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INTRODUCTION

In nuclear physics, ab initio methods are fundamental computational tools that
allow precise and controllable predictions of observables such as the ground
state energy and the charge radii. These methods bring various advantages
respect to other phenomenological approaches. First, they provide controllable
and systematically improvable predictions. Second, they are directly linked with
the fundamental theory of QCD. Finally, ab initio methods have the potential to
give reliable predictions for nuclei that are not experimentally accessible. In the
past decades, these methods have always relied on expanding the nuclear wave
functions on HO bases. HO functions allow an exact separation of the center
of mass from the intrinsic variables, providing simple analytical expression for
the calculation of the interaction matrix elements, which are the fundamental
input to numerical computations. However, they also pose several limitations
in the study of complex nuclei, such as the weakly-bound ones, as they often
cannot resolve the ultraviolet (UV) and infrared (IR) limits that are needed for
proper convergence. Alternative bases have been proposed in the last years to
overcome similar limitations. Discrete Variable Representation (DVR) bases are
promising candidates [1, 2], yet codes for doing nuclear structure computations
on a general basis are not available and the corresponding formalism needs to
be properly adapted.

The main goal of the present work is to build all the necessary tools to
allow the evaluation of two-body interaction matrix elements on a general basis,
which are not yet available for modern applications with chiral forces. We will
present a first attempt to use these matrix elements in self-consistent Green’s
function calculations to determine some basic properties of atomic nuclei. The
comparison with standard HO calculations will allow us to investigate the main

features and possible advances of a specific DVR basis (the spherical Bessel one)



CONTENTS

in nuclear applications. In this first approach, we start scratching the surface of
these new kind of applications limiting ourselves to the case of two-body forces.
This is already sufficient to probe the different behaviors of the chosen bases
and determine their main drawbacks and advantages.

In Chapter 1 we present the specific ab initio method that we are going to
use for our computations. Chapter 2 introduces chiral potentials, which are
the state of the art for nuclear structure calculations. Chapter 3 concentrates
on developing all the machinery necessary for computing interaction matrix
elements on a general basis, next in Chapter 4 we introduce a particular class
of functions (the DVR ones), with particular attention to the one that we are
going to use for our computations. Finally, in Chapter 5 we make a first attempt
to apply these functions in nuclear structure computations and we discuss the
main differences with the harmonic oscillator case. Future perspectives on the

use of generalized spherical bases in nuclear structure are then given.



CHAPTER 1

SELF-CONSISTENT GREEN’S FUNCTION
METHOD

1.1 Introduction to ab tnitio methods

The main goal of any ab initio method is to solve the nuclear many-body
problem, which consists in finding a numerical solution to the non-relativistic
Schrédinger equation

H |thy) = Ex |thn) (1.1.1)

using effective two-body and three-body interactions which are constrained by
the underlying theory of Quantum Chromodynamics. Virtually exact solutions
of (1.1.1) are achievable for very light isotopes, while computations become

progressively difficult for larger masses. For this reason it is important to have:
e systematically improvable methods;
e quantifications of errors.

Ab initio methods are based on various assumptions. First of all, the nucle-
ons and pions are considered to be the most fundamental degrees of freedom.
Processes explicitly involving quarks and gluons are seen to be important only
at high energy, while in a low-energy picture only hadronic degrees of freedom
are available to the system. Though there are various attempts of treating the
nucleus as a multi quark-gluon system (e. g. the HAL QCD [3]), in ab initio
the complexity of the structure of nucleons is taken in account only through
the chosen realistic interaction. A second important point is that we are con-

sidering a non-relativistic framework (we are dealing with energies which are
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small compared to the rest energy of the nucleon), with relativistic corrections
already included in the interaction part of the Hamiltonian.

The many-body Hamiltonian used in ab initio incorporates a model for the
nuclear forces and for the two- and three-body interactions. The theoretical
framework mostly used in state-of-the-art ab initio calculations is the Chiral
Effective Field Theory. The Hamiltonian is expressed separating the center-of-

mass kinetic energy and the intrinsic Hamiltonian
H=T+Vyn+Van+...=Tem+Tim+Van+Vsn+... = Tem + Hine (1.1.2)

with the proton-proton interaction and additional charge symmetry breaking
effects of nuclear nature included in the Vi terms. The intrinsic kinetic energy
includes informations about the relative motion of nucleons respect to the center-
of-mass, while the interaction term describes the relative internal degrees of
freedom.

We are focusing on the intrinsic part of the Hamiltonian. The center of
mass contribution constitutes a problem because its wave function is mixed
with the intrinsic one. Fortunately, this spurious contribution can be estimated
and approximately subtracted from the Hamiltonian.

It’s clear that the difficult task is to solve the eigenvalue problem for the
intrinsic Hamiltonian. We’re dealing with theories expressed in Fock space that
can break (even slightly) the number of particles.

Regarding the kinetic term T},,¢, considering that we’re dealing with theories
that don’t conserve the total number of particles, we can express it as a sum of

one- and two-body operators [4]

2
(a) 1 D; 1
T4 =(1-= —-fEiw, 1.1.3
int < A > - om im p p] ( )

1<j

or using just two-body operators, considering the relative kinetic energies of

nucleons

2 2
ﬂ#;zng’@%ﬁ. (1.1.4)
i<j i<j

In practical applications, one is forced to approximate this expression with the
replacement A — A, we are then considering a theory with fixed number of
particle in which the creation operator is substituted with the actual number of
particle. This approximation is a tricky choice which can lead to discrepancies,
for the numerical oscillations that can follow for little values of A.

Various ab initio methods have been developed over the past decades in

order to deal with the many-body problem. The most successful ones include
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Green’s function Monte Carlo (GFMC) [5];

No-core shell model (NCSM) [6];

Coupled cluster (CC) [7];
e Self-consistent Green’s function (SCGF) [8];
e In-medium similarity renormalization group (IM-SRG) [10, 9].

In this thesis we will base our investigations on the Self-Consistent Green’s

function method.

1.2 The Green’s functions formalism

Following [11] (chapter 2), [13, 12], we give a quick overview of the Green’s

function method that we’re using for the computations realized in this work.
The propagation of a single particle/hole in a many-body system in its

ground state (\1161) is given by the single-particle propagator, also referred to

as one-body Green’s function
ihgss (7,87, 1) = (UG T (r, )L, (', )]0 (1.2.1)

where T is the time-ordering operator and Pi(r,t), ¥s(r',t) are creation and
annihilation field operators in the Heisenberg picture. In the simple case of a

two-particle system, the time-ordering is defined as

TlA(z,t,), Bly, t,)] = Al ) By, 1) te >ty (1.2.2)
I LBy, t)A(z,t,)  te <t -

where the —/+ sign stands for fermions/bosons. In the case of t > ¢/, eq. (1.2.1)
describes the propagation of a particle created in the state |[U7') in 3 at time ¢ to
the point « at time ¢'. For ¢ < t’, the particle is removed in the space-time point
(a,t) and created in (83,t), where o and (3 are spatial coordinates. Expanding

eq. (1.2.1) with the Heisenberg representation of the fields operators
Wy(r,t) = en iy (p)e=wHlt (1.2.3)

it is seen that the one-particle operator depends only on the time difference ¢ —#’

. . . . . . _ipA
due to time translation invariance. Finally, introducing the c-number e~ % %ot
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we can write
7: _ i _ A Y
Gss’ (rv ’I“/; t— t/) = _ﬁﬁ(t - t/) <\I/(1)4|1/}3<r)e  (H =B ) (= )wl’ (r’)|\IJ(‘)4> +
i i _ A 4!
F L0 — 1) (U 9, (r)eFHENC O] (). (1.24)

The Heaviside step function derives from the time-ordering and can be expanded

as

1 “+o0 efiw‘r
9(47) = T lim — d . 1.2.5
(#7) = 7 lim 2m'/ Yo tin (1.2:5)

— 00

Using this relation in the one-body propagator we find

el-iw—%(H-E)]r

’ 11 o0 A t ot A
’ N = - s N ’ \Il
e (r,77) = 1 [ o (W () oL ()19

i 1 oS} e[—iw—%(H—EGA)]T
- \I/A 5 T/ / \I/A —
F g | e (W) oL ()9
= L7t (@ (r) ! )+
27 J_ o hw— (H—E$)+in®

1
hw+ (H — E§') —in

F (U [hs(r) ol ey . (1.2.6)

From this equation we can obtain the frequency-space representation of the

propagator in the case of fermions

gss (7,75 w) :/oo dre™T goo (1,1, 7) (1.2.7)
_ A 1 T oat A

= (U 9s(r) 7 (H_E64)+inws,(r)|\p0>+ (1.2.8)
At 1 A

F (W [y (r) 2—— Uy +Z,77¢é,(7~)|\1v0> (1.2.9)

= gby (r,r'sw) + gl (r, 7' w). (1.2.10)

The above definitions can be rewritten for a general orthonormal basis

7 A
o = —7 (V| Tlea(t)ch ()] 0 (1211)
Jap(w) =
1 1
— \IIA o T‘I’A \I/A T a\I/A .
o It — a0 T gy e 0

(1.2.12)

In our applications, a and [ label a complete single-particle basis that defines

10
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a) b)

Figure 1.1: Diagrammatic representation of the two conjugate forms of the
Dyson equation. Single lines represent the unperturbed propagator, double lines
represent the dressed propagator. Image taken from [11].

the selected model space. Finally, inserting completeness relations for (A + 1)-
bodies in (1.2.12) we obtain

w=3 (U5 ea|Un ™) (U cs|03)
g he — (B2 — E8) + i
(T eg| Ty (U o | T8
]FZ |[3| A+>1< A\ ol%5)
(E; E§) —in

QnNE n @k @k*
E:—Lﬁlé—ﬁf-+§:——ﬁigilf, (1.2.13)
— hw —en +1in k hw — €, —in

n

which is known as the ‘Lehmann’ or ‘spectral’ representation of the propagator.
The two terms &} = (B! — Eg) and ¢, = (Eg' — E{™') label the poles of
the Green’s function and represent respectively the one-nucleon addition and
removal energies. The terms 2" = (UA+!|a] |Ug) and #F = (\I/,’:_l|aa|\llé>
represent the spectroscopic amplitudes associated for the addition and removal
of a particle from the ground state. The propagator (1.2.13) can be calculated
by solving the Dyson equation

gap(w) )+ ZQ (w)gps(w) (1.2.14)

= gap (w +Zga'y (@)% (), (1.2.15)

which can be expressed in the different (conjugate) forms of eq. (1.2.14),
(1.2.15).

The unperturbed propagator g( )( ) is the starting reference state and is
usually chosen to be the Hartree-Fock state. gog(w) is called dressed operator,
since it is obtained by iteratively ‘dressing’ the free particle by interactions

with the system. E;(;(w) is the irreducible self-energy and is the non-local and

11
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energy-dependent potential perceived by each fermion due to the interactions
with the medium.

To solve the Dyson equation, we need a way to approximate the self-energy.
In perturbation theory, the self-energy is expanded in a series of terms that
depend on the interactions and on the propagator. The self-energy, written
with its functional dependence ¥*[g(w)], can be determined through an iter-
ative procedure in which ¥*(w) and the Dyson equations are calculated until
convergence. An efficient way to determine the self-energy is given by the Al-
gebraic Diagrammatic Construction (ADC(n)) approximation scheme, which is

presented in Section 1.2.1.

1.2.1 Spectral function

The spectral function is a fundamental quantity that can be accessed directly by
the experiments. To derive it, we reexpress the propagator using the Sokhotski-

Plemelj equation
1

xEin

= 9% Fimd(x) (1.2.16)

Jap(w) = D (TG lea URT) (Ul 0g)

n

1 : A+1 A
x [‘@m— G~ e - (EATY — B ))]

F (W leh W) (W5 o W5
k

1
hw — (Eg — Ejf 1)

X {L@ + imd (hw — (B3t — E,f‘l))} (1.2.17)
The spectral function is then separated in a particle and a hole terms:
Sap(w) = S 5(w) + Shs(w), (1.2.18)

which are defined as:

1
Shp(w) = ——Imgpg(w) = Y (Wg'lea L) (b W5) o(hw— (B~ Eg)),

n

for w > E§T — B (1.2.19)

1 _ _ _
Shio(w) = —Imgls(w) = F Y (Uihleal W) (U1 leb | 03) o(hwo— (B~ B ),
k

for w > E3t — E&71 0 (1.2.20)

12
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The one-body propagator can be written as a function of the spectral func-

tion using dispersion relations, as

/d’ ) +/ d’& (1.2.21)
g (0 hw — hw’—l—m _ hw — hw' —in -

Eq. (1.2.21) can be proved solving the integral part and comparing to Eq. (1.2.13).

/ood/sp()—’_/ dfsi() (1.2.22)
hw — hw' + in _ hw — hw' —in -
S(he’ — (B2 — Egh)
_ A A+1 A+1 T g A n 0
= 3 et i) [ R
(1.2.23)
B B (o) 5(77/60/ _ (EA _EA—I))
7 3 leblot =) i Healuh) [ SRS S
(1.2.24)
1
= (U |co |TATY) (AT g + 1.2.25
Zn:< 0 lcal T (U eg] 0>hw7(Eﬁ‘+17E5*)+z‘n ( )
1
Y (Wl [TAYY (UA Y e | T8 = (1.2.26)
2%: 01%p k k 0 hw-—(E%*—aEf 1)‘—ZU
= gup(W). (1.2.27)

The diagonal part of the spectral function are Suq(w) = S2,,(w) + S* (w)
se( Z| WAl oy 126 (hw — (B2 — E3Y) (1.2.28)

%M:¢ZW$%MMM — (B — ESY), (1.2.29)
k

then S, (w) is interpreted as the probability of adding or removing a particle in
the a state while leaving the final system in an eigenstate with energy E§' + hw.

1.2.2 The Galitskii-Migdal-Koltun sum rule

The GMK (Galitskii-Migdal-Koltun) sum rule is a useful relation which allows
to calculate the ground state energy starting from the sole knowledge of the
one-body propagator. This sum rule is exact for the case of one- and two-body

interactions. The two-body Hamiltonian reads

1
H = ZTQBCLCB + 3 Z VQB’,‘/(;CIYCLCgCW, (1.2.30)
af afvyo

13
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where the two contributions represent the kinetic energy matrix elements and
the potential energy matrix elements. Writing the equations of motion associ-

ated with the operator ¢, in the Heisenberg representation

d i ’ i ’
i calt) = lea(t), H) = eF100) e, H]em R0, (1.2.31)

the commutator of this operator with the Hamiltonian can be shown to be
[ca, H] = ZTa505 + Z Vag_ﬁgc};c(scv. (1.2.32)
B B8
Using this relation to compute the derivative of the propagator (1.2.13) gives

0
magaﬂ(t —t) = ZTMgw(t —t")+
vy

- % > Ve (BT[] (B)ee(t)es()ch, (#)[WE) . (1.2.33)
~yde

Now we need the relation between one-body propagator and one-body matrix

density and the definition of two-body density matrix elements, respectively

given by
0ap = Eih lim gap(t,t') (1.2.34)
t/—tt
Tosap = (U4l chese, [04) (1.2.35)
which leads to
+ ih|ih lim Zgg,m(t—t') =(T)+2(V). (1.2.36)
ttt 4o ot

The kinetic energy expectation value can be calculated as the expectation value

of a general one-body operator
T) = +ih i Tsagas(t,t') = dwTpa S 5 (w). 1.2.37
(T) Zt,l_{?+§ Bagas(t,t) jF%;/_Oowﬁ ap(w) (1.2.37)

From Egs (1.2.36) and (1.2.37) we finally obtain the Koltun sum rule for the

ground-state energy:
1. B ,
(H) = (T) + (V) = £5ih lim ihy Bap g T |G (t =) (1.2.38)
ap

This method can be generalized with a correction for the three-body nuclear

forces, as discussed in [14].

