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Abstract—A theory of coherent light scattering from an elongated Bose-Einstein condensate exposed to an
off-resonant laser beam is presented. The model describes the emission of two superradiant pulses along the
sample’'s major axis simultaneous with the formation of a bidimensional atomic grating inside the sample, as
was observed in arecent MIT experiment [Inouye, S. et al., 1999, Science, 285, 571]. The predictions of the
semiclassical model, in which the atomic motion istreated classically, are compared with these of the quantum
model, obtained including the quantum mechanical description of the atomic motion. In the quantum limit the
superradiant regime becomes a sequentia process, in which during each collective scattering atoms emit a 1t
hyperbolic secant pulse and populate an adjacent momentum state.

1. INTRODUCTION

Recent experiments by Inouye et al. [1, 2] and
Kozuma et al. [3] have demonstrated the formation of
atomic matter waves in a cigar-shaped Bose-Einstein
Condensate (BEC) pumped by an off-resonant laser
beam, together with highly directional scattering of
light along the mgjor axis of the condensate. This emis-
sion has been interpreted in [1] as superradiant Ray-
leigh scattering, and successively investigated in [4]
and [5] using a quantum theory based on a multi-mode
extension of the Collective Atomic Recoil Laser
(CARL) Hamiltonian model originally derived by Bon-
ifacio et al. [6-8]. In particular, the semiclassical
CARL modd wasextendedin[9, 10] toinclude aquan-
tum mechanical description of the center-of-mass
motion of the atoms in the condensate. Whereas the
analysisof [9, 10] isstrictly limited to the linear regime
and to the onset of the CARL instability starting from
guantum fluctuations, an approximate description of
the nonlinear effects due to momentum population
depletion is contained in [4] and [5].

In arecent work [11] we have shown that the super-
radiant Rayleigh scattering from aBEC can be satisfac-
torily interpreted in terms of the CARL mechanism
using a semiclassica model in the “mean-field”
approximation, in which the rapid escape of the radia-
tion from the condensate is modeled by a decay of the
field amplitude at therate k. = ¢/2L, where L isthe sam-
ple length and c is the speed of light in vacuum. The
main drawback of the semiclassical model isthat, asit
considers the center-of-mass motion of the atoms as
classical, it cannot describe the discreteness of the
recoil velocity, as has been instead observed inthe MIT
experiment [1]. For these reasons, the semiclassica

CARL model was recently extended to include the
guantum mechanical description of the center-of-mass
motion of the atoms [12]. The basic result is that the
guantization of the atomic motion becomes important
when the average recoil momentum is comparable to
nq (whereq = k,—k; isthe difference between theinci-
dent and the scattered wave vectors), i.e., the recoil
momentum gained by the atom trading a photon via
absorption and stimulated emission between the inci-
dent and scattered waves. In this limit, the quantum
CARL equations reduce to the Maxwell-Bloch equa-
tions for two momentum levels [13]. The superradiant
(SR) regime occurs for large radiation losses, i.e., K >
1, wherek =K /w, p isthefield decay ratein units of the
collective recoil bandwidth, w, p, where w, =% |q/2m,
is the recoil frequency, m, is the atomic massand p is
the dimensionless CARL parameter [6], interpretable
asthe average number of photons scattered per atom. In
the SR regime, the atomic motion becomes quantized

when p < ./2k , whereas the semiclassical SR regime
of [11] is obtained in the opposite limit. In [12] it has
been shown that, in the quantum limit, a sequential
superradiant scattering occurs, in which, during each
process, the atoms emit a1t hyperbolic secant pulse and
populate an adjacent momentum level, as has been
observed in the MIT experiment [1].

In this paper, we review the semiclassical and quan-
tum theories describing the SR light scattering from a
BEC, comparing the predictions of thetwo modelswith
the MIT experiment [1]. The paper is organized as fol-
lows. In Section 2 we describe the bidimensional semi-
classical CARL model and we obtain the semiclassical
SR solution. In Section 3 we extend the semiclassical
model including a quantum mechanical description of
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the atomic motion in BECs. In Section 4 we discussthe
guantum effects in the SR instability, whereas in Sec-
tion 5 we describe analytically and numericaly the
nonlinear evolution of the average light intensity and
atomic momentum in the sequential SR regime.
Finally, in Section 6 we compare the theoretical results
with the MIT experiment. Conclusions are drawn in
Section 7.

