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Abstract
Quantum many-body problems are widespread in numerous physics research fields.

Studying their properties, however, is highly complicated as their complexity in-
creases exponentially with the number of particles involved. For more than a cen-
tury, substantial effort has been invested in exploring new theoretical approaches and
devising algorithms to find approximate solutions to many-body problems, always at-
tempting to retain as much information as possible in the representation of quantum
systems using classical resources. In this work, we discuss the theoretical foundations
and the motivations behind a novel Variational Monte Carlo approach that combines
the flexibility of Fock space wave functions with the expressivity of neural networks.
We describe in detail the step-by-step implementation of the algorithm specifically
designed for studying Fermi gases, testing and verifying every part of it. We consider
both a one-body and a two-body potential, in the latter case using a more general
approach that can be easily employed to study different systems with different inter-
actions. Finally, we present a proof of concept for the application of the algorithm
and discuss its current limitations, advantages and future perspectives.
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Chapter 1

Introduction

Predicting the properties of quantum many-body systems is one of the most challenging tasks
in physics. Similarly to classical many-body problems, no analytical solutions to a general
Schrödinger equation expressed in a closed form exist for more than two interacting particles.
Even finding the eigenstates of simple discrete systems, such as spin systems, which could be
done by diagonalizing the Hamiltonian matrix, rapidly becomes an intractable problem due to
the Hilbert space growing exponentially in size as the number of particles increases. Nonetheless,
quantum many-body problems are encountered in several physical contexts, including nuclear
and subnuclear physics, high-energy physics, condensed matter physics, quantum chemistry,
quantum computing, and quantum information theory. For this reason, the search for numerical
methods to find approximate solutions to these problems has been an active field of research for
many decades, leading to the development of a wide range of progressively more sophisticated
techniques. Based on the physical context and the properties of interest, different approaches
are routinely adopted to study quantum many-body problems; as far as the determination of
the ground-state properties of a given Hamiltonian is concerned, quantum Monte Carlo (QMC)
algorithms have proven to yield the most accurate results [1]. In this Chapter, we introduce the
main concepts at the basis of a novel QMC approach to study fermionic many-body systems that
merges different powerful techniques from current state-of-the-art methods.

1.1 Slater determinant basis

As imposed by the Fermi-Dirac statistics, the wave function of a system of fermions |ψ⟩ needs to
be antisymmetric under the exchange of any two particles. In numerical techniques, one stan-
dard way to ensure this condition consists in including Slater determinants [2] in the functional
expression of |ψ⟩. For example, the Hartree-Fock (HF) method [3] provides an eigenfunction
equation F̂ ϕγ(q) = εγϕγ(q) (where q are the spacial and spin coordinates of a particle) whose
solutions are single particle orbitals (SPOs) ϕγ(q) with orbital energies εγ . The M orbitals with
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CHAPTER 1. INTRODUCTION

lowest energy are then used to construct the M -body wave function as

ψ(q1, q2, ..., qM ) =
1√
M !

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
ϕ1(q1) ϕ2(q1) · · · ϕM (q1)

ϕ1(q2) ϕ2(q2) · · · ϕM (q2)
...

...
. . .

...
ϕ1(qM ) ϕ2(qM ) · · · ϕM (qM )

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ (1.1)

Exchanging the coordinates of two particles translates into swapping two rows in Eq. (1.1) and,
due to the properties of determinants, this leads to a change of sign. Moreover, if two fermions
have the same coordinates q the determinant is null, fulfilling the Fermi-Dirac statistics. The
HF method provides the best possible wave function written as a single Slater determinant;
however, being a simple anti-symmetrized product of SPOs, the one in Eq. (1.1) is a mean-field
wave function, and as such it is not sufficient to fully capture the dynamical correlations among
the particles arising from their interaction.

A Slater determinant wave function in the form of Eq. (1.1)1 is also used in the Kohn-Sham
Density Functional Theory (DFT) approach [4], though in this case correlations are explicitly
taken into account through an effective potential term in the Hamiltonian in the form of a func-
tional of the density of the system. This may in principle allow the method to reproduce the exact
ground-state of the system, as the Hohenberg-Kohn theorem implies [5]; nevertheless, there is no
general procedure for calculating the correlation functional, and approximate parametrizations
are typically used [6].

An effective way to include the relevant dynamical correlations of a system is to expand the
wave function as a linear combination of Slater determinants. One method that does so is the full
Configuration Interaction (CI) one [7]: for a system of M interacting particles, given a discrete
set of SPOs |ϕγ⟩, γ = 1, ..., S (for example the ones obtained using a HF procedure) and a
reference determinant |ψ0⟩ containing the M SPOs up to Fermi level, the full CI wave function
is given by

|ψFCI⟩ = |ψ0⟩+
∑︂
i, a

Cai |ψai ⟩+
∑︂

i>j, a>b

Cabij |ψabij ⟩+ ...

+
∑︂

i>j>k>...
a>b>c>...

Cabc...ijk... |ψabc...ijk... ⟩+ ...

= |ψ0⟩+
M∑︂
p=1

Ĉp |ψ0⟩

(1.2)

where the |ψabc...ijk... ⟩ are p-particles-p-holes excitation determinants constructed by replacing p

occupied orbitals i, j, k, ... with p unoccupied ones a, b, c, ... in |ψ0⟩. The coefficients Cai , C
ab
ij , ...

can be determined via exact diagonalization of the Hamiltonian matrix written in the basis of
these p-particles-p-holes Slater determinants. In general, for systems with an infinite-dimensional
Hilbert space H, using a finite number of SPOs and thus a finite Slater determinant basis implies
restricting the possible wave functions to a subspace of H and effectively modify the Hamiltonian

1In truth, in general combinations of degenerate Slater determinants may be used to ensure that the density
fulfills the symmetry requirements of the system.
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CHAPTER 1. INTRODUCTION

of the system. For this reason, in principle employing the wave function in Eq. (1.2) precludes
the possibility of finding the true ground-state of an arbitrary Hamiltonian; nevertheless, in
general a finite set of SPOs is sufficient to represent a wave function that is able to reproduce the
ground-state properties of a system with high accuracy (for example, full CI solutions are used
as a benchmark for more approximate methods in quantum chemistry). However, the number of
M -particles Slater determinants that can be constructed from S SPOs is given by

NF =

(︃
S

M

)︃
=

S!

M !(S −M)!
(1.3)

that scales factorially with M . For this reason, full CI calculations with large S are typically
limited to small systems; nonetheless, being an exact method in the space spanned by the SPOs,
the full CI method provides very strong reference results for testing the performance of other
approximate algorithms.

One common way to mitigate the factorial scaling of the Slater determinant basis while
preserving an efficient representation of dynamical correlations consists in truncating the number
of terms in Eq. (1.2) to include only double excitations (CID) or single and double excitations
(CISD). Another parallel approach is the Coupled Cluster (CC) one [8], which consists in defining
the wave function as |ψCC⟩ = exp(T̂ ) |ψ0⟩, where the cluster operator T̂ = T̂ 1+ T̂ 2+ ... is defined
as

T̂ 1 |ψ0⟩ =
∑︂
i, a

tai |ψai ⟩ , T̂ 2 |ψ0⟩ =
∑︂

i>j, a>b

tabij |ψabij ⟩ , ... (1.4)

The advantage of using such a definition can be noticed by expanding the exponential of the
cluster operator and comparing the p-particles-p-holes operators with the full CI expansion in
Eq. (1.2):

Ĉ1 = T̂ 1 , Ĉ2 = T̂ 2 +
1

2
T̂
2
1 , Ĉ3 = T̂ 3 + T̂ 1T̂ 2 +

1

6
T̂
3
1 , ... (1.5)

thus truncating the cluster operator up to single (CCS), double (CCSD) or more excitation brings
contributions to all Ĉp, which frequently leads to more accurate results with respect to CID and
CISD and guarantees a linear scaling of the energy with the number of particles [9], which is not
the case for truncated CI expansions.

The full CI wave function and its truncations as well as the CC one have also been included in
different Projector Monte Carlo (PMC) approaches [10, 11, 12]; on top of being highly effective
at incorporating correlations, in this context these wave functions also allow to mitigate the
notorious fermion sign problem. Additionally, a major advantage of working in a discrete many-
body space is that it allows to also deal with non-local interactions in a much more tractable way
compared to continuous-space approaches, see for instance Ref. [13]. This enables the application
of QMC techniques to interactions that have never been treated in this context before.

In parallel with PMC algorithms using finite basis sets and also due to their success, different
authors have proposed Variational Monte Carlo (VMC) algorithms using such bases [14]; in this
work, we follow this line and expand the variational wave function in a Slater determinant basis,
representing each determinant in the occupation number (or second quantization) formalism such

3



CHAPTER 1. INTRODUCTION

that a generic multi-body wave function is given by a linear combination of Fock states

|ψ⟩ =
∑︂
N

|N⟩⟨N |ψ⟩ =
∑︂
N

cN |N⟩ (1.6)

where |N⟩ = |n1, ..., nS⟩ and each nγ represents the occupation number of the SPOs |ϕγ⟩, with∑︁
γ nγ =M . Since the particles are fermions, clearly nγ = 0, 1.