14
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1.2.3 ADC(n) scheme

As we previously discussed, in order to solve the Dyson equation a numeri-
cal way to estimate the value of the irreducible self-energy is needed. A very
efficient approach to do this is given by the ADC(n) Algebraic Diagrammatic
Construction at order n approximation [15]. The ADC method is based on writ-
ing the self-energy ¥*(w) in an analytical form, imposing the correct spectral

representation of the propagator

. 1

1
N, Nt 1.2.
+Z az|: E<+D)—Z’I7:| Jﬁa ( 39)

where Uygp is the external field and X,5(00) is the correlated mean field. M and
NN are matrices which respectively couple single-particle states with 2plh and
2h1p intermediate state configuration. E= and C are the unperturbed energy
and the 2plh interaction, while E< and D are the unperturbed energy and the
2h1p interaction.

ADC(n) consists in including all the irreducible diagrams up to order n
for the self-energy, plus all the other diagrams necessary to recover the correct
analytical form of the self-energy of Eq. (1.2.39).

ADC(1) simply reduces to the Hartree-Fock approximation. It includes
only the first order diagram and it totally neglects nuclear correlations. The
ground-state many-body wave-function is written as a Slater determinant of
single-particle wavefunctions.

ADC(2) is built summing irreducible energies up to the second order. This
approximation can be used to study nuclear correlations. This is level of many-
body truncation that we will exploit to investigate HO and DVR bases in Chap-
ter 5

1.2.4 The Optimized Reference State

As we previously discussed, the propagator that is most often used as a starting
reference in the solution of the Dyson equation is the Hartree-Fock one. How-
ever, for non-soft Hamiltonians the HF propagator can lead to a solution of the
Dyson equation which is not reliable. This happens because the initial single-
particle HF energies are too far from the correlated spectrum in the ADC(n > 2)
self-energy, which leads to instabilities for the Dyson equation.

In this case, we can use the following procedure: first of all, the HF prop-

agator is used to solve the Dyson equations until convergence. Then, the re-

15
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sulting dressed propagator is used to generate a new HF-like propagator, which
is simply another mean-field ansatz to be used an Optimized Reference State
(OpRS). The OpRS one-body propagator is obtained by mapping the fully cor-
related propagator to a simpler one that has a reduced number of poles, looking
like a Slater-determinant reference (analogous to HF), but actually keeping the
correct information on the unperturbed single-particle spectrum. The whole

procedure is then iterated until convergence. Details are discussed in [16].

16



CHAPTER 2

CHIRAL POTENTIALS

The interaction part of the nuclear Hamiltonian constitutes its most complicate
part. When two nucleons are close to each other, all the internal structure of the
nucleons emerges and the quark-gluon distribution polarizes, giving an effective
residual interaction. All these complications deriving from QCD must be taken
into account in the nuclear interaction.

The QCD Lagrangian reads [17]

. 1
Locep = q(iy" Dy — M)q — Zgﬂu,agg”, (2.0.1)

with the gauge-covariant derivative

Aa
D, =0, — ig?Aﬂ,a (2.0.2)
and the gluon field strength tensor
guy,a = 6uAu,a - au,u; =4+ gfabcA;L,bAu,cv (203)

where ¢ is the quark fields and M the quark mass matrix. ¢ is the strong
coupling constant and p,a are the gluon fields. A, represents the Gell-Mann
matrices and fgp. the structure constants of the SU(3) Lie algebra. It is implicit
the use of the Einstein convention, which involves a summation over repeated
indices.

For a long time, the link between QCD and nuclear interactions has been a
difficult task to solve. About 10/20 years ago, the state of the art for ab initio
theories was the phenomenological NN interaction, mainly represented by two

potentials: Argonne V18 (which includes a parametrization of short-medium

17
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2N Force 3N Force 4N Force 5N Force
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Figure 2.1: Hierarchy of nuclear forces in the Chiral Perturbative Theory.
Solid lines represent nucleons, while dashed lines represent pions. The dots
represents various kind of vertexes

range terms plus a long-range one-pion exchange term) and CD Bonn 2000

(which is mainly grounded on the meson exchange).

2.1 Chiral EFT

Today, the state of the art for ab initio calculations is the chiral Effective Field
Theory (EFT). For the potentials based on this theory, the effective degrees of
freedom are chosen according to the energy domain in which we want to perform
calculations. These will be the nucleons and the pions, treated according to
the symmetries of QCD. The long-range term is dominated by the exchange
of pions, while the other contributions are included in contact terms, with low-

energy parameters fit to experimental data. The number of parameters increases

18
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with the order of the diagrams describing the interaction. In the two-body
approximation these are mainly given by phase shifts, from electric scattering
simulations.

The various contributions of the perturbative expansion of chiral EFT can
be organized in a hierarchy: LO, NLO, N?LO, N3LO, ...in which each ‘N’
stands for ‘next to’ and ‘LO’ stands for ‘leading order’. As can be seen in the
diagrammatic Figure 2.1, increasing the order of the interaction more multi-
particle effects are included.

The chiral NN interactions that we’re using in this work have been developed
by Entem, Machleidt and Noysk and are available in all the orders from LO to
N%LO, for cutoffs of 450, 500 and 550 MeV. They accurately reproduce two-
body scattering data up to ~ 300 MeV. These potential include all the two-body
physics we need.

Following [18], we give a more detailed description of the chiral EFT po-
tentials N*LO that we are going to use and a description of the other orders
potentials. At first, chiral perturbation theory was used mostly to describe w7
and 7N dynamics, which are the most suitable for a perturbative expansion.
NLO NN potentials have been widely used with chiral three-nucleon forces to
study light and medium-mass nuclei and infinite matter. This order brings a
lot of novelties, as new contributions from the 3NF contact interactions.

Here we’re focusing on the A-less version of chiral EFT, in which delta
baryons doesn’t appear (the main problem of this approach is that the strength
of the P-wave two-pion-exchange three-nucleon interaction is overestimated by
theories that do not include delta resonances as an explicit degree of freedom.
This is discussed in detail in [19]. Then we're dealing only with pions (which
can be seen as Goldstone bosons) and nucleons as effective degrees of freedom.
The interactions of Goldstone bosons must vanish at zero momentum transfer
and in the chiral limit m, — 0, so the effective Lagrangian can be expanded in
powers of derivatives and pion masses. The effective Lagrangian can be written
as

Lejf=Lrn+Lrn+LNN+..., (2.1.1)

where the terms deals respectively with the two-pions dynamic, the pion-nucleon
interaction and the two-nucleons contact interaction. Each of this terms is given

by an increasing-order expansion

Lon=L% 4@ 1 (2.1.2)
Lan =L+ L2 + 28 + 2% + ... (2.1.3)
Laun =L + L + L5 + -+ (2.1.4)

19
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where the superscripts represents the number of pion mass insertions. These
Lagrangians originate an infinite number of graphs, whose the irreducible ones

define the nuclear potentials. These graphs are classified in terms of the quantity

(@Q/A)" (2.1.5)

where () is the generic nucleon three-momentum, pion four-momentum or a
pion mass. A, =~ 1GeV is the chiral symmetry-breaking scale. The index v
labels the order of the ‘power counting’. A naive treatment of this counting,
called also Weinberg counting, is the following: every nucleon propagator gives
a term Q~', a pion propagator @2, the derivative of an interaction @ and each

four-momentum integration gives a Q.

2.2 The hierarchy of nuclear forces

Following Figure 2.1, we give a quick description of the first orders of the chiral

expansion.

e The lowest order ¥ = 0 is the leading order (LO). Here the two-nucleon
amplitude consists of two momentum-independent contact terms ~ Q°,
which are represented by a four-nucleon-leg graph, and a one-pion ex-
change diagram. This second diagram includes the tensor force necessary

for the description of the deuteron.

e The next order v = 1 is always vanishing because of the parity and time-
reversal invariance. So the next-to-leading order (NLO) is given by v = 2.
This order describes more accurately the intermediate range interaction
with the two-pion exchange diagram. The contact terms include a spin-
orbit term and central, spin-spin and tensor terms. All the structures
necessary to describe the nucleon-nucleon force phenomenologically are
included in this order. The main problem of cutting the chiral perturba-
tive expansion at this order is the lack of an efficient intermediate-range

attraction.

e The following term (v = 3) does not include new contact terms with
respect to the previous one, but the problem of the two-pion exchange
(2PE) is fixed because new vertices which represents a correlated two-

pion exchange term and a A-isobar contribution are included.

e Other 2PE diagrams are produced at order v = 4. 3PE has proven to be

negligible at this order. 15 new contact terms (~ Q*) arise.
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2.3 Long-range and short-range terms

The long-range contribution of the NN interaction is governed by pion ex-

changes, and their contributions can be summarized as
V=Vig+Vor+Vor+.... (2.3.1)

17 stands for one-pion exchange, 27w for the two-pion exchange etc. For each

term, the low-momentum expansion is given by

Vie =VO 4 v® 4 v® 4y (2.3.2)
Var = V2 + VD + v + . (2.3.3)
Var = Vi) + Vi 4 L. (2.3.4)

The subscript represents the order v. The various order of the Lagrangian are

built up in the following way

Vio=V©® =1© (2.3.5)
Varo = V® = Vi + V{2 + ;2 (2.3.6)
Vanro = V® = Varo + Vl(j) + VQ(j) (2.3.7)
Vaaro = V® = Vanro + Vl(:) + VQ(:) + V},(ﬁ) (2.3.8)
Vasro = VO = Vaaro + V2 + Vo) + Vo). (2.3.9)

The short-range potential is calculated as a sum of contact terms, with the
constraint of parity and time reversal. These symmetries imply that odd powers

of momentum vanish. Then the expansion of the contact potential is given by
V=V 4+v@4v® 4 . (2.3.10)
Finally, the full potential is a sum of long-range and short-range potentials

Vo =V® =Vip + VY (2.3.11)
VLo =V® =10 + Vz(j) + Vz(i) ( )
Vanto = V@ = Varo + V4o (2.3.13)
Voo = V& = Vanro + Vi) + Viy + Vie) ( )
Vairo = VO = Vaaro + Vad) + Vi, ( )

where higher order corrections to the 1PE are left aside because they are ab-

sorbed in the mass and coupling constant renormalizations.
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2.4 Representation of two-nucleon states in EMN

potentials

Entem-Machleidt-Noysk (EMN) potentials are calculated in the |¢(1S)jMr) ba-
sis, which is a representation of the two-nucleon state in term of the spin S, the
total angular momentum j, the orbital angular momentum [, the momentum ¢

and the projection of the total isospin My
(q(18)j M| Vg (I'S)jMr) = VIEMT (¢, q). (2.4.1)

Fixed j, ¢, ¢ and M7, only 6 possible configurations of I, I’ and S are possible.
This is due to the fact that the total number of configurations are restricted
by the triangular inequality on (4, I, S) and the parity condition for the orbital
angular momentum (—)l”/ = 1. Among all the possible configurations of | =
j—=S,...5+8,I'=4-S5,...7+5, the non-vanishing ones are given by the spin
singlet, the uncoupled spin triplet and the 4 coupled triplet states:

I1=1=0, S=0 (2.4.2)
I1=1=0, S=1 (2.4.3)
l=1=j—-1, S=1 (2.4.4)
I=1"=j+1, S=1 (2.4.5)
l=j—1, I'=j+1, S=1 (2.4.6)
l=j+1, U'=j—1, S=1 (2.4.7)

The two-nucleon system carries a well-defined isospin 7" (which is 0 or 1) which

is fixed by the Pauli condition
(—)H5+T = 1. (2.4.8)

This identity is proven for the harmonic oscillator basis and for a general basis

in Section 3.
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CHAPTER 3

NUCLEAR POTENTIAL MATRIX ELEMENTS

The main goal of this chapter is to obtain an equation to evaluate nuclear po-
tential matrix elements on a general basis. First we will see how to obtain these
matrix elements in the harmonic oscillator basis. These elements are simple
to be determined because they can be written as a function of the well-known
Moshinsky brackets, which decouple the relative and center-of-mass motions.
Then we’ll see how to generalize the equations for a general basis. To do this,
we’ll mainly follow [20], [21] and [22] in order to find different ways to write
the Wong-Clement coeflicients, which are the generalization of the Moshinsky

brackets for a general basis.

3.1 Nuclear potential matrix elements in j; cou-
pling for the HO basis

We start from the single-particle state, coupling the total angular momentum
and isospin of each particle (j;, ¢;) to the global variables (J, T').
|nalajamja7'a, ’IlﬁlﬁjgijTﬁ> =

. . 1 1
= Z Z (Jadpmj.mj, | JMy) <227'a7'ﬂ

JMj; TMr

TMT> |nala.7a7nﬂlﬂ.],@a JMJvTMT> )
(3.1.1)

where the bracket (jijamima|jm) represents the well know Clebsch-Gordan
coefficient, which is subject to the restrictions that (41, jo, j) be positive integers

or half-integers and j; + jo + 7 is an integer. j represents an angular momentum,
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CHAPTER 3. NUCLEAR POTENTIAL MATRIX ELEMENTS

while m can be thought of intuitively as the quantized projection of the angular
momentum along the z-axis. Each m, can range from —x to x, covering 2z +
1 values for any fixed . The Clebsch-Gordan coefficients must satisfy the
conditions: |j; — j2| < j < j1 + j2 (triangle condition) and m; + ms = m. Now

we transform the jj state (3.1.1) to LS coupling:

Inalaja,nplgis; JM s, TMr) =

R PR
=3 @+ D@+ DA+ DES + 1) 1/2 1/2 S
AS ja jﬂ J

Inala,ngla; AS, JM;, TMy) (3.1.2)

The symbol
v J2 Ji2
Js  Ja J3a - (3.1.3)
Jiz Jog  J

represents the 9j5-Wigner coefficient and expresses a coupling of angular mo-
menta. It’s invariant under reflection of the elements respect to the two diago-
nals and under exchange of any couple of rows or columns.

Now we need to transform the two-particle state in the center of mass frame.