2. SEMICLASSICAL BIDIMENSIONAL MODEL

The model described here is bidimensional and
semiclassical. We represent the cigar-shaped atomic
sample as an dlipsoid with length L and diameter W,
whereL > WasshowninFig. 1. The sampleisexposed
to a classica plane wave radiation electric field
Eo(y, t) = Xéycos(ky — wit), polarized along the X
axis and propagating along the § axis, with €, real and
constant and w, = ck,. We assume that, due to the elon-
gated geometry of the atomic sample, the scattering
along the positive and negative direction of the z axis
dominates over that in other directions, as has been
explicitly discussed in [4], where afull multi-mode the-
ory has shown that mode competition results in light
scattering only within the geometric angle W/L. Hence,
we assume that the scattered radiation consists of two
oppositely directed radiation pulses propagating along
the Z axis, with electric fields polarized as the incident
field:

i(klz— w;t)

E(z1) = (X/2)[€.(z t)e
+C(_?>2(Z t) —i(kyz+ w,t)

where €, ,(z, t) areslowly varying complex amplitudes
and w, = ckl ,. The atomic sample is described as a
collisionless gas of atoms, each with two internal
energy levels. The internal evolution of each atom is
described by the density matrix elements p,,, (M, n =
1, 2) for the lower, (1), and upper, (2), levels. The off-
diagonal elements p,, = p5; describe the dipole
moment induced by the radiation fields via the relation
d = Xp(py + €.Cc.), where U is the dipole matrix ele-
ment. The diagona elements p,; and p,, describe the
probability of an atom being in the lower or inthe upper
level, respectively. The off-diagonal elements may be
described conveniently as a sum of three polarization
waves:

(D)

+c.c],

iky(y—ct)

P = (112)[Sy(z t)e
+Szt)e sz t)e 1,

where §(z,t) (n=0, 1, 2) are lowly varying complex
functions. The dipole moment of each atom contributes
to the macroscopic polarization of the atomic sample
described by P = n(x)d, where n(x) is the atomic den-
sity. This polarization is a source for the radiation field

)

—iky(z+ct)
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Fig. 1. The geometry of the scattering experiment. The
filled ellipsoid, representing the atomic condensate with
dimensions L and W, is illuminated with a single off-reso-

nant laser beam of electric field Eq polarized aong the X
axis and propagating along the ¥ axis. The geometry favors

the emission of two oppositely directed superradiant pulses
E, and E, along the major axis L of the condensate. Also

shown are the two recoil directions along the unit vectors

61'2.

viaMaxwell’swave equation which yields, in the usual
slowly varying envelope approximation,

B}%l Ca%@ ik;z @—C(ﬁﬂ —ik,z
Ot * ©3z0° gt azU 3
— I(,Op.n( ){SO |k2y |A21t Sl Iklz+SZe_iklZ},

where we have neglected the terms proportional to e+«
(“rotating wave’ approximation), Ay, = w, — w; and,
where possible, we have set w; = w, = w. We assume
that the atomic sample can be described as a collection
of N point particles with positions x;, so that n(x) =

Z;t 15(3) (x—x;). Multiplying both sides by &7 g

integrating over the z axis from z — Az/2 to z + AZ/2,
where Az = 17ky, Eq. (3) yields

N
ATE 3%133 _|oou i(koy Fky2,) —iBt
+ Az (e
O ot oz U 2¢, Z 4
+2|kzJ
+5,,+5.6 O (X=x)d(y-Yj),

where the upper sign corresponds to the first subscript
and we have assumed thefield amplitudes €, , spatially
slowly varying over Az. Assuming also that €, , are
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independent of x and y, we can integrate on the plane
(X, y) over the section A = T(W/2)? of the condensate,
so that Eqg. (4) becomes

[13%1,2_,_(:6%1,2]
Oot —~ a9z U
N i(koy T ky2) =it F2ik ®)
— 5 al:a)e oY F Ky 21 +Sl’2+sz’1e 1ZD,
0

where n, = N/AAz is the average density and [l0O=
(UN)Z;“:l(..)J—. In this model the atomic center-of
mass motion is treated classically, with each atom
described as a point particle with a given position and
momentum. The radiation fields drive the center-of-
mass motion of the atoms viathe force

_ 0(Eo+E) 0(Eo+E)
F=Hd A==
Neglecting the fast-varying temporal terms, the equa

tions for the center-of-mass momentum components
are

B = kB + s
| _ (6)
;S e|(k2y+ ki2) =iyt _ C.C.] ,
dp, _ . " * v 2Kz
D= (S, -6, + S e
_Srg,e 2|klz i g eiA21t[ ((_gle—i(kzy—klz) @)
_% |(k2y+kz)]_ }

