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Abstract

A three dimensional, time dependent quantum model for a FEL with a laser wiggler, based on a discrete Wigner function formalism
taking into account the longitudinal momentum quantization, is presented. Starting from the exact quantum treatment, a motion
equation for the Wigner function coupled to the self-consistent radiation field is derived in the realistic limit in which the normalized
electron beam emittance is much larger than Compton wavelength quantum limit. The model describes the three dimensional
spatial and temporal evolution of the electron and radiation beams, including diffraction, propagation, laser wiggler, emittance and
quantum recoil effects. It can be solved numerically and reduces to the three dimensional Maxwell-Vlasov model in the classical
limit. We discuss the experimental requirements for a Quantum X-ray FEL with a laser wiggler, presenting preliminary numerical
results and parameters for a possible future experiment.
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1. Introduction

Recently it has been shown that an X-ray Free-Electron
laser (FEL) in the self amplified spontaneous emission
(SASE) mode can operate in a quantum regime (1) in
which the coherence of the emitted radiation can be largely
increased (2; 3) with respect to the conventional FEL
sources (4; 5; 6). The transition from the classical FEL
to the Quantum FEL (QFEL) occurs when ρ̄ < 1, where
ρ̄ = ρ(mcγr/~kr) (1) and ρ is the FEL parameter (7). The
QFEL parameter ρ̄ is approximately equal to the ratio
between the maximum classical momentum spread (of the
order of mcγrρ) and the photon recoil momentum ~kr,
and yields also the maximum number of photons emitted
per electron in a high-gain classical FEL.

A discussion of the main features of QFEL in the SASE
mode operation is presented elsewhere in these Proceedings
(8). Here we present the three dimensional (3D), time de-
pendent quantum description of a FEL with a laser wiggler,
based on the Wigner function for the electron beam (9).

It has been shown that, in order to realize a QFEL, a laser
wiggler must be used (10; 11). Such a choice sets some strin-
gent conditions on the electron and laser beam parameters
(12), which should be verified by numerical 3D simulations.

For this reason, the model of ref.(9) and here presented
provides an essential tool to describe a realistic QFEL ex-
periment and determine its parameter constraints.

The following discussion explains why a QFEL requires
a laser wiggler instead of a magnetic wiggler (12). The
QFEL parameter can be written as ρ̄ = γrρ(λr/λc) where
λc = h/mc = 0.024 Å is the Compton wavelength. Us-
ing the resonance FEL relation γr =

√
λw(1 + a2

w)/2λr

(where λw and aw are the wiggler period and param-
eter, respectively), the QFEL condition ρ̄ ≤ 1 yields
ρ ≤ √

2λc/
√

λrλw(1 + a2
w). Since the high-gain regime

needs a wiggler length Lw ∼ λw/ρ, then Lw ≥ [λrλ
3
w(1 +

a2
w)/2λ2

c ]
1/2. If a laser wiggler with a wavelength λL is

used instead of the magnetic wiggler, then in the above
equations λw → λL/2. To lase at λr ∼ 1Å, a QFEL using
a magnetic wiggler with λw ∼ 1cm requires a beam energy
E = mc2γr ' 3.5 GeV and a wiggler length Lw ≥ 3Km,
whereas using a laser wiggler with λL ∼ 1µm, E ' 25MeV
and Lw ≥ 2 mm. Hence, a QFEL using a magnetic wiggler
is hard to be conceived, whereas using a laser wiggler it
can be a very compact X-ray source.
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2. 1D QFEL Wigner model

In a Quantum FEL theory (1; 13), the electrons’ system
can be described by the Liouville-Von Neumann equation
∂%̂/∂z̄ = i

[
Ĥ, %̂

]
for the electron density operator ρ̂, where

in the 1D limit the Hamiltonian operator is (14):

Ĥ1D(z̄) =
p̂2

2ρ̄3/2
− i

[
A(z̄, z1)eiθ̂ −A∗(z̄, z1)e−iθ̂

]
. (1)

