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1. INTRODUCTION

The realization of Bose–Einstein Condensates
(BEC) of dilute alkali gases [1, 2] has made it possible
to study new collective effects in the interaction
between light and atoms prepared in a single quantum
state. Among them, collective light scattering by coher-
ent center-of-mass motion of atoms in a condensate
illuminated by a far off-resonant laser has been recently
observed [3–7] and interpreted as superradiant collec-
tive atomic recoil lasing (CARL [8]) in the quantum
regime [9–13]. Using a BEC, the quantum CARL is
described by a Gross–Pitaevskii model generalized to
include the self-consistent evolution of the scattered
radiation amplitude [7].

Until now, the model has been developed only for
the longitudinal dimension of a cigar-shaped conden-
sate. In this paper, we extend the previous 1D model to
include the transverse dynamics of the atoms and the
scattered field. We find a new self-focusing effect on the
atoms due to the collective scattering process, of which
a preliminary description is here reported.

2. TRANSVERSE EFFECTS IN CARL
AND CLASSICAL SELF-FOCUSING FORCE

We start from the CARL Hamiltonian [8]
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 evolving according to the paraxial Max-
well equation:
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 is the electric dipole coupling constant,
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 is the atomic dipole moment, 
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 is the local longitudi-
nal bunching. The pump laser is far detuned from the
atomic resonance 
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than the natural linewidth of the atomic transition. If the
pump field 
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 is constant and uniform, the last term in
(1) can be neglected and, defining 
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Eqs. (1) and (2) become
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where 
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 real. If the
atomic sample has a transverse profile, then the scat-
tered field amplitude 
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 grows initially with the same
profile of the atomic sample. This transverse spatial
dependence in 

 

a

 

 originates a mean gradient self-force
on the atoms
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which is proportional to the longitudinal bunching 
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 and whose sign depends on the bunching phase.
Notice that the average 
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i.e., on the fast scale 

 

∆

 

z

 

 = 

 

λ

 

/2.
To give a rough description of this focusing force,

let us suppose that the relevant dependence on the
transverse coordinate in the scattered field is on the
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intensity rather than on the phase. Hence, writing a =
|a |eiφ, we have from Eq. (5)

(6)

Since in general —⊥|a | < 0 (the atomic transverse profile
decreases away from the  axis), the interplay between
photon emission and atomic bunching induces a self-
focusing only when 〈sin(θ + φ)〉 < 0. Neglecting radia-
tion diffraction and propagation, Eq. (4) yields

(7)

where  = dφ/dt. Inserting this into (6), we have

(8)

Hence, the scattered radiation induces a self-focusing

force when  > ∆r. In the 1D classical evolution of

CARL, this results in  > 0 for ∆r = 0 [8], so that some
self-focusing is expected to occur when the transverse
profile of the scattered intensity is sufficiently steep. In
order to give a rough estimate of this self-focusing in
the classical regime of CARL, we assume, for ∆r = 0, a
maximum intensity and phase shift of the scattered

radiation given by  ~ ρN and  ~ ωrρ, respec-
tively, where ωr = (2�k)2/2m is the recoil frequency and

ρ = ( )2/3 is the CARL parameter [8]. Further-
more, we assume along the transverse direction x,
∂x |a |2 ~ –(x/σ2)|a |2, where σ is the transverse section of
the atomic sample, so that from Eq. (8) we obtain  ≈
– , where ωfoc = [�ωrρ2/(mσ2)]1/2 and the charac-
teristic focusing time is approximately τfoc ~ 1/ωfoc.
Assuming for instance a cold sample of 87Rb atoms illu-
minated by a pump laser at λ = 780 nm, then ωr ~ 105 s–1

and g ~ 107 / |∆0 | s–1, where I0 is the pump intensity
in mW/cm2 and ∆0 is the pump–atom detuning in mega-

hertz. Using these values, τfoc ~ 3σ( /NI0)1/3 µs,
where σ is in micrometers. For instance, for N ~ 106,
I0 ~ 100 mW/cm2, ∆0 ~ 1 THz and σ ~ 10 µm, we have
τfoc ~ 600 µs. Hence, the self-focusing force could be
observable in a typical CARL experiment with cold
atoms in an optical high-finesse ring cavity [14].

In the rest of the paper, we investigate the self-focus-
ing in the quantum CARL regime, where the atomic
sample is a Bose–Einstein condensate, discussing the
“good-cavity” and the superradiant regimes.