We assume that the detuning A, = w — wy, between the
optical fields and the atomic resonance is much larger
than the natural linewidth of the atomic transition, y, so
that the atoms always remain in their lower internal
energy states (p,; = 1 and p,, = 0). Moreover, assuming
that the scattering time scale is much longer than the
relaxation time y, we can adiabatically eliminate the
atomic polarizations, i.e., §, = i (W)€, /(Y2 + iA) =
Q. /0, where Q,, = ué, /A isthe Rabi frequency for the
field nth and n = 0, 1, 2. With these approximations,
Egs. (6) and (7) yield

d d‘iy = Lihk(Qo/40,) ©
X[flle'(klz_kzy) Q3 I(kﬁkzy)—c.c.],
dd—‘zz = i7k(Qo/40,)
x[Qie T 4 5T _c e (9)
+i(hki200)[ Q105 —c.c],
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At

where Q;,» = QLZeI . It is seen that the interference
between the pump and the scattered fields forms two
bidimensional pendulum potentials, V; oy, 2 O
[€0€1 olcosq; ;- X = @y 5], in the plane (¥, 2), where

duo = kY F K2 = gér2 (where g = /2 (w/c) and

€12 = (9 F 2)/J/2 are unit vectors) and @, , are the
phases of the complex amplitudes €, ,. A weaker 1D
pendulum potential V5(2) O [€,é,|coq2k,z + @, — @]
formsalong the z axisdueto theinterference of thetwo
counterpropagating scattered fields. If the pump inten-
sity is large enough, we can assume €, > €, , and
neglect the potential V,. Equations (8), (9), and (5) are
conveniently written in the following dimensionless
form [6]:

de'(LZ) -
R (19
(1,2) g2

d‘;r = [Ase " +cd, (11)

A A - ~(1,2) ~
a—'g‘i’ziag\éz = @ DHisAL,  (12)
wherej =1, ..., N'and N'= N2, 8% =gy F kyz =
O, X, rJfl ) (|oyJ Pa)Tikp = (2hoP)p;ér2, Ay o =

—i(eo/hnP)V?é, , (Where ng = n,/2) and Aiz =
A, ,€°" are dimensionless atomic position, atomic
momentum and field amplitude variables, respectively.
The dimensionless time and space coordinates, T = w,pt
and & = wyp(Z/c), and detuning, & = A, 1/wyp, are scaled
in terms of the collective recoil bandwidth, pw,, where
W = #Ak¥m, is the recoil frequency and p =

(Qo/ 20?3 (wilny/fieow’ )3 is the collective CARL
parameter [6, 7]. In Eq. (12) the average is defined as
Fewa, p* 2))D=(1/N)Z 7, pt?) Att=

0, the atoms are assumed to be randomly distributed in
position with zero momentum and, in the absence of
any injected probe field, the emission starts from fluc-
tuations. In this simple model the two scattered modes
are uncoupled and symmetric, and we assume the
atomic medium as made up of two independent classes

of N' = N/2 atoms described by the variables (8{",

p) and (8, pi?), respectively. This is purely a
mathematical and numerical convenience and imposes
a decoupling of ensemble (1) from field (2) and vice
versa. In reality, of course, there is nothing to prevent
each individual atom emitting photons successively
into either mode 1 or 2, so coupling to both modes.
Although this coupling is not very relevant in the clas-
sical regime, it is however important in the quantum
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regime and has been observed as a quantization in the
momenta distribution of the atoms in the MIT experi-
ment [1]. An atomic momentum has a val ue determined
by the discrete number of recoil events it has experi-
enced (photons scattered) with each mode. For each
field (1, 2) individually, Egs. (10)—<12) are formally
identical to those which describe pulse propagationin a
high-gain Free Electron Laser (FEL) [14]. It is well
known that these equations admit a self-similar solu-
tion of the form A; 5§, 1) = *&sd(u), where u =

JIE (¢ F &) and sd(u) isthe solution of aset of ordinary
differential equations [15]. This self-similar solution
describes SR emission of radiation pulses whose dura-
tion decreases in proportion to the fourth root of the
peak intensity. The pulse shape of the first peak can be
approximated by a hyperbolic secant function, fol-
lowed by some nonlinear “ringing,” similar to that
which occurs in superfluorescence from inverted two-
level atoms[16].

A simpler model can be obtained by approximating
the spatial derivative in the field equation (12) by a
damping term [17], i.e.,

dA; >
dt

where K = ¢/2Lw,p and L/c is the transit time of the
photon along the major axis of the condensate. In this
approximation, the finite interaction time due to the
escape of radiation from the atomic sample is repre-
sented by an incoherent decay of the field amplitude in
the sample at arate c/2L, half the inverse of the radia-
tion “lifetime” in the atomic sample. A more genera
treatment where the radiation is scattered in adirection
making an angle Y with respect to the z axis should
givek = (c/2w.p)[[SnY /W + |cosP [/L]. AsL > W, the
radiation is least strongly damped along the major axis
of the sample.