1.2 Variational Monte Carlo method

The Variational Monte Carlo (VMC) approach is based on the variational principle. Considering
a Hilbert space H and a Hamiltonian operator Ĥ acting on it and given a state |ψ⟩ defined on
H and the ground-state of the Hamiltonian |ψ0⟩ with energy E0, the variational principle states

E0 =
⟨ψ0| Ĥ |ψ0⟩
⟨ψ0|ψ0⟩

≤ ⟨ψ| Ĥ |ψ⟩
⟨ψ|ψ⟩

= E (1.7)

with the equal sign if an only if |ψ⟩ = |ψ0⟩. Many techniques exploit this theorem to provide
approximate solutions of quantum many-body problems, including the previously discussed HF
and CI methods. For the purpose of this work, we simply observe that one could propose
a variational wave function |ψV (λ)⟩ parametrized in terms of a set of variational parameters
λ, calculate the variational energy EV = ⟨ψV | Ĥ |ψV ⟩ / ⟨ψV |ψV ⟩ and find its minimum, which
corresponds to an optimal set of variational parameters. Since the variational principle ensures
that the resulting minimum energy cannot be lower than the true ground-state energy of the
Hamiltonian E0, the method provides an upper bound for E0 and, theoretically, it could come
arbitrarily close to |ψ0⟩ for a suitably parametrized |ψV (λ)⟩. However, in practice this procedure
is not possible for arbitrary Ĥ and |ψV (λ)⟩, since an analytical expression of EV may not exist.

Let us now assume the wave function to be written as a linear combination of orthogonal
Slater determinants using the notation in Eq. (1.6) and consider the subspace spanned by |N⟩
such that

∑︁
N |N⟩⟨N | = 1̂. Minimizing the variational energy EV corresponds to imposing its

gradient with respect to the variational parameters λ to be equal to 0:

∂λpEV = Gp = 2

(︄⟨︁
∂λpψV

⃓⃓
Ĥ |ψV ⟩

⟨ψV |ψV ⟩
− EV

⟨︁
∂λpψV

⃓⃓
ψV ⟩

⟨ψV |ψV ⟩

)︄
= 0 ∀p (1.8)

where we leave the dependence of the wave function on the variational parameters implicit for
ease of notation. Adding some completeness relations in the expression of Gp, one can find

Gp = 2

(︄∑︁
N ′N ′′⟨∂λpψV |N ′⟩⟨N ′| Ĥ |N ′′⟩⟨N ′′|ψV ⟩∑︁

N ′⟨ψV |N ′⟩⟨N ′|ψV ⟩
− EV

∑︁
N ′⟨∂λpψV |N ′⟩⟨N ′|ψV ⟩∑︁
N ′⟨ψV |N ′⟩⟨N ′|ψV ⟩

)︄

= 2

(︄∑︁
N ′N ′′ ∂λpψ

∗
V

⃓⃓
N ′ ⟨N ′| Ĥ |N ′′⟩ cN ′′∑︁
N ′ |cN ′ |2

− EV

∑︁
N ′ ∂λpψ

∗
V

⃓⃓
N ′cN ′∑︁

N ′ |cN ′ |2

)︄ (1.9)

For example, the full CI method essentially uses the cN in Eq. (1.6) as variational parameters,
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CHAPTER 1. INTRODUCTION

in which case imposing Gp = GcN = 0 implies∑︂
N ′′

⟨N | Ĥ
⃓⃓
N ′′⟩︁ cN ′′ = EV cN ∀N (1.10)

which corresponds to diagonalizing the Hamiltonian matrix ⟨N | Ĥ |N ′⟩. Nevertheless, as dis-
cussed in the previous Section, the number of basis states |N⟩ scales factorially with M , making
this diagonalization intractable except for systems comprised of few particles. Moreover, the
exact solution of the equations Gp = 0 may not be possible for arbitrary parametrizations of the
variational wave function, thus approximate minimization methods are required.

In a more general view, studying the ground-state properties of a system involves the cal-
culation of expectation values of different operators O, whether these are actually needed for
computing observables or for numerical minimization techniques. For a generic basis |q⟩ with
a completeness relation2 ∫︁ dq |q⟩⟨q| = 1̂, the expectation value of O over a variational wave
function is given by

⟨Ô⟩V =
⟨ψV | Ô |ψV ⟩
⟨ψV |ψV ⟩

=

∫︁
dq⟨ψV |q⟩⟨q| Ô |ψV ⟩∫︁
dq⟨ψV |q⟩⟨q|ψV ⟩

=

∫︁
dq ψ∗

V (q)ÔψV (q)∫︁
dq|ψV (q)|2

(1.11)

In most cases, the integrals cannot be calculated analytically, thus one could discretize the hyper-
space into n points and use approximate integration algorithms; however, in general for a system
of M particles in D dimensions the number of integration variables increases linearly with MD,
and the error of standard integration algorithms inMD dimensions scales as O(n−1/MD). For this
reason, for systems of many particles, the number of points needed to estimate the integrals ac-
curately may become intractable. The most efficient method for approximating high-dimensional
integrals involves the usage of stochastic Monte Carlo (MC) techniques [15]. Considering again
the expression in Eq. (1.11) and multiplying and dividing by ψV (q) in the integral at the numer-
ator, we obtain

⟨Ô⟩V =

∫︁
dq
⃓⃓
ψV (q)

⃓⃓2 ÔψV (q)
ψV (q)∫︁

dq
⃓⃓
ψV (q)

⃓⃓2 (1.12)

where
ÔψV (q)

ψV (q)
:= OL(q) (1.13)

is the local expectation of the operator Ô. Eq. (1.12) now has the form of an expectation value
of OL(q) over the probability distribution

P (q) =

⃓⃓
ψV (q)

⃓⃓2∫︁
dq
⃓⃓
ψV (q)

⃓⃓2 (1.14)

which is correctly normalized. Thus, if we define q as a random variable, an integral of the kind
of Eq. (1.12) can be evaluated stochastically exploiting the central limit theorem. In fact, given
a set of Ns independent samples xi, i = 1, ..., Ns of a stochastic variable X with probability

2Here we use a generic continuous basis to better illustrate the advantage of MC methods, thought all the
formalism can be straightforwardly translated for a discrete basis, as we discuss below.
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distribution P [X] and a function f(x) : x ↦→ t ∈ R, the central limit theorem states that the
average estimator

SNs =
1

Ns

Ns∑︂
i=1

f(xi) (1.15)

is such that

lim
Ns→∞

P [SNs ] =
1√︂

2πσ2Ns
(f)

exp

{︄
−SN − ⟨f⟩

2σ2Ns
(f)

}︄
(1.16)

where

⟨f⟩ =
∫︂
dxP (x)f(x) and σNs(f) =

√︄
σ2(f)

Ns − 1
, σ2(f) = ⟨f2⟩ − ⟨f⟩2 (1.17)

that is, the probability distribution of SNs approaches a Gaussian centered in ⟨f⟩ with width
σNs(f) as Ns increases. Hence, the central limit theorem provides a recipe for the calculation of
the expression in Eq. (1.12), i.e.

⟨Ô⟩V ≃ 1

Ns

Ns∑︂
i=1

OL(q
[i])±

⌜⃓⃓⃓
⎷ 1

Ns − 1

⎡⎣(︄ 1

Ns

Ns∑︂
i=1

O2
L(q

[i])

)︄
−

(︄
1

Ns

Ns∑︂
i=1

OL(q[i])

)︄2
⎤⎦ (1.18)

where the q[i] are independent samples distributed with the probability P (q) defined in Eq. (1.14).
The advantages of using this integration method are clearly highlighted in Eq. (1.18): the error
of the estimate has a favourable scaling with the number of samples (O(N

−1/2
s )) and it is inde-

pendent of M and D. Another important property to notice is that the stochastic integration is
not affected by the normalization of the wave function, which can thus be arbitrary.

The basis |q⟩ does not actually need to be continuous, since the central limit theorem is valid
for discrete random variables as well. Thus, in the case of the basis defined in the previous Section
in terms of Fock states |N⟩, one can write the expectation of an arbitrary operator following the
same passages discussed above as

⟨Ô⟩V =
⟨ψV | Ô |ψV ⟩
⟨ψV |ψV ⟩

=
∑︂
N

|cN |2∑︁
N ′ |cN ′ |2

⟨N | Ô|ψV ⟩
⟨N |ψV ⟩

=
∑︂
N

P (N)OL(N) (1.19)

where
⟨N | Ô|ψV ⟩
⟨N |ψV ⟩

:= OL(N) , P (N) =
|cN |2∑︁
N ′ |cN ′ |2

. (1.20)

Calculating the sum in Eq. (1.19) explicitly requires dealing with the full complexity of the basis
|N⟩, which is this case scales factorially both with M and S. On the contrary, using the MC
method this expectation value can be calculated using Eq. (1.18) (with q[i] → N [i]), with the
error being independent of M and S.