3. SELF-FOCUSING IN CARL–BEC

The quantum model for the matter wave field Ψ(x⊥,
θ, t) and the radiation field a(x⊥, θ, t) [7, 10], extended
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to include the transverse dynamics of the atoms and the
radiation, is
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where Ψ(θ, x⊥, t) is normalized to unity, i.e.,

(11)

In Eq. (9), we have neglected the nonlinear term
describing the atom–atom interaction, which eventu-
ally can be straightforwardly included in a future anal-
ysis. Using the “mean field” approximation for the radi-
ation field and scaling the transverse coordinates in
units of the transverse section σ of the condensate, i.e.,
x ' = x/σ, Eqs. (9) and (10) become

(12)

(13)

Here, κc is the radiation damping (equal to cT/Lcav in a
ring cavity of length Lcav and mirror transmissivity T, or
approximately equal to c/L in free space, where L is the
condensate length); ω⊥ = �/2mσ2 = E⊥/� is the trans-

verse frequency, where E⊥ = /2m and  = �/σ;

and ZR = 4πσ2/λ is the Rayleigh range of the optical
field, with a minimum spot size of w0 = 2σ.

Expanding Ψ(θ, x⊥, t) in the Fourier series on θ,
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(16)

Let us now assume the “two-level” approximation, in
which the atoms change their momentum state only
from the initial value p = 0 (i.e., n = 0) to the recoiled
momentum p = –2�k (i.e., n = –1) [9–11]. In this
regime, the momentum states with n ≠ 0, –1 remain
approximately empty, so that the Hilbert space is
spanned by only the two states |0〉 and |–1〉 and
Eqs. (15) and (16) reduce to

(17)

(18)

(19)

Finally, introducing the scaled time  = ( )t and the

field amplitude A = , Eqs. (17)–(19) become
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where ∆ = (∆r – ωr)/ ,

(23)

where vr = �k/m is the recoil velocity. We recall that, in

the good cavity regime (κc � , i.e., κ � 1), the

“two-state” approximation is valid when ωr > 
[10]. On the other hand, in the superradiant regime

(κc ≥ , i.e., κ ≥ 1), the “two-state” approximation
is valid when ωr > g2N/κc = G, where G is the superra-
diant gain [10, 13].

4. ANALYSIS

We have numerically solved Eqs. (20)–(22) consid-
ering for simplicity a single transverse coordinate x '.
We assumed as initial conditions A(x ', 0) = 0, c0(x', 0) =

 and c–1(x', 0) = , where n0(x') is the
initial transverse profile of the condensate and b0 =
〈e−iθ〉0 is the average initial hunching. In all the simula-
tions, we assumed resonance (∆ = 0) and b0 = 10–3. Note
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that Eqs. (20)–(22) depend on three dimensionless
parameters: η, D, and κ. We have investigated the
atomic self-focusing separately for the good-cavity
regime (with κ � 1) and for the superradiant regime
(with κ ≥ 1).

4.1. Good-Cavity Regime κ � 1

If the condensate is inserted in the mode volume of
a high-finesse optical ring cavity, we may assume κ = 0
in Eqs. (20)–(22). In order to observe the self-focusing
effect alone, we have initially solved Eqs. (20)–(22)
neglecting also diffraction, i.e., for D = 0. The numeri-
cal analysis shows self-focusing for η � 0.01–0.10. As
an example, Fig. 1 shows the radiated energy E =

 (a) and the condensate profile (b–d) n = |c0 |2 +
|c–1 |2 at different times for η = 0.1. The initial atomic
transverse profile is a Gaussian (dashed line in Fig. 1b–
1d). We observe that, during the exponential build up of
the radiation intensity (Fig. 1b), the atoms diffract,
whereas they focus toward the center after the radiation
intensity has reached the first peak (see Fig. 1c, 1d).
Here, the condensate develops two transverse wings
which move away from the axis due to atomic diffrac-
tion, whereas the central core of the condensate
strongly focus near the center. This behavior is more
evident from the color maps of Figs. 2 and 3, where the

evolution of the radiation intensity |A(x ', )|2 and the
condensate density n(x ', ) is shown.

A preliminary numerical analysis shows that atomic
self-focusing seems not to be strongly affected by radi-
ation diffraction, as can be seen in Fig. 4, showing n for
η = 0.02, D = 10η, and κ = 0. Conversely, self-focusing
also disappears for modest values of κ, as shown in
Fig. 5 for η = 0.02, D = 0, and κ = 10η: here the con-
densate diffracts for  > 30, after the emission of a first
burst of radiation (not shown in the figure). At later
times, the atomic density is too small to stimulate fur-
ther emission of photons.

