 1)1 220 P

n



Appendix E

Flattened laser beams

It results that an FEL with a laser wiggler works better if the transverse profile of the
laser beam is approximately uniform (’flat-top’) near the plane of the beam waist,
z = 29, within a distance of few Rayleigh ranges Z; = mwg /A (where wy = 2R, see
[39]). In the 3D Wigner model for QFEL developped in chapter 5 (see also ref. [46])
the laser wiggler profile is described by the complex function ¢(7, z), where 7 = r /o

and z = z/L,. In particular, for a TEMyy Gaussian mode it reads:

= =\ __ 1 ex _ f2 —
AU TN v R { 131 —i(z — 20)/Z4] } =

where ay = R/o and Z;, = Z1,/L,.
In this appendix we obtain the expression of g(7, z) for two cases of flattened

laser beams reported in the literature:
1. The Flattened Gaussian Beams (FGB), proposed by F. Gori [61, 62].

2. The Multiple Gaussian Beam (MGB), proposed by A.Tovar. [63]

We mention also the popular Super-Gaussian (SG) profile [64],

9+(r,0) = exp[=(r/wo)’] (v =2) (E.2)

which becomes more and more box shaped for increasing v. However, the evaluation
of the free-space propagation of the field with the SG profile cannot be performed
in a closed form for v > 2, and it must be calculated numerically. On the other

hand, the FGB and MGB profiles have a simple propagation law, which yield the

149
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analytical expression for ¢(7, Z) to be included in our numerical code QFEL3D [49]. In
the following, we describe the FGB and NGB profiles and we study their propagation
in free-space, away from the beam waist plane, assumed for simplicity at z = 0. We
will use physical spatial variables: polar (r, z) for the FGB and Cartesian (x, z) for
MGB.

FLATTENED GAUSSIAN BEAM (FGB) PROFILE
FGB at the waist position z =0

Let’s start from a circularly symmetric Gaussian function g(r,0) = exp[—(r/wp)?].
Its shape can be flattened through multiplication by some suitable correction func-
tion. The limiting correction case is done by the function exp[(r/wg)?], which once

expanded yields:

[e.e]

r/w
1 = expl(r/un)?] - expl(r/u)] = espl~(r/up)?]- 3 LW (g
n=0
Truncating the sum at n = N, we define
al r/w
Fy(r) =exp[—(r/wp)’] - Y ~—r— N=01.... (E.4)
n=0

For N = 0, Fy(r) reduces to the Gaussian function exp[—(r/wp)?] and limy .. Fn(r)
1. Therefore we can expected Fy(r) to be near to unity for a certain interval and
then go smoothly to zero. Fx(r) for different N is shown in Fig.E.1. In order to
approach the step profile ©(wy — r) (where ©(z) = 1 for x > 0 and 0 for z < 0),
Fx(r) can be re-scaled changing r into the new variable /N + 1r. The Flattened
Gaussian Beam (FGB) profile of order N at the beam waist z = 0 is defined as:

o~ VN I(r/wo)]"

n!

gn (7, 0) = exp[—(N + 1)(r/wo)?] (E.5)

n=0

In Fig.E.2 the FGB profile gn(r,0) of Eq.(E.5) is compared with the SG profile of
Eq.(E.2) vs. r/w for different values of N and ~.
FGB propagation law

The main advantage of using FGB’s instead of SG beams consists is that a FGB

can be easy rewritten as a superposition of Laguerre-Gaussian beams, whoise prop-
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Flattened-Gaussian-Profile

Figure E.1: Fy(r) for different N and wy = 1

agation characteristics are also well known. In fact, Eq.(E.5) can be written as
(61, 62]:

gn(r,0) = exp[—(N + 1)(r/wo)’] Y _ ML, (E.6)

n=0

2
Wy

{2(N+ 1)742}

where L,, is the nth Laguerre polynomial and

AN — (Z1yn XN: 2im (Z) (E.7)

The paraxial propagation of a FGB is solved by using the well known propagation

formula of Laguerre-Gaussian- beams, which yield

gn(r.2) = 1+<12/ZN>2 e { LL;ZTV(Z) ‘w§<z>]T2}ZC%N)L”[ 3r(zﬂe"p[‘2‘27”‘“)‘1’“”]
(E.8)

where

wn(z) = wn(0)\/1+(2/Zn)3?, (E.9)

1 z
RG) | R DY (10
Oy(z) = arctan(z/Zy) (E.11)
and
Zy run(0)° (E.12)
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Super and Flattened Gaussian Profile

I~==3 5 N 0
0.8 \gi\\ ~ 9ot N =2
. N 0.6 -
8 2 W 10 O 4 \ 8
: 2718 ' b |~ 16
0.2 \\ - 30 0.2 N 32
05 1 1.5 3 L/Wo 0.5 1 1.5 pt/vo

Figure E.2: FGB (right) and SG (left) profiles vs. r/wj for different values of v and

N
Wo
0) = . E.13
Figures E.3 and E.4 show |gn(7, 2)| vs. r/wy(0) and z/Zy for several value of
N.

MULTIPLE GAUSSIAN BEAMS (MGB)
MGB at the waist position z =0

The Multiple Gaussian Beam (MGB) is composed of a sum of Gaussian function
components, each with spot size w, but offset by w. The general formula for a MGB

of order M, at the waist plane z = 0 and for the cartesian coordinate x, is [63]:

S &P [ (w/w —m)"]

SN exp(—m?)

gu(z, 2 =0) = (E.14)

For M = 0 it reduces to the Gaussian function, whereas for M = oo it becomes the

step function O(w — ). It is composed by 2M + 1 Gaussian function components.
The width of the MGB of order M is:

1/2
1 —1In < Z exp(— )] (E.15)

Wp — W
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MGB propagation law

The expression for the MGB outside the waist plane z = 0 can be obtained analyt-

ically. The general treatment is reported in ref.[63]. In the free-space the formula

1S:
gu(z,2) = A—Mez@(z) i exp
\/1+(Z/ZL)2 m—— M

1 T z

2 T ure) \Z,

(z — mw)?

(E.16)

where w(2) = w[l + (2/Z.)]V%, 1/R(z) = 2/(2® + Z?), ®(2) = arctan(z/Z}), Z;, =

mw? /A is the Rayleigh range and

M
A= Y exp(-m?)
m=—M

(E.17)
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Normalizzation

For a correct normalizzation of eq. (E.16) we have to normalize the radial coordi-
nate with the effective widht Wy(N) of the multi-Gaussian beam and the temporal
coordinate z with the Rayleigh range.

T:T/WO Z:Z/Zr (E]‘S)
With this normalizzation the Egs.(E.11) becomes:

N _ o ,
_ Timl [l—i—zz]} (i/2)ArcTan(z)
Tn(r,z) = Cy(N) Z e{ {(sz) /2} e{ (1422)17% } (E.19)

m=—N

In figures E.5 and E.6 we shown the evolution in z of the FGB profile Uy (r, 2)

for a different value of N.
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