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Abstract—We present a two-dimensional description of the light scattering by collective atomic recoil for a
configuration in which the pump and the scattered beams are orthogonal and the atoms arein a definite state of
momentum. In the quantum recoil limit and for single-photon scattering, the analytical solution can be found
explicitly, both in the good-cavity limit (i.e., with no radiation losses) and in the superradiant regime (without

cavity) observed in the MIT experiment.

1. INTRODUCTION

The recent observation of superradiant Rayleigh
scattering from a Bose-Einstein condensate (BEC)
exposed to an off-resonant laser beam [1] has motivated
a series of theoretical studies aimed to describe the
experiment [2-6]. In particular, in [5, 6], we have
shown that the experiment described in [1] can beinter-
preted in terms of the collective atomic recoil laser
(CARL) originally proposed by Bonifacio and cowork-
ers [7,8]. In these origina works, the atomic motion
was described classically, because the system was an
atomic vapor in thermal equilibrium. The recent real-
ization of Bose—Einstein condensation in trapped alkali
gases [9] offers now the possibility of realizing the
CARL with a completely Doppler-free atomic system
in which the atoms have a definite momentum. More-
over, becausethe only relevant interaction in the system
isthat between the atoms and the laser field, the atomic
momentum changes only by discrete units of the quan-
tum recoil momentum %q, where q = k, —k; and k; »
arethe wave vectors of the scattered and incident fields.
Recently, the original CARL model has been extended
[10, 5, 6] to include the quantum mechanical descrip-
tion of the center-of-mass motion of atomsin an initial
state with definite momentum, as occurs in a BEC. A
similar approach was also used in [2-4] for the descrip-
tion of the superradiant regime. The model described in
[5] assumes that the atoms back scatter the pump pho-
tons, moving parallel to the pump and scattering beams.
Asaconseguence, theinteraction is described by an 1D
model. However, in the MIT experiment [1] the con-
densate has a cigar shape, with its major axis orthogo-
nal to the direction of the incident beam, as shown in
Fig. 1. Due to the elongated geometry of the atomic
sample, two scattered beams are emitted perpendicular
to the laser beam and the atoms recoil at 45° with
respect to the direction of theincident laser. Inthis case,
the geometry of the system is two-dimensional in the
plane formed by the wave vectors k; and k.

In this work, we present the full quantum two-
dimensional CARL model, starting from the semiclas-
sical model derived in[6]. Then, we solve explicitly the
equations for the first scattering, both in the absence of
radiation losses (as occurs in a cavity with perfectly
reflecting mirrors) and in the superradiant regime
(without a cavity).

2. TWO-DIMENSIONAL SEMICLASSICAL
MODEL

We represent the cigar-shaped atomic sample as an
ellipsoid with length L and diameter W, where L > W,

Fig. 1. Two-dimensional geometry. The condensate is
exposed to alaser beam with electric field Eg linearly polar-
ized along the x-axis and directed along the y-axis. Two
oppositely directed pulses with electric fields E; and E, are

emitted along the z-axis. Also shown are the two recail
directions along the unit vectors €, , .
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asshowninFig. 1. Theatomic cloud is exposed to acw
laser linearly polarized along the x-axis and directed
along the y-axis, with eectric field E; = Eycogk,(y —
ct)]. We assume that, due to the elongated shape of the
atomic sample, the scattering along the positive and
negative direction of the z-axis dominates over that
along other directions, as has been explicitly discussed
in[2], where afull multimode theory was used to show
that the light-scattering mode occurs only within the
geometric angle W/L. Hence, we assume that the scat-
tered radiation consists of two oppositely directed
pulses propagating along the z-axis with the same
polarization of the incident field and with the electric
field amplitude

ik, (z—ct)

E, = %[El(z, e+ Bz )e "+ el ()

The atomic sample is described as a collisionless
gas of two-level atoms. The internal evolution of each
atom is described by the density matrix elements p,
(m,n=1, 2) for the (1) lower and (2) upper levels. The

off-diagonal element p,, = p3; describes the x compo-
nent of the dipole moment, d, = p(p; , + c.c.), induced
by the radiation fields, where 1 isthe dipole matrix ele-
ment. The diagonal elements p,; and p,, describe the
occupation probability of the lower and upper levels,
respectively. The off-diagonal element may be
described conveniently as a sum of three polarization
waves:

ik,(y—ct) ik, (z—ct)

+Si(zt)e

—iky(z+ct)

1
P12 = Z[Soe @

+S(z)e

The dipole moment of each atom contributes to the
macroscopic polarization of the atomic sample, P, =
n(x, t)d,, wheren(x, t) isthe atomic density. This polar-
ization is a source for the radiation field viaMaxwell’s
wave equations. Assuming that the fields E; , and the
polarization waves S, , are lowly varying functions of
zand t, then the Maxwell equations reduce to

+c.c.].

