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PHASE SPACE DESCRIPTION

σx(z) =

√

εx

(

β∗x + s2

β∗
x

)

, β∗ = σx/σ
′
x σxσ

′
x = εx electron beam size

σr(z) =

√

εr

(

Zr + s2

Zr

)

, Zr = σr/σr′ σrσ
′
r = εr = λ

4π radiation beam

size
ELECTRON-BEAM + RADIATION BEAM

Σx =
√

σ2
x + σ2

r , Σx′ =
√

σ2
x′ + σ2

r′

ΣxΣx′ ' λ
4π , radiation beam is choerent

ΣxΣx′ � λ
4π , radiation beam inchoerent

Mt = ΣxΣx′
λ
4π

= εx
εr
, Number of coherent tranverse mode

If Mt ' 1 → εx ' εr If Mt � 1 → εx � εr
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BRIGHTNESS I

λ1(ψ) = λw

2γ2 (1 +K2/2 + γ2ψ2) resonant wavelength

∆ω1

ω1
=' 1

Nw
→ ∆ψ '

√

λ1/Lw ∆x =
√
λ1Lw → ∆ψ∆x ' λ1

〈 dn
(dω/ω1)dΩ

〉 = αN2
wγ

2[KK]2 n of ph in a bandwidth, in solid angle ∆ψ2 ' 1/(γ2Nw)

B = dn/dt
At

= spectral flux
tranverse phase space area brightness

Spectral flux= number of photons per unit time in a given bandwidth ∆ω1

ω1
� 1/Nw

dn
dt = παNw(I/e)(∆ω1/ω1)[KK]2

At = (4π)2Σxt
Σx′t
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BRIGHTNESS II

In a tipical third generation light source we have:

B = παNw(I/e)(∆ω1/ω1)[KK]2

(4π)2ΣxtΣx′
t

ΣxΣx′ ' εx ' 10−2mm−mrad, ΣyΣy′ ' εy ' 10−4mm−mrad,

(I/e) ' 100mA/e ' 1018/sec, αNw ' 1, ∆ω/ω = 10−3

Then we have:

B =' 1020
(

ph per second in 0.1%BW
(mm)2(mrad)2

)
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BRIGHTNESS AND COHERENCE I

Undulator in a Storage Ring:
Nw = 100 λw = 5cm K = 1 εx = 4 × 10−9m− rad
εy = 4 × 10−11m− rad β∗ = 5m I = 100mA

Eph = ~ω1 = ~c
λ1(ψ) '

~c
λ1(0) → λ1 = ~c

Eph

Σx =
√

β∗εx + ~cLw

8π2
1
Eph

Σx′ =
√

εx/β∗ + ~c
Lwπ

1
Eph

B = B(Eph) Mx(Eph) = 4π
~c εxEph 10eV . Eph . 104eV

λ1(10) = 48Å Mx(10) ' 10 My(10) ' 10−1

λ1(10
4) = 4, 8 × 10−2Å Mx(10

4) ' 104 My(10
4) ' 102
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BRIGHTNESS AND COHERENCE II
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BRIGHTNESS AND COHERENCE III
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FROM UNDULATOR TO FEL
I Tranverse enhancement:

The FEL radiation is completly coherent At ' εxεy → (λ/4π)2

If λ = 1.5Å, give an anachement factor εxεy
(λ/4π)2 ' 104

I Temporal enhancement:
In a FEL the electron in one coerence length radiate together,
the intensity enhancement is
Number of electrons in one Lc Nlc ' I

ec
λ
ρ ' 106

I The bunch length being squeezed by bunch compressor to 100
femtosecond lb ' tc = 3cm (for t ' ps lb ' 30cm)

EXAMPLE Brightness in LCLS: B ' 1033 fully coherence hypothesis
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1D PARTICLE MODEL

∂z̄θ = η̄ ∂z̄η̄ = ãeiθ + c.c
(

∂z̄ +
1

2ρ
∂θ +

1

4ikwkρ
∇2

⊥

)