With a circularly polarized counter-propagating laser beam
(laser wiggler) instead on the usual magnetic wiggler, the
variables and the parameters in Eq.(1) are defined as fol-
lows: θ = (kr +kL)z−c(kr−kL)t−δz̄ is the electron phase,
where kL = 2π/λL and kr = 2π/λr are the laser and radi-
ation wave numbers, respectively; p = mc(γ − γ0)/(~kr) is
the longitudinal momentum, in units of the photon recoil
momentum, ~kr, and δ = mc(γ0−γr)/(ρ̄~kr) is the detun-
ing, where γ0 and γr = [λL(1 + a2

0)/4λr]1/2 are the initial
and resonant electron energy in mc2 units, respectively; the
position along the wiggler z̄ = z/Lg is expressed in gain
length units Lg = λL/(8πρ

√
ρ̄), and the electron position

along the beam is z1 = (z − vrt)/(βrLc), where vr = cβr

is the resonant velocity and Lc = λr/(4πρ
√

ρ̄) is the coop-
eration length; ρ = (1/2γr)(I/IA)1/3(λLa0/4πσ)2/3 is the
FEL parameter, I is the beam peak current, IA ≈ 17kA
is the Alfvèn current, σ is the transverse rms beam size;
a0 = eE0/mc2kL and E0 is the laser electric field; A is
the slowly varying amplitude of the radiation field, defined
such that |A|2 = ε0|Er|2/(~ωrnb) is the average number
of photons emitted per electron in the electron beam vol-
ume, Er is the radiation electric field, nb = I/(2πσ2ec) is
the electron density and ωr = ckr. The operators associ-
ated to the electron position θ and momentum p are θ̂ and
p̂ = −i∂/∂θ, so that [θ̂, p̂] = i. In this formalism z̄ takes
the role of the “time”, whereas z1 is the longitudinal coor-
dinate in the electron rest frame and appears in Eq.(1) as a
parametric dependence in the classical field amplitude A.

The 1D discrete Wigner function representation (15) of
the statistic operator %̂ is

Wn (θ, z̄; z1) =

= wn(θ, z̄; z1) +
∑

m∈Z

(−1)n−m−1

(n−m− 1)π
wm+ 1

2
(θ, z̄; z1), (2)

where

ws (θ, z̄; z1) =

=
1
2π

+π∫

−π

dθ′e−i2sθ′ 〈θ + θ′| %̂(z̄; z1) | θ − θ′〉 (3)

and s = n or s = n + 1/2, with n ∈ Z. Notice that ws has
indexes both integer and half-integer and wn and wn+1/2

are periodic functions of θ, with a period π and 2π, re-
spectively. With these definitions, it has been shown that
a QFEL can be described in the 1D limit by the following
equations (16):

∂ws

∂z̄
+

s

ρ̄3/2

∂ws

∂θ
− (

Aeiθ + A∗e−iθ
) (

ws+ 1
2
− ws− 1

2

)
= 0(4)

∂A

∂z̄
+

∂A

∂z1
=

+∞∑
m=−∞

+π∫

−π

dθe−iθwm+ 1
2

+ iδA (5)

Notice that the momentum quantization appears in Eq.(4)
as a finite-difference in the interaction term with the elec-
tromagnetic field.

3. 3D QFEL description

3.1. Basic considerations

The one-dimensional analysis of the quantum FEL sug-
gests that an experiment in the X-ray region, confirming
the existence of the “quantum purification” phenomenon
(2; 3; 8), could be envisaged in a near future. Therefore,
the extension of the 1D quantum model to a “more realis-
tic” 3D scheme is more than ever necessary. In a classical
framework, the extension from 1D to 3D is rather straight-
forward, as shown by the different classical models in the
literature (17; 18; 19; 20). Several SASE-FEL experiments
based on these theory are actually in progress (4; 5; 6) and
some numerical, experimental friendly codes were been de-
veloped for the 3D simulations, as for instance GENESIS
(21).