B} El 0 ElDei k;z |j3 E2 0 Eﬂe—l kyz
Dat 0z0°  TOat ~%8z0
ik iA,,t k (3)
1Ky =185, ikyz
- e +s5e+se ],

where A,; = w, — w;, and w, = ck,. We assume that the
atomic sample can be described as a collection of N
point particles with positions x, so that

N

n(x,t) = 26(3)(X—Xj(t)). ()

=1
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By multiplying both sides of Eq. (3) by e and
integrating over zfrom z—Az/2 to z+ Az/2, where Az =
A /2 and A, = 217K, EQ. (3) yields

Ck n, i(ky K ©)
- 2“’ [Soel( LY FK;2)

280

—ifyt

F2ik
+S,,+S,,e 0

where we have integrated on x and y over the section
A =T1(W/2)? of the condensate, n, = N/V is the average
density, V = AAz is the atomic volume, and [..0=

len
szzl(...

motion is treated classically, with each atom described
asapoint particlewith agiven position and momentum.
The radiation fields drive the center-of-mass motion of
the atomsviatheforce F = d,V(E; + EJ). Neglecting the
fast-varying temporal terms, the equations for the cen-
ter-of-mass momentum components are

) . Inthismodel, the atomic center-of-mass

(_japt_y _ IkzplEo[SO +S'e i(kpy —Ky2) =iyt
+S§ l(k2y+klz)_lA21t—CC.],
dp, ik,
o - 2 (SE-SE (6)
+S;E162ik Z—Sl E2 —2ik, Z—C.C.}
ik i —i —k,Z —i +k,Z
+ TZ“ S) eAth[Ele (koy—k;2) + Eze (kay +kq )] —CC} .

We assume that the detuning A = w, — wy, between
the laser field and the atomic resonance is much larger
than the natural line width of the atomic transition, y, so
that the atoms remain in their lower internal energy
state. Moreover, assuming that the scattering time scale
is much longer than the relaxation time 1/y, we can adi-
abatically eliminate the atomic polarization, i.e. §, =

Q. /A, where Q,, uE /f is the Rabi frequency for the
n- th field and n =0, 1, 2. With these approximations,
Egs. (6) become
ddFt’y - th TN G | g ey _ o
dd_r:z = ihkz—o[f)lei(klz_kzy) +0;e"" _ce] (7)
hk
. Z[QlQ; e _cel,

iAyt

where 61,2 =Q, ,e ~ . We observe that the interfer-
ence between the pump and the two scattered fields
forms two two-dimensional pendulum potentials,

V1 oY, 2 O EgEy ,008(qy, 2 - X + @y ) inthe plane (y, 2),
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whereq; , = K,y —k;2 0qg;,,q= «/ékz, €1,=(Y

¥ 2)/./2 areunit vectorsand ¢, , are the phases of the
complex amplitudes E; ,. A third one-dimensional pen-
dulum potential V5(2) O E;E,cos(2k,z + @, — @,) forms
along the z-axis due to the interference between the two
counter-propagating scattered fields. Egs. (5) and (7)
may conveniently be written in the following dimen-
sionless form [6]:

d'81'2 — 2
ot ppl 25
d
giz = gla, e icc]
_ig * 1(®2-9y)
+—=|a e —C.C.|,
ao[ 1,2821 ] (8
da, ,  0a;,
ot 0¢

i9 |a bl
:gN<e'12 21'(2 1> %+—a12,

whereg= Jp/2N, 3, ,=ky F kz=qy 5 X, pPo=(py F

P)fiky = 2p - &1 ,1Hi0, &y, = —i JEVI2RW,E, €7,
T=pwt, & = pw zc, d=A,/pwy, pw isthe collective
recoil bandwidth, w, = #g%2m, is the recoil frequency,

and p = (QO/2A0)2’3(Q)2u2na/ﬁeOw,2 )3 is the collective
CARL parameter [7].