First of all, we introduce the Jacobi coordinate system

T1L— T2 I T

Ty = m = 3.14
This change of coordinates is characterized by the Jacobian
1/v/2 —=1/v2
= /\f / V2 =1 (3.1.5)
1/vV2 1/V2

so the equation dridrs = dR,,dr,, is valid. We can therefore perform the
transformation writing a completeness relation on n, [, N and L, which are the

relative and center-of-mass motion quantum numbers

nala:nale; AS, JMy, TMz) = Y (nl, NL; X nala, ngls; A)
niNL

|nl, NL; AS, JM ;, TM7). (3.1.6)
The bracket (nl, NL; A\ | nala, nglg; A) in the case of an harmonic oscillator basis

is known as the Moshinsky bracket. In its form is known in the Jacobi coordinate

system and it’s a simple combination of factorials and Gamma functions. This
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bracket is non-vanishing if the energy-conservation condition 2n+1+4+2N + L =

2nq + lo + 2ng + 13 is satisfied. The following conditions are valid

(nl, NL;y X | nyly, nolo; A) = (=)= (nl, NL; X | nala, nyly; A) (3.1.7)
= (=)""M(NL, nls X nyly, nola; A) (3.1.8)
= ()" TH(NL, nl; A nala, naly; A) (3.1.9)
= ()2 E (nyly, malos A nl, NL; ). (3.1.10)

We'll show that the vector bracket from [20] generalizes these relations.

Now we recouple the relative angular momentum to the total spin, consider-
ing that the quantum numbers [, L and S can be coupled in j =14+S, A=1[+L
and J=A+S=I+L+S5

|nl, NL,\S; JM ;, TMr) = Z [n(1S)j, NL; JM j, TMz) ((1S)jL; J | (IL)AS; J) =
J

:Z|n(l$)j,NL;JMJ,TMT> (2)\+1)(2j+1)(1)j+L+5+’\{i g ‘l]}

(3.1.11)

J

where the symbol in brackets represents a 6j-Wigner coefficient. These symbols
are a generalization of the Clebsch-Gordan coefficients, that arise in the coupling
of three angular momenta, and are defined as a sum over products of four 3j-
Wigner symbols (which are in turn defined as a symmetrization of the Clebsch-

Gordan coefficients). 6j-coefficients have the general form

gz s (3.1.12)
Ja Js5 Je
in which each triad (j1 j2 j3), (41 J5 Je), (Ja J2 Je) and (Ju Js j3) satisfies the tri-

angular inequality. Also, they are invariant under permutation of two columns.

Decoupling J and M in m; and my,, we get

[n(1S)j, NL; JM ;, TMp) = Z (jL,m;mp | JMy) |nlS(j)m;, NLmp; TMr) .
mimrp

(3.1.13)

Now let’s consider only the relative coordinates, going back to the LS coupling

InlS(j)m;) = > (ISmymsg | jm;) [nlmy, Smg) (3.1.14)

msmg
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Finally we find the ket
|nlml,NLML,SmS;TMT>. (3115)

The center-of-mass contribution is simple, because it can be written as a function

of mere Dirac deltas
(NLmp | N'L'm),) = /d3Rm/d3R/m (NLmr | Rin) (R | R;,) (R, | N'L'm7)
/ BR,, / &Ry, 0N Ly (Rin)(Ry — Ry on Loy, (R),)
- / & Rnf n,, (Ron) o, (Bom)

— [, [ AR R Rt (Bon) Y, (B B () Vi (o)

= /dRmenRNL(Rm)RN/L/(Rm)(;LL/dmLm’L = 5NN/5LL/5mLm’L.

In this calculation we used the orthonormality condition of the spherical har-

monics

/dQ'r'mml (Q:m)}/l’ml/ (Qrm) = 6ll’5mlml/ (3116)

and the orthonormality of the radial function. In the harmonic oscillator case,

the radial eigenfunction is given by

Rour) = <—1>”\/ e (3) (), o= e

n+1+3/2)b3
(3.1.17)

where I" represents the Gamma function, L the Laguerre polynomial and b =

V/h/(mw) is the oscillator length.

Now we consider the relative motion bracket

Intm) = / @4 |g) (q | nimy) = / dq ¢ / di|q) (| nimy)

The total wave function in the momentum space can be written separating the

radial and angular contributions

The radial function of the harmonic oscillator is given by

2n!b3

l —%(pb)2Lz+1/2 2

R (p) =
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Performing the partial wave expansion of the |g):

Z/dq’q’2 q'U'my) (q'V'milq) = Z/dq’q’2 — ) Vg () g 1'my) =
ll / l/ /
= Z Yl/ q) lql'my) .

!’
I'm;]

Then
i) = 3~ [ daa?Roata) [ Ay (@Yo (@) lat'm) =
I'm’l

=> /dquan(Q)&z't;mzm; lql'mj) = /dqqunl(Q) lqlm)

having used the orthonormality relation of the spherical harmonics.

Finally we can recouple some angular momentum

)y = Y 3 QSmums | jmy) (tSmams |/m5) [ dga?Fou(a) la15)7) =

myms j’ m

- Z S350, [ 0 Ral(a) a09)) = [ dagRul(@) a19))).
So we get the final relation for the transformation from the nn’ to the ¢q’ basis
<n(lS)j; T My ’ v ’ ' (IS)j; TMT> -

= /dquan(Q)/dq’q’QRnw(q/)< (18)j; TMy

lS)j,TMT>

where the oscillator length parameter b in the radial functions must be multiplied
for v/2 to compensate the difference between the center of mass and Jacobi
coordinates.

In order to find the final potential bracket, we need to write the total an-
tisymmetric function of a two nucleon system, which is a two fermion system
which satisfies the Pauli principle. Considering all the possible exchanges of the
single-particle indexes, we get the following phases: (—)Jetis=J/ (—)tatts=T
from the Clebsch-Gordan coefficients, (—)letA+satsstiatis+A+S+J from the 95-
symbol, (—)*~F from the HO bracket (which we’ll show to be valid also in the
caso of the vector bracket) and (—)% = (—)la*+s+! which is the parity condition
(I4+ L+1,+1, =even). Summing up all the indexes, it follows that the total

phase factor is given by (—)"*5*T and consequently the total antisymmetric
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function can be written as
|nalaja7n,6’lﬂjﬁ; JMJ7TMT>A = (1 - (*)l+S+T) ‘nozlozjounﬁl,ﬁjﬂ; JMJvTMT>

At last, the final normalized expectation value of the potential on the single-

particle basis is
5535 = (Maladasnslais: TMys 7t | V| mdo gy, milsis: M, 775 ) | =

1 1 1
= TaTs | T M T T,
\/1+5aﬁ\/1+5w;<22 ’ T><22M

S /(2o + 125 + 12y + 1)(25 + DA+ DN +1)(25 + 1)
AN'S

TMT>

e lg XY (1, 1s XN
1/2 1/2 SpQ1/2 172 Sp Y - (=1
ja .7,3 J .j’y j& J nn/NU'L

(nl, NL; X | nala,nglg; \) (n'U', NL; X' | nyly, ngls; X')

Z()A+,\’\/(2)\+1)(2>\’+1)(2j+1){j L J}{j . ;]’}

5 AS U \NS

/ dg > R (q) / dq q’anw(q/)< (18)j; TMr

(1'S)js TMr)
Where we used the relation

Z <jL7mij | JM]> <jL7mij ‘ J/M3> = 5]]’5MJM",~ (3118)

mimr,

The potential bracket can be further expanded in

(qS)jmy |V |4 (I'S)jmy) =
. . / ~ T ~ N
/ dgdq’ > > Giqr)iv (@) Yim(@)Xns ' (01,02)V X, (01, 08) Y (@)

0102 00,

Z (I'Smymsg | jm;) Z (ISmymg | jm;) .

mpms mims

The quantum numbers j, m;, S, mg, J, My, T, and Mr are conserved by the
NN interaction. N, L and mj, are conserved by orthogonality of the center-of-

mass wave function. In general n # n’, I #1', m; # mj and A # X.
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3.2 Nuclear potential matrix elements in jj cou-

pling for a general basis

Now we want to recalculate the matrix elements we have just seen for a general
basis. First of all we need to write down an expression equivalent to the one
we’ve just seen in the case of the HO brackets, as a function of the Wong-
Clement brackets ((s182)rql(t1t2)rsL; A|nilinala; A) for the general coordinate

system

{7"1 = 5170 + 17 (52.1)

T9 = 8oTq + 12Ty

We define the Jacobi coordinates as

and the center of mass coordinates

’I":\/i’l"w:'f’l*’f‘g
R, 7ri+m

Rziz
/2 2

Choosing 7, = 7 and r, = R, it follows that ¢t; = t2 = 1 and 57 = —s9 = 1/2

for the center of mass system. If we consider the mass difference between the
two particles (this is the case of the proton-neutron system), the coordinate
parameters are written as s; = m,, /(mp,+my,) and so = —m,,/(m,+m,,). If we
want to use instead the Jacobi system, we have to put r, = ry, and r, = R,,,
which leads to t; = to = 1/v/2 and s; = —sp = 1/4/2. In the following we’ll
use always the center-of-mass frame, because the nuclear interaction that we're
using is given in that system.

For the wave-functions we’ll use the convention
l(a 1 l/a 1 l(a
Crim (1) = (r[1dm) = wny ()Y (7) = — Rt (r) Y (7) = — (rl | nl) Yo, (7).

The angular part calculations are identical to the ones we have already seen in

the HO case. We just need to write down the radial part

[nalangls; A) = /der Z |PIRL; A) ((s182)rl(tite) RL; Alnalangls; A) ,
IL
(3.2.2)

where |[rIRL; \) ((s182)rl(t1ta) RL; Anglangls; A) is the Wong-Clement coeffi-
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cient. Here the orthonormality of the barycentral wave function leads to
<R’L’m’L | RLmL> == 5L(R - R’)éLL/émLm’L (323)

2
with  §p(R—R') = RR’; / jr(kR)jr (kR k? dk. (3.2.4)

Performing the same calculations already seen for the radial part, we get to the

equation

V nala, npls; AS, JMy, To75) =

11
-y <22Wﬁ

TMr

e g
TMT>Z\/(Qja+1)(2jg+1)(2)\+1)(25+1) 12 1/2
AS ja jﬁ

/derZ (rIRLInalansls; \) Y > (GL,mymy | JMy)

L Jj mjimp

L J) -
J } V |r, (1S)jm;, RLmy; TMr) .

A+ D+ D(-1p s {A o

(3.2.5)

Now we’re almost done with the potential matrix elements. We just need

to show that the antisymmetric term is the same as in the HO case (Wong and
Clement noticed in [20] that their brackets include the same symmetry of the
Moshinsky brackets). We know that the parity condition I, + g+ 1+ L = even

is satisfied by the function A; (z) included in those coefficients, but we need

to prove an equation analogous to
<7’Ll, NL, A | TLlll, TLQlQ; )\> = (7)/\7L <TLl, NL, A | 77,2[2, nlll; )\> s (326)

which is, we need to prove that

U >

<(3182)’I"l, (tth)RL; )\ | ’I’Llll, n2l2; /\> = (—)Ail‘ <(8182)Tl, (tth)RL; /\ ‘ nglg, nlll; )\> .

(3.2.7)

We start from the symmetry relations for the vector bracket written in [20],
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which are

((s182)rl(t1te) RL; A ralarsls; A) = (—)laHf**)‘ ((s2s1)rl(tot1)RL; A mglgrala; A)

(3.2.8)
= (=) LA (tita) RL(s182)rl; N | ralarpls; A)
(3.2.9)
= (=)' {(-s1-82)7U(t1t2) RL; X | rolarpls; A)
(3.2.10)
= (=)' ((-s182)7l(-t1ta) RL; N | Talarpls; N)
(3.2.11)

In particular, we need the first and the third ones and we need two show that
they are still valid for the Wong-Clement coefficients, writing them as a function

of the vector brackets

((s1s2)rl(tite) RL; A | nalamngls; A) =

= /dradrﬁ ((s182)rl(t1te) RL; M| rolarsls; A) (ralarsls; A nalangls; A) .
(3.2.12)

From eq. (3.2.10) it’s immediate to find that

((s182)rl(t1ta) RL; N | nalanglp; A) = (=)' ((-s1-s2)rl(tita) RL; N | nalangls; \) .
(3.2.13)

In order to get the Wong-Clement analogous of eq. (3.2.8), we just need to notice
that the bracket (rolamslg; A | nalangls; A) is separable and independent from A,
which allows us to write (rolarslg; A | nalangls; A) = (rala | nala) (Tals | nplg) =
(ralg Imalg) (rala | nala) = (ralgrale; A nglgnale; A) It’s then immediate to

find the simmetry relation

((s182)7l(t1t2) RL; N | nalangls; Ny = (=)= ((sas1)rl(tat1) RL; X | nalansls; A) .
(3.2.14)

Finally, combining eqgs. (3.2.13) and (3.2.14) we find

D=2 (5981 )rala(tat)rala; N nalgnala; A) =

((s182)rala(tita)rsls; A nalangls; A) = (—)
)HEA Y (sg-51)rala (tita)rals; N mglsnala; A) =
-)
-)

BN ) ((s1s2)rala(tit2)rals; A nglsnala; A) =
A-L ((s182)rala(trta)rals; A nglgnala; A)

/-\/\/—\/—\
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where we used both the parity condition (I,+1,+{+L = even) and the identities
s1 = —s2 and t; = ty which are always valid in the Jacobi and center-of-mass
frames. Then it follows the same antisymmetry relation for the wave function

seen in the HO case.

Unpns = <"alaja7”/3[ﬂj63 JMj,TaTp ’ v ’ Nyl Jys M6ls Jis5 JMJ,T'y7'6>A =

1 1 11 11
= -3 TM- — =TT,
V1 + 605 \/T+ 655 XT:<22 T><22“S

S /(2 + 125 + 12y + D25 + @A+ DN +1)(25 + 1)
AN'S

la Iz A L, ls N
1/2 1/2 Sp<q1/2 1/2 S /drdr’dRZ[1—(—1)l+S+T]
Ja Jg J JvooJs J e

(rl, RLy X\ | nala, nglg; A)* (r'U'y RLy N | nayly, misls; A')

Z(—l)”*/\/(2)\+1)(2X+1)(2j+1){j L ‘]}{j L J}

7 XS L\ S

TMT>

TaTB

<r', (SI'): T M ] v

r, (S1)j; TMT> . (3.2.15)

Considering that we’re mostly using potentials given in the momentum space,
we need to write those elements performing a double Hankel transform in the

momentum coordinates

<r', (SU")j; T My ‘ Vv

r, (S0 TMy ) =

2 s 3 . ~
= - Tr’/dqdq’ q2q/2 G (q/T/)]l(QT) <q/7 (Sl/)j;TMT ’ v

q, (Sl)j;TMT>.
(3.2.16)

3.3 The Wong-Clement coefficients

In this section we are going to discuss the mathematical foundation of the cou-
pling coefficients we have previously seen, the various forms they can assume
and which one is the most suitable for numerical calculations.