The extension from 1D to a 3D theory in a quantum
framework is not so straightforward as in the classical case.
This fact is principally linked to the different nature of the
electron-radiation interaction along the longitudinal and
transverse directions. In fact, whereas along the longitudi-
nal axis the photon recoil effect is dominant and needs a
quantum description, instead in the transverse dynamics
the quantum effects appear less relevant. For these reasons,
a model describing either the quantum behavior along the
longitudinal axis and the approximately classical behavior
along the transverse coordinates, is demanded.

Our intent is to obtain a set of coupled equations which
describe the 3D evolution of the electron beam interacting
with the laser wiggler field and the self-consistent emitted
radiation field. This set of equations should admit three
fundamental limits:

(i) transverse classical limit i.e. there should exist a pa-
rameter ruling the transition from the quantum to
the classical behavior for the transverse motion only;

(ii) 1D limit i.e. the 3D equations should reduce to
Eqs.(4)-(5) when transverse effects are neglected;

(iii) full classical limit i.e. the 3D equations should reduce
to the 3D classical Maxwell-Vlasov equations when
ρ̄ << 1.

3.2. 3D Wigner model

In a quantum description, the evolution of the electron
density operator ρ̂ is determined by the following 3D Hamil-
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tonian operator:

Ĥ3D(z̄) =
p̂2

2ρ̄3/2
+

αb

2
p̂2

t +
ξ

αρ
√

ρ̄X
|g(ˆ̄xt, z̄)|2

−i
[
g∗(ˆ̄xt, z̄)A(ˆ̄xt, z̄, z1)eiθ̂ − g(ˆ̄xt, z̄)A∗(ˆ̄xt, z̄, z1)e−iθ̂

]

+
[

ξ

2ρ
√

ρ̄

(
1− |g(ˆ̄xt, z̄)|2)− bX

4
α2p̂2

t

]
p̂. (6)

This expression includes the transverse electron dynamics
and the field and laser wiggler spatial dependence. The
transverse momentum operator p̂t = −i∇x̄t is associated
with the variable pt = (γrσ/λc)x′t (where x′t = dxt/dz
and λc = ~/mc is the Compton wavelength), and it is
canonically conjugated to the transverse position operator
ˆ̄xt = x̂t/σ, with commutation rules [ˆ̄xx, p̂x] = [ˆ̄xy, p̂y] =
i. The parameters appearing in Eq.(6) are α = λc/εn,
where εn is the normalized beam transverse emittance,
X = 4πεn/(γrλr), ξ = a2

0/(1 + a2
0) and b = Lg/β∗, where

β∗ = σ2γr/εn. In Eq.(6) the second term (αb/2)p̂2
t =

−Lg(λc/2γr)∇2
xt

is the transverse kinetic energy, the third
term describes the change of the FEL resonance due to
variation of the laser wiggler profile and to beam angular
spread. The transverse laser wiggler amplitude profile is
described by g(x̄t, z̄) (equal to unity in the 1D model). In
the 3D description, the Wigner functions (3) are

ws (θ, x̄t,pt, z̄; z1) =
1

2π3

+π∫

−π

dθ′
∫

d2x̄′t e−2 i(sθ′+x̄
′
t·pt)

· 〈θ + θ′, x̄t + x̄′t| %̂(z̄; z1) | x̄t − x̄′t, θ − θ′〉 , (7)

where s is integer or half-integer. Tracing the Wigner func-
tion over one variable, we obtain the probability distribu-
tion for the other variables. In particular, the momentum
distribution is

Pm(pt, z̄; z1) =

+π∫

−π

dθ

∫
d2x̄t wm(θ, x̄t,pt, z̄; z1), (8)

and the position distribution is

Q (θ, x̄t, z̄; z1) =
∑
m

∫
d2pt

·
{

wm(θ, x̄t,pt, z̄; z1) + wm+ 1
2
(θ, x̄t,pt, z̄; z1)