An approximate solution to Egs. (10), (11), and (13)
can be found assuming k > 1 and d = 0 and adiabati-
cally eliminating the field variable, i.e, A, =
K ~1[eéxp[i 6% 2] In this limit, the rate of change of the

average scaled momentum is (d/dt)Cp™ 2 0= 2k|A, L2
A third-order analysis of the equations in the mean-
field limit above gives the following approximate solu-
tion:

ig2

= [e

O+ (15— K) Aw o, (13)

Ao = > st (1~ T5)//2K] (14)
K

and
p™20= ﬁ{ 1+tanh[(T—Tp)/V2K]},  (15)

where 1, = —/2k In(by/ /2) is the delay time of the
peak and by = |@xp[i 6% 2(0)][is the initial bunching,
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Fig. 2. Semiclassical superradiant regime: |A1|2 (8 and

™™ 0(b) vs. T as obtained from Egs. (10), (11), and (13)
(continuous line) and from the approximated solution (14)
and (15) (dashed ling), fork =2 and 6 = 0.

which can be assumed to be ~./2/N for acondensate of
N atoms. In the linear regime the exponential gainis

G = wp/2IK = (3y/200)/(1,N/m,w) (A A), (16)

whereas the peak value of the scattered intensity is

| = (y/20,) [ (314T) (VI A °N2I o, (17)

where 1y = (Ceo/2)|é, [ is the pump intensity, A is the
cross sectional area of the condensate and y =
H2w?/3mcihe, is the natural decay rate of the atomic

transition. Figures 2a and 2b show |A,%, (4), and Eﬁ(l) 0
(b), vs. T as obtained from the numerical solution of
Egs. (10), (11) and (13) (continuous line) and from the
approximated solution (14) and (15), for kK = 2, A;(0) =
10*and by = 1.6 x 107>,
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3. QUANTUM MODEL

We proceed now quantizing both the two radiation
modes and the center-of-mass motion of the atoms,

considering 67 = g&; ,x, pi-2 = (PP =
€,2p/hganday , = (N'p/2)”2,5\1, 2 as quantum opera-
tors satisfying the canonical commutation relations
(6", pi"] =18, and[ay, a,] = Sy, Withn, ' =1,
2andj = ., N'. In the following, we limit the anal-
ysisto asingle mode, n = 1, and we omit the apices (n)
on the variables. With the definitions above, Egs. (10),

(11), and (13), for k = O, are the Heisenberg equations
of motion associated with the Hamiltonian:

ij +|gDZae ° th da'a
(18)

= z H;(8;, p;),
j=1

whereg = J/p/2N'. We notethat [H, Q] =0, whereQ =
ala - ZJN: b, is the total atomic momentum
exchanged along €1 in units of . The single-particle

Hamiltonian H(B, p) in Eq. (18) can be second quan-
tized as
21
A = J’delP (6)HB9 9

qJ(9) (19)

where the atomic field operators obey the usual bosonic
equal time commutation relations [@(6), LDT(G')] =
50 -0)and [P (8), P @) =[P (0), ' (8)] =0and
the normalization condition [["de% (6)'¥ (6) = N
We introduce creation and annihilation operators for
the dimensionless center-of mass operator p, i.e,
W ©®) =Y, CpnB|mD) where pjmd= mmO(with m =
—oo, ..., ) and c,, are bosonic operators obeying the

commutation relations [ C,,, cL ]1=90,yand[c,, Cy] =0.
This description of the atomic motion in a BEC
assumes that the atoms are unlocalized inside the con-
densate and that the temperature is so small that the

momentum uncertainty Op,, = filo,, , can be neglected
if o,=Wando,=L.

It follows from Eqg. (19) that the Heisenberg equa-
tionsfor c,,and a are

—a— = —|[m /p—(&/N' )a alc, (20)

+
+ g(a Cn-1—aCm+ 1)1
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da

T i6a+gzc;cm_1. (21)

Asthe bunching term on the right-hand side of thefield
equation involvesthe products of creation and annihila-

tion operators, c;cm_ 1, itisuseful tointroducethe den-
sity matrix operator

_1 +  —im-n)at
Sm,n=WCane .