First of all, we introduce some notations. We consider the general transfor-

mation

{m = 5174 +t17 = 01(Ta, ) (33.1)

Ty = SoTq + tary, = 02(Ta, Tp)

which is represented by the vector bracket ((s182)7ral(t1t2)rsL, A|r1lirala, N).
This bracket is the vector analog of the Moshinsky bracket. The Wong-Clement
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coefficients are a generalization of Moshinsky brackets in the sense that they
are written in a general coordinate system for any orthonormal basis. Here the
indexes 1 and 2 represents two single-particle states, while a and b refer to the
coordinate of a second coordinate system (p.e. center-of-mass or Jacobi). The
particular choice of the system is specified by the scale factors s;, t;.

Starting from this three-dimensional radial vector, it can be expanded in the

angular momentum as

(r| = % S (rim| Y2 (7), (3.3.2)

ilm

where the radial ket satisfies the orthonormality condition
(rim|r'l'm'y = 81 Sy 6 (r — 1'). (3.3.3)

For the three-dimensional coordinate-space wave function we will use the nota-
tion

which can be written in the bracket notation as
1 L
(r|nlm) = - (rlnl) Y, (), (3.3.5)

where (rl|nl) = (rim|nlm) = R,;(r) represents the total radial contribution to
the wave function multiplied by r and is independent from m for the orthogo-
nality condition (3.3.3).

Switching to a two vectors (particles) system, the coupled angular momen-

tum representation is

1
(riral = —— 3 (ralaraly, Aul[Y " (F)Y 2 (P2)]) (3.3.6)
2 o

As above, the radial bracket satisfies the orthonormality condition
<7’1[17’212, /\,u|7'/1[17”2l2, X,u’) = 511111 (;lglé(;/\k/é/ut/é(rl — r’l)(;(rg — 7’/2) (337)

In order to obtain an analytic expression of the Wong-Clement bracket, we start

considering the Dirac bracket

((s152)Ta(tita)molrire) = (rarerira) ™ D> > [V(Fa) x V()]
ApA ! ILL 1o

. [Yll (fl) Yl2( )] <(5152)7’al(t1t2)7"bL )\,U,|’I"111T2l2, )\ 1% > (338)

which is invariant under rotation of each axis. This basic property, noticed by
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Balian-Brezin, is essential to obtain the final analytical form of the coefficients.
Now, the radial part of the Dirac bracket can be isolated reversing the pre-

vious equation integrating over the four angles

(ralryL, \u|riliralo, N i) = roryrirs / AP d? Py d®Prd®Po Y (7a) x Y (7)]))-

SYI(R) X YR ()N (rarplrire) . (3.3.9)

This is the so called vector bracket. The rotational invariance that we previously

required now implies that
(ralry L, Aplriliralo, N ') = dax 8, (ralroL, N|rilirala, N) . (3.3.10)
This equation can be further expanded, considering the bracket

((s182)ra(tit2)rp|rirs) = d[r1 — 01(7a, 7)]0[r2 — 02(7a, Tp)]. (3.3.11)

We will deal separately with the radial and the angular part. The radial part

simplifies into

(7"17“2)_2(5(7“1 —lo1])d(r2 — |o2]) = Q(Tarbrlrg)_lé(w)é(cos Pop — ) =
“+o0
= (raryrire) " O(w)d(1 — 2?) Y (2€ 4 1) Pe(cos Uap) Pe(x),  (3.3.12)
£=0

where we used the Legendre functions expansion of the Dirac delta

“+oo

20 +1
Y. 5 Plo)Ply) =6z - ), (3.3.13)
1=0
which is a completeness over the range = —1...1 (the term ¥(1 — x?) derives

from here). From the definition of the p functions, it follows that

w = SQtQT% — Sltl’r’% + (tlSQ - thl)(Slsg’l’z - tltgrg) (3314)
2 2.2 2,.2
£ _ g¢ — t
g="1_%iTa " blh i=1,2 (3.3.15)
2847

Concerning the angular part

Z [Yll (1) x yl2 (f‘z)]f;* [Yll(él) X Yl2(@2)],>;, (3.3.16)
LilaAp
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we can use the spherical harmonics identity found by [23]

l 1/2
4 2041
|sTq + try| YL (51 + 1) g {Qk _T_ 1 ( )} (s70)" (try)! "
k=0

CVE(F) x YIE@EL . (3.3.17)

Now we need two other identities involving the spherical harmonics, one for
each couple of harmonics included in equation (3.3.16). The first one follows

immediately from the relation we have just seen

T1 T2

! 1
Y5 (01)x Y (62)]) = (m) (“”) S WY (Fa)xYE ()N B L o, A y2),
1 2 l/L/
(3.3.18)

where B is an angular momentum coupling function:

B(I'L'lilg, s y2) = (=)' TE (20 + 1)(20s + 2)V/ (2 + 1)(2L7 + 1)

1/2 1/2 k L—k 1

o\ (2 ke w v\ (h—k b-w D\ T PTE Y

2% / Eolo—k

e\ 2k 2%k 0 0 0 0 A
(3.3.19)

, where the variables

o t
_ 51'a g =21 (3.3.20)
tary s1t2

depend only on the reference system.
The second identity we need to simplify equation (3.3.16) is
Pg(coswab))[yl’(f ) x Y (7)) =
=(—)*H Z (Fa) X YE(R)W @I+ DL+ 120 + 1) (2L + 1)-

1 & U'\(L ¢ L\[1 L A
: . (3.3.21)
00 o0o/\o o o)L I' g

This relation can be proven starting by the triple spherical harmonics complete-

ness relation

/ Yol (9, 0) Y2, (30, ) Y2 (9, 0)d =

:{(211+1)(2z2+1)<213+1)]”2 (h Ly 13>(11 f2 53). (3.3.22)

47 0 0 O mp M2 M3
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from which it follows that

201 + 1)(2ly + 1)(2L + 1)} 1/2
4

Yl (0, )Y, (0, ) = 3 ()M [(

LM

ll 12 L ll ZQ L
Y (9, 0), (3.3.23
(0 0 0) <m1 my M) rou () )

where the quantum number L express the coupling of the two orbital angular
momenta [; and (5.

Finally, we can put together the angular and radial parts to obtain

((s182)ral(t1t2)rs L, Arilyraly, ) = (I|1T) = (47)%6(w)I(1 — 2®) Af 11 ().
(3.3.24)
The function Ay () represents the main part of the Wong-Clement coefficients.
We'll discuss some analytical forms in which this coefficients can be written,
but at the moment we just write the expression by [20], which follows from the

previous calculations

Lmaz

1
Arn() = — > (28+1) Pe(w) (14+2zy+y?) 21 (14 2ay2-+y22%) "22G e (IL1 o, A y2)
£=0

(3.3.25)

Ge(ILhly, Ayz) = (—)*@I+ DL+ 1) Y V@I + 1)L +1)
L’

1 e v\[(L ¢ \[1 L A
. (3.3.26)
o0 o0/\o o oL I g

with £,42 = l1 + lo + min(l, L). This function includes all the contributes
deriving from the angular momenta couplings. The bracket (3.3.24) satisfies
the simmetry conditions (3.2.8) that we have seen in the previous section, while
the function A(x) satisfies the parity condition.

Now we want to express the Wong-Clement bracket ((s152)7.1(t1t2)rs L, Ajnilinala, \)
as a function of the vector bracket we have just determined. We can do this

using the completeness relation

<(8182)7“al(t1t2)7'b.[/,)\lnlllnglg,)\) ://<(81$2)7"al(t1t2)7'bL,)\|7’1l17‘212,)\>'

. <7’1117"212,>\|n111’l7,2l2> d’f’ld’f’g, (3327)

where the left bracket has just been discussed and the right bracket is a product
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of two radial functions (u,;(r) = r~1 (ri|nl)). Putting inside this equation the
expression of the vector bracket (3.3.24), we find from the delta function that
x = cos ¥4, SO we can identify the variable x as the cosine of the angle between
r, and 7,. Thus x can be expressed as a function of 1 and ro, with the help of
the other delta function §(w). Finally we can express the double integral over

r1 and 79 as a single integral over x, with the substitution
dx = (s1t1rary)” 'ridr, (3.3.28)

and our final expression for the Wong-Clement coefficient, which is the more

general one, is

1
((s182)ral(t1t2)rs L, Alnqlingla, A) = 87r2rarb/ AT Uy 1ynqt, (P1,72) AL 11(2).

—1
(3.3.29)

3.3.1 Various expressions of A /(z)

Now we will discuss different ways in which the function Aj;;(z) can be ex-
pressed. First of all, we start from the more general form in which this coefficient

can be written, which is due to Balian and Brezin [21]

Arr(z) = @A+ 171 [V (R x YE@R)N Y (R) x Y2 (7). (3.3.30)

All the expressions that we are going to see are a consequence of rotational

invariance of this function (which is then a scalar function).

e The first expression is due to Wong and Clement, and correspond to put
directly in the equation (3.3.29) the expression (3.3.25)

Lmax

1
((s152)ral(tsta)ry Ly Alnalinala, ) = Srars D (28+1)Ge(ILhla, A; yz)-
£=0

1 I la
tiry tory
/ dxun111n2l2<r17r2)(1) (2> . (3331)
-1 1 T2

The single-particle coordinates rq, ro can be expressed as a function of the

r, coordinate and the variables z, y, z

{7“1 = tlTb(l + 22y + y2)1/2 (3 3 32)

o = tory(1 4 2xyz 4 y222)1/?

e The second expression is a generalization by Wong-Clement [24]. Bay-
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man and Kallio found an easy formula for isolating the relative-angular-
momentum-zero part of the wave function of two particles in a single-
particle potential. This method is generalized for the case [ # 0. First of

all we start from the identity

(r172) (il rala|nglingls) [YH (1) x Y2 (f2)]2 =

(rars) ™" Z ((s152)ral(tita)roL, Alnalinala, A) [Y' (Pq) x YE(7)]5.
LL
(3.3.33)

Now we need to isolate the states for a given value of [. We can do this

*

multiplying the two sides of the equation by [Y/ (#,)]* and integrating

over 7,. The spherical harmonic have the general form

(3.3.34)

2 +1\ /2
47 ’

YL(9,0) = dmed, o (9) (

_ n N[+ m)!(I —m)!)}/?
A o(0) = D (-1) nl(l+m—n)l(l —n)l(n —m)!

n=m

1 1
(cos 519)2“'"1_2"(8111 519)2”_7”. (3.3.35)

Also, we can use the property of rotational invariance of Ay ;(z), setting
the 7, axis parrallel to the x axis. In this way the spherical harmonic in

L is simplified into

2L+1>1/2

Y5 (0,0) = 5M0< and m = p. (3.3.36)

Now we notice that from (3.3.1), p; = ¢+n;m with n; = 1,2, where n; =0
if s; >0 and n; = 1 if s; < 0. Then the integral is independent of ¢ and

the integral over the angle 7, gives

<(8182)Tal(t1t2)7’bL, /\‘n1l1n212, >\> =

_ 1 (2[1 + 1)(212 + 1)(2l + 1) l+(n2—1)m+(n1—n2)m,
~glalt 2A+1 2.

mma
1

(ml — m|L0) (Lmalam — ma| Am) / gyt (12 72)d"S. o (01)d2, o (92):

-1

. dlmo(cos_1 x)dz, (3.3.37)
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with cos¥; = ri_l(slﬁlﬂ +tirp).

e The third expression corresponds to set all the vectors in the plane Oy
with the center of mass vector r, = R along the z-axis. With this config-
uration, the azimutal angle of the spherical harmonics in (3.3.30) is just 0
or 7, based on the x component of the vector. The expression (3.3.30) is

then simplified into

!
2N +1

A(z) > (lulamama| ) (ILp0[Ap) -

Hmimso

Y [91,0]Y2 [0g, 7]V E[0,0]Y [045,0], (3.3.38
1 2 0 w

where 9J; are given by the expression above and 9, is the angle between
and 7y, which is cos 9., = x. The sign term is given by the Clebsch-Gordan

symmetry relation
(ILpO| M) = (=) LA (LIOp| ) © (3.3.39)

The expression above can be further simplified taking in account the sym-
metries of the spherical harmonics
l m l
Y2 [02, 7] = (=)"2Y,2 [¥2,0] (3.3.40)
and in the first Clebsch-Gordan the conservation condition on the mag-

netic quantum numbers (m; + mo = u) reduces the triple summation to

a double summation

1

Alw) = gyg D (il —m M) (=) (L0

mma

(=)HTmY L [0, 0]V, [92, 017 [0, 0]V [04s, 0], (3.3.41)

We must notice that this expression is slightly different from the one writ-
ten by Balian-Brezin, because of the different conventions they used. It’s

interesting to notice that the spherical harmonics

20 +1 (1 —m)! .
LU =M pon o 9)eime (3.3.42)

Y8l = T

written in the equation (3.3.41) way (q.e. with ¢ = 0) have a vanishing
phase, so they can be written just as a Legendre polynomial up to a

normalization factor.

e Another possible configuration of the vectors is to set everything in the
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z
ﬂab f
R 1
T
o |V
& Y

Figure 3.1: Configuration of the radial vectors in equation (3.3.41) in the
cartesian coordinate system. g is pointing out of the plane. R =12

plane zOy. In this case the spherical harmonics are all defined for ¥ = 7 /2,

and they can be written as

Yim, <;a¢) = iy ™% (3.3.43)
with
0 if I —m is odd
Fl — ( )(l—Hn)/Q 21 1/2
m _ + 1
l (Il —m)! ifl—m i )
2L((1 +m)/2)!((I —m)/2)! [ 1 Al —m) if I —m is even

(3.3.44)
Equation (3.3.30) can then be written as

Ar(@) = @A+ 1)1 et {Z (ImLp — m|Aw) FﬁnFﬁme_ﬂW} x
"

m

x [Z (lamalg — ma M) Tls T e“"““”””?)} . (3.3.45)

Ma

The analytical form of the I' function implies that every exponential is
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real, then
Arg(z) =22+ 1)1 Z cos (Lp2) {Z (ImLp — m|Aw) FﬁnFﬁ_m cos (mcp)} X
m m

X [Z (lamalap — ma| A ngal“lffma cos (mq(p1 — wg))] .

M

(3.3.46)

Another possibility is the following: first we set 71 along the z-axis and all
the other vectors in the plane xOz. Then 75 and 7, can be rotated around

the y-axis, in this way 75 is put along the z-axis

A(z) = @A+ 1)7" Y (lalomy0[Amy) (1LmO|Am)

mims
[2l5 + 1 2L +1
Li*[a 2 Lia L o
lel [ral, 0] Ar YM [Tbv 0} Tdmml (T1)7 (3347)

where 7,; is the angle between r, and vy, d', . (8) = (Im|e""#7v|lm’) =

D! ,(0,3,0) is an element of the orthogonal Wigner’s (small) d-matrix

and Jy, is the generator of the rotation.