In the mean-field limit, we can approximate the spa-
tial derivativein thefield equation by alinear lossterm:

da i9 i@, ; i(9,-9
d_t_2+Ka12_gN< 12+ 2,1e 2 1

"'i%"'a—:lﬁal,z,

wherek = c/2Lpw, and L/cisthetransit time of the pho-
ton along the major axis of the condensate. With this
approximation, the finite interaction time due to the
escape of radiation from the atomic sampleis described
by an incoherent decay of the field amplitude in the
sample at arate ¢/2L, which is half the inverse of the
radiation ‘lifetime’ in the atomic sample. If the radia-
tion losses can be neglected (as for instance in a good
optical cavity), then Egs. (8) and (9), with kK = 0, may
be derived from the following Hamiltonian:

(9

B2j

H
01 . 9, i
Z% (P + i) +ig(aie " +afe” " ~cc)

* '( 21j ’31)

ao[al +c.c] @ (10)
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1 * *
_§+ (’a‘_ﬁ(a1 a,t+ta, a2) = z Hj('aljy ’921': plja p2j)-
j=1

3. TWO-DIMENSIONAL QUANTUM MODEL

In quantum theory, the variables 6,, 6,, p;, P, &,
and a, in the Hamiltonian (10) must be treated as quan-
tum operators satisfying the canonical commutation
rules [8;, pad = 10430« and [ag, aB] = Qg Wit, 0, B =
1,2andj, k=1, ...,N. Thesmgle-partlcleHamlltonlan
H(84, 6,, p;, pz) in (10) can be second-quantized as

21 21
A= IdﬁlId82¢+(81, 9,)
(11)

.0 .

xHE 1, 9, i3 aspw(al’ 9,),

wherethe atomic-field operators obey the usual bosonic
equal time commutation relations[ ¥ (95, 9,), ¥ (95,

95)]1=8(8,—91)3(9,—95), [¥ (91, 9,), P(81, 95)]
= 0 and the normalization condition

r"dﬁlﬁ"d82®+ (9, 9,)¥ (O, 9, = N. We intro-

0
duce creation and annihilation operators for the two
components of the atomic momentum p; and p,, i.e.,

Do, 9,) = Zmnc(m’ n)@,mg&®n, where
Py My = MM (with m = —o, ..., 0 and a = 1, 2),

B,my = %Texp(imﬁu) and ¢(m, n) are bosonic

operators obeying the commutation rules [c(m, n),
ct(m, n)] = 6,0y and [c(m, n), c(m, n)] = 0. We
assume that the atoms are delocalized inside the con-
densate and that, at zero temperature, the momentum
uncertainty o, = #/L is negligible compared to the
recoil momentum#q; i.e., weassumethat L > A,. Then,
from the field equations i, ¥ =[H, ¥] andid.a=[H,
a], it is easy to derive the equations for c(m, n), a;, and
a,. For simplicity, we assume that a, > &, ,, So that the
terms proportional to 1/a, in (10) can be neglected. We
obtain

dc(m, n)
dt

1, 2 o0 &, + + 4
= —E(m +n7) —-=(a,a, + a,a)gc(m, n)
P N O (12)

+g{a;c(m—1,n) +a,c(m n-1)
—a;c(m+1,n)—ac(mn+1)},
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da + ;
T = 9> c'(mn)e(m-1,n) +ida, —kay, (13)
da + ;
d_'[2 = gZC (m,n)c(m n-1)+ida,—Ka,. (14)

In the following, we will solve Egs. (12)—(14)
while considering the operators ¢(m, n), a;, and a, as
classical variables. Furthermore, we have added phe-
nomenological decay terms —ka, , to the field equa-
tions to take into account field losses due to propaga-
tion out of the atomic medium.