However, evaluating expectation values stochastically is only possible under the assumption
of being able to sample states X with a target probability distribution P (X). This can be done
using the Metropolis-Hastings algorithm [16], a Markov Chain Monte Carlo (MCMC) method
that we discuss in Appendix A. The algorithm essentially generates samples from the target
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CHAPTER 1. INTRODUCTION

distribution P [X] by performing a random walk in the space spanned by the random variable
X. Starting from an arbitrary state x, the algorithm proposes a transition to a new state y via a
known transition kernel T̃ (x→ y) and accepts it (or retains the current state x) with probability

Pacc = min

(︄
1,
P (y)T̃ (y → x)

P (x)T̃ (x→ y)

)︄
(1.21)

In the context of the MC summation introduced above, we may identify a current state
x = Ncurr and a proposed one y = Nprop and define the acceptance probability (for a symmetric
kernel) as

Pacc =
|cNprop |2

|cNcurr |2
(1.22)

The Metropolis-Hastings algorithm then allows to sample configurations N distributed according
to the probability in Eq. (1.20), which can then be used to estimate the expectation value in
Eq. (1.19) using Eq. (1.18) with q[i] → N [i]. Practically, the way one accepts or rejects the
proposed transition is by drawing a random number u from a uniform distribution between
0 and 1 and checking whether u ≤ Pacc. If the condition is satisfied, the proposed state is
accepted, otherwise the previous one is retained as new state of the Markov chain. We shall refer
to this procedure as the “acceptance/rejection” step. Note that, once again, the knowledge of
the normalization of the wave function is not required.

At this point, it is important to mention that, by construction, it is likely that two successive
configurations generated using this procedure are correlated. For this reason, if one uses each of
Ns consecutive samples to estimate a quantity, the estimate of its error could be flawed, since the
number of independent samples may actually be smaller than Ns by a factor τ , called correlation
length. This parameter can be determined by calculating the autocorrelation coefficient:

rk =

∑︁Nc−k
i=1

(︂
OL(N

[i])− ⟨Ô⟩
)︂(︂

OL(N
[i+k])− ⟨Ô⟩

)︂
∑︁Nc

i=1

(︂
OL(N [i])− ⟨Ô⟩

)︂2 (1.23)

where Nc is some number of samples, OL(N
[i]) are the local expectations calculated for every

sample and ⟨Ô⟩ their average. For a Markovian process, rk generally follows the behaviour of
a decreasing exponential (see for instance Fig. 2.3) starting from r0 = 1 (completely correlated
data) and approaching 0 as k → ∞ (completely uncorrelated data). Assuming rk ∼ e−k/τ , it is
thus possible to estimate the autocorrelation length τ by calculating the sum of all rk from 0 to
∞ (or, practically, a large kmax).

In truth, to account for this correlation, it is generally much easier to calculate the local
quantities once every Nvoid ≫ 1 acceptance/rejection step. Additionally, the errors are typically
estimated from averages over the OL calculated for some Nwalk ≫ 1 samples (always skipping
Nvoid steps between each sample) rather than directly over all OL, as averages are more likely
to be distributed according to the limiting Gaussian making their sample error more accurate.
Finally, the algorithm needs to be initialized to some state N0. It is customary to choose N0

randomly and, since it may be a bad representative of the target distribution, in general it is
beneficial to discard some (say Neq) initial equilibration steps before actually starting to compute

7



CHAPTER 1. INTRODUCTION

the local quantities once every Nvoid steps.

As mentioned above, in a VMC algorithm the aim is minimizing the variational energy EV
with respect to the variational parameters λ, which can be performed in many different ways.
In case an exact minimization is not feasible, one can use approximate methods to iteratively
update the variational parameters in order to reach the minimum of EV . The simplest update
rule for the parameters is provided by the stochastic gradient descent (SGD) method:

λ → λ− ηG (1.24)

where G represents the gradient of the energy EV with respect to the variational parameters λ

and η is the learning rate. Returning to Eq. (1.8) and introducing the derivative operator Ôp

such that Ôp |ψV ⟩ =
⃓⃓
∂λpψV

⟩︁
, one can find

Gp = 2

⎛⎝∑︂
N

⟨ψV | Ô
†
p |N⟩⟨N | Ĥ |ψV ⟩
⟨ψV |ψV ⟩

− EV
∑︂
N

⟨ψV | Ô
†
p |N⟩⟨N |ψV ⟩

⟨ψV |ψV ⟩

⎞⎠
= 2

⎛⎝∑︂
N

P (N)
⟨ψV | Ô

†
p |N⟩

⟨ψV |N⟩
⟨N | Ĥ |ψV ⟩
⟨N |ψV ⟩

− EV
∑︂
N

P (N)
⟨ψV | Ô

†
p |N⟩

⟨ψV |N⟩

⎞⎠
= 2

(︄∑︂
N

P (N)O∗
p(N)EL(N)−

∑︂
N ′

P (N ′)EL(N
′)
∑︂
N

P (N)O∗
p(N)

)︄
(1.25)

where EL(N) is the local expectation of the energy and in this case Op(N) indicates the local
expectation of the derivative, which is simply given by the logarithmic derivative of ψV calculated
for the state |N⟩. Using the MC theory described above, the gradient can then be estimated as

Gp ≃ 2

(︄
1

Ns

Ns∑︂
i=1

O∗
p(N

[i])EL(N
[i])

)︄
− 2

(︄
1

Ns

Ns∑︂
i=1

EL(N
[i])

)︄(︄
1

Ns

Ns∑︂
i=1

O∗
p(N

[i])

)︄
(1.26)

In the next Chapter we shall discuss different optimization techniques, though in all cases this
formalism will be essential.

1.3 Neural Network Quantum States

The accuracy reachable by a VMC calculation is, of course, in a large part determined by
the expression one uses for the variational wave function |ψV ⟩. Since the variational principle
guarantees that the variational energy EV cannot be lower than the true ground-state energy of
the system E0, the more flexible the expression of the variational wave function and thus the lower
EV can reach, the tighter the upper bound for E0. Typical VMC calculations in coordinate space
for fermions expand the wave function as a product of a mean field part, given by combinations
of Slater determinants satisfying the required symmetries, and two-body terms (in the form of
Jastrow factors [17]) or beyond to capture dynamical correlations. Despite reaching significant
accuracy, these wave functions are nonetheless limited by the choice of specific functional forms
both of the SPOs in the Slater determinants and in the multi-body correlation terms.

8
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Recently, a novel approach for the parametrization of a variational wave function using artifi-
cial neural networks (ANNs) was proposed [18], dubbed as neural-network quantum state (NQS).
ANNs constitute a subclass of machine-learning algorithms which loosely imitate the function-
ing of the human brain by exchanging information between multiple interconnected “neurons”,
i.e. simple nodes which output a linear combination of their inputs passed through some non-
linear activation function. These computing systems are essentially black boxes that output
highly non-linear functions of their inputs. There exist many different ANN architectures and,
in the context of QMC techniques, many authors explored different possibilities, e.g. restricted
Boltzmann machines (RMBs) [18] and more elaborate architectures such as convolutional neural
networks (CNNs) [19] and recurrent neural networks (RNNs) [20]; in this work, we use simple
fully-connected neural networks (FCNNs). In FCNNs, the neurons are stacked in layers and the
output of each neuron in a layer is fed to each neuron in the next layer, as illustrated in Fig. 1.1.

Input layer Hidden layers Output layer
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0.2

0.4

0.6
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Sigmoid

-10 -5 0 5 10

-1
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Tanh

-10 -5 0 5 10

0

2

4
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0
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4
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8

10

Leaky ReLU

FIG 1.1: Left : Schematic of a FCNN. Each light blue circle represents a neuron and the gray
lines are the connections between them. This network has a depth D = 3, width W = 6, takes
5 inputs and outputs 2 values. Right : Common activation functions.

In a FCNN, the output of a neuron i in layer j is therefore given by

v
(j)
i = f

⎛⎝Nj−1∑︂
k=1

w
(j)
ik v

(j−1)
k + a

(j)
i

⎞⎠ (1.27)

where f is the non-linear activation function — some common examples of which are included
in Fig. 1.1 — while Nj−1 is the number of neurons in the (j − 1)-th layer and the w(j)

ik and a(j)i
are the weights and biases for layer j. The structure of a FCNN is determined mainly by three
hyperparameters3: the depth D (the number of hidden layers plus the output one), the width W
(the maximum number of neurons in a layer) and the activation function.