A straightforward calculation yields, from Egs. (20)
and (21), the following final set of equations:

(22)

dSnn _ ..
T - _[I(m_n)ém,n"'ym,n]sm,n (23)
+(PI2)[ASn-1,n=Snns2) * A'(Snn1 = Smenn)]
= S SumamkA, (24)
where 8, ,=3—(m+n)/pand A= /2/pN'ae™*". We

have introduced in the equations two incoherent terms:
the term —KA, taking into account radiation damping
and where K is defined asin the semiclassical Eqg. (13),
and a decoherence term for the off-diagona elements
of the density matriX, =Y, Sy n, Where v, , = (m? —
M)?(14/p?) and Ty, = W pty, Wherety. is atime charac-
teristic of the system [18]. Anestimateof ' o= wpY; o=

u),z t4c has been obtained in the MIT experiment both

from the linewidth of the Bragg resonance and from the
decay of the matter wave[1, 2, 13].

Without the atomic and radiation decay terms,
Egs. (23) and (24) were derived by Moore and cowork-
ers in [9]. However, their analysis was limited to the
study of the collective CARL instability and no results
were presented for the full nonlinear regime. Prelimi-
nary results of numerical and analytical studies of the
nonlinear regime described by Egs. (23) and (24) are
contained in [12], whereas perturbative results of the
sequential SR scattering, implicitly contained in
Egs. (23) and (24), have been published in [5].
Equations (23) and (24) are the quantum version of the
CARL equations (10), (11), and (13) for BECs, where
a decoherence mechanism has been added. They deter-
mine the temporal evolution of the density matrix ele-
ments for the momentum levels. In particular, p,, =
(8, mbsthe probability of finding the atom in momen-

tum level m, [pE= mepm is the average momentum

and ) [85, n_,0 is the bunching parameter. For a

constant field A, Eq. (23) describesthe Bragg scattering
process, in which m— n photons are absorbed from the
pump and scattered into the probe, changing the initial
and final momentum states of the atom from m to n.
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Fig. 3. Semiclassical limit of the quantum model: |A]? ()
and (2/p)[p{b) vs. T asobtained from Egs. (23) and (24) for
K =2 and p = 10, 14 = 0 (continuous line) and 14, = 0.1
(dashed line).

Conservation of energy and momentum require that
during this process w, — w; = (M+ N)wy, i.e, &, , = 0.
Equations (23) and (24) conserve the norm, i.e,

mSmm =1, and, when k = 0, also the total momen-

tum Q = (p/2)|A]? — [pllIn the following, wewill inves-
tigate only the expectation values of aand S, ,, neglect-
ing fluctuations and supposing thet (S, ,[(= [&0§,, L
Hence, we will not indicate explicitly the average
brackets of the expectation values.

Figures 3a and 3b show |A]> and (2/p)(plvs. T for
K=2,p=10,0=0, 14 = 0 (continuousline) and A(0) =
10, as obtained integrating numerically Egs. (23) and
(24) for the atomsinitially in the ground state with m=
0,i.e., S, n(0) = 800 The dashed linein Fig. 3 shows
the effect of the decoherence, for 14, = 0.1. A compari-
son with the semiclassical solution of Fig. 2 showsthat,

for p > ./k, the quantum system behaves, with good
approximation, classically. Figure 4a shows the distri-
bution of the population level p, at the first maximum
of the intensity of Fig. 3a, at T = 22.5, in the case with
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Fig. 4. Momentum population p, vs. n at the occurring of

thefirst maximum of |A|2 inFig. 3a, att=12.4andfor 14, =
0(a) and at T = 50 and for 4. = 0.1 (b).

T4 = 0. We observe that, at the occurrence of the first
superradiant peak of intensity, amost fifteen momen-
tum levels become occupied, with an induced momen-
tum spread comparabl e to the average momentum. Fig-
ure 4b shows the momentum distribution at T = 50 for
Tqe = 0.1 (dashed linein Fig. 3). Decoherence causesthe
decay of the off-diagona elements of the density
matrix S, n, and, for y,, ;T > 1, stops the superradiant
emission and makes the momentum distribution sta-
tionary and almost symmetric around its average value.

4. QUANTUM EFFECTSIN THE SUPERRADIANT
INSTABILITY

Let us now consider the equilibrium state with no
field, A = 0, and all the atoms in a given momentum
staten, i.e., §, , = 1 and the other matrix elements zero.
Thisis equivalent to assume the temperature of the sys-
tem equal to zero and all the atoms moving with the
same momentum n#Aq, without spread. This equilib-
rium state is unstable for certain values of the detuning
0. Infact, by linearizing Egs. (23) and (24) around the
equilibrium state, the only matrix elements giving lin-
ear contributionsare §,, ; ,and §, ,,_;, showing that in
the linear regime the only transitions allowed from the
state n are these towards the levelsn —1 and n + 1.
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ReA
0.56

0.54

0.52

1
-20 0 20

1
—40

Fig. 5. ReA (a) and ImA (b) vs. 8, asgiven by Egs. (29) and
(30) (dashed line), and calcul ated from the exact solution of
Eq. (28) (continuousline) for k = 10 and p = 2.