4. LINEAR ANALY SIS

Let consider the equilibrium state with no scattered
fields, a; = a, =0, and al the atomsin the same momen-

tum state ny, i.e., c(m, n) = ./Ne SO, - THiS S

equivalent to assuming that the temperaIure |s zero and
al the atoms move with the same momentum ny(%q)
along the y-axis. It has been demonstrated [5, 10] that the
system is unstable for certain value of the detuning d. In
fact, by linearizing around this equilibrium state,
Egs. (12)—(14) decoupleinto two sets of three equations:

|n0T/p

dc!®

= -8 .+ JB%,
d 0 D=
[(C“’”d")) Kay,

where a, = a,e™, a = 1, 2 M = cnp — 1,

—i5.c - (15)

2in§r/p—i6r (1) —2i nor/p 51 (2)

No) € , G =c*(np+1,np)e » C-
2t/p—id
c(ng, Ng — 1)e2InTp 'T, c? = c*(ng, Ny +
—2init/p-id 2n
e P and 8, =827 1 We notethat the

atoms have the same probability of scattering a pump
photon aong the positive or negative direction of the z-
axis, respectively, into the mode a, or a, and of recoil-

ing along the directions of €; or €, . Although the atom

can in principle absorb a photon ether from the pump or
from the probe, in [5] it has been shown that, for p < 1

when k = 0 (good cavity regime) or for p < ./2k when
K > 1 (superradiant regime), the atom can only absorb a
photon from the pump and emit it into the probe. This
isbecause, inthese limits, the gain bandwidth issmaller
than the recoil energy shift #w, experienced by the
atom when it scattered a single photon.
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5. NONLINEAR REGIME

It isuseful to introduce the two-dimensional density
matrix

S(m, n, m, n")
(16)

- %c*(m, nyc(m, m)e' M "n-mmmer

and thefieldsA; , = (2/pN)¥2a, ,e°". A straightforward
calculation ylelds, from (12)—(14) the following set of
equations:

dS(m,n,m,n")
dt

= —i[(M=M)8y, o + (N=1)3,, ] S(m, n, 1, )

+ g{ AS(m=1,nm,n)—S(mn,m+1n] (17)
+ A [S(M n,m—-1,n)—S(m+1,n,m,n)]
+ A [S(Mmn—=1,m,n)—=S(m, n,m,n +1)]

+ A5 [S(m n,m,n'—1)—S(m,n+1,m,n)I},

dA; _
i ZS(m, n,m—1,n) —KA,,
mn (18)
dA, _
i ZS(m, n,mn—1)—kA,,

m,n

where &, y = & — (m + m)/p. Although Egs. (17) and
(18) can be solved numerically, it isworth studying the
single-scattering regime analyticaly, in which the
atoms scatter only one photon into the modes a, and a,,
making transitions from the initial level (0, 0) to the
threelevels (1, 0), (0, 1), and (1, 1), as shown schemat-
icaly in Fig. 2 (we set ny = 0 in order to simplify the
notations). The occupation probabilities of the momen-
tum level (a, B) are defined as p(a, B) = Ya, B, a, B)
and, from (17), satisfy the equations

900.9) - _0,50,0,1,0)+ A,50,0,0,1)] +cc.

4e(L0) - 01,50,0,1,0) - A1, 0,1, 1] + cc.,
dt 2

dpO.1) - _Pra,50,1,1,1) - A,S0,0,0,1)] +cc.,
dt 2

d—pfjl{ - §[A15(0, 1,1,1) + A,S1,0,1,1)] +c.c.

We note that p(0, 0) + p(0, 1) + p(1,0) + p(1, 1) = 1.
We write also the equations for the six transition ele-
mentsS(OOlO)S(OOOl) 91,0,1,1),91,0,1,12),
S0,0,1,1),and 50, 1, 1, 0):

LASER PHYSICS  Vaol. 13
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ds(0, 0, 1,0)
dt

- i5,5(0,0,1,0) + %[ 0(0, 0) — p(1, 0)]
—g[AZS(O, 0,1,1) + A¥ (0, 1, 1,0)],
ds(0,0,0,1)
dt

- 5,90, 0,0,1) + pf [p(0, 0) — p(0, 1)]

_g[Als(o, 0,1,1) + AYS(1,0,0,1)],
ds(1,0,1,1)
dt

= i5,5(1,0,1,1) + pf [p(L, 0) - p(L, 1)]

+ g[Als(o, 0,1,1) + Af§(1,0,0,1)],

ds(0,1,1,1)
dt

= 15.50,1,1,1) + 22X [p(0, ) - p(1, 1)

+ g[AZS(Q 0,1,1)+A70,1,1,0)],

d_S_(Q,_d%_l;l_) = 2i8,5(0,0,1,1)