A computing system is said to “learn” if its performance with respect to a given task improves
3Hyperparameters are parameters used to control the learning process, to be distinguished with the ones

derived from the training such as the weights and biases of an ANN.
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with training experience (i.e. repeatedly executing the task). ANNs learn by minimizing a loss
function which quantifies their prediction performance. In supervised learning settings, the ANN
is provided with a set of training examples x connected to some labels y via a mapping x ↦→ y and
its task is to model this mapping; in this case, the loss function typically represents a distance
between the predictions of the NN for the inputs x and the true associated labels y and the
training consists in repeatedly feeding the examples to the network and adjusting its parameters
to minimize the loss function. In the case of the problem discussed here, the variational principle
itself provides a function to be minimized without the need of training examples: the variational
energy EV . Therefore, one can represent a wave function ψV (q) using an ANN, feeding the
variables q as inputs and identifying the weights and biases as the variational parameters; the
network is then trained by minimizing EV , which essentially translates into driving the ANN to
reproduce the ground-state wave function in a reinforcement learning scheme. The minimization
itself is performed using stochastic techniques that we shall discuss in due time.

FCNNs are universal approximators [21], therefore in principle capable of approximating any
(sufficiently well-behaved) function of their inputs. Their flexibility and expressivity makes them
very well-suited for representing highly non-linear multi-body functions: in fact, many authors
using QMC techniques obtained results competitive with existing state-of-the-art approaches for
a variety of spin [22], bosonic [23] and fermionic [24] systems using FCNN quantum states, in
some cases even outperforming existing variational results [25].

One of the great challenges that using NQSs entails consists in imposing the physical sym-
metries that characterize the system investigated and, most notably, in particular for fermionic
many-body systems, the exchange symmetry. In this context, the problem has been approached
in many ways, namely using backflow transformations of Slater determinants [25], mapping
fermionic degrees of freedom to spin ones [26] or directly working in first quantization [27]. As
discussed above, in this work we use a different representation of fermionic many-body systems
using a Slater determinant space. This is advantageous in that Fock states |N⟩ = |n1, ..., nS⟩
already encode the required exchange symmetry, therefore the occupation numbers ni can be
directly fed to a FCNN to compute the wave function coefficients cN , which are needed for the
VMC algorithm described above.

The reason why it is potentially beneficial to combine ANNs with wave functions in Fock space
is associated with the complexity of the description of generic many-body states. In fact, the size
of a Hilbert space of a many-body system increases exponentially with the number of particles,
therefore, in principle, a complete description of a many-body wave function by classical means
requires encoding an exponential amount of information4. For systems of fermions, in PMC
methods this problem manifests in the form of the sign problem, which in general is NP-hard
[28]. However, physically-relevant systems usually only explore small regions of the entire Hilbert
space, thereby potentially one may be able to construct efficient representations of physical many-
body states with classical resources. In this sense, the success of Fock space wave functions in
PMC and VMC algorithms and the flexibility and the ability to efficiently sustain entanglement
[29] of ANNs provide an interesting new approach for studying quantum many-body problems.

4As a side note, one important advantage of using quantum computers for simulations of quantum many-body
systems is that, due to their inherently quantum character, they naturally encode this complexity.
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CHAPTER 1. INTRODUCTION

On top of this, for a fixed number of SPOs S, the scaling of the representation discussed here
is independent of the number of particles, and the scaling with S itself is in general favorable
(typically O(S2)). For this reason, it is also easy to expand the basis set used, possibly allowing
to obtain results independent of its size through extrapolation.

The algorithm we discuss in this work merges the three main concepts described in the
previous Sections into a Variational Monte Carlo in Fock space using the occupation number
formalism, with NQSs parametrizing the variational wave function.
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Chapter 2

Fock space VMC with one-body potential

The algorithm we develop here is designed for gases of interacting fermions in an arbitrary
number of dimensions. In coordinate space, we essentially describe the gas by dividing the
D-dimensional space into hypercubes of side L assuming periodic boundary conditions (PBC).
We choose momentum eigenstates (plane waves) as SPOs, since the PBC conveniently force the
momenta to lie on a lattice of size δk = 2π/L, that is:

k =
2π

L
(i1, i2, ..., iD) = δk i (2.1)

where id, d = 1, ..., D are integers and D is the dimensionality of the system. Each occupation
number nγ = nk in a Fock state |N⟩ = |n1, ..., nS⟩ then represent the number of particles
occupying the state uk(r) ∝ exp(ik · r). Note that we shall refer to the momentum associated
with an occupied SPO (nγ = nk = 1) simply as an “occupied momentum”. To deal with a finite
number S of SPOs, we impose an ultraviolet cutoff by limiting the component of the momenta
to |kd| < kmax = δk(S − 1)/2. For now we ignore the spin for simplicity.

In this Chapter we implement the algorithm for a one-body potential for the purpose of
testing and verifying each part of the code. In fact, applying a VMC procedure in this case is
not strictly necessary, because for a separable M -body Hamiltonian the ground-state is simply
the antisymmetrized product of the first M eigenstates of the one-body Hamiltonian, while the
ground-state energy is given by the sum of the energies associated to these orbitals. However,
since the exact M -particles ground-state can be found by diagonalizing a simple matrix (see
Eq. (2.6)), studying a one-body potential first allows us to check the correctness of the code at a
very low computational cost.

The one-body potential we use is an approximation of a Harmonic Oscillators (HO) potential,
derived from the continuous M -body Hamiltonian in momentum space

Ĥ = −
M∑︂
i=1

1

2
∇̂2

ki
+

M∑︂
i=1

1

2
k2i (2.2)

Note that we shall always use (arbitrary) units that simplify the Hamiltonian as much as possible.
To discretize this equation, we use a finite difference approximation of the Laplacian operator
and consider a new system with a Schrödinger equation given by (for the correct discretization,
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see Appendix B)

⟨k| Ĥ |ψ⟩ = −
M∑︂
i=1

D∑︂
d=1

ψ(k, kdi − δk)− 2ψ(k) + ψ(k, kdi + δk)

2δk2
+
k2

2
ψ(k) = Eψ(k) (2.3)

where ψ(k, kdi ± δk) is the wave function calculated at a point k = (k1, ..., kM ) with the d-th
component of the i-th particle shifted of ±δk. In coordinate space, the corresponding potential
felt by each particle along each direction is (using an inverse Fourier transform):

V (x) =
1

2δk2

(︂
2− e−iδk x − eiδk x

)︂
=

1

δk2
(1− cos(δk x)) =

2

δk2
sin2

(︃
δk

2
x

)︃
=
x2

2
+O(δk2)

(2.4)
which, in the limit L → ∞, converges to the HO potential. Note that we shall begin our
treatment of this potential without making use of the creation and annihilation operators to
make it easier to follow.

2.1 Finite difference implementation

Since the potential is separable, the Schrödinger equation in Eq. (2.3) is very simple to solve
using the finite difference (FD) method by considering the 1D, M = 1 case and constructing the
D-dimensional M -body wave function with the required symmetry. Defining

Uk =
1

δk2
+
k2

2
(2.5)

one can write Eq. (2.3) for M = D = 1 as

Uϕ = Eϕ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

U−k̄ − 1
2δk2

0 · · · 0 0

− 1
2δk2

U−k̄+1 − 1
2δk2

· · · 0 0

0 − 1
2δk2

U−k̄+2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · Uk̄−1 − 1

2δk2

0 0 0 · · · − 1
2δk2

Uk̄

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ−k̄
ϕ−k̄+1

ϕ−k̄+2
...

ϕk̄−1

ϕk̄

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= E

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ−k̄
ϕ−k̄+1

ϕ−k̄+2
...

ϕk̄−1

ϕk̄

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.6)

where we use the symbol ϕ to denote the wave function in order distinguish it from the one
we shall use in the Variational Monte Carlo and we assumed ϕk = 0, |k| > kmax := k̄ for
the UV cutoff. The matrix U is tridiagonal and symmetric and thus it is simple to find its
eigendecomposition.

For completeness, we illustrate the goodness of the approximation introduced for Eq. (2.3)
by plotting the difference between its numerical ground-state energy E0 of Eq. (2.6) and the true
ground-state energy of the unconfined HO Etheo0 = 1/2 as a function of the box size L and the
number of momentum states S. Figure 2.1 portrays this difference for several values of S. The
curves feature the expected L−2 dependence associated with the finite difference approximation,
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FIG 2.1: |E0 − Etheo0 | for S = 5, 11, 21, 33, 41 and L ∈ [2, 60].

though they are truncated due to the ultraviolet cutoff. In fact, for fixed S, as L increases kmax
decreases and, when it reaches a value for which the momenta do not cover the interval where
the first eigenvalue of the matrix in Eq. (2.6) without cutoff is significantly larger than 0, the
error starts to increase again. The shape of the curves in Fig. 2.1 is determined by the interplay
between this effect and the L−2 dependence. The approximation is not particularly efficient;
nevertheless, in what follows, to test the VMC implementation, we shall use the Hamiltonian
in Eq. (2.3) anyway because of its simplicity. If one intends to include a harmonic term in the
Hamiltonian to study in the end, a more accurate approximation of the potential should be
chosen (for a brief discussion see Appendix B).