}
. (9)

Note that the half-integer functions wm+1/2 do not con-
tribute to the integral in Pm (15). As a consequence

∑
m

+π∫

−π

dθ

∫
d2pt wm(θ, x̄t,pt, z̄; z1) = J(x̄t, z̄; z1) (10)

is the current density (normalized to unity at the peak) and
∫

d2x̄tJ(x̄t, z̄; z1) = I0(z1) (11)

is the stationary longitudinal beam profile (3).
Differentiating Eq.(7) and inserting in it the Liouville-

Von Neumann equation for %̂ with the Hamiltonian op-
erator of Eq.(6), a long but not trivial calculation allows
to obtain an integro-differential evolution equation for the
Wigner function ws. This equation describes an electron
beam with a transverse normalized emittance till to the ‘ul-
tracold’ limit of the Compton wavelength, εn ' λc. In fact,
the transverse momentum distribution is bounded below by
the Heisenberg’s Uncertainty Principle only, ∆x∆px ≥ ~.
Using ∆px = mcγr∆x′ and εn = γr∆x∆x′, we obtain εn ≥
λc. However, we are interested in describing only electron
beams in which the transverse momentum distribution is
thermal, with a width ∆x′ ∼ εn/(σγr) much larger than
the quantum limit λc/(σγr). Such a state will be necessary
a mixed state with ∆x∆px À ~ and this allows to perform
some simplifications to the equation for the Wigner func-
tion. To this propose, we introduce α = λc/εn, given by
the ratio between the “quantum limit emittance” and the
normalized emittance.

Since with the present technology α ¿ 1, we can write
our model equations as a α-power expansion and retain only
lower terms. In particular, keeping only the zero-order term
(corresponding to zero-order in ~) the following equations
are obtained:

∂ws

∂z̄
+ b p̄t · ∇x̄tws −

(
g∗Aeiθ − gA∗e−iθ

) [
ws+ 1

2
− ws− 1

2

]

+
{

s

ρ̄3/2
+

ξ

2ρ
√

ρ̄
(1− |g|2)− b2

4a
p̄2

t

}
∂ws

∂θ

− ξ

ρ
√

ρ̄X
∇x̄t |g|2 · ∇p̄tws = 0 (12)

∂A

∂z̄
+

∂A

∂z1
− ia∇2

x̄t
A− iδA

= g
∑
m

∫
d2p̄t

+π∫

−π

dθe−iθwm+ 1
2
, (13)

where a = Lg/Zr = b/X is the diffraction parameter and
Zr = 4πσ2/λ is the Rayleigh range of the emitted radiation
with a transverse radius equal to the electron beam radius.

It is important to note that Eq.(12) reduces to a Vlasov
equation in the classical limit ρ̄ À 1. In fact, switching to
the classical FEL scaling (i.e. A =

√
ρ̄Ac, z̄ =

√
ρ̄z̄c, z1 =√

ρ̄z1c, δ = δc/
√

ρ̄, b = bc/
√

ρ̄ and a = ac/
√

ρ̄, see (14)),
for ρ̄ → ∞ the new longitudinal momentum, p̄ = s/ρ̄, can
be treated as a continuous variable and

ws(θ, x̄t, p̄t, z̄; z1) → ρ̄f(θ, p̄, x̄t, p̄t, z̄c; z1c) (14)[
ws+ 1

2
(θ, ...)− ws− 1

2
(θ, ...)