+ g[A;S(o, 0,0,1)—A*S(1,0,1,1)

+AFS(0,0,1,0) - A3 S(0, 1, 1,1)],

950.L.L1.9) - Brars(0,1,0,0)- AT S(1,1,1,0)
+ AZS(O, 0, l, 0) —AZS(O, 1, 1, 1)]

These equations, together with the equations for the
two radiation modes,

dd—'?l = §1,0,0,0)+51,1,0,1) —kA,,
(—jdf\r—z = §0,1,0,0) +5(1,1,1,0) —kA,,

form a closed system. Assuming 8, =0 (i.e. «, = wy +
w,) and symmetrical initial conditions for the modes 1
and 2, then A, = A, =Aand p(0, 1) = p(1, 0). These con-
ditionsimply that S0, 0,1,0)=50,0,0,1) =S, X1,

LASER PHYSICS Vol. 13 No.4 2003

Fig. 2. The momentum lattice for the states (m, n). Thefirst
scattering includestransition from (0, 0) to (0, 1), (O, 1), and

0,1,1)=90,111=S,andg0,1,1,0=90,0,1,1) =
S; arereal. Defining py = p(0, 0), p, = p(0, 1), and p, =
p(1, 1), the system reduces to the following form:

dd—?l = EA(po—p1) —pAS;,

‘3_?2 = EA(pi—p) + pAS;,

™ = pas-S),

% = —2pAS,, (19)
P = pAGS S,

°P: = 2pns,,

dA _ B
a = S.L+SZ KA.

By introducing S, =S, S,, W, = py,—p,, and W_=
Po—2p, +p, = 1—4p, (Whereweused p, + 2p; +p, = 1),
Egs. (19) can be divided into two systems:

ds, _p

dt 2AW+’

dw, _

d.[ - _2pAS+1 (20)
dA _ o

a = S+ KA,
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Fig. 3. (a) Average number of scattered photons per atom,
MmN, (b) and population probabilities pg, p1, and p, as a
function of T, obtained by integrating Egs. (17) and (18)
numerically for p=0.2, =5, andk = 0.

ds _p

— = Eaw_-20ns,,
dW_

—aTl.'— = —4pAS_, (21)
ds; _

E = pAS..

We note that the variables A, S,, and W, form a
closed system, formally equivalent to the Maxwell—
Bloch equations for atwo-level system interacting with
a single-mode radiation field [11]. In the present case,
thetransition occurs between thelevels (0, 0) and (1, 1),
passing through theintermediate levels (0, 1) and (1, 0).
The occupation probability for the level (0, 1) is com-
pletely determined by the field A, as shown using
Egs. (21), which can be solved by observing that they

admit two constantsof motion, W’ +8(S” + 252 ) =1and
W_+4S; = 1. Eliminating S; and defining W' =2W_—-1 =

PIOVELLA

1 - 8p,, we obtain 165> + W'2 = 1. Finally, defining
W' = cos@_ and 4S_= sin@_, we obtain d@_/dt = 2pA.
The field A can be obtained from Egs. (20): we define
the Bloch angle ¢, such that W, = cos@, and 2S, =
sing,, with @,(0) = 0. Then, the first two equations of
(20) give dg,/dt = pA, so that ¢_= 2¢,. The third equa-
tion of (20) gives
2
do, . Kd_(P+ P
dt? dat 2
Expressing p,, p;, and p, as afunction of the Bloch
angle @,, we obtain

sng, = 0. (22

Po = %1(1+ cosq,)?,

1.
p. = 78N, (23)

L. 2
P, = 7(1-cosg,)".

We observe that, when p, = p, = 1for ¢, =0and @, =
1T, respectively, p; = 0, whereas p, is maximum for @, =
102, with py, = p; = p, = 1/4. We consider now the two
cases of interest:

(i) good cavity limit; Kk = 0.
The solution to Eq. (22) is [11] cos@, =

2tanh?[ J/p/2 (T — 1p)] — 1, where 1, = /2/pIn(p/2) is
the delay time. Substituting it into Egs. (23), we obtain

Po = tanh'[/pl2(1—1p)],
p, = tanh’[J/p/2(1 —1p)] sech’[p/2(T —1p)], (24)

p, = sech[J/p/2(1-Tp)],
whereas the average number of scattered photons is

(= Nsech?(,/p/2(t —1p)). In Fig. 3, we report the
results of the numerical integration of Egs. (17) and
(18) for p=0.2, 5 =5, and k = 0, showing (a) the aver-
age number of photons scattered per atom, LN, and
(b) the population probabilities p,, p;, and p, asafunc-
tion of 1. The maximum number of scattered photonsis
equal to the number of atoms N. In this case, the atoms
oscillate between the levels (0, 0) and (1, 1).