2.2 Implementation of the VMC algorithm in 1D

2.2.1 Metropolis algorithm

Here we briefly summarize the procedure described in Sec. 1.2 by reporting the key equations
and we describe the actual implementation of the procedure. We remind that the variational
wave function is written as in Eq. (1.6). As in the previous Sections, we use S and M to indicate
the number of Fock states and the number of particles, respectively.

Given a Fock state |Ncurr⟩, at each Metropolis iteration we propose a transition to a new
state |Nposs⟩. Assuming the transition kernel to be symmetric, the acceptance probability is
given by min(c2Nposs

/c2Ncurr
, 1). Since the expectation value of the energy over an arbitrary state

|ψ⟩ can be written as

E =
⟨ψ| Ĥ |ψ⟩
⟨ψ|ψ⟩

=
∑︂
N

1

⟨ψ|ψ⟩
⟨ψ |N⟩⟨N | Ĥ |ψ⟩ =

∑︂
N

|⟨ψ|N⟩|2

⟨ψ|ψ⟩
⟨N | Ĥ |ψ⟩
⟨N |ψ⟩

=
∑︂
N

P (N)EL(N) (2.7)

where P (N) = c2N/ ⟨ψ|ψ⟩, ⟨ψ|ψ⟩ =
∑︁

N c
2
N and EL(N) = ⟨N | Ĥ |ψ⟩ / ⟨N |ψ⟩ is the local energy,
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E can be estimated using the sampled states (distributed according to P (N)) as

E ≃ 1

Ns

Ns∑︂
i=1

EL(N
[i])±

⌜⃓⃓⎷ 1

Ns − 1

(︄
1

Ns

Ns∑︂
i=1

EL(N [i])2

)︄
− 1

Ns − 1

(︄
1

Ns

Ns∑︂
i=1

EL(N [i])

)︄2

(2.8)

where Ns is the number of samples N [i]. As discussed in Sec. 1.2, we may actually discard Nvoid

samples between each calculation of the local energy and estimate the error in Eq. (2.8) using
averages rather than single samples (that is, considering the EL(N [i]) in Eq. (2.8) as averages over
a number Nwalk of configurations). In general, unless explicitly specified, in the next Sections
we shall always use suitable Nvoid (∼ 200), Neq (∼ 40 × Nvoid) and Nwalk (∼ 500). Finally, we
shall refer to a single acceptance/rejection step as a Monte Carlo (MC) step and to a collection
of MC steps as a MC run.

The Fock states can be simply implemented as arrays of zeros and ones. The initial ran-
dom state N0 can be generated by creating an array of size S, setting the first M elements to
one and the others to zero and then shuffling the array elements randomly. To perform the
random walk using a symmetric transition kernel while conserving the number of particles and
maintaining nλ = 0, 1 ∀λ, the proposed new state |Nposs⟩ can be generated by swapping two
random occupation numbers in the previous state |Ncurr⟩. This update can be implemented via
a Npairs × 2 matrix containing the indices of all possible unordered occupation number pairs,
say αi, βi = 0, ..., S − 1, where i = 0, ..., Npairs − 11; for each proposed transition one can then
generate a random pair index ı̄ and swap the corresponding occupation numbers nαı̄ , nβ ı̄ . Notice
that, in general, the total number of momentum eigenstates in D dimensions scales as S = AD,
where A is the number of momenta along each directions, thus the total number of unordered
occupation number pairs that can be formed is S(S − 1)/2 ∼ A2D. In case the memory of the
computing device is limited, an alternative to this implementation consists in finding a mapping
between the pair index i (which ranges from 0 to S(S − 1)/2 − 1) and the indices constituting
the pair αi, βi. Below is an example of this mapping for S = 5, with the pairs sharing the first
index grouped together.

i α β

S − 1

⎡⎢⎢⎢⎣
0 → 0, 1

1 → 0, 2

2 → 0, 3

3 → 0, 4

S − 2

⎡⎣ 4 → 1, 2

5 → 1, 3

6 → 1, 4

S − 3

[︃
7 → 2, 3

8 → 2, 4

S − 4
[︁

9 → 3, 4

(2.9)

1Note that here we use zero-based numbering for convenience; this shall in general be done when discussing
the practical implementation of part of the algorithm and will be clearly highlighted.
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In general, one can derive (see the example in (2.9)) that a given pair index i lies in the interval[︂∑︁S−1
n=S−α n,

∑︁S−1
n=S−α−1 n

)︂
. For this reason, the expression

(︄
S−1∑︂

n=S−x
n

)︄
− i =

x

2
(2S − x− 1)− i (2.10)

features a 0 in the interval [α, α+ 1) (and one between 2S − 2− α and 2S − 1− α), thus α can
be obtained as

α = ⌊x⌋ =

⌊︄
S −

1 +
√︁
(1− 2S)2 − 8i

2

⌋︄
(2.11)

Once α is found, the second index of the pair β can be easily calculated by adding α+ 1 to the
position of the index i within a group at constant α, which is given by i−

∑︁S−1
n=S−α n:

β = α+ 1 +

(︄
i−

S−1∑︂
n=S−α

n

)︄
= α+ 1 +

[︂
i− α

2
(2S − α− 1)

]︂
= i+ 1 +

α

2
(α+ 3− 2S) (2.12)

This way one simply needs to generate a random number from 0 to S(S − 1)/2− 1, calculate α
and β using Eq.s (2.11) and (2.12) and then swap nα and nβ for the proposed state.

2.2.2 One particle case

We now derive the expression of the local energy for Eq. (2.8). For simplicity, we consider the
M = 1 case first. To do this, we insert a momentum completeness relation (for the finite discrete
basis considered) in ⟨N | Ĥ |ψ⟩ to obtain

⟨N | Ĥ |ψ⟩ = ⟨N | (T̂ + V̂ ) |ψ⟩ =
∑︂
k

⟨N |k⟩⟨k| Ĥ |ψ⟩ (2.13)

For a single particle, |N⟩ = |n1, ..., nS⟩ is such that nα = 1 and nγ ̸=α = 0, thus we write
|N⟩ = |Kα⟩2, where Kα indicates the momentum associated with nα. Note that, in principle, the
mapping between the index γ of an occupation number nγ and the momentum of the associated
SPO is arbitrary; however, in the one dimensional case it is reasonable to associate n0 to −Kmax,
n1 to −Kmax+δk and so on, where once again Kmax = δk(S−1)/2 and δk = 2π/L. This allows
to avoid a subtle issue that we shall discuss in due time. Since for one particle the momentum
representation of the Fock states is simply ⟨k|N⟩ = ⟨k|Kα⟩ = δ(k −Kα), from Eq. (2.3):

⟨Kα| Ĥ |ψ⟩ = ⟨Kα| T̂ |ψ⟩+ ⟨Kα| V̂ |ψ⟩ = K2
α

2
cα − cα−1 − 2cα + cα+1

2δk2
(2.14)

2From here on, we shall always use capital letters for the momenta associated to the SPOs in the Fock states,
while generic momentum eigenstates shall be indicated with lowercase letters.
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where cα is the wave function coefficient for the state |N⟩ = |Kα⟩. Finally, going back to Eq. (2.7):

EL(N) =
⟨Kα| Ĥ |ψ⟩
⟨Kα|ψ⟩

=
1

cα

(︃
K2
α

2
cα − cα−1 − 2cα + cα+1

2δk2

)︃
=
K2
α

2
+

1

δk2

(︃
1− cα+1

2cα
− cα−1

2cα

)︃ (2.15)

The orbitals obtained from the exact diagonalization of the matrix in Eq. (2.6) can be directly
used in the expression above and in the Metropolis as described in Sec. 2.2.1 (cα = ϕKα) to check
the correctness of the implementation of the algorithm discussed so far. As an example, in Fig. 2.2
we plot some values of the local kinetic, potential and total energies for a MC run with S = 21

and L = 10.

40000 42000 44000 46000 48000 50000
MC step

1.0

0.5

0.0

0.5

1.0

1.5

En
er

gi
es

 [A
rb

. u
ni

ts
]

Total Energy
Potential Energy
Kinetic Energy

FIG 2.2: Local kinetic, potential and total energies for 104 out of 106 steps of an MC run with
S = 21 and L = 10 and wave function coefficients cN = cα calculated via exact diagonalization.

As the figure shows, the local energy EL(N) is exactly constant, and the resulting average
is equal to the FD one up to machine precision, see Tab. I. This confirms the correctness of the
implementation of the MC algorithm: in fact, the zero variance principle states that, theoretically,
the statistical error of the expectation of the total energy ⟨ψ| Ĥ |ψ⟩ / ⟨ψ|ψ⟩ vanishes when the
wave function |ψ⟩ is an actual eigenstate of Ĥ; for this reason, the error is entirely affected by
machine precision (in the example discussed here, the error obtained was nan).