4.2. Superradiant Regime κ ≥ 1

In the superradiant (or superfluorescence (SF) [15])
regime, no optical cavity is assumed, so that usually
κ � 1 [10, 13]. This regime corresponds to the recent
experiments of [3–7], in which the atoms have been
seen to move monotonically from the initial momentum
state p = 0 to the recoiling state p = –2�k after emission
of a short superradiant burst of radiation in the direction
opposite to the pump laser. In the SF, radiation diffrac-
tion is negligible for a large Fresnel number F = ZR/L � 1
[16, 17], i.e., for κ � D. In this regime, Eq. (22) can be
solved in the adiabatic approximation,
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and inserted in (20) and (21) to yield

(25)

(26)

Defining t ' =  = Gt and ∆' = κ∆ = (∆r – ωr)/G (where
G = g2N/κc is the superradiant gain), Eqs. (25)–(26)
become

(27)

(28)

where

(29)

We have numerically integrated the reduced Eqs. (27)
and (28) for several values of η' and ∆' = 0. As an exam-
ple, Fig. 6 shows the radiation energy E vs. t ' (Fig. 6a)
and the density profile n vs. x ' (Fig. 6b) at t ' = 0 (dashed
line) and t ' = 25 (continuous line), for η' = 0.005. We
found that, in the superradiant regime, the self-focusing
effect is much more reduced than the one observed in
the “good-cavity regime,” although a weak focusing in
the central core of the condensate is still visible, as
shown by Fig. 6b. In these simulations, we assumed a
flat-top profile (dashed line in Figs. 6b and 7b) in order
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to increase the profile steepness and so the gradient
force.

As a last example of superradiance, we have consid-
ered a case with a Fresnel number F = 1 (i.e., κ = D) and
η = 0.002. Figure 7 shows the radiation energy E vs. t '
(a) and the density profile n vs. x' (b) at t ' = 0 (dashed
line) and t ' = 100 (continuous line). We still observe
some atomic focusing but without side wings.

5. DISCUSSION

Typical experimental values (see [13] and refer-
ences therein) for a 87Rb condensate illuminated by a
pump beam of wavelength λ = 780 nm are ωr ~ 105 s–1,

g ~ 107 / |∆0 | s–1, and ω⊥ ~ 360/σ2 s–1, where I0 is in
mW/cm2, ∆0 is in megahertz, and σ is in micrometers.

Let us first consider the “good-cavity” regime, with

κ = 0. Since it must be ωr ≥ , this implies

∆0/  > 102. Assuming N ~ 105, ∆0 = 1 THz, and I0 =

10 mW/cm2, then  ~ 104 s–1. Since η ~ 4 × 10–2/σ2,
in order to have η > 0.01, we needs σ < 2 µm, as for
instance those recently produced in microtraps [18].
However, in a typical optical ring cavity, the transverse
section of the cavity mode is usually much larger than
the condensate section, so that it is rather unrealistic to
neglect radiation diffraction assuming D = 0. Instead, a
more realistic behavior could be the one shown in
Fig. 4, where D � η.
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Fig. 2. Transverse profile |A |2 of the radiation intensity vs.
x' and , for η = 0.1, κ = 0, and D = 0.t

Fig. 3. Transverse density n of the condensate vs. x' and ,
for η = 0.1, κ = 0, and D = 0.

t

Fig. 4. Transverse density n(x', ) of the condensate vs. x'

and  for η = 0.02, D = 10η, and κ = 0.

t

t

Fig. 5. Transverse density n(x', ) of the condensate vs. x'

and  for η = 0.02, D = 0, and κ = 0.2.
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In the superradiant regime [3–7], there is no optical
cavity, so that κc ~ c/L ~ 3 × 1014/L s–1, where L is the
condensate length in micrometers. Since it must be

ωr ≥ G, this imposes the condition /(NLI0) > 10–5. In
previous experiments, (see, for instance, [13]), N ~ 105,
∆0 ~ 1 GHz, I0 ~ 100 mW/cm2, L ~ 100 µm, and σ ~
10 µm, so that G ~ 104 s–1. Since ZR � L, radiation dif-
fraction is negligible and the relevant parameter for
atomic focusing is η' = ω⊥/G ~ 10–4, so that self-focus-
ing was negligible in these experiments. However,
decreasing the pump intensity by a factor 10 should be
enough to reproduce the case of Fig. 6, with some
focusing observed after some milliseconds of exposi-
tion to the pump laser.

6. CONCLUSIONS

We have shown a new self-focusing effect in the col-
lective atomic recoil lasing (CARL), which could be
observed by a proper choice of the parameters in the
recent experiments on CARL superradiance with
BECs. Also, self-focusing effects should be more likely
observable in a future experiment where the condensate
is positioned in a high-finesse optical ring cavity [19].
Note that similar self-focusing effects have also been
predicted in [20], but in the Thomas–Fermi limit, i.e.,
when the atomic kinetic energy is negligible with
respect to the mean-field energy of the condensate.
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