(i) superradiant limit; K > ./2p.
The solution is that for an overdamped pendulum
starting from an unstable equilibrium, with cosg, =

tanh[ /p/2K (T —1p)]. Substituting it into Egs. (23), we
obtain

Po = Z{1+ tanh[/p2K (T To)]} *,

1
py = 7sech’[/p/2K (T ~To)], (25
LASER PHYSICS Vol. 13 No. 4 2003
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AP

0.003

0.002
0.001
0 1 ]
g

b,

()

(b)

]
400
T

1 1 1
0 100 200 300
Fig. 4. Sequential superradiant regime: () scaled intensity
|A|2 and (b) the average momentum [p, [in units of fik, asa
function of 1, obtained by integrating Egs. (17) and (18) for
p=2,06=0.5k =10, and A(0) = 0.01.

p, = {1~ tanh[/p/2K(r ~To)]} *

The average number of scattered photons is [h=

3N’y T, A Qo
S—TZEE?\KE%(E sech? .J/p/2k (1 = 1p)], Where T, =
L/c is the photon lifetime and A is the condensate sec-
tion. Figure 4 shows the results of the numerical inte-
gration of Egs. (17) and (18) for p =2, 56 =0.5, k = 10,
and A(0) = 0.01. Figures 4a and 4b show the scaled
intensity |A]> and the average y component of the
momentum [p, [in units of 72k,, whereas Figs. Saand 5b
show the population p(n, n) and p(n + 1, n) forn=0, 1,
2, and 3. We observe a sequential superradiant scatter-
ing, in which the atoms, initialy in the state (0, 0),
change their y component of the momentum in discrete
steps of #k,, emitting a superradiant pulse during each
guantum jump.
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Fig. 5. Sequential superradiant regime: population proba-
bilities (a) p(n, n) and (b) p(n+1,n) forn=0, 1,and 2 asa
function of 1 for the same parametersasin Fig. 4.

6. DISCUSSION

Our results show that, in the superradiant regime
and when the atomic decoherence is neglected, it is
possible to transfer completely the population of the
initial motional level (0, 0) to the level (1, 1). The pro-
cess can be continued with the transfer from (1, 1) to
(2, 2), and so on. In thisway, the atoms scatter the aver-
age number of photons along the two opposite direc-
tions of the long axis of the condensate, populating the
levels (ng, ng) (with ny =0, 1, ...) sequentialy and the
adjacent levels (ny + 1, ng) and (ng, Ny + 1) only transi-
torily with a maximum probability of 1/4. In areal sys-
tem, asin [1], decoherence is always present; this can
make the transition between the motional levels less
efficient. As a consequence, al the sites (m, n) of the
momentum | attice become populated, depending on the
ratio between the gain and the decoherence rate. In a
future work, we will generalize the analytical solution
obtained here to include decoherence effects. We com-
ment here shortly on the work performed in [3], where
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the authors derived a model for the four level (0, 0), (O,
1), (1, 0), and (1, 1) similar to our model. In [3], the
authors introduced a factorization of the average prod-
uct of operators different from the usual factorization
[AS = [AII§ O(where i = 1, 2, 3) adopted here. Then,
by neglecting higher order terms, they arrived ato a
closed set of equations for a three-level system. It
should be noted that the reduction to only four motional
statesisvalid only for asmall coupling constant (in the
superradiant case, for w.p® < c/L). The oscillating
behavior for large coupling rates observed in [3] is
probably due to the violation of this condition. More-
over, the numerical integration of the exact Egs. (17)
and (18) shows that, in this limit, the levels (2, 0) and
(O, 2) remain empty, so that, in the four-level approxi-
mation, the decay term introduced in [3] in the equation
for p(1, 0) in order to compensate for the transition
toward the excluded level (2, 0) is not necessary, nor
can its rate be assumed to be equal to the field decay
rate K, which isinstead proportional to c/L.
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