However, it is important to highlight the fact that the average kinetic and potential energies
are not compatible with the results of the FD approach (Tab. I), which can be calculated from
the ground-state eigenvector ϕ as ⟨ϕ| T̂ |ϕ⟩ / ⟨ϕ|ϕ⟩ and ⟨ϕ| V̂ |ϕ⟩ / ⟨ϕ|ϕ⟩ by separating these two
contributions to the matrix in Eq. (2.6). This is due to the effect of autocorrelations, discussed
in Sec. 1.2: since the number of independent samples is actually smaller than the number of
MC steps, the error is underestimated. The autocorrelation coefficient rk for the kinetic energy
calculated in the MC run above is illustrated in Figure 2.3.

As the left plot of Fig. (2.3) shows, rk drops to about 0 around k = 250 and then oscillates
around it due to the finite number of samples. Instead, the plot on the right represents the same
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MC results (no Nvoid) MC results (Nvoid) FD results
Kinetic Energy 0.23188± 0.00033 0.23747± 0.00034 0.23715

Potential Energy 0.25545± 0.00033 0.24986± 0.00034 0.25018
Total Energy 0.487333 0.487333 0.487333

Table I: Average values with estimated errors of the energies obtained from a MC run not
accounting for autocorrelations and accounting for autocorrelations compared with the results
of the finite difference approach. The total energy is reported with an arbitrary number of
significant digits and with no error as this is only determined by machine precision (which is of
order 10−15 in this case, thus the error may be either nan, 0 or of order ∼ 10−10).
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FIG 2.3: Kinetic energy autocorrelation coefficients for a MC run of 106 samples with S = 21
and L = 10. Left : Nvoid = 1, Nwalk = 1 (samples taken every MC step). Right : Nvoid = 200,
Nwalk = 1000. Note the different scales of the x axis.

coefficient calculated for a new run using Nvoid = 200, Nwalk = 1000 and Nav = 1000 (to maintain
the total number of samples 106), in which case rk drops to ∼ 0 immediately. Contrarily to the
MC run described above, in this case the average kinetic and potential energies calculated are
compatible with the FD results within one standard deviation, as Table I shows.

Note that in both cases the total energy was not affected by autocorrelations. However, this
is simply due to the fact that we used the exact cα; in the general variational procedure or for
expectations of other operators rather than the Hamiltonian, accounting for autocorrelations is
important in order not to underestimate the errors.
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2.2.3 Arbitrary number of particles

Let us now consider the case of an arbitrary number of particles M , in which case the Fock states
are |n1, ..., nS⟩, ni = 0, 1 (S ≥ M) with the constraint

∑︁
i ni = M . The antisymmetry of these

states is explicit once we project them onto an M -particles momentum eigenstate:

⟨k1, ..., kM |n1, ..., nS⟩ =
1√
M !

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

δ(k1 −Kα1) δ(k2 −Kα1) · · · δ(kM −Kα1)

δ(k1 −Kα2) δ(k2 −Kα2) · · · δ(kM −Kα2)
...

...
. . .

...
δ(k1 −KαM ) δ(k2 −KαM ) · · · δ(kM −KαM )

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ (2.16)

where Kα1 ,Kα2 , ...,KαM are the M occupied momenta for which nα1 = nα2 = ... = nαM = 1

with α1 < α2 < ... < αM . Similarly to the previous Section, we indicate the Fock states as
|N⟩ = |Kα1 , ...,KαM ⟩.

The exact wave function coefficients cN = ⟨N |ψ⟩ can be written as

cN =
∑︂

k1, ..., kM

⟨N |k1, ..., kM ⟩⟨k1, ..., kM |ψ⟩

=
∑︂
P

(−)P√
M !

P
∑︂

k1, ..., kM

δ(k1 −Kα1)... δ(kM −KαM ) ⟨k1, ..., kM |ψ⟩

=
∑︂
P

(−)P√
M !

P ψ(Kα1 ,Kα2 , ...,KαM )

=
∑︂
P

(−)P√
M !

(−)Pψ(Kα1 ,Kα2 , ...,KαM )

=
√
M !ψ(Kα1 ,Kα2 , ...,KαM )

(2.17)

where we used Eq. (2.16), P indicates the permutation operator of the momenta Kα1 , ...,KαM

and (−)P its sign and we used the antisymmetry of the wave function to write Pψ = (−)Pψ.
For example, for M = 2, one can easily see that the coefficients are

⟨0, ..., 0, 1α, 0, ..., 0, 1β, 0, ... |ψ⟩ = ϕ0(Kα)ϕ1(Kβ)− ϕ0(Kβ)ϕ1(Kα) (2.18)

where ϕ0(k) and ϕ1(k) are the first and second eigenstates of the Hamiltonian in Eq. (2.3) for
M = D = 1. It is important to highlight the fact that the exact cN are antisymmetric in the
momenta Kα1 , ...,KαM ; for this reason, the way the occupation numbers in a Fock state are
associated with the momentum eigenstates is very important in the determination of the overall
sign of these coefficients. Note that, for instance, if we were to associate the first 1 in the state
in Eq. (2.18) to Kβ and the second one to Kα, the expression on the RHS would have an overall
minus sign. This point will be of great importance in multiple dimensions.

The generalization of Eq. (2.15) to a arbitrary M is rather straightforward. We start from

⟨N | Ĥ |ψ⟩ =
∑︂

k1, ..., kM

⟨N |k1, ..., kM ⟩⟨k1, ..., kM | Ĥ |ψ⟩ (2.19)
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where |N⟩ = |Kα1 , ...,KαM ⟩ and the last matrix element ⟨k1, ..., kM | Ĥ |ψ⟩ can be derived from
Eq. (2.3). For the kinetic energy we have

⟨N | T̂ |ψ⟩ =
∑︂

k1, ..., kM

⟨Kα1 , ...,KαM |k1, ..., kM ⟩⟨k1, ..., kM | T̂ |ψ⟩

=
∑︂
P

(−)P√
M !

P

(︄
K2
α1

2
+ ...+

K2
αM

2

)︄
ψ(Kα1 , ...,KαM )

=

(︄
K2
α1

2
+ ...+

K2
αM

2

)︄∑︂
P

(−)P√
M !

Pψ(Kα1 , ...,KαM )

=

(︄
K2
α1

2
+ ...+

K2
αM

2

)︄
⟨N |ψ⟩ =

(︄
K2
α1

2
+ ...+

K2
αM

2

)︄
cN

(2.20)

since the sum in the round brackets remains unaltered under any permutation of the Kαi and
the remaining sum over the permutations is by definition the coefficient cN (see Eq. (2.17)). The
kinetic contribution to the local energy is then

⟨N | T̂ |ψ⟩
⟨N |ψ⟩

=
K2
α1

2
+ ...+

K2
αM

2
(2.21)

If one chooses the mapping between the the occupation numbers and the momentum eigenstates
mentioned in the previous Section ni → 2π(i− (S − 1)/2)/L, i = 0, ..., S − 1, this term can be
easily computed by finding the indices of the non-zero elements of the array which defines |N⟩,
say αi with i = 0, ..., M − 1, and computing

⟨N | T̂ |ψ⟩
⟨N |ψ⟩

=
2π2

L2

M−1∑︂
i=0

(︃
αi −

S − 1

2

)︃2

(2.22)

The potential term is slightly more cumbersome:

⟨N | V̂ |ψ⟩ =
∑︂

k1, ..., kM

⟨Kα1 , ...,KαM |k1, ..., kM ⟩⟨k1, ..., kM |V |ψ⟩

=
∑︂

k1, ..., kM

⟨Kα1 , ...,KαM |k1, ..., kM ⟩ 1

δk2

M∑︂
i=1

(︃
ψ(k)− ψ(k, ki + δk)

2
− ψ(k, ki − δk)

2

)︃

=
1

δk2

∑︂
P

(−)P√
M !

