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Abstract

We include inhomogeneous effects in the quantum model of a free electron laser taking into account the initial energy spread of the
electron beam. From a linear analysis, we obtain a generalized dispersion relation, from which the exponential gain can be explicitly
calculated. We determine the maximum allowed initial energy spread in the quantum exponential regime and we discuss the limit of large

energy spread.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Recently a new quantum regime of high-gain free
electron lasers (FELs) has been proposed [1-3], particularly
attractive for the realization of a coherent X-ray source
based on Self Amplified Spontaneous Emission (SASE)
operation [4]. The realization of an FEL source in the
Angstrom region and based on classical SASE is currently
the subject of intense experimental effort [5,6]. However,
the radiation spectrum produced by classical SASE is
broad, and the output radiation is a random superposition
of many superradiant spikes, of the order of the number of
cooperation lengths contained in the electron beam length
[7]. Conversely, it has been predicted [2] that in the
quantum SASE regime (i.e. in the quantum regime starting
from noise) the temporal coherence of the output radiation
is greatly enhanced, and the spectrum is composed by a
single or few narrow lines [8].
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The transition from the classical regime to the quantum
regime in an FEL occurs when the photon recoil momentum
hk becomes larger than the induced electron energy spread.
Since the maximum energy spread at saturation is approxi-
mately mc?yp, where p is the classical BPN parameter [4],
then an FEL is in the quantum regime when

p=p— <1 (D

For p>1 the discreteness of the photon recoil can be
neglected and the electron momentum decreases continu-
ously by recoil, so that the electron motion can be described
classically. On the contrary, for g <1 the electron momentum
decreases by discrete steps of ik and a quantum-mechanical
treatment of the electron dynamics shows the existence of a
completely different regime in which each electron emits
coherently a single photon [1].

In this paper, we extend the results of the quantum FEL
model discussed in Ref. [2] to include the inhomogeneous
effects due to the broadening of the resonance, caused by
for instance a spread of the initial electron energy. The
significance of the inclusion of inhomogeneous effects is
that it allows us obtain an upper limit for the initial energy
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spread in the electron beam driving an FEL in the quantum
regime.

2. Inhomogeneous quantum FEL model

It has been proposed [2,3,9] that the Quantum FEL
(QFEL) is described by the following equations for the
dimensionless radiation amplitude A(Z, z;) and the electron
wave function ¥(0,z,z;):
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The notations are the same of Refs. [2,7]. In particular,
Z = z/I, is the coordinate along the wiggler (in units of the
gain length /, = Ay /4np), 0 = (k + ky)z — ckt is the elec-
tron phase, z; = (z — ¢f8,)/ P, is the coordinate along the
electron bunch (in units of the cooperation length /. =
AJ4mp), A is the dimensionless field amplitude, such that
plA|* is the ratio between the photon density and the
electron density, é = (y, — 7,)/py, is the normalized detun-

ing parameter, y, and y, = \/k(l + a2)/2k, are the initial
and resonant electron energies in mc? units, respectively,
p. = v:/c, and v; is the resonant electron velocity.

The QFEL model of Egs. (2) and (3) was obtained in Ref.
[3] using a multiple-scale approach, previously applied to
classical FEL theory [10]. The method exploits the existence
of two different spatial scales: the variation of the electron
distribution on the scale of the radiation wavelength A
(describing the bunching) and the variation of the field
envelope on the much longer scale of the cooperation length
l.. As discussed previously [1], Egs. (2) and (3) depend on
the single dimensionless parameter, p, ruling the transition
between the classical (9> 1) and quantum (p < 1) regimes.

Egs. (2) and (3) have been derived assuming a mono-
energetic electron beam. More precisely, the parameter o
describes the detuning of the initial electron energy y, from
the resonant energy 7,, defined by the central frequency
o = ck of the emitted radiation. The model of Egs. (2) and
(3) can be generalized to take into account for inhomoge-
neous broadening: different electrons may have different
detunings o, i.e. different initial energies and/or different
resonant energies, distributed by a function Gy(9).

The effect of a distribution Gy(0) (describing different
classes of electrons, each one with its own detuning 9), is
more conveniently included in the model of Egs. (2) and (3)
where Y(6, z, Z) (assumed to be a periodic function of 0) is
expanded in a Fourier series:
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The coefficient c¢,(Z,z;,0) can be interpreted quantum-

mechanically as the probability amplitude to find an

electron with a detuning 6 and a momentum p = n(hk).

In fact, Eq. (4) is the expansion of the electron wave

function on the basis of p with eigenstates exp(in ) and
eigenvalues n(hk).