]
→ (15)

→ ρ̄

[
f(θ, p̄ +

1
2ρ̄

, ...)− f(θ, p̄− 1
2ρ̄

, ...)
]
→ ∂

∂p̄
f (θ, p̄, ...)

where f is a classical electron distribution function. In this
limit, Eqs. (12) and (13) reduce to the classical Vlasov-
Maxwell equations:
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∂f

∂z̄c
+ bcp̄t · ∇x̄t

f +
{

p̄ +
ξ

2ρ
(1− |g|2)− b2

c

4ac
p̄2

t

}
∂f

∂θ

− (
g∗Ace

iθ + gA∗ce
−iθ

) ∂f

∂p̄
− ξ

ρX
∇x̄t |g|2 · ∇p̄t

f = 0 (16)

∂Ac

∂z̄c
+

∂Ac

∂z1c
− iac∇2

x̄t
Ac − iδcAc

= g

+π∫

−π

dθ

∫
dp̄

∫
d2p̄te

−iθf. (17)

The quantum evolution for ws, Eq.(12), contains the quan-
tization of the longitudinal momentum in units of ~kr (as
the 1D model) and describes the transverse dynamics by
the same classical terms appearing in the Vlasov Eq.(16).
For the second term in Eq.(12) the following correspon-
dence to unscaled variables holds

b p̄t · ∇x̄t
→ x′t · ∇xt

. (18)

This term describes the transverse drift of the beam, re-
sponsible of the beam section increasing from the waist po-
sition z̄0 as σ(z) = σ

√
1 + [(z − z0)/β∗]2 in the free space

and for a gaussian beam. The second and third terms in
the curl parenthesis in Eq.(12) account for the change of
the FEL resonance induced by the laser wiggler profile and
by the beam emittance. In particular

b2

4a
p̄2

t ∼
1

2ρ
√

ρ̄

ε2n
σ2(1 + a2

0)
, (19)

where the maximum divergence angle |x′t| ∼ εn/γrσ has
been assumed. For the last term in Eq.(12) the following
correspondence to unscaled variables holds

− ξ

ρ
√

ρ̄X
∇x̄t |g|2 · ∇p̄t → x′′t · ∇x′t , (20)

where x′′t = −(a2
0/2γ2

r )(∇xt |g|2) is the ponderomotive
force due to the laser transverse gradient.

4. Analysis

A numerical code QFEL3D has been developed for solving
the coupled Eqs.(12) and (13) based on a Fourier decom-
position of the Wigner function and on finite-difference
integration of the motion equations on a Cartesian three-
dimensional spatial grid (22). In the simulations the ini-
tial electron beam was described by a thermal state of
energy mc2γ0 and transverse phase space distribution
w0(θ, x̄t, p̄t, 0; z1) ∝ exp{−|x̄t + bz̄0p̄t|2/2− |p̄t|2/2}, with
the waist position at z̄ = z̄0. For simplicity, we did not
include in the model the electrons’ energy spread, which
however can be taken into account by an inhomogeneous
broadening in the equation for A, as it has been described
in ref. (23).
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Fig. 1. Total radiated energy, E(z̄) =
∫

d2x̄t|A|2, vs. z̄ for ρ̄ = 0.2,

a = 1.6× 10−4, g = 1 and (a) b = 0, (b) b =
√

a, (c) b = 2
√

a. The
electron beam focuses at z̄0 = 5.

x

z

Fig. 2. (Color) Radiation intensity |A|2 as a function of transverse
coordinate x̄ and of wiggler position z̄. Parameters same as for curve
(b) in Fig. 1. The dashed line corresponds to the electron beam rms
radius σ. As a reference, the 1D model intensity would saturate to
unity.

4.1. Beam requirements for QFEL

In order to operate a FEL in the high-gain quantum
regime, the energy spread must be less than the QFEL line
width, i.e. δγ/γ < ρ

√
ρ̄. Emittance is an other cause of

nonhomogeneous broadening of the radiation line width,
due to the beam divergence. In fact, since the resonant
wavelength depends on the divergence angle ϑ according to

λr =
λL(1 + a2

0 + γ2ϑ2)
4γ2

, with 0 ≤ ϑ ≤ εn

γσ
, (21)

we have

δλ

λr
≈ 2δγ

γ
≈ ε2n

σ2(1 + a2
0)
≤ 2ρ

√
ρ̄. (22)
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This inequality can be written, using the definitions of Lg

and Zr, as

εn ≤ γλr

2π

√
Zr

Lg
(23)

or, in terms of our 3D parameters a and b, as

b

2
√

a
< 1. (24)

This condition arises naturally in our model, since the term
(19) in Eq.(12) accounts for the change of the FEL reso-
nance induced by emittance.