P

M∑︂
i=1

(︃
ψ(K)− ψ(K,Kαi + δk)

2
− ψ(K,Kαi − δk)

2

)︃

=
1

δk2

M∑︂
i=1

(︂
cN −

cN,αi+1

2
−
cN,αi−1

2

)︂
=

M

δk2
cN − 1

2δk2

M∑︂
i=1

(cN,αi+1 + cN,αi−1)

(2.23)

where ψ(k, ki± δk) indicates the total wave function calculated at k1, ..., kM though with ki± δk
and similarly for ψ(K,Kαi ±δk), while, with a slight abuse of notation, with cN,αi±1 we indicate
the coefficient cN , though calculated at Kαi ± δk. It is important to notice that, due to the
antisymmetry of the wave function, the cN,αi±1 are null if the momentum Kαi ± δk is already
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occupied in |N⟩. This is automatically verified if one uses the exact wave function as in Eq. (2.18);
however, for a generic expression of the cN (for instance the one we shall use for the full VMC
procedure) it may not be the case, therefore this condition has to be imposed in the calculations,
otherwise the ground-state energy may be wrong. Finally, the potential contribution to the local
energy is

⟨N | V̂ |ψ⟩
⟨N |ψ⟩

=
M

δk2
− 1

2δk2

M∑︂
i=1

(︃
cN,αi+1

cN
+
cN,αi−1

cN

)︃
(2.24)

The calculation of the terms in the sum can be implemented by defining again the array αi,
i = 0, ..., M −1 of non-zero indices in |N⟩, then looping over i and calculating the wave function
coefficients for new states |N ′⟩ = |N⟩ with n′αi

= 0 and n′αi±1 = nαi±1 + 1 (again assuming the
ordering of the momenta defined above). Computing the new occupation numbers this way also
allows to implement the antisymmetry condition discussed above by multiplying each term in
the sum by a factor θ(2 − n′αi±1), where θ(n) is the Heaviside step function. This way, if the
SPO associated with Kαi ± δk is already occupied then n′αi±1 = nαi±1+1 = 2 and the Heaviside
factor sets the term to zero. In order to test the expressions of the local energies derived above,
one can once again exploit the exact wave function coefficients calculated using the results of
the FD approach in Sec. 2.1 and Eq. (2.17). Practically, the cN are simply computed as Slater
determinants with the first M orbitals ϕ(k) obtained through the diagonalization of the matrix in
Eq. (2.6) calculated at Kα0 , Kα1 ..., KαM−1 , ignoring any irrelevant overall normalization factors.

We tested the algorithm for many different combinations of S, L and M and in all cases
the total energy was correct and the kinetic and potential energies were compatible with the FD
results within 2σ. Table II reports 4 examples. The FD total energies are calculated by summing
those of the first M orbitals ϕ(k).

MC result FD result

M = 2, S = 21, L = 10
Kinetic Energy 0.9213± 0.0022 0.9205

Potential Energy 1.0012± 0.0022 1.0020
Total Energy 1.922496 1.922496

M = 4, S = 11, L = 5
Kinetic Energy 4.8073± 0.0014 4.8071

Potential Energy 2.3947± 0.0014 2.3950
Total Energy 7.202060 7.202060

M = 6, S = 33, L = 15
Kinetic Energy 8.1212± 0.0063 8.1250

Potential Energy 9.0315± 0.0063 9.0276
Total Energy 17.152680 17.152680

M = 10, S = 15, L = 8
Kinetic Energy 26.6522± 0.0036 26.6473

Potential Energy 15.3446± 0.0036 15.3495
Total Energy 41.996862 41.996862

Table II: Average values with estimated errors of the energies obtained from various MC runs of
105 steps compared with the results of the FD approach. The total energy is once again reported
with an arbitrary number of significant digits and with no error as this is only determined by
machine precision. In all cases we used Nvoid = 200 and Nwalk = 1000.
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2.2.4 Full Configuration Interaction procedure

As an additional check, it may be useful to also implement the full CI algorithm, which practi-
cally consists in diagonalizing the Hamiltonian in the Fock basis |N⟩, see Sec. 1.2. As already
mentioned in Sec. 1.1, the number of Fock states is given by NF = S!/(M !(S −M)!) and thus
it scales factorially with the number of particles. For this reason, a numerical diagonalization
quickly becomes unfeasible as M increases; however, being an exact method, it provides a reli-
able benchmark to validate the VMC algorithm. As discussed in the beginning of this Chapter,
this step is not strictly necessary in the case of the Hamiltonian of Eq. (2.3), though it can be
very useful when a two-body potential is present, thereby we include it for completeness. The
matrix elements ⟨N |H |N ′⟩ can be easily obtained from Eq.s (2.20) and (2.23) by introducing an
identity to the right of the Hamiltonian operator:

⟨N | Ĥ |ψ⟩ =
∑︂
N ′

⟨N | Ĥ
⃓⃓
N ′⟩︁⟨︁N ′⃓⃓ψ⟩

=
∑︂
N ′

⟨N | T̂
⃓⃓
N ′⟩︁ cN ′ +

∑︂
N ′

⟨N | V̂
⃓⃓
N ′⟩︁ cN ′

(2.25)

and so one can easily see that

⟨N | T̂
⃓⃓
N ′⟩︁ = δN,N ′

∑︂
αi

K2
αi

2

⟨N | V̂
⃓⃓
N ′⟩︁ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
M
δk2

if N = N ′

− 1
2δk2

if n′β = 1 | Kβ = Kα ± δk ∧ n′γ ̸=α = nγ ̸=α

0 otherwise

(2.26)

where |N⟩ = |Kα1 , ...,KαM ⟩ as customary. Note that, in order to implement a diagonalization
on this basis, an ordering for the Fock states needs to be defined. A rather convenient one
may be given iteratively in terms of the indices of the occupied momenta αi = 0, ..., S − 1

with i = 0, ...,M − 1 in a given state |N⟩. Essentially, the ordering is constructed by always
incrementing αM−1 and carrying a +1 to αi−1 each time αi reaches S−M + i, in which case the
αj≥i are reset to αj−1 + 1. An example for S = 6, M = 4 is given below.

0: (0, 1, 2, 3) 5: (0, 1, 4, 5) 10: (1, 2, 3, 4)
1: (0, 1, 2, 4) 6: (0, 2, 3, 4) 11: (1, 2, 3, 5)
2: (0, 1, 2, 5) 7: (0, 2, 3, 5) 12: (1, 2, 4, 5)
3: (0, 1, 3, 4) 8: (0, 2, 4, 5) 13: (1, 3, 4, 5)
4: (0, 1, 3, 5) 9: (0, 3, 4, 5) 14: (2, 3, 4, 5)

Table III: Example of the Fock states ordering we shall use in the D = 1 case, for M = 4 particles
and S = 6 momentum states. The numbers in the round brackets represent the indices of the
occupied momenta αi = 0, ..., S − 1, i = 0, ..., M − 1. The image on the right is a visualization
of this ordering: each stack essentially represents one vector describing |N⟩ and the filled and
empty squares represent the occupied and unoccupied SPOs.
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For the practical implementation of the calculation of the matrix elements in Eq. (2.26) it
may be useful to define a NF ×M matrix Γ containing the indices of the occupied momenta for
each Fock state according to the ordering defined above. This could be done straightforwardly
through M nested loops; however, to make the diagonalization valid for a generic M , one could
either use a recursive algorithm or the following procedure, which uses only two nested loops:

1. Define Γ as a NF × (M + 2) matrix;

2. Set Γ0, j = (0, 0, 1, 2, ..., M − 1, S);

3. For i = 1 to NF do:

• Set Γi, 0 = 0 and Γi,M+1 = S;

• For j = 1 to M do:

– Define c = ⌊Γi−1, j+1/(S −M + j)⌋;
– Set Γi, j = max [(Γi−1, j + c) mod (S −M + j), c (Γi, j−1 + 1)];

4. Delete the columns 0 and M + 1 of Γ.

Given a state i and an occupied momentum j, the parameter c checks whether the next occupied
momentum in the previous Fock state Γi−1, j+1 has reached its maximum index (S −M + j),
in which case, as shown in the example above, Γi, j = Γi−1, j + 1. This increase happens in
the last line of the inner loop; the max ensures that, if Γi−1, j + 1 exceeds the maximum index
(S−M + j− 1) for occupied momentum j, Γi, j is reset to Γi, j−1+1. The first and last columns
of Γ are purely functional and they are deleted at the end.

We tested this diagonalization for different L, S and M . In all cases the kinetic, potential
and total energies were consistent with the ones obtained using the FD approach up to machine
precision. Note that, since the matrix elements ⟨N | T̂ |N ′⟩ and ⟨N | V̂ |N ′⟩ are known, the ki-
netic and potential energies can be calculated straightforwardly from the cN obtained using the
diagonalization.

2.2.5 Variational algorithm

As discussed in Sec. 1.2, in a generic variational approach we propose an expression for a
variational wave function |ψV (λ)⟩ in terms of some parameters λp, then the parameters are
optimized in order to minimize the variational energy

EV =
⟨ψV | Ĥ |ψV ⟩
⟨ψV |ψV ⟩

(2.27)

The minimization is performed using stochastic methods and, in general, the gradient of the
variational energy is required; in a Monte Carlo context, this can be expressed in the following
covariance form (see Sec. 1.2)

Gp ≃ 2

(︄
1

Ns

Ns∑︂
i=1

O∗
p(N

[i])EL(N
[i])

)︄
− 2

(︄
1

Ns

Ns∑︂
i=1

EL(N
[i])

)︄(︄
1

Ns

Ns∑︂
i=1

O∗
p(N

[i])

)︄
(2.28)
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For this specific type of problem, the SGD algorithm briefly mentioned in Sec. 1.2 (see Eq. (1.24))
may be badly suboptimal. In our full-scale calculations, we shall use the so-called Stochastic
Reconfiguration (SR) algorithm, which is very well suited for QMC problems, although for now
we simply implement the RMSprop algorithm, which adjusts the learning rate based on the
steepness of the gradient along each direction as

rp → ρ rp + (1− ρ)G2
p

λp → λp −
η

√
rp
Gp

(2.29)

Purely for the sake of testing the optimization of the parameters, a first full VMC procedure
can be performed using the wave function

|ψV ⟩ =
∑︂
N

λN |N⟩ (2.30)

that is, simply using the wave function coefficients as variational parameters. As mentioned
above, the number of these coefficients scales factorially with the number of particles, thus in
general this parametrization is not convenient.