Inserting Eq. (4) into Eqgs. (2) and (3), defining 4 = 4e'”
and generalizing the source term of Eq. (3) to include all
the different detunings § weighted by Gy(d), we obtain
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The term on the right-hand side of Eq. (6) is the quantum
expression for the local bunching, b(Z,z)) = (/) =
Jd6Go()>", ¢i_1(0)cn(9) and shows that lasing is possible
only in the presence of a coherent superposition of two
adjacent momentum states of electrons at the position z;.

3. Linear analysis

We perform a stability analysis of Egs. (5) and (6) of the
initial equilibrium state with no field, 4 = 0, and all the
electrons in the same momentum state », i.e. ¢, = ¢ and
¢m = 0 for m#n, where w, = n(n/2p + 6) are the eigenva-
lues of the system. Linearizing Eqgs. (5) and (6) around this
equilibrium state and defining a; = cz_le*iw"f and
ar = ¢p11€“7%, we obtain
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where 6, = 0 + n/p. Introducing the Laplace transform in
Z and the Fourier transform in zj,

1
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and assuming ai(z1,0) = ax(z;,0) =0 for a continuous
beam and A(z;,0) = Ay(z1), Egs. (7)-(9) yield
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Then, the Fourier transform of the radiation field is
A(k,2) = Ay(k)F (K, 2) (13)
where
o RPL
F k, 7) = R - 14
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and the spatial growth modes 4 are given by the roots of
the dispersion equation D(k,4) =0. Assuming Go(9)
centered around 0, =0+ n/j and defining w =21+ 9,
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and &' = — §,, the dispersion equation becomes
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where A=0564n/p—k is the generalized detuning.
Eq. (15) can be written also in the following form:
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Note that the same dispersion equation (16) can be
obtained linearizing the Wigner model for QFEL (see
Ref. [3], Egs. (20) and (21)), where Gy(p) = (1/2n) ffooo
dow6,p,z;,0) is the marginal distribution in p of the
Wigner function W(0,p,z,Z = 0) (supposed initially uni-
form and unbunched) and g = (y — 7¢)/p7,-

In the classical limit, g > 1, the finite difference p[Go(d' +
1/2p) — Go(6' — 1/2p)] in Eq. (16) tends to the derivative
dGy(6')/dd’, so that, after an integration by parts, Eq. (16)
becomes the well known classical relation [11]:

oo 4y dGy

as can be obviously obtained also from Eq. (15).
Note that from Eq. (11) it is possible even to obtain the
solution of the field in the time domain,
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for zo >0 and zero elsewhere, where z, = Z — z; = (¢t — 2) /1,
and the complex integral in (19) surrounds all the essential
singularities of the exponential function. The explicit solution
in the classical limit and in the case of a mono-energetic beam
has been calculated in Ref. [12], whereas the general solution
of (19) will be discussed elsewhere.

4. Large broadening case

In the case of a very broad distribution Gy(d), the
imaginary part of the solution w of the dispersion equation
(16) is small. Hence, using the limit

lim< L ) = P<1) — ind(x)
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in the integral on &' of Eq. (16), where x = Rew + &', ¢ =
Imw and P is the principal part, we obtain Rew &~ 4 and

G~ —2Imw
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where we assumed Gy to be a symmetric function around
zero. We see from Eq. (20) that in the classical limit, g> 1,
and for large broadening, ¢ > 1 (where ¢ is the width of Gy),
the gain is G ~ —(2n) dGy(4)/d 4. Instead, in the quantum
limit, p<1, the gain is the difference between the
distribution G, centered around 4 = 1/p (emission) and
the one centered around 4 = —1/j (absorbtion). Eq. (20)
yields the maximum gain at 4 = 1/2p,

Gmwm%%@—%@ﬂ @1

which shows that the maximum gain in the quantum
regime decreases for o> 1/p, i.e. mc(dy)> hk. This condi-
tion set an upper limit to the initial momentum spread
mc(0y), which must be less than the photon momentum %k,
i.e. less than the separation of the two momentum levels
n=0 and n = —1. In fact, an initial momentum distribu-
tion larger than hk cannot resolve the quantum transition
between the two momentum states. The quantum expres-
sion (20) is valid for ¢ much larger than the resonant gain
(which will be calculated in the next section). If ¢ is also
much smaller than 1/g, i.e. if the momentum spread is
smaller than the photon recoill momentum #hk, the
absorbtion term in Eq. (20) (proportional to
Go(4 + 1/2p)) can be neglected and the gain in the large
broadening quantum regime is a symmetric function of 4
around the resonance value 4 = 1/4:

1
G~ 21p Gy <A — —_). (22)
2p

5. A special case: the Lorentzian distribution

In general, the exact solution of the dispersion relation
(15) for a given Gy(d) can be obtained only numerically.
However, in the case of a Lorentzian distribution,
Go(d) = (1/n)[o/(a* + 0%)], the integral in Eq. (15) can be
calculated analytically, giving the following cubic equation:

(w— A) [(w —ig)* — 4—;2} +1=0. (23)

Fig. 1 shows the gain G = —2 Im w as a function of 4 for
two large-spread cases, calculated from Eq. (23): the first
corresponds to the classical regime (dashed line (a), with
p =5 and ¢ = 2), whereas the second corresponds to the
quantum regime (continuous line (b), with p = 0.1 and
o = 1). In the classical case the gain has an antisymmetric
shape around 4 ~ 0 and it is approximately proportional
to the derivative of the distribution function Gy(4). On the
contrary, in the quantum regime the gain is symmetric
around the quantum resonance 4 = 1/25, whereas absorb-
tion occurs around 4 = —1/25. As discussed in the
previous section, the gain is proportional to the difference
between the emission and absorbtion lineshapes, separated
by the recoil momentum #hk (1/§ in our dimensionless
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Fig. 1. Gain shape in the classical regime, dashed line (a), for p = 5 and
¢ = 2, and in the quantum regime, continuous line (b), for p = 0.1 and
o=1.

variables). In the quantum regime the emission and
absorbtion rates are well separated (if 0<1/p), so that,
around 4 = 1/2p, the absorbtion can be neglected and the
gain has a symmetric shape. In the quantum regime, g <1,
the three roots of the cubic (23) can be evaluated
approximately as
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Hence, the gain G = —2Imw; = \/p(B — ¢') is maximum
at resonance 4" =0 (i.e. for 4 = 1/2p), with

Grax = /P [\/4 Yo a/]. (28)

Note that for 6/ <2, Gmax ~ 2/p[1 — 0’ /2 + 0’2/8], whereas
for '>2, Gmax =~ 20/0, in agreement with Eq. (22). Fig. 2
shows G'=G//p in the quantum regime, for ¢ =0
(continuous line), ¢/ = 0.5 (dashed line) and ¢’ = 2 (dotted
line). The exact solution of Eq. (23) agrees with the
approximated solution of Egs. (24) and (27) for g < 1. Note
that, from Eq. (27), the full bandwidth of the gain is
approximately equal to ¢, & 21/4 4 ¢’>. Hence, the gain
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001 N
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Fig. 2. Gain shape in the quantum regime. Here G' = G/,/p and
—1/2p)//p. The different values of the spread are o =0
(continuous line), ¢/ = 0.5 (dashed line) and ¢’ =2 (dotted line), where

o =a/p.

bandwidth is 64 = 4./p for ¢ = 0 and increases linearly with
¢ when ¢ is much larger than /p (but always smaller than
the quantum limit 1/5).

6. Discussion and conclusions

We have presented analytical results about the effects of
the inhomogeneous broadening of the resonance in a
QFEL. The complete analysis of the nonlinear equations
(5) and (6) will be discussed in a future extended paper.
However, it is already possible to obtain from the results
presented here a criterium for the initial electron energy
spread needed to lase, together with some spectral features
of the SASE regime in QFEL. The linear analysis shows
that the quantum regime (i.e. the reduction to only two
momentum states) requires ¢ <<1/p, i.e. the initial energy
spread must be oy <Ac/4, where ic = h/mc~ 0.024 A is
the Compton wavelength and 4 is the lasing radiation
wavelength. In order to lase at A~1 A using a static wiggler
as in the classical SASE-FEL experiments [6], then y,~10*
and dy/y,<107%, which is prohibitively small. On the
contrary, using a laser wiggler with A,~1 pm [13,14], then
7,~10% and y/y, <107*, which is experimentally accessi-
ble. However, the criterium ¢ <1/ sets only a necessary
condition on the energy spread: to lase a large number of
photons (of the order of the number of electrons in the
bunch), the energy spread must be smaller than the
homogeneous gain bandwidth, o<4,/p<1/p, ie.
oy/y.<4p/p<(p/p). The last inequality implies that g
must be less than (1/2)4/g ~ 0.4 in order to lase in the
quantum regime.

From the present linear analysis we obtain also an
important feature of the SASE regime of QFEL: the
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radiation spectrum is centered around the resonance
A=1/2p. which for SASE implies that the radiation
spectrum is composed by discrete lines at dimensionless
frequency k = —(1 —2n)/(2p), where n=0,—1,... [8].
Hence, the discrete frequency generated in QFEL are
ck, = ck — (1 — 2n)wye., where e = hic? /2my, is the
relativistic recoil frequency. Finally, the spectral line width
is ow/w ~ 2p(4p + 62)!"/2. These results are limited to the
linear regime. A more complete analysis of the energy
spread effects and of the spectral properties of the SASE
radiation in QFEL in the nonlinear regime will be
discussed elsewhere.
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