Introducing the new variablesB, = §,,; ,+ S, ,_; and
Pn=S, n_1—S+1 nand neglecting for sake of simplic-
ity the decoherence term, —y;, S, n, Eds. (23) and (24)
reduce to the linearized equations.

B, i
s —I6an—an, (25)
aP, i
s —I5nPn—an—pA, (26)
dA _ .
a.-[- - Bn KA1 (27)

where &, = & — 2n/p. Seeking solutions proportional to

i(A=3, . . . .
g , We obtain the following cubic dispersion rela-

tion:
(A=8,—iK)(A\>=1/p°)+1 = 0. (28)
In the exponential regime, when the unstable (complex)

root A dominates, B(t) ~ e and, from Eq. (25),
P,=—pAB,. Inthe SR regime, the semiclassical limitis

recovered for p > ./k >1and §, = d, i.e, neglecting

PIOVELLA et al.

the shift due to the recail frequency . In this limit,

maximum gain occursfor =0, with A =—(1+i)/ /2K .
Furthermore, |S, _1] ~ |Sh+ 1, nl, SO that the atoms may
experience both emission and absorption. This result
can be interpreted in terms of single-photon emission
and absorption by an atom with initial momentum n#q.
In fact, energy and momentum conservation impose
W, —w; = (2n = ) w, (i.e, 8, = £1/p) when a probe pho-
ton is emitted or absorbed, respectively. Becausein the
semiclassical limit the gain bandwidth is Aw ~ K. > w,
when K, > wp and p > 1, the atom can both emit or
absorb a probe photon. On the contrary, in the quantum
limit, the recoil energy %w, can not be neglected, and
there is emission without absorption if |S, ,_;] <

IS'+ 1nl i-€, By=—P,and A = p. Infact, for p< /2K,
the unstable root A = ReA + iImA can be approxi-
mated by

1, p(d,—1/p)/2

ReA = TR
P (3,-1/p) +k

(29)

pK/2
(8,—1/p)* +k”

asshowninFig. 5, where ReA (Fig. 5a) and ImA (Fig. 5b)
vs. §,, asgiven by Egs. (29) and (30) (dashed line), are
compared with the exact solution of Eq. (28) (continu-
ousline) for Kk = 10 and p = 2. Maximum gain, ImA =
—p/2k, occursfor 8, = 1p (i.e, w,—w, = (2n + Dw,)
with the same bandwidth Aw ~ K asin the semiclassi-
cal limit. However, within the gain bandwidth, ReA =

1p if p < 42k, so that in this limit the gain is due
exclusively to emission of photons, contrary to the
semiclassical limit where gainis given by the (positive)
difference between the emission and absorption aver-
age rates. The maximum SR gain in the quantum limit

p < J2k is then G= 2(ImNwp = wp?k =
(32mVY(Qy/20,)2(AN/A)N'. We also note the positive
slope of the real part of A in Fig. 5a near resonance,
which implies avalue of the group velocity v, = c/[n +
w(dn/dw)] (where n = 1 + (w,/w)p(ReA — d,) is the
index of refraction) smaller than c [13].

ImA =

(30)

5. SEQUENTIAL SUPERRADIANT REGIME

The above results show that the combined effect of
the probe and pump fields on a collection of cold atoms
in a pure momentum state n is responsible for a collec-
tiveinstability that leads the atomsto populate the adja-
cent momentum levelsn—1 and n + 1. However, in the

quantum limit p < ./2k of the SR regime, k > 1 (or in
limit p < 1 of the conservative regime, k = 0[12]) con-
servation of energy and momentum of the photon con-
strainsthe atomsto popul ate only the upper momentum
level n + 1. This holds also in the nonlinear regime, as
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we have verified solving numerically Egs. (23) and
(24). In this quantum limit, the exact equations reduce
to those for only three matrix elements, S, 1, S1+ 1. n+ 1,
and Sy, 1 n, With §,41 n+1 + S, n = 1. Introducing the
new variables Sn = S1+1,n and VVn = S1,n - Sn+1,n+1v
Egs. (23) and (24) reduce to the well-known Maxwell—
Bloch equations for atwo-level system [19]:

d -
= lig+vs e 2Aw, @
dw,
o = P(A*S+hc), (32)
%’? = S —KA, (33)

where 8, =0—(2n+ 1)/p and y,, = (2n + 1)%(T4./p?). In
the SR regime, for Kk > 1 and y, = 0, Egs. (31)—(33)
describe a single collective scattering process in which
the atoms, initially in the momentum state n, move to
the upper level n + 1 emitting a 1t hyperbolic secant
pulse, with intensity