ã = 〈e−iθ〉∆

θ = (k + kw)(z − v̄zt) z̄ = z/
√

3Lg η̄ = (γ − γr)/ργr

ã = κ1

kwρ2 Ẽ → ρ|ã|2 ' ρ ' nemc
2γ0

2ε0|E|2 = Field Energy
e−beam Energy

ρ =
[

1
8π

I
IA

(

K[JJ ]
1+K2/2

)

γλ2
1

ΣA

]1/3

Lg = λw

4π
√

3ρ
λ1 = λw

2γ2

`

1 +K2/2 + γ2ψ2
´

K = eB0

mckw

κ1 = eK[JJ ]/(4γ2
0mc

2) κ2 = eK[JJ ]/(2ε0γ0)
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LINEAR APROXIMATION

∂z̄ã = −b ∂z̄b = −iP ∂z̄P = ã

b = 〈e−iθ〉∆ Bunching parameter P = 〈η̄je−iθ〉∆ collettive momentum

d3ã

dz̄3
= iã ã ∝ e−iµz̄ → µ3 = 1

ã(z̄) =
1

3

3
∑

l=1

{

ã(0) − i
b(0)

µl
− iP (0)µl

}

e−iµlz̄

SASE: ã(0) = 0 P (0) = 0 〈ãã∗〉 ' 〈|b(0)|2〉e
√

3z̄ 〈|b(0)|2〉 ' 1
Nlc

Nlc= number of electrons in a coherent length lc ' λ/ρ
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1D VLASOV EQUATIONS

Klimontovich Distribution

F (θ, η; z) =
k1

(dNe/dz)

Ne
∑

j=1

δ(θ − θj)δ(η − ηj)

(

∂z + θ̇∂θ + η̇∂η

)

F (θ, η; z) = 0

Frequency Domain

E(z, t) =
1

2

∫

dνEν(z)e
i∆νk1(z−ct) + c.c.

Fν(η; z) =
1

2π

∫

dθe−iνθF (θ, η; z)
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LINEAR APPROXIMATION I

F (θ, η; z) = V (η) + ∆F (θ, η; z)

(∂z + i∆νkw)Eν(z) = −κ2n0

∫

dηFν(η; z)

(∂z + iν2kwη)Fν(η; z) + κ1Eν(z)dηV (η) = 0

θ̇ = 2kwη η̇ = κ1

∫

dνeiνθEν + c.c.

∆ν = 1 − ν n0 = dNe/(dzΣA)
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LINEAR APPROXIMATION II

Eν(z) =

∮

dµ

2πi

eiµz̄

D(µ)



Eν(0) +
iκ2n0

2ρkwNλ

Ne
∑

j=1

e−νθj(0)

ηj(0)/ρ− µ





D(µ) = µ− ∆ν

2ρ
−
∫

dη
V (η)

(η/ρ− µ)2

The Dynamics of the system is determinate by the the singularity at
the solution of the dispersion relation
For e-beam with vanishing energy spread

V (η) = δ(η) → D(µ) = µ3 − 1
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FROM 1D TO 3D
I DIFFRACTION EFFECT
I EMITTANCE OR ANGULAR SPREAD EFFECT
I ENERGY SPREAD EFFECT

Qualitative discussion
Decreasing the average beta function (focusing whit quadrupole) will actually degrade the fel
performance, because the large angular spread introduces a spread in a resonant wavelength
∆λ1

λ1
= σ′2x

λw

λ1
' ρ→ σ′x .

√

εr
Lg

' σ′r
the angular divergence should be no more than the angular divergence of radiation.
for a given emittance of the e-beam the beta function should be:
βx ' Lg

εx
εr

a smaller beam emittance allow a tighter focused beam size
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3D EQUATIONS I

∂z̄θ = η̄ − 1

2

(

p̄2 + 3(k̄βLg0)
2x̄2
)

∂z̄η̄ =

∫

dνãνe
iθ + c.c

dz̄ p̄ = (3Lg0)
(2/3)k̄2

βx̄ dz̄x̄ = p̄/
√

3Lg0

x̄ = x
q

k1/
√

3Lg0
p̄ = p

q√
3k1Lg0

(

∂z̄ + iν̄ +
1

2i
∇2

⊥

)