So far, all the expressions we have seen live in the coordinate space. Fi-
nally, we show an expression for the momentum space, due to Kung, Kuo
and Ratcliff [22]. They start considering the expression for the vector

bracket in the momentum space
(KK L Nkslzkaly; \) = 4726 (w)9(1 — 22) A(z), (3.3.48)

where w = k? + LK% — 1(k3 + k3), 2 = (k3 — k* — 1K?)/kK. This is
completely analugous to our equation (3.3.24), with the é(w) expressing
now an energy conservation. Then we can rewrite equation (3.3.30) for

our new vectors system k, K, k; and ko

Alz) = @A+ 1)71 Y [V (k) < YR [V, (ks) x Yo, (ko). (3.3.49)

The vector rotation chosen by Kung-Kuo-Ratcliff is the following: ks is
chosen to be along the z-axis and the vectors 153 and ky belong to the

¢ = 0 plane.
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3
Y ky
ks K
k
alp
& Y

Figure 3.2: Configuration of the momentum vectors in the ¢ = 0 plane. g is
pointing out of the plane.

Then A(x) becomes

(—)HHEHA
Alz) = o1 Z(—)ﬂ (ILmMIA — p) (I31a0p| Ap)
nM
Yt (@, 0)Y37(8,0)Y5%(0,0) Y4 (7,0)  (3.3.50)
with

r.2 1.2 _ 102

a=cos ! W} (3.3.51)
r7.2 274 _ 1.2

B =cos ! M (3.3.52)
| kks
(k2 + k2 — 4K?

O
~v = cos T } (3.3.53)

We notice that this equation is the same as eq. (3.3.41), with the same
phase factors. This was predictable because the Balian and Brezin proce-
dure is general for a 4-vector system, and suggests that all the Wong and

Clement calculation is the same in the momentum space.

In the rest of this work, for the numerical implementation of the Wong-Clement
coefficients we chose eq. (3.3.41) because it’s the most efficient one, having the

least number of summations.
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3.3.2 Three-body Wong-Clement coefficients

The vector and Wong-Clement brackets we have seen are fundamental quanti-
ties from which we can build more complicated objects. For example, we can
generalize them to find the analogous of the Wong-Clements coefficient in the

three-body case. To do this, we start from the completeness relation

|(n111n212)/\12n3l3; )\,u> = Z/dT’adTé <’I’al’/‘II)L,; )\12|n1l1n2l2; /\12>
LL’

|(ralry L ) A12nsls; Ap),  (3.3.54)

where the right-side ket is given by

|(TalT2L/))\127’L313; A,u} = Z /ddeTc <(ZL/))\12[3; )\|Z(L/l3)£, )\>
£LI.

(roLrele; lryL'nsls; £) [ral(reLrele) € An) , (3.3.55)

where the first bracket is an angular coupling coefficient

o A ls A
(AL A12ls; AL 13) €5 A) = /(2€ + 1) (2A12 + 1) (—) T tlste { ;:2 ; L’} ;

(3.3.56)

while the second has the same structure as equation (3.3.29). The final three-

body Wong-Clement coefficient can then be written as

<’I’al(7’bL7’ch)2; )\M‘(nlllTLQlQ))\lgnglg; )\,u> =

Z /dradrgdrbdrc <7"al7"l/)Ll; )\12|n111n212; )\12) <(lL/))\12l3; )\|l(L/lg)£, )\>
IL'E€LI.

(roLrele; £|ry L'nsls; £) . (3.3.57)
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CHAPTER 4

GENERALIZED SPHERICAL BASES FOR AB
INITIO CALCULATIONS

Now that we have all the machinery necessary to compute general interaction
matrix elements, we focus on the choice of the basis to use for our nuclear

structure computations.

4.1 Bases in nuclear physics

The harmonic oscillator (HO) basis is a fundamental tool on which the nuclear
structure computations of the last decades have been grounded. Its convenience
relies on multiple aspects. First, in the case of small nuclei the self-consistent
field is well-approximated by the harmonic potential at small distances from
the center of the nucleus. Second, decoupling brackets of the center-of-mass
and relative motions are well known and easy to compute in this basis. These
are the Moshinsky brackets, discussed in detail in Section 3.

On the other hand, this basis involves some negative aspects. The HO
functions has an oscillating behavior at the boundaries of a selected box and
this has several negative consequences: it can constitute a problem for the
convergence of nuclear structure calculations and it makes this basis ill-suited
for the computation of complex nuclei, like the heavy or the weakly-bounded
ones.

It is then clear the importance of making nuclear structure computations
with a different basis, to push forward the domain of nuclei which can be stud-
ied. An alternative to the HO basis in nuclear structure physics has been re-

cently proposed by Bulgac and Forbes [2], while it was first introduced by [1].
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Their suggestion is the use of the Discrete Variable Representation (DVR) basis,
which found a wide use in quantum chemistry and is the state of the art in sev-
eral different fields as chemical physics, theoretical spectroscopy and molecular
dynamics.

In nuclear physics, the numerical representation of wave functions requires
limiting both ultraviolet (UV) and infrared (IR) scales. DVR bases seem to
be particularly suitable for studying these two limits. Also, one can often use
smaller basis set than the HO basis getting qualitatively similar results. In the
following of this section, we will show for the particular basis that we are going
to use for nuclear computations (the Bessel DVR) that less partial waves in the

model space are needed to reach the same energy than in the HO case.

4.2 Discrete Variable Representation

A deep explanation of the historical context of DVR and FBR (finite basis
representation) can be found in [25], and a lot of applications of these two
representations are discussed in various articles by Littlejohn and Light [30,
28, 27, 29, 26]. In [2], the authors showed the suitability of this basis for
nuclear structure calculations, because it is optimal for the representation of
wave functions and allows to study the ultraviolet and infrared convergence
property of the nuclei, which is forbidden in the case of the harmonic oscillator,
whose wave functions diverge at the boundaries of the considered box.

Following [31], we consider the three-dimensional configuration space for the
single-particle M = R3. Then we select the Hilbert space H = L?(M) of the
square-integrable wavefunctions on M. On this space we define a projector P
on a subspace S = PH. Let {z,} be a set of grid points defined in the space
M. Finally we introduce the notation A, (x) = P[é(x — x4)] for the projected
d-functions concentrated around the grid points. We say that the grid {z,}
defines a DVR set if the set of vectors

|Aa) = Plza), (4.2.1)
is orthogonal
(Ax|Ag) = NodopNg >0 (4.2.2)
and complete in S. Then we can define the complete and orthonormalized set
of vectors )
|F) = — |Ad), (4.2.3)

VN
as the DVR set of the space S on the grid {z,} (actually, also the grid itself
defines the DVR set with the projection operator). Eq. (4.2.3) shows that each
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state |Fy) is localized around the grid point z,. In this sense, the states F' in
the S-space are localized around the grid points. The P operator is a projector,
so it’s idempotent and self-adjoint: Pt = P2 = P. We can therefore show that

(BalBg) = (@alPHag) = (walPlog) = (@alAs) = As(wa) = Al(2s) = Nabag,

(4.2.4)
where we used the following theorem: the scalar product of two §-functions can
be obtained by projecting each § function on the grid points of the second §
function. As a consequence of this theorem we get the following corollary: the

set of A function is orthogonal if and only if
Aa(xﬁ) = Naéa@. (425)

Then from eq. (4.2.3)
Fg(2a) = bapV/ Na (4.2.6)

so the each DVR function is non vanishing only in his grid points (which are the
grid points with the same index of the function-state F'). DVR functions then
satisfy two properties: orthogonality ((Ay|Ag) = Nudag or (Fo|F) = 043) and
interpolation property (A,(zg) = Naodap). Now we use this properties to get
two different ways to expand a function which belongs to S.

We start considering a vector |p) € S. This state can be expanded as a
function of the DVR set

©) =D |Fa) (Falp) = Z p(2a) |Fa) s (4.2.7)

(e

where we used eq. (4.2.3) to simplify the second equivalence. Then the DVR

DVE — (F,|¢), is simply given

representation of the state vector |p), which is ¢y

by the wavefunction evaluated at the grid points. So we can use the two defini-
tions

0o T = (Falp) (4.2.8)

DVR _

( )
()C (;C Loy 9
(% /Z\r

which are respectively the ‘scalar product definition’ and the ‘grid definition’

(4.2.9)

of the DVR function. If |¢) ¢ S, these two expressions are different, while
their projections on S are still the same. We can then define two possible

approximation of the state vector |p), the first from the projection on S

o) = %) = Ply) = Z\F (Fal#) (4.2.10)
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and the second one from the DVR equation

) = [PV E) ZF p(za) [Fa) . (4.2.11)

We have then approximated the state |p) with two different ways of writing
their projection on the S space. Eq. (4.2.11) defines the approximate Discrete
Variable Representation of the state vector 2V = (F, |pPV 1) = go(xa)N_l/z
We can as well express an approximation of the scalar product in the S space.

First, we consider two state vectors |¢), |¢) € S

(pl) = 3 (WIFa) (Falg) = ZN—w (2a)¢(a) (42.12)

o

So the DVR set introduces an exact quadrature rule for the scalar product
(ply) = Zwaw ZTo)p(Ta) with wy = Nt (4.2.13)

which, in the case of vectors |p), [) ¢ S, is an approximation of the scalar

product
(plyp) = (pPVElpPVE). (4.2.14)

Finite Basis Representation (FBR)

Now we consider a complete orthonormal set {|1,,)} in S. This can be used to

obtain the so called Finite Basis Representation
=" |vn) (Wale), (4.2.15)

where we can identify (1,|¢) = @ZB% as the FBR state vector in the S space.

It can be noticed that a unitary transformation exists such that
= [thn) Una- (4.2.16)
n

Acting on this equation with a (| bra we obtain

(PIFa) = (plthn) Una (4.2.17)

n

PVE = (U anypk PR (4.2.18)

n

This unitary matrix can then be used to transform between the DVR and FBR
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representations. Noticing that we can expand the bracket (p|Fy,) as

(plFa) =Y (@ltn) (¥nl Fa) (4.2.19)

n

and comparing with eq. (4.2.17) we obtain

U’ﬂa = <¢n\Fa> = \Y4 Waiﬁ:(iﬂa), (4220)
where w, is the quadrature weight. We can represent operator expectation
values as

which can be vectorized with the help of the unitary matrix above introduced
APVE — T AFBR], (4.2.22)

Local operators can instead be approximated as
(FolAlFg) = A(za)das. (4.2.23)

This equation is exact in the S-space.

The standard procedure to determine a DVR is: first one uses (4.2.23) for
operators which are local in our coordinate system and, starting from an ap-
propriate FBR for non-local operators, then an approximate discrete variable
representation can be obtained using (4.2.22). If the FB set diagonalizes the
operator A

(ADVR)aB = Z V@0aWsthn (Ta) ¥y, (48)an. (4.2.24)

More in general

(FAPYR) o5 =3\ fawgton (@a) s (25) f(an). (4.2.25)

4.2.1 Bessel DVR

In this section we focus on the Bessel discrete variable representation basis, that
we will use for our nuclear physics application. The primary reference for this
section is [32], in which the most important relations for the DVR Bessel basis
are derived.

The DVR basis based on Bessel function is particularly suitable for radial
problems. In fact, Bessel functions are eigenfunctions of the radial Schrédinger

equation for the free-particle in the spherical box. These functions satisfy the
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orthonormality condition and the interpolation property we’ve seen in the pre-
vious section.

We will mainly follow [32] where these functions are derived, while an inde-
pendent derivation has been obtained by Lemoine [33] and consists in applying
a discretized Hankel transform on a Bessel FBR basis to obtain the Bessel DVR,
basis.

We start from a d-dimensional problem, considering the free-particle in an
external potential V(r), with total wavefunction U(xy,...,z4) = ¥(r)YA(Q).

The radial Schrédinger equation is given by

1 d (Td_ldw> CMA+d-2)

2m
rd—1 dr dr r2 vt e

hQ

[E-V(r)y=0 (4.2.26)

normalized according to [~ r¢~[¢(r)|?dr. In the following we’ll use the gen-
eralized d-dimensional wave function ¢(r) = 7(?=1/24¢)(r), which satisfies the
equation , ,

f%’ - ”%Mw + %[E V(e =0, (4.2.27)
where we have defined the integer /semi-integer index v = A+ d/2 — 1 and the
radial function can be written with the Dirac notation (r|¢) = ¢(r). For the
free-particle with energy E = h%k?/2m, the radial wave function is a Bessel
function

or(r) = (rlkv) = VkrJ, (kr). (4.2.28)

This defines the state |kv), normalized according to
+oo
(kv|K'v) = / dr (kv|r) (r|k'v) = 6(k — k) (4.2.29)
0

For an odd number of dimensions, as the 3-dimensional case, we can introduce

the functions
In(r) =) 5= Ju (1), (4.2.30)

where v = [ 4+ 1/2. Here the notation J,(r) represents the Bessel function of

the first kind, while j;(r) represents the spherical Bessel function.

Properties of the Bessel functions

The Bessel function of the first kind is defined in terms of the I" function

N\ e (=D)"(E)*"
J,(r) = (2> ;WZH) (4.2.31)
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These functions satisfy the two relations

2r  J,( k'r
/ dr RZ W kR;J E R))| 5k — k) orthonormality relation
(4.2.32)
2vVrr' I, (kq ke
O;O R?;T (JLZ;QPE) ) =8(r—1r') completeness relation (4.2.33)
as well as the recurrence relation
2v

Jufl(r) + JV+1(T) = TJV(T) (4234)

Finally, the derivative of the Bessel function can be shown to be

L) = %[Ju,l(r) T ()], (4.2.35)

We can define the spherical Bessel functions through the Rayleigh formula

. 1d\'sinr
jl(T’)—’r‘l<rdr> — (4.2.36)

The recurrence relation is then

20+1

Ji—1(r) + Jiga(r) = Ji(r). (4.2.37)
For the derivatives we can use
. . 1 . .
Ji=1(r) + Jisa(r) = m[nﬂkl(’") =+ i (r)] = (4.2.38)
. l+1.
= Jia(r) = ——5(r) = (4.2.39)
l. .
= ;31(7‘) = Jis1(r) (4.2.40)

In an infinite box, the orthonormality relation of the Bessel functions becomes

+oo
/ drr?ji(kor)ji(kpr) = 2k25(k —kg). (4.2.41)
0

Having completed this overview on the properties of the Bessel functions,
we can resume our path to the Bessel DVR basis. First of all, these functions
are defined on a radial half-line, so the manifold M is restricted to the space
[0,400). As already seen, we consider the Hilbert space H of wavefunctions
defined on M, and S a subspace on H spanned by the considered basis. We
define a projector operator P on S and the set of grid points {z,} on M. Then
the projector P and the grid points define a DVR if the orthogonality relation
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(An|Am) = Npbpm with |A,) = Plz,). For the theorem showed in eq. (4.2.4),
the ¢ functions vanish at each other’s points and they are non-vanishing only
at their own points.