A2 = — s [(-To)ts]  (34)
[4(k" +3,)]
and average momentum
[Pl = n+ (U2){ 1+ Th[(T—1p)/T&]}, (35

where T = 2(k? + 6,']2 )/pK is the “superradiant time”

[16], Tp = Tgarcsech(2]S,(0)]) = —TxIN./2|S,(0)| is
the delay time and |S,(0)| << 1istheinitial polarization.
Figures 6a and 6b show |A[]> and CplOvs. T calculated
solving Egs. (23) and (24) numerically withk =10, p =
2,0=0.5, 14 =0 (solid line) and 14, = 0.005 (dashed
line), with the same initial conditions asin Fig. 3. We
observe asequential SR scattering, in which the atoms,
initially in the level n = 0, change their momentum by
discrete steps of 2q and emit a SR pulse during each
scattering process. We observe that for & = 1/p thefield
is resonant only with the first transition, fromn=0to
n=1; for a generic initial state n, resonance occurs
when & = (1 + 2n)/p, so that in the case of Fig. 6a(solid
line) the peak intensity of successive SR pulses is
reduced (by the factor 1/[k? + (2n/p)?]) whereas the
duration and the delay of the pulse are increased. How-
ever, the pul se retains the characteristic sech? shape and
the area remains equal to T, inducing the atoms to
increase their momentum by the finite value #q along

the direction €, . We note that, although the SR timein
the quantum limit (T4 = 2k/p at resonance) can be con-
siderable longer than the characteristic SR time
obtained in the classical limit, TS = /2K, the pesk
intensity of the pulse in the quantum limit is approxi-
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Fig. 6. Sequential superradiant regime: (a) |A|2 and (b) CpO
vs. T, forp=2,5=0.5,k = 10, 14 = 0 (continuous line) and
Tgc = 0.005 (dashed line).

mately half of the value obtained in the semiclassical
limit.

Finally, we observe that decoherence inhibits the
observation of the sequential SR scattering, as shown
by the solution of Fig. 6 obtained for 14, = 0.005
(dashed line). The number n of observable SR pulses
can be estimated assuming y,Ts < 1, which gives 2n +

1< A/pS/ZKTdC. For the case of Fig. 6, n < 4.

6. COMPARISON WITH THE MIT EXPERIMENT

In the MIT experiment [1], a sodium BEC was
exposed to asingle off-resonant laser pul se red-detuned
by Ay/2mt= 1.7 GHz from the 3S;;, — 3Pj, transition,
with A = 589 nm, natural width y = 0.62 x 10°® s and
recoil frequency w, = 3 x 10° s™. The condensate had a
cigar-shaped form, 20 um in diameter and 200 pm in
length, containing approximately N = 10° atoms.
Assuming that N' = N/2 atoms participate in each of
two superradiant emissions along the main axis of the
condensate, the dimensionless parameters are p =
441 and k = 5.5 x 10*1;"°, where I, is the pump
intensity in mW/cm?. Because typical laser intensities

were between 1 and 100 mW/cm?, p/ 2k =0.13,/1, <
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Fig. 7. Temporal evolution of the scattered intensity as
given by the approximate formula (36), for the MIT exper-
iment and three different values of theincident intensity, 3.8

(solid line), 2.4 (dashed line) and 1.4 mW/cm? (dotted line).

1, so that the quantum model must be used. The deco-
herence rate has been measured in [1] by Bragg spec-
troscopy as 2I'; o = (2m5 kHz, giving the dimension-

less coherence time T4, = O.35Iéj . The superradiant
gainisapproximately G = 111, where Gisgivenin ms-
1, whereas the first pulse delay is about tp = In(N)/2G =
(0.6/15) ms, in good agreement with the measured val-
ues. Furthermore, an estimate of the number of observ-
able sequential scattering processes can be obtained
from the condition y, T < 1, which gives 2n + 1 <
0.7 /1,. For n=0, theintensity threshold for superradi-
anceisly=2 mwW/cm?, whereasfor the second and third
sequential scattering (n =1, 2) isl, = 18 mW/cm? and
I, = 50 mW/cm?, respectively. Figure 7 shows the tem-
poral evolution of the light intensity observed in the
MIT experiment for laser intensities |, equal to 3.8
(solid line), 2.4 (dashed line) and 1.4 (dotted line)
mW/cm?, as given by Eq. (34), conveniently written as
—31.4t

1(t) = 0.1461 e " sech’[5.5314(t — 0.62/1,)], (36)

where | and |, are given in mW/cm? and t in ms, and

where we added a decoherence damping factor with a
decoherence time of 32 ps.