ã(x̄, z̄) =
ρ

π

∫

dθ

∫

d2p̄

∫

dη̄f(θ, η̄, x̄, p̄; z̄)

(

∂z̄ + θ̇∂θ + p̄∂x̄ − k̄2
βx̄∂p̄ +

∫

dν̄eiν̄θ∂η̄

)

f(θ, η̄, x̄, p̄; z̄) = 0

ν̄ = ∆ν/2ρ aν = 2
√

3k1Lg0
Eνe−iν̄z̄ f = ρ/

√
3k1Lg0
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3D DISPERSION RELATION

f0(p̄
2 + k̄2

β , η) =
1

2πσ̄2
xk̄

2
β

e
−

p̄2+k̄2
β

x̄2

2σ̄2
xk̄2

β
1

√

2πσ̄η
e
− η̄2

2σ̄η

σ̄x = σx
√

2k1kwρ σ̄η = ση/ρ ε = σ̄2
xk̄β/k1

scaled rms tranverse beam size, rms energy spread and the electtron beam emittance
Performing Van Kampen’s Normal Mode Expansion we obtain the 3D dispersion relation:

(

µ− ν̄ +
1

2
∇2

⊥

)

A(x̄) =
1

2πk̄2
βσ̄

2
x

∫ 0

−∞
τdτe−σ̄

2
ητ

2/2−iµτ

∫

d2p̄ A

(

x̄ cos(k̄βτ) +
p̄

k̄β
sin(k̄βτ)

)

e−
p̄2+k̄2

β
x̄2

2

(

iτ +
1

k̄2
βσ̄

2
x

)
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3D TRANVERSE EFFECT
I Diffraction effect

σ̄2
x = σ2

x2k1kwρ = 2√
3
Zr

Lg0

Zr > Lg0

I Emittance or angular spread effect

� σ̄2
xk̄β = ε

2εr
ε ' εr in order to generate coherent radiation

� (σ̄xk̄β)
2 = σ′2x

λw

λ1
2k2
uρ = ∆λ1

λ1
4π

√
3
Lg0

λw
= 4π

√
3∆λ1

λ1
Ng0 the beam

angular spread σ′
x = kβσx introduces a spread in a resonant wavelength, the resonant

condition can be mantained for the whole beam if σ̄2
xk̄β < 1

I Energy spread effect
σ̄η = ∆γ

γρ ' ∆λ1

λ1ρ
= 4π

√
3∆λ1

λ1
Ng0 . 1

the resonant wavelength spread caused by energy spread must be less then unit
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FITTING FORMULA I

From a numerical solutions of the dispersion relation we can built a

very useful fitting formula.

Lg = Lg0(1 + Λ)

E = Psat/Pbeam = ρ
1.6

(1 + Λ)2

Λ = Λ(αi, ηj) i = 1, 19 j = 1, 3

η1 =
Lg0

2k1σ2
x

η2 = 4π
Lg0

λβ
k1ε η3 = 4π

Lg0

λw
ση

where ηj are respectively diffraction, angular spread and energy
spread parameter
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FITTING FORMULA II

ρ = Rβ−1/3 Lg0 = λw

4
√

3πR
β1/3

R =
[

1
(4π)2

I
IA

(

K[JJ ]
1+K2/2

)

γλ2
1

εx

]1/3

η1 =
Lg0

2k1σ2
x

=
(

λwλ1

(4π)2
√

3εxR

)

β−2/3

η2 = 4π
Lg0

λβ
k1ε =

(

λwεx√
3Rλ1

)

β−2/3

η3 = 4π
Lg0

λw
ση =

(

ση√
3R

)

β1/3

We can Plot the gainlength and the efficency as a functions of β
Lg = Lg(β) E = E(β)
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FITTING FORMULA III

20 40 60 80 100
b

2

4

6

8

10
Lg 8Gainlength<

U.S. Particle accelerator School Waltham Massachusetts June 2006 – p.21/27



FITTING FORMULA IV
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FITTING FORMULA V
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FITTING FORMULA VI
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TRANVERSE COHERENCE I
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TRANVERSE COHERENCE II
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