We start defining a projection operator and a set of grid points also for the
Bessel basis, taking a cutoff in the momentum space. Then we’ll check that
the DVR conditions are satisfied, which is, they must satisfy the usual theorem

(4.2.4). We start guessing the analytical form of the projection operator
K
pP= / dk |kv) (kv|, (4.2.42)
0

which selects all the free-particle states with energy E < Ey = h?K?/2m. For
the grid points we need to do a second guess, which consists in choosing the
positive zeroes z,, of the Bessel function as grid points at the limit of the box
in the momentum space. The grid points are then r,,, = z,,/K.

First of all we need the following identity

/O N T () T () — WRk/Q[k’JV(kR)J,L(k’R) kT (RR)J, (K R)),
(4.2.43)
that in the limit &’ — k becomes
R 1
/0 rdrJ,(kr)? = Q—M[kQR?J;(kR)Q + (K*R* — ) J,(kR)?). (4.2.44)

Now we can calculate the expectation value of the projection operator, taking

eq. (4.2.43) and swapping r and k

K K
(r|P|r") :/O dk (r|kv) (kv|r') :\/77//0 dk kJ, (kr)J, (k') =
K/rr!

r2 _ pl2 [7“

"I (Kr)J(Kr') —rd, (Kr')J,(Kr)]. (4.2.45)

The discretization of this equation gives the known Darboux-Cristoffel formula

Zn:%(:c)sok(y)z kki V”(y)@"“(@:‘yp"(x)%“(y) : (4.2.46)
k=0 n+1 T

Now we select r’ as the grid points 7,,, and write the projected § functions
/123 K3
Ay (1) = (7| Plron) = L0 17 (2) Ty (KT). (4.2.47)

K2r2 — 2,5

So these are orthogonal Bessel DVR functions. We just need to determine the
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normalization

Nlln = <Aun|Aun> = Aun(run) = %(2) (4248)

and the normalized Bessel DVR function is given by

T (zun) KzunV2r (=) KzynV2r

Foyn(r) = I, (Kr) = DA VE ), (4.2.49
)= 1o B2 — 22, ) ez o, P (1249
! (2un) .
where """ = sign (J/ (2,,)) = (—)" L.
|}, (zun)]

Dirichlet BC

Now we can write the Bessel DVR functions in the case in which we want to
have a cutoff in the coordinate space. The eigenfunctions of the free-particle in
a spherical box with radius Ry, are characterized by the radial eigenfunction
©un(r) = NuvkunrJ,(kynr). Applying Dirichlet boundary condition, we im-
pose that the function vanishes outside the box: @, (Rpoz) = 0, which leads to
kun = zun/Rpoz- From eq. (4.2.43) we obtain

V2r

vn = 5 17 7. Vv Yv\fun ox ) 4.2.
Pun(1) = gt ot i) (4.2.50)

which is the normalized wavefunction. Now we can move to the momentum

space by substituting r with k and swapping Rp,, with K

V2k

= RG] o) (4.2.51)

Gun (k)
This function needs to be multiplied by a spherical harmonic in the k space and
the result can be transformed again in the coordinate space with a Fourier trans-
form. For spherically simmetric problems, the d-dimensional Fourier transform

is equivalent to the Hankel transform of the radial function

K
V2 ; /O dk ke, (k) T, (ko) =

<)0VTL(T) - /OOO dk\/HJV(kT)@Vn(k) B m

WV K
o K\|J! (zyn)| 12 — 12

vn

[runJu(rK)lez(runK) - TJ{,('I"K)J,,(TV”K)] =
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Now we use Tyn = zun /K € un(k) = NovVEkryn o (runk) =0 = J,(ru,k) =0

— \/ﬂ K® ZVJJ
K| (zn)| K202 =22, K

Vo K3
K| (zn)| K272 — 22

- (-1)

(TK)J;(ZWL) =

2undy (rK)J! (zun) = (4.2.52)

ni1 KzunV2r

MJV(TK) = Fyn(’r).

The result is then ¢, (1) = F,,(r), so the Fourier transform of the free-particle
in the box in the k-space are complete in the space of the wavefunctions in
the box. We have then proved that the Bessel DVR are complete in this space.
©un(Rpoz) = 0, so the Bessel DVR eigenfunctions satisfy the Dirichlet boundary
condition F,,(Rpor) = 0. We can then use as a definition of the Bessel DVR

the eigenfunctions of the particle in the box

V2r

F,n = 5 7. N
(r) Rbow“]z// (Zvn)‘

Ju (Zynr/Rbom)' (4253)
Some of these functions are represented in Figure 4.1.

Neumann BC

In this section we specify the case d = 3. We start imposing the in r - Vi =0
in r = Rpoy. In general, the radial derivative of ¢(r) is dp(r)/dr = [(d —
1)/2]¢(r)/r, which in the case of d = 3 becomes

do(r) _ o(r) (4.2.54)

in 7 = Rpor. Proceeding in analogy of the Dirichlet calculation, we calculate

the normalization of the wavefunction. In this case we get

Vi

vV kaow Jl/ (kaoz)

"(r) = —==Ju(kRpou kRyouJ,, (K 4.2.55
1) = A= T Rar) + N FRy 7 () = Yo on) (42,55
Jy(kRpoz) = QRbO;DJ,//(k‘Rbow) =0 (4.2.56)
Eq. (4.2.44) brings the normalization coefficient
Ryox 1 R2 V2
drrd,(kr)® = ( <+ =22 — —— ) J, (kRpor)*. 4.2.57
[ v = (54 T - )kt (1.2.57)
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Figure 4.1: Plot of the Bessel DVR functions F,,;(r) for Ry, = 10 and various
values of n and [
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The radial eigenfunction is then
(,0(7") _ \/77 Jl/(kr) _ \/7j JV(ZI/TLT/RZ)OI)
1, B 2 kRl v g, R Mol
8 2 2k st T oz
(4.2.58)
Swapping r — k
k Jo(zunk /K
o(k) = vk (nk/K) (4.2.59)
1 K?2 K%? | (20|
8T T2,
Now we can apply the Hankel transform
K
o(r) =i / dkvVkrJ, (kr)g(k) =
0
5 K
_ Cyr / Ak ke, (k) o (s ). (4.2.60)
0

1 K? K22
). a4 o9 Jl/ 121
\/8 Ty T o [T (zm)]

The following identity can be easily verified

K
/ dk kJ, (kr)J, (zunk/K) =
0

K2

= W(ZVnJyfl(zl]n)Jy(Kr) - Krjl,fl(KT')Jy(Zyn)) = (4261)

Isolating eq. (4.2.49)

(=) K2, V2r J, (Kr) (-1 K o )_Q Jy—1(Kr)Jy(zun)\
 K2p2 -2 21 v=1Fvn Zun Ju(Kr) B
K Kr Jy—1(Kr)Jy(20n)

- Fy(r)(_l)n+1ﬁ (Jyl(zyn) - 7oK ) (4.2.62)

Then we have

p(r) =
) 1 K Kr Jy—l(KT)‘]V(Zl/n)
F,(r)(=1)"* 5 Ju—1(2un)— T (Kr
ﬁ o~ e < <)
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Using eq. (4.2.58) we obtain the Bessel DVR function for Neumann boundary

condition in d = 3.

4.2.2 Kinetic matrix elements for Bessel DVR functions

We start considering the total wavefunction
F(r,d,¢,0,7) = Fu(r)Yim (9, )x(s)x(7) (4.2.64)

For the radial function we use the 3-dimensional Bessel DVR function with

Dirichlet boundary conditions.

Zun 1 . 2 1
F, =2 kunr) = ——=———J(kunr). (4.2.65
l(r) 7TRbo:z: Rboz|J1//(ZVn)|jl( r) \/;RJZ//(’ZVH) ( T) ( )

The kinetic matrix elements are given by the expectation values

h2v2 l=l,=1
tap = (| — o 153 :(Sqaqﬁéjajﬁ(Smamﬁ(slalﬁtna;;ﬂ n (4.2.66)
B2 [ Reos 2 2d I(1+1)
t’ln,(,ng =5 7% 0 dTTan(yl(T.) |:d’r‘2 + ;% - ’[‘72 Fnﬂl(r) (4267)

Where ¢ is the charge of the single particle. Here the laplacian can be simplified
taking into account that the spherical Bessel function is solution of the Bessel

equation

dr2 = rdr r2

[d2 2 d l(l+1)}jl(kr)_k2jl(k,~)_ (4.2.68)

We could have also used the Helmoltz equation before separating the radial and

the angular part, getting the same result
V2 [u(kr)Yin (9, 9)] = =k [ji (k) Yin (0, ¢)] (4.2.69)

In general, the solutions of the Bessel and the Helmholtz equations is a linear
combination of spherical Bessel functions of the first and of the second kind.
Here we just need the first ones.

L e e () = Lok s 4.2
tnang - % vng 0 rr nal(,r) nzsl(r) - % vng “Nang:* ( . 70)

The last integral is the orthogonality condition of the Bessel DVR functions

with Dirichlet conditions and can be proven in the following way

Rooa Rooz 9p I, (kyno )y (kun,r)
drr?F, F, = Z I e TV Sy n. (4.2.71
/0 rr nal(r) nBl(r) /0 R2 Jll,(kynar)J,//(kynﬁr) nang ( )
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4.2.3 The Bessel DVR model space

In order to use the Bessel DVR functions for nuclear structure calculations, we
need to study the distribution of the associated energy eigenvalues. This allows
us to decide how to cut the model space, that is, which partial waves we want to
include. The free-particle energy can be written as a function of the momenta,
which, in the case of the Bessel DVR basis, are connected to the nodes of the
Bessel functions through the radius Rpo, of the box (ki = zni/Rbos)

B2, R
= ni _ n 4.2.72
Enl 2m 2mRZ. ( )

where z,,; are the zeros of the Bessel functions as usual. We represent in Figure
4.2 the distribution of these levels.

As we can see, for fixed | = [, when n grows the zeroes of the Bessel functions
with I = [+ 2 and n — 1 tend to align to the same zero: Znl —F Zp_142 for
n — 4o0o. This is represented in Figure 4.3. The energy levels (Figure 4.2)
have the same behaviour, as they are proportional to the Bessel zeroes.

The reason of this behavior emerges from the definition of spherical Bessel

functions

1d .
) Sy (4.2.73)

rdr

i) = 0

r

so for even [, the leading term is proportional to sin(r) and the zeroes of the
Bessel functions tend to be multiples of w, while for odd [ the leading term is
cos(r) and the zeroes tend to be multiples of 7/2. This can be more easily seen

if we take a look at the first Bessel functions

Jo(r) = ? (4.2.74)
gi(r) = Slf# - CO:T (4.2.75)
ja(r) = <:; - 1> Siir - 3(:;“ (4.2.76)
js(r) = (if - E) Sh;r - (712 - 1) = (4.2.77)

in which is clearly visible that in the case of even [ the dominant term is propor-
tional to sinr, while for odd I the dominant term is cosr. Another characteristic
behavior of the Bessel DVR model space is that the spacing between the en-
ergy levels increases with n. This is very different from the harmonic oscillator
model space, where the spacing between the energy levels is constant and is
always Ae = 2k, where Q is the oscillator frequency. A typical plot of the

single-particle levels in the nuclear shell model is showed in Figure 4.5, where
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Figure 4.2: Energy levels for the Bessel DVR basis (Rpo, = 10fm)
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Figure 4.3: Spherical Bessel functions. In blue the ones with even [, in red
the ones with odd [

the effect of the spin-orbit is also outlined.

After this discussion on the distribution of the energy levels, we need to
decide a criterion to build the model space. To do this, we consider the Figure
4.4, which represents the energy levels as a function of N,,,, = 2n + [, which
is the usual principal quantum number for the harmonic oscillator. This is the
quantum number used to cut the model space for the harmonic oscillator case:
first one chooses the N, they want to use, than only the partial waves with
quantum numbers with n and [ such that 2n + [ < N,,.. are selected.

We create the corresponding DVR model space by including the energy levels

with quantum numbers n,l such that 2n+1 < l,;,4- +1 and 2z, < 20,,,.+1- The
thil

second condition corresponds to a cutoff on the energy e,; =

For a given value of [,,4: = Npaz the Bessel DVR model space includes less
orbitals (we are considering N4 = lmax When comparing the HO and Bessel
model space), because the spacing between the levels increases with the energy,
so we need less levels to reach the same energy than in the harmonic oscillator
case.

Finally, we can give a quick estimate useful to approximately compare the

| h
two different bases with their length parameters, which are bgo = —a (the
m

oscillator length) in the case of the harmonic oscillator and Rp,, in the case of
the Bessel DVR. We do this by calculating the spacing of the energy levels in
the two bases. In the Bessel DVR case, we take the spacing between the first
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nodes of the s orbitals
h2r? 2
Ae =¢e1,,,, —€0s,,, = ———(22—1?) = ———3 4.2.78
€ = Els1/5 — €051z 2mR§ox( ) 2ngox ( )
h27'&'2 5 5 527.(.2
A/E = 6251/2 - 6181/2 = m(?) -2 ) = 2ngOt5 (4279)
A mean of this two values gives
2.2
Ac = 2%. (4.2.80)
mRboac

This value can be compared with the spacing between two consecutive energy
levels in the harmonic oscillator case, which is Ae = 2kA). Comparing these
results we obtain

R = wbyo, (4.2.81)

which is an approximated formula that we’re going to use to compare results in

the two different bases.
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Figure 4.5: The nuclear shell model
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CHAPTER b

RESULTS

In the following we apply the formalism developed in the previous chapters
and carry out nuclear structure calculations in order to compare the HO and
the Bessel DVR bases. We will calculate ground-state energies and radii for
the two closed shell nuclei 1°0 and *®Ca in order to investigate the conduct
of our calculations for light and medium-mass nuclei, both in the HF and in
the ADC2 approximations. We will employ three chiral potentials associated
with different energy cutoffs, namely N*LO450, N*LO550 [18] and N*LO(500)
[34]. These interactions have been developed by D. R. Entem, R. Machleidt
and Y. Nosyk (EMN) and they represent the state-of-the-art in the study of
hadronic interactions at low energy, including contributions up to fourth order
in the chiral expansion. N*LO(500) includes contributes up to fourth order of
the chiral expansion and is characterized by a 500 MeV cutoff. N*LO450 and
N*LO550 are the most recent ones. These are fifth-order potentials with cutoffs
of respectively 450 MeV and 550 MeV.

HF results provide a first estimate of the convergence of the studied ob-
servables, while with the ADC2 approximation we can see how the differences
between the energies and the radii computed in the two bases are affected by
the introduction of nuclear correlations. We will systematically investigate the
infrared (IR) and ultraviolet (UV) convergence of our results. In other terms,
we will study their dependence on the spatial extension and on the energy cutoff
of the bases employed in our calculations. This is an important analysis because
the numerical representation of wave functions requires limiting the UV and IR
scales. We will first compare the HO and DVR basis in terms of the size and
energy cutoff parameters introduced in Chapter 4, investigating in great detail
the case of the N*LO450 potential, which is the softest of these three interac-
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tions. We will then refine our study of the IR and UV convergence in Section
5.1.2. In the final part of the chapter, we will show results for the N*LO550 and
N3L0(500) potentials in order to investigate the behavior of our computations
for a fair variety of Hamiltonians with different softness and analyze the main
differences in terms of convergence of the computed observables.