In the quantum limit, SR emission parallel and anti-
parallel to the Z axis induces in the atoms a recoil
momentum p =4q[n; €, + ny€, ], with n, , integers. We
assumed the existence of two distinct classes of atoms
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interacting with the two independent SR pulses sepa-
rately.

Thefirst SR scattering generates two condensates of
approximately N/2 atoms moving with momentum

P12 =fiQ€, ,,i.e,with(ny, ny) equal to (1, 0) and (0,1),

at an angle of 45° with respect to the z-axis. Our model
assumes that the two atomic families remain indepen-

dent, the first recoiling along €, i.e., with (ny, 0), and

the second along €, , with (0, n,). However, at the sec-

ond scattering, nothing prevents the atoms in the first
(second) family from recoiling along the other direc-

tion €, (€,), producing the orders (2, 0), (0, 2) (with

N/4 atoms) and (1, 1) (with N/2 atoms). In a similar
way, the third scattering produces the orders (3, 0),
(0, 3) (with N/8 atoms) and (2, 1), (1, 2) (with (3/8)N
atoms). This atomic distribution has been clearly
observed in the MIT experiment, after increasing the
exposure time to the laser source and | etting the atomic
cloud expand ballistically after the interaction. In par-
ticular, the images of the atomic clouds corresponding
to the orders (1, 0), (0, 1) and (1, 1) appear to have the
same density (with N/2 atoms). The extremely small
decoherence of the system in the MIT experiment
allowsthe atoms to emit up to three sequential superra-
diantly scattered pulses.

7. CONCLUSIONS

In conclusion, we have presented a theory describ-
ing the atomic motion and its effects upon superradiant
Rayleigh scattering from Bose-Einstein condensates.
Initially, the atomic motion is treated classically, and
the mean features of the superradiant regime are dis-
cussed. Then, the semiclassical modd is extended
including a quantum mechanical description of the
atomic motion. We have discussed the quantum limit in
which the atomic momentum changes by discrete units
of the photon recoil momentum #g. In this limit, the
exact equations reduce, for each sequential scattering,
to the Maxwell-Bloch equations for two momentum
levels. These results show that the regular atomic
momenta distribution observed in the MIT experiment
[1] can beinterpreted as being due to sequential super-
radiant scattering, as originally proposed in [1] and
investigated in detail in [5]. Conversely, the quantum
nature of the atomic motion in aBEC may be neglected
in the high density limit (i.e., for p > J/k).

We finally comment the differences between our
resultsand these of [4, 5]. Our theory extendsthe model
of [4] taking into account (although for only a single
mode) all the high-order “side modes’ n, corresponding
to multiple scattering of the pump photons. The authors
of [4] study the exponential build-up of the first-order
side modes, (1, 0) and (0, 1), starting from quantum
fluctuation. We obtain the same gain as in [4] in the

limit p < J/k , and the semiclassical superradiant gain
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in the opposite limit. Furthermore, in [4] the nonlinear
effects are considered introducing the population
depletion of the momentum ground state (O, 0),
whereas the authors of [5] extend the nonlinear analysis
including the second-order mode (1, 1). Then, the
authors implement their model adding three phenome-
nological decay terms to the reduced equations, i.e., a
radiation lossterm —k .| (where | isthe scattered inten-
sity), a dephasing term equivalent to —y-S, , and a
decay term of the population level n =1 dueto coupling
with excluded levels, equivaent to —£S, ;. We note
that we do not need this last term because we consider
all the momentum levels. Then, the authors compare
their model with the MIT experiment integrating
numerically the equations with k, = &£ ~ y; ~ 10° s
This choice of parameters strongly disagrees with our
assumption that K, = ¢/L ~ 10'3 s and with the usual
condition for observing superradiance, i.e., K > y-. The
agreement of our model with the experimental results,
as shown in Fig. 7, seemsto confirm the correctness of
our model against the model of [5]. However, adetailed
comparison of high-order sequential superradiant scat-
tering observed inthe MIT experiment should requirea
full bidimensiona analysis of the atomic motion cou-
pled with two scattered fields, that will be the object of
afuture investigation.
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