An other important constraint on the beam emittance
arises when a TEM00 Gaussian laser wiggler is used. In this
case

g(x̄t, z̄) =
1

[1− id(z̄ − z̄0)]
exp

{ −|x̄t|2
4σ2

L[1− id(z̄ − z̄0)]

}
,(25)

where σL = R/σ, d = Lg/ZL, ZL = 4πR2/λL, and R is
the minimum rms laser radius at the beam waist position
z̄0. Imposing that the electron beam does not diverge ap-
preciably during the interaction with the laser wiggler, i.e.
in a laser Rayleigh range ZL, then

β∗ ≥ ZL (26)

or, using the definitions of β∗ and ZL,

εn ≤ γrλL

4π

( σ

R

)2

. (27)

This condition can be quite restrictive if σ << R. In terms
our dimensionless parameters, Eq.(26) becomes b ≤ d.

4.2. Numerical analysis

Preliminary numerical results have been obtained (9)
for the quantum regime, ρ̄ = 0.2, in steady-state opera-
tion mode, i.e. neglecting z1 dependence. Furthermore, an
uniform laser wiggler (g = 1) has been assumed, which
can be realized for instance using a laser with flattened
transverse profile. Such lasers can be produced by suitable
transparency films (24) or by overlapping different gaus-
sian beams (25). In both cases, it is possible to realize a
laser which remains almost transversally flat within few
Rayleigh ranges ZL from the beam waist.

Assuming g = 1, the system depends on the diffraction
and emittance parameters only, namely a and b. The in-
teraction is taken over 10 gain lengths (z̄max = cτint/Lg =
10), with the beam waist in the middle, z̄0 = 5. A set
of possible experimental parameters corresponding to this
simulation is: λr = 2 Å, λL = 1µm, γr = 36, I = 884A,
σ = 11.5µm and a0 = 0.15 (which could be realized for in-
stance by a laser wiggler with power PL ∼ 1TW, duration
τL = 2τint = 88ps and Rayleigh range ZL = 6.7mm). The
gain length is Lg = 1.3mm, so that the diffraction param-
eter is a = 1.6 × 10−4. We have considered three different

values of the beam emittance in order to investigate its ef-
fect on the gain: (a) εn = 0, i.e. b = 0; (b) εn = 0.05mm-
mrad, i.e. b =

√
a = 0.013; (c) εn = 0.1mm-mrad, i.e.

b = 0.025 = 2
√

a. Figure 1 shows the total FEL radiation
energy, E(z̄) =

∫
d2x̄t|A|2, vs. z̄ for the cases (a)-(c). Fig-

ure 2 shows a color map of the intensity in the plane (x̄, z̄)
for the (b) case. It can be seen that intensity saturates to a
lower level in the beam halo with respect to the beam axis,
and that the gain changes along the transverse direction.
Notice that the total emitted energy and the on-axis peak
intensity can reach a significant fraction of the 1D model
for the proposed parameters (b).

5. Conclusions

In summary, we have presented the 3D time dependent
quantum model for an FEL with a laser wiggler, which takes
into account transverse emittance and radiation diffraction
effects, longitudinal propagation effects, the spatial pro-
file of the laser wiggler field as well as the quantum recoil
effect along the longitudinal axis. The electron motion is
described by a 7D Wigner function, which is continuous
in the transverse phase-space and discrete in the longitu-
dinal phase-space variables. Preliminary numerical results
have shown that the detrimental effect of the emittance on
the gain does not prevent for an exponential amplification
of the radiation with reasonable experimental parameters,
rather out of the present state of technology, but hopefully
available in a near future.
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