In the various plots that we show, N4 and l,,q. label the dimension of
the model space referred respectively to the HO and the Bessel DVR basis, as

discussed in Section 4.2.3.

5.1 N'L0O450 EMN potential

=357 —— Nuoe =5
—— Nmam =7
—— Npyue =9
= —— Nppor = 11
(]
= —40 +
K
—45 + ‘ ‘ ‘ ‘ ‘
10 15 20 25 30 35

hQ (MeV)

Figure 5.1: Convergence of the energies for °0 calculated with HF approx-
imation and N*LO450 potential for different truncations of the single-particle
HO basis

We start by showing results for the N*L0O450 potential obtained in the HF
approximation. Figures 5.1 and 5.2 show the convergence of the energy and
radius of *®0. The curves for the convergence of energies and radii are typically
plotted as a function of A2 in the case of the HO basis. The energy graphs
are characterized by parabolic-like curves that reach a well defined minimum in
correspondence of a certain value of A{). This value strongly depends on the
particular kind of potential used and on the type of calculation performed. In the
case of our soft interaction, the general experience is that correlations move the
optimal AS) to larger frequencies. In the HF approximation, as shown in Figure
5.1, the convergence is obtained for A2 ~ 16 MeV, in correspondence of which
the minimum value of the energy is reached at F ~ —44.3 MeV. The radii follow

a characteristic behavior: their graph show curves that approximately decrease

h

as h{2 increases. The oscillator length for the HO is defined as byo = — SO
m
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Figure 5.2: Convergence of the r.m.s. radii for %0 calculated with HF approx-
imation and N*LO450 potential for different truncations of the single-particle
HO basis

we can equally describe the behavior of the plots relating to the radii observing
that they assume higher values as by increases, becoming independent of this
parameter in the limit Np,ue — +00. The Ny = 5 curve is the steepest
one, and curves relative to different model spaces N,,.. tend to flatten to a
horizontal curve as N4, increases. This can be easily seen from Figure 5.2,
as the N4 = 11 curve is almost constant for a large range of hf) values. From
this graph, one can easily estimate the converged value as the one for which
the curves intersect with each other. In the case of Figure 5.2, the converged
value is found at \/(r2) ~ 2.25 fm.

—240 4
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—260 | | —o— Nmaa: =7
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—320
—340 | | | | |
10 15 20 25 30 35
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Figure 5.3: Convergence of the energies for *8Ca calculated with HF approx-
imation and N*LO450 potential for different truncations of the single-particle
HO basis
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Figure 5.4: Convergence of the r.m.s. radii for *®Ca calculated with HF
approximation and N*LO450 potential for different truncations of the single-
particle HO basis

The results for *8Ca are qualitatively similar to the *®O ones, but the con-
vergence is slower. The greater difficulty for heavier nuclei to converge respect
t0 Ny (both in the energy and the radius) is a common limitation of any kind
of nuclear structure calculation, as larger systems require bigger model spaces
to be correctly described. We will see that when nuclear correlations are added
to our calculations, the convergence rate become even slower, as calculations
including nuclear correlations probe larger model spaces than those required by
the simple HF.

We now turn to the corresponding HF calculations applied in the cases of

2
box?

which is analogous to the HO energy AQ = h?/mb? (Eq. 4.2.81) and allows us

to approximately compare the results obtained in the two different bases.

the Bessel DVR basis. On the abscissa we represent the quantity 7%/mR

The convergence pattern shows a different behavior compared to the HO
basis. The curves obtained for fixed values of [,,., are still parabolic curves,
but their minimum does not correspond to a fixed value of the A{2. It instead gets
shifted to smaller values of Af) as l,,4; increases, showing a direct dependence
of the results on the box size. To study the relation between the computed
energies or radii and the box size Rp,; on which the Bessel DVR are defined,
we present an extrapolation of the results for the infrared limit Rp., — oo for
the two bases in Section 5.1.2. Figure 5.5 shows that computations with the

two model spaces Ly = 7 and [ = 9 reach the same values of the energy
2

for boxes up to Rpor = 5fm ( = 1.3MeV) and start to differ for larger

2
mRbom

boxes. The minimum energy found for '°0 is F ~ —43.7MeV for lye, = 9, in
good agreement with the value F ~ —44.3 MeV obtained in the case of the HO.
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Convergence of the energies for '°0 calculated with HF approx-

imation and N*LO450 potential for different truncations of the single-particle
Bessel DVR basis
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Figure 5.6: Convergence of the r.m.s. radii for %0 calculated with HF approx-
imation and N*LO450 potential for different truncations of the single-particle
Bessel DVR basis

This is quite satisfactory since it shows that the Bessel DVR basis is capable to

reach the same HF energy as in the HO case with a reduced number of orbitals

included in the model space. Even the radii (Figure 5.6) show a different

behavior compared with the HO basis. The [0 = 7 and lnee = 9 curves

almost completely overlap for values of the box up to 6 fm, showing a good UV

convergence.

However, they still depend on Ry, proving that IR convergence

is still not reached.

Figures 5.7 and 5.8 demonstrate the convergence of Bessel DVR for HF
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Figure 5.7: Convergence of the energies for **Ca calculated with HF approx-
imation and N*LO450 potential for different truncations of the single-particle

Bessel DVR basis
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Figure 5.8: Convergence of the r.m.s. radii for **Ca calculated with HF
approximation and N*LO450 potential for different truncations of the single-

particle Bessel DVR basis

computations of “®Ca. We find the same qualitative behavior as for 90, in-
dicating a convergence between the l,., = 7 and L. = 9 model spaces for
values of the box up to 5fm. Differently from the HO case, the curves vs Rpo;

don’t flatten as the model space dimensions increase, but they seem to remain

concave.
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5.1.1 Center-of-mass correction for HF radii

As previously discussed, HF calculations show a dependence of the results in the
Bessel DVR basis on the radius of the box even after convergence in terms of
the basis dimension. To check if the center-of-mass contribution is responsible
of this behavior, we subtracted it by using Eq. (1.1.4), to obtain the intrinsic
r.m.s radii for both %0 and **Ca.

—— Npaz =5 HF
2.3 1| - Nyaz = 5 HF corrected
—h— Npaz =7 HF
- %= Npao =7 HF corrected L
29+ | —* Npae =9 HF .
- %= Npoo =9 HF corrected
e
g 2.1 |
2 A4
LY | g2?
3.8 4 4.2 4.4 4.6 4.8 5

Rpor (fm)

Figure 5.9: Comparison between the convergence of the r.m.s. radii calu-
lated with HF approximation and the center-of-mass corrected ones. Results
for N*LO450 potential and different truncations of the single-particle Bessel
DVR basis are showed in the case of 0

Figures 5.9 and 5.10 demonstrate a correction of about 0.05 fm for the root
mean square radius relative to the HF propagator, causing only a relatively little
change in the radius compared to the dependence of the choice of Rp,,. This
is in line with the known impact of the COM corrections on the HF radii with
the HO basis. Overall, the COM correction proved not to alter the convergence
pattern.

Now we switch to a more sophisticated kind of calculations, which is the
ADC2 approximation (see Section 1.2.3 for details).

The curves in Figure 5.11 showed two main differences compared to the
HF case. First of all, the convergence is reached approximately with Np,q, = 9,
while for the HF calculations the parabolas are already close to a converged value
for the model space Ny,q = 5 (Figure 5.1). Second, the value to which the
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Figure 5.10: Comparison between the convergence of the r.m.s. radii calcu-
lated with HF approximation and the center-of-mass corrected ones. Results for
N*LO450 potential and different truncations of the single-particle Bessel DVR
basis are showed in the case of **Ca
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Figure 5.11: Convergence of the ground-state energy for '°0O calculated with
ADC2 approximation and N*LO450 potential for different truncations of the
single-particle HO basis

ground-state energy converges is i) &~ 28 —32 MeV, which is higher compared to
the energy A2 = 16 MeV in the HF case, showing the large effect of correlations.

The radii as well show a convergence at higher values of 7f), as the intersection
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Figure 5.12: Convergence of the r.m.s. radii for °0 calculated with ADC2
approximation and N*LO450 potential for different truncations of the single-

particle HO basis

point of the curves showed in Figure 5.12 is found in correspondence of A{2 =

24 MeV.
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Figure 5.13: Convergence of the ground-state energy for *®Ca calculated with
ADC2 approximation and N*LO450 potential for different truncations of the

single-particle HO basis

In the case of *®Ca, the difficulty for the energies to converge seems to be
amplified respect to the HF calculations. In Figure 5.14 it seems important
to include all the partial-wave contributes up to the model space Npqr = 11.
The estimated value of the ground-state energy is F ~ —608.06 MeV, while the
radii converge at \/W ~ 2.5fm.

In Figure 5.15 and 5.16 we performed the same ADC2 calculations for the
Bessel DVR basis. In the case of '°0, the two ground-state energy found are
EHO ~ —136.48 MeV and EPVE ~ —124.91 MeV. As in the HF case, Figure
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Figure 5.14: Convergence of the r.m.s. for **Ca calculated with ADC2 approx-
imation and N*LO450 potential for different truncations of the single-particle
HO basis
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Figure 5.15: Convergence of the ground-state energy for '°0 calculated with
ADC?2 approximation and N*LO450 potential for different truncations of the
single-particle Bessel DVR basis

5.16 shows that for l,,4, = 7 and ;4 = 9 the curves are overlapped for almost
all the values of the showed boxes Ryp,,. The Bessel DVR basis seems then to
have a good behavior in the description on the mean squared radii even for more
complex calculations than HF.

Finally, we present the results obtained for the Bessel DVR and the *®Ca
nucleus. The computed ground-state energy (EPVE ~ —535.57MeV) is not so
close to the value that we found in the case of the HO (EH© ~ —608.06 MeV),

and this could imply the need to include bigger model spaces for heavier nu-
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Figure 5.16: Convergence of the r.m.s. radii for °0 calculated with ADC2
approximation and N*LO450 potential for different truncations of the single-
particle Bessel DVR basis
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Figure 5.17: Convergence of the ground-state energy for **Ca calculated with
ADC2 approximation and N*LO450 potential for different truncations of the
single-particle Bessel DVR basis

clei. Once again, the radii show a better convergence than the energies, having

reached approximately fixed values at lq. = 7.

5.1.2 Extrapolations toward low- and high-momentum scales

In this section we study the IR and UV scales, which respectively represent the
largest physical extent and the highest representable momenta of the selected

wave functions.
First, we consider the IR convergence of the energies and radii for the °0
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Figure 5.18: Convergence of the ground-state energy for **Ca calculated with
ADC2 approximation and N*LO450 potential for different truncations of the
single-particle Bessel DVR basis

and “®Ca. Calculations of the nuclear observables that result from a nuclear
structure calculation should be ideally independent from the dimensions Ny,qz
and l,q, of the models spaces chosen for the computation. In practice, this
independence is never reached, so different attempts to do extrapolations have
been done in the past years to correct the approximate values of the observables
that follows from the truncation of the model space.

For the Bessel DVR functions, which are defined in a box, studying the IR
convergence of energies and radii is equivalent to take the limit Rp,, — co. In
the harmonic oscillator case, it has been shown [36, 35] that for a given value

of hS) a suitable quantity is provided by

Ly = /2(Nmas + 3/2 + 2)b. (5.1.1)

We can then use Lo as the reference value for the effective box in which the
HO is constrained, to be compared with the Rj,, of the Bessel DVR’s. As we
are interested in the IR convergence, we need to extrapolate the values of the
energies and the radii in the limit Ry, — +00.

First we show the results relative to energies and radii in the ADC2 approxi-
mation, plotting the HO curves as a function of the variable Ly from Eq. (5.1.1)
and the Bessel DVR ones as a function of the box Rpoz.
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Figure 5.19: Convergence of the ground-state energy for '°0 calculated
with ADC2 approximation and N*LO450 potential for different truncations
of the single-particle HO basis. The abscissa represents the effective HO box
(Eq. (5.1.1)). The dashed line is the result of the fitting procedure (Eq. (5.1.2))
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Figure 5.20: Convergence of the r.am.s. radii for °0 calculated with ADC2
approximation and N*LO450 potential for different truncations of the single-
particle HO basis. The abscissa represents the effective HO box (Eq. (5.1.1)).
The dashed line is the result of the fitting procedure (Eq. (5.1.3))
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Figure 5.21: Convergence of the ground-state energy for *®Ca calculated
with ADC2 approximation and N*LO450 potential for different truncations
of the single-particle HO basis. The abscissa represents the effective HO box
(Eq. (5.1.1)). The dashed line is the result of the fitting procedure (Eq. (5.1.2))
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Figure 5.22: Convergence of the ground-state energy for *®Ca calculated
with ADC2 approximation and N*LO450 potential for different truncations

of the single-particle HO basis. The abscissa represents the effective HO box
(Eq. (5.1.1)). The dashed line is the result of the fitting procedure (Eq. (5.1.3))
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Figure 5.23: Convergence of the ground-state energy for '°0 calculated with
ADC2 approximation and N*LO450 potential for different truncations of the
single-particle Bessel DVR basis. The dashed line is the result of the fitting
procedure (Eq. (5.1.2))
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Figure 5.24: Convergence of the r.am.s. radii for °0 calculated with ADC2
approximation and N*LO450 potential for different truncations of the single-
particle Bessel DVR basis. The dashed line is the result of the fitting procedure
(Eq. (5.1.3))
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Figure 5.25: Convergence of the ground-state energy for **Ca calculated with
ADC2 approximation and N*LO450 potential for different truncations of the
single-particle Bessel DVR basis. The dashed line is the result of the fitting
procedure (Eq. (5.1.2))
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Figure 5.26: Convergence of the r.m.s. radii for **Ca calculated with ADC2
approximation and N*LO450 potential for different truncations of the single-
particle Bessel DVR basis. The dashed line is the result of the fitting procedure

(Eq. (5.1.3))
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The IR limit can be studied once the ultraviolet convergence is reached (once
high momenta are included in the model space). We use the main results from
[35], who have theoretically proven that in the case of a HO it can be described
as a wave function in a hard-wall radius L. The relation between the energy

and the box radius can be estimated using the following relation:
Ep = Eo + age2k=L, (5.1.2)

with ag, Eg and ko, parameters. On the other hand, the dependence of the radii

from the box is written as
() = (1) [1 = (o + c1B)e ™7, (5.1.3)

with (r?)__, co, ¢1 parameters and ko, determined from the fit on the energy.
In the case of the Bessel DVR basis, the parameter which regulates the IR
convergence is represented by Rp.,. We used the short notation 8 = 2k L.
We used equations (5.1.2) and (5.1.3) to fit the values of the ground state
energies and the mean square radii that we found from ADC2 computations.
The results of the fits are summarized in Tables 5.27 and 5.28, where the un-
certainties are given by the asymptotic standard error resulting from the fitting

procedure. The fitting curves are showed in Figures 5.23, 5.24, 5.25 and 5.26.

E() Qg koo

SOHO) —136.28£0.10 152954 +4454  1.07 +0.03
6O(DVR) —131.99+1.01 5384645499  0.97 +0.02
BCa(HO) —602.84+1.38 2230330+ 987100 1.12+0.05

“8Ca(DVR) —585.70+8.77  235842+2854  0.89 4 0.02

Figure 5.27: Energy fit values for Ny, =9 (HO) and 1,4, = 9 (DVR)

<T2 > [e'e) Co C1

O(HO) 2.2651+0.0008 1.86+0.07 —66=+6
O(DVR) 2.280+£0.009 0.70+£0.04 —8+1
BCa(HO) 2.6826 +£0.0011 6.254+0.12 —364+11
BCa(DVR) 2.722+0.013 0.68+0.03 —6=+1

Figure 5.28: Radii fit values for N4, =9 (HO) and ;4. = 9 (DVR)

Tables 5.27 and 5.28 show an improved compatibility of the results between
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the two basis, especially in the case of the radii, while the energies still struggle
to find a good agreement within the fitting uncertainties. The values found for
the radii could be considered to be compatible if we consider that the center-of-
mass correction found for the HF propagator in the Bessel DVR basis is of the
order of 0.5 fm.

Now we consider the opposite problem compared to what we have just seen,
analyzing the case of the UV limit, which is associated to functions defined on
small boxes, in contrast to the IR limit which is associated to large boxes. The
UV convergence that we are studying is related to the highest momenta that
are reached by the considered basis. In the case of the HO, [37] proved that in
order to investigate the UV limit we can proceed in analogy with what we have
seen in the case of the IR limit, as UV effects are equally described imposing a

sharp momentum cutoff at momentum Ay complementary to La (Eq. (5.1.1))

Az = /2(Nypaw + 3/2 + 2)hic/b, (5.1.4)
which is differs from the definition used in [35]

Ao = v/2(Npaw + 3/2)he/b (5.1.5)

by a correction A = 2 in the square root. This correction is derived for both the
IR and UV limits in [38]. In the case of the Bessel DVR basis, the momentum
cutoff that we considered is given by the highest value among all the momenta

associated to the partial waves in our model space

Zni
APVE — max [kulhe= max |—— |hc, 5.1.6

2 (n,l)EMS[ ] (n.))eMS | Rpon (5.1.6)
where z,; as usual represents the (n+1)-zero of the spherical Bessel function of
order [ and MS represents all the partial waves included in the Bessel model
space (discussed in detail in Section 4.2.3). kp; = zn1/Rpor represents the mo-
mentum associated to the partial wave with quantum numbers nl.

It is interesting to notice the following: in the case of the HO
L2A2 = 2(Nmaz +3/2+2)7 (517)

so the product between the cutoffs in the coordinate and momentum spaces
that we used to represent the finite HO depends only on the number of degree
of freedom of our basis. Similarly, in the case of the Bessel function the product
of the two cutoffs reads

max

z
l
mawaoz - ébb Rboz - Zﬁax, (518)
ox
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which again depends only on the number of degree of freedom covered by the
model space.

To show the UV convergence of the two bases, we produced images analogous
to Figure 2 from [37]. On the y-axis the value |AE/E| is represented, with
AE = E,,—E. E is the energy that we obtained from our computations for each
Nimaz(/lmaz) and i/ Rpos ), while Eyy is a reference energy that we chose to be
the minimum energy found for the HO in Ny, = 11: E(O16) = —136.48 MeV
and E(Cad8) = —606.978 MeV. On the abscissa we represented the values of
the momentum cutoff in the two bases, Ay and APV, The lines represented are
associated to fixed values of the IR cutoff (Ls for HO and Ry, for Bessel DVR).
In the case of the HO, as we computed values of the energy for different values
of Ny, and A2, we had to extrapolate the lines associated to fixed values of the
box through an interpolation. The curves are displayed on a semilogarithmic
axis in Figures 5.29 and 5.30. They show that in the limit of small boxes
the energies seem to allineate to the same values. Interestingly, the calculations
carried out for the DVR basis seem to correspond to systematically smaller
values of Ay than for the HO basis.
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Figure 5.29: UV convergence for °0 and N*L0O450 and potential. Solid lines:
DVR. Dashed lines: HO. The box represents Ry, for the DVR basis and Lo for
the HO basis.
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Figure 5.30: UV convergence for *®Ca and N*L0450 potential. Solid lines:
DVR. Dashed lines: HO. The box represents Ry, for the DVR basis and Lo for
the HO basis.
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5.2 Tests with different kinds of potentials

In this section, we are going to repeat the same kind of calculations seen in the
case of the N*L0450 potential for other two potentials, N*550 and N*LO(500).
A quick description and background of this interactions can be found in the
beginning of this chapter. It is important to test the Bessel DVR basis on this
variety of potentials to appreciate the different behavior in terms of convergence

and quality of the results that the impact of different cutoffs brings.

5.2.1 N*LO550 EMN potential
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Figure 5.31: Convergence of ground-state energies for °0 calculated with HF
approximation and N*LO550 potential for different truncations of the single-
particle HO basis
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Figure 5.32: Convergence of the r.m.s. radii for '°0 calculated with HF
approximation and N*LO550 potential for different truncations of the single-
particle HO basis
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Figure 5.33: Convergence of the ground-state energies for *®Ca calculated
with HF approximation and N*LO550 potential for different truncations of the

single-particle HO basis
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Figure 5.34: Convergence of the r.m.s. radii for *®Ca calculated with HF
approximation and N*LO550 potential for different truncations of the single-

particle HO basis

The first thing that we can notice from Figures 5.31 and 5.33 is that the HF
energy assumes positive values for most values of i€). This behavior is expected
for hard interactions and is due to the highly repulsive core that characterizes
them. The radii as well show a different behavior from the N*LO450 case, as
the intersection point of the curves with different V,,., seems to be reached for

hQ) = 12MeV or even smaller values not represented in the graph.
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Figure 5.35: Convergence of the ground-state energies for “®Ca calculated
with HF approximation and N*LO550 potential for different truncations of the
single-particle Bessel DVR basis
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Figure 5.36: Convergence of the r.m.s. radii for *®Ca calculated with HF
approximation and N*LO550 potential for different truncations of the single-
particle Bessel DVR basis
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Figure 5.37: Convergence of the ground-state energies for “®Ca calculated
with HF approximation and N*LO550 potential for different truncations of the
single-particle Bessel DVR basis
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Figure 5.38: Convergence of the r.m.s. radii for *®Ca calculated with HF
approximation and N*LO550 potential for different truncations of the single-
particle Bessel DVR basis

Bessel DVR/’s seems to behave better than the HO basis in terms of conver-
gence. In Figures 5.35, 5.36, 5.37 and 5.38, different curves with [,,4. = 7
overlap almost completely with the corresponding [,,,, = 9, still the HF energy
is compatible: in the case of %0 we found EHC ~ —1.02MeV and EPVE ~
—0.22MeV, while for **Ca the HF energies are given by F7° ~ —46.11 MeV
and EPVE ~ —53.89 MeV.
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Figure 5.39: Convergence of the ground-state energies for °0 calculated with
ADC2 approximation and N*LO550 potential for different truncations of the

single-particle HO basis
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Figure 5.40: Convergence of the r.am.s. radii for °0 calculated with ADC2

approximation and N*LO550 potential for different truncations of the single-

particle HO basis
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Figure 5.41: Convergence of the ground-state energy for **Ca calculated with

ADC2 approximation and N*LO550 potential for different truncations of the
single-particle HO basis
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Figure 5.42: Convergence of the r.m.s. radii for “®Ca calculated with ADC2
approximation and N*LO550 potential for different truncations of the single-
particle HO basis

ADC2 calculations performed with the HO basis show two mainly differences
respect to the softer N*LO450 one. First, the convergence seems not to be
reached with N,,.. = 9: the minimum reached with this model space differs
from the value found for N,,., = 7 from about 10 MeV for %0 and 150 MeV
for %8Ca. Second, the ground-state energy varies for different A€, shifting to
higher values as N4, grows (in the case of N*L0450 the ground-state energy
assumed approximately the same values of i) for different N,,q.). The radii
seem to converge at \/QT) ~ 2.3fm for hQ ~ 30 MeV in the case of °0. For
*8Ca, the same convergence is reached at \/{(r2) ~ 3.2fm for hQ ~ 16 MeV.
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Figure 5.43: Convergence of the ground-state energy for %0 calculated with
ADC?2 approximation and N*LO550 potential for different truncations of the
single-particle Bessel DVR basis
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Figure 5.44: Convergence of the r.m.s. radii for °0 calculated with ADC2
approximation and N*LO550 potential for different truncations of the single-
particle Bessel DVR, basis
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Figure 5.45: Convergence of the ground-state energy for *®Ca calculated with
ADC?2 approximation and N*LO550 potential for different truncations of the
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Figure 5.46: Convergence of the r.m.s. radii for **Ca calculated with ADC2
approximation and N*LO550 potential for different truncations of the single-

particle Bessel DVR basis

Moving to ADC2 calculations, the HO energies seem to have a worse conver-

gence respect to the N*LO450 case, as one could expect for a harder potential
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5.2.2 N°LO EMN potential
Finally, we present some calculations performed with N3LO(5OO) potential,
which is the hardest between the three potentials that we have seen. In this

case we only show the results for the case of '°0O.
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Figure 5.47: Convergence of the energies for '°0 calculated with HF approx-
imation and N*LO(500) potential for different truncations of the single-particle

HO basis
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Figure 5.48: Convergence of the r.m.s. radii for 'O calculated with HF
approximation and N3LO(5OO) potential for different truncations of the single-

particle HO basis

HF energies converge to a positive value of the energy which is higher than
in the case of N*LO550 and the convergence seems to be not yet reached at

hQ ~ 12MeV, which is the minimum computed value of the oscillator energy.
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Figure 5.49: Convergence of the energies for '°0 calculated with HF approx-
imation and N3LO(5OO) potential for different truncations of the single-particle
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Figure 5.50: Convergence of the r.m.s. radii for 'O calculated with HF
approximation and N3LO(5OO) potential for different truncations of the single-
particle Bessel DVR basis

As in the case of the other potentials, HF convergence is reached on all the

considered domain of Rp,, for lne.: = 7. Boxes dimensions larger than 8fm

seem to be necessary to reach the minimum for the parabolas in the energy

graphs.
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Figure 5.51: Convergence of the ground-state energies for '°0 calculated with
ADC2 approximation and N3LO(5OO) potential for different truncations of the
single-particle HO basis
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Figure 5.52: Convergence of the r.m.s. radii for *°O calculated with ADC2

approximation and N3LO(500) potential for different truncations of the single-
particle Bessel DVR basis
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Figure 5.53: Convergence of the ground-state energy for '°0O calculated with
ADC2 approximation and N*LO(500) potential for different truncations of the
single-particle Bessel DVR basis
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Figure 5.54: Convergence of the r.m.s. radii for °0 calculated with ADC2
approximation and N*LO(500) potential for different truncations of the single-
particle Bessel DVR basis

Finally, ADC2 calculations show difficulties in converging for both the two
basis, especially for the Bessel DVR one. In this basis, radii show a better

behavior than the energies, converging to same values at l,,0. = 7.
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SUMMARY AND CONCLUSIONS

This thesis focused on the analysis of the use of different spherical basis in
ab initio nuclear structure calculations. First we gave an overview of the ab
initio methods, introducing the many-body Hamiltonian and specializing the
discussion to the case of the Self-consistent Green’s functions, which was our
method of choice for precise many-body computations. We decided to test
our computation tool on chiral EFT interactions, since these provide the best
inputs for state-of-the-art nuclear structure. We derived the analytical form
of the interaction matrix elements in the case of HO basis, then we derived
efficient working equations for generalized spherical bases with the help of the
Wong-Clement brackets [20], which have been discussed in depth. After, we
introduced the discrete variable representation (DVR) theory, with particular
attention to the case of the functions that we aimed to investigate. Results of
the computation made with the two different HO and Bessel DVR bases have
then been compared.

Based on our results showed in Section 5.1, the following general conclusions
can be drawn. The HO results behave as expected from know-how in ab initio
computations, hence proving the efficiency and well functioning of the codes we
developed. The optimal value of A} falls as the nucleon number increases and
the radii tend to converge to a value at which curves with different model space
Npaz tend to intersect. In the case of the HF calculations, we introduced a COM
correction for the radii and confirmed that this did not alter the convergence
pattern, causing only a little shift of the results of about 0.05fm. Then we
performed a more advanced kind of calculation, the ADC2 approximation, which
includes nuclear correlations, as opposed to HF case. In this approximation,

the optimal A§2 assumes high values, in line with the soft character of the chiral
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potentials employed. The rate of convergence of the results is strongly dependent
on the chiral potential used for the computation. Calculations converge faster
for the softer potential (N*L0O450) and slower for the harder one (N*LO(500)).
The results in the two different bases converge qualitatively to the same results
for the energies and the radii in the case of N*LO450 potential, despite the
Bessel DVR being defined on a model space with poor UV and IR cutoffs. For
harder potentials, the Bessel DVR struggles to reproduce the energies obtained
in the HO case, still showing a good convergence for the radii. The energies and
the radii computed with the Bessel DVR basis have proved to depend on the box
upon which they are defined and this behavior remained unchanged after the
application of the center-of-mass correction that we performed for the HF radii.
The infrared limit of the two bases has then been studied with an extrapolation
of the energies and radii of the studied nuclei in the limit of infinite boxes. These
results showed a good agreement for the charge radii, within the uncertainties
deriving from the fitting procedure. The ground-state energies showed a better
compatibility than the computed ADC2 ones.

DVR seem to be promising and further analyses of their application in nu-
clear structure calculations are worth to be performed. Future studies should
focus on investigating a broader range of different spherical basis for similar
computations as those done in this work. As the main limitation of the Bessel
DVR basis seems to be the dependence of the results on the chosen box in the
coordinate space, the following two variations of this basis are ready to be tested
with the same previously discussed computations. A first possibility is to change
the boundary conditions, using the von Neumann one. This allows the nucleus
not to be confined in a box, still keeping the advantages of the DVR basis in
the study of IR and UV limits. Equations for this functions have been derived
in this work in Section 4.2.1. A second alternative consists in switching the
definition of the box in which the nucleus is confined from the coordinate space
to the momentum space. This basically implies a cutoff on the energies that
could even simplify the construction of the Bessel model space. The analytical
form of these functions has been derived in [32]. Finally, sinc functions and Airy
functions are worth to be tested with the machinery that we developed, as the
mathematical tools necessary to their applications has already been built [26,
29] in the DVR case.

Overall, the formalism developed in this work led the way to the use of a
vast number of different basis functions in nuclear applications and the different

advantages of each one could be exploited.
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