With this parametrization, Eq.s (2.21) and (2.24) can be directly used to compute the local
energy. However, for the optimization one generally stores the λN in an array λ, assuming some
ordering of the states |N⟩ (such as the on defined in Sec. 2.2.4, which we shall use here); since
the Metropolis algorithm produces samples |N⟩ = |n0, ..., nS−1⟩ and requires the calculation of
the associated wave function coefficients λN , it is necessary to find a way to recover the index kN
of λN in the array λ from the occupation numbers ni, or rather from the occupied momentum
indices α = (α0, ..., αM−1) which are such that nα0 = ... = nαM−1 = 1, αi ∈ [0, S − 1]. To find
this mapping, we can notice that, given some i and the associated αi, the number of possible
configurations Cαi

i for the remaining αj>i is given by the possible ways in which one can arrange
the available momentum indices αi+1, ..., S − 1 into the remaining M − 1− i indices αj>i in an
unordered way (see for instance Tab. III), that is

Cαi
i =

(︃
S − 1− αi
M − 1− i

)︃
(2.31)

Therefore, we may think of finding the mapping α → kN by simply counting the number of
arrangements of the occupied momentum indices β before the one of state |N⟩. To do so, we can
essentially loop over i and count the number of arrangements β having βj = αj for j < i and
αi−1 = βi−1 < βi < αi (since there are no arrangements with βi−1 ≥ βi) with α−1 = −1 and
then sum these counts. In formula:

kN =

M−1∑︂
i=0

αi−1∑︂
γ=αi−1+1

Cγi =

M−1∑︂
i=0

αi−1∑︂
γ=αi−1+1

(︃
S − 1− γ

M − 1− i

)︃
(2.32)

For a concrete interpretation, for i = 0 the inner sum counts the number of arrangements of kind
(0 ≤ β0 < α0, β1, β2, ...), for i = 1 those of kind (α0, α0 < β1 < α1, β2, ...) and so on. Recalling
the example given in Tab. III one can convince himself that this expression is indeed correct.
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Now, the double sum is not actually necessary: in fact, by defining z = S − 1− γ we can write

kN =

M−1∑︂
i=0

S−αi−1−2∑︂
z=S−αi

(︃
z

M − 1− i

)︃

=
M−1∑︂
i=0

⎡⎣S−αi−1−2∑︂
z=0

(︃
z

M − 1− i

)︃
−
S−αi−1∑︂
z=0

(︃
z

M − 1− i

)︃⎤⎦
=

M−1∑︂
i=0

[︃(︃
S − αi−1 − 1

M − i

)︃
−
(︃
S − αi
M − i

)︃]︃
(2.33)

where we used
n∑︂
i=0

(︃
i

m

)︃
=

(︃
n+ 1

m+ 1

)︃
(2.34)

To give an example, the α associated with the last state |N⟩ in the ordering defined in the
previous Section is always such that αi = αi−1 + 1, i > 0 and α0 = S −M , thus in the sum
above only the term i = 0 remains and the result is

kN =

(︃
S − (−1)− 1

M

)︃
−
(︃
S − (S −M)

M

)︃
=

(︃
S

M

)︃
− 1 (2.35)

which is the correct index for the last Fock state. Notice that, to be consistent with the FD
results, when any αi = 0 or αi = S − 1, the corresponding λN,αi−1 or λN,αi+1 in the calculation
of the potential energy (cN,αi−1 or cN,αi+1 in Eq. (2.24)) need to be set to 0 respectively.

As far as the calculation of the gradient in Eq. (2.28) is concerned, the derivation of a theo-
retical expression for Op(N

[i]) is straightforward for a variational wave function as in Eq. (2.30);
however, since we plan on using NQS, it would be much simpler to leave the task of computing
the derivative of the variational wave function with respect to the variational parameters to the
program itself, which can be conveniently done using the grad() function from the Python li-
brary we use (see Appendix C). To make the code slightly more efficient, for each MC run after
the first one we recycle the last Nwalk Fock states from the previous run and use Neq ∼ 10×Nvoid.

Figure 2.4 features the behaviour of the variational energy as a function of the minimization
step and the final shape of the variational coefficients for a full VMC procedure of 200 minimiza-
tion steps with M = 1, S = 15 and L = 10. The final energy, along with other values obtained
for different configurations, is reported in Table IV.

The results show that, in general, the larger the number of coefficients λN , the worse the
convergence. This may be due to the fact that the variational parameters determine whether a
state is sampled or not: if, for any reason, one λN is updated incorrectly to a value much smaller
than the other ones during the optimization, the corresponding state |N⟩ in the Metropolis is
always rejected and λN is never updated again. This problem is more likely to occur the larger
the number of coefficients λN , possibly explaining the behaviour of the results. Additionally, the
RMSprop algorithm as well as the choice of its parameters may not be optimal for this problem.
However, this is not an issue, as we only use this expression of the variational wave function
(Eq. (2.30)) in order to test the correctness of the implementation of the variational algorithm.
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FIG 2.4: Results of a full VMC procedure with M = 1, S = 15 and L = 10. At each minimization
step we ran 10000 walkers for 20 MC steps withNvoid = 200. For the RMSprop algorithm we used
ρ = 0.9 and η = 0.05 for the first 100 steps and η = 0.02 for the remaining 100. Left : Behaviour of
the variational energy as a function of the minimization step. Right : Final coefficients compared
with the exact ones calculated using the FD orbitals. The two curves overlap nearly perfectly.
Since M = 1, we indicate the wave function coefficients using the state index α (|N⟩ = |Kα⟩).

Parameters NF VMC result FD result Difference
M = 1, S = 15, L = 10 15 0.487404± 5.0× 10−5 0.487333 (7.1± 5.0)× 10−5

M = 6, S = 9, L = 9 84 15.469760± 8.3× 10−5 15.468900 8.60× 10−4 ± 8.3× 10−5

M = 12, S = 15, L = 13 455 63.26760± 1.3× 10−4 63.25627 1.143× 10−2 ± 1.3× 10−4

M = 4, S = 17, L = 12 2380 7.77546± 1.6× 10−4 7.59939 0.17607± 1.6× 10−4

Table IV: Final energies obtained using the VMC procedure compared with the FD results for
different combinations of M , S and L. We also indicate the number of Fock states NF . Excluding
the first line, all results were obtained with more than 1500 minimization steps, each of 2× 105

samples in total with Nvoid = 200. For each optimization we decreased η from 0.05÷0.01 to
a final value of 0.005 for the last ∼ 500 steps in order to reduce fluctuations. Note that, for
each combination of parameters, we run multiple optimizations, always obtaining results larger
or similar to the ones reported here. The results presented are obtained from a final VMC
calculation with the optimized parameters.

We figure the results show that the code functions correctly.

2.3 Full VMC procedure for arbitrary D and M

Having discussed the problem step-by-step, the general case of arbitrary D and M is now rather
simple to treat. The expression of the kinetic energy contribution remains the one in Eq. (2.21),
while the potential energy formula in Eq. (2.24) continues to be valid with the addition of a sum
over the dimensions (and so, for instance, the first term becomes MD/δk2). However, now each
nα in a Fock state |N⟩ refers to a vector Kα =

(︁
K0
α, ...,K

D−1
α

)︁
of occupied components of the

momentum with Kd
α ∈ [−Kmax, −Kmax + δk, ..., Kmax], where Kmax = (A − 1) δk/2 and A

is the number of momenta along each direction. It is therefore not straightforward to define a
relation between the nα, α = 0, ..., S − 1 and the possible Kα. One way to do this consists
in starting from K0 = (−Kmax, ...,−Kmax), increasing K0 by δk and, each time a Kd exceeds
Kmax, resetting it to −Kmax and increasing Kd+1 by δk. Note that this is similar to the ordering
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of the Fock states discussed above in the context the exact diagonalization, though in this case
there is no constraint between the components of the momenta and, for this reason, the total
number of Fock states is AD. A simple example for D = 2, A = 3 (Kd = −δk, 0, δk) is shown
below.

n0 → (−δk, −δk) n3 → (−δk, 0) n6 → (−δk, δk)

n1 → (0, −δk) n4 → (0, 0) n7 → (0, δk)

n2 → (δk, −δk) n5 → (δk, 0) n8 → (δk, δk)

(2.36)

This ordering allows to find a simple relation between the index α of the occupation number
nα and the momentum along each direction. In particular, one can see that

Kd
α =

[︃
Idα − A− 1

2

]︃
δk =

[︃(︂⌊︂ α
Ad

⌋︂
mod A

)︂
− A− 1

2

]︃
δk (2.37)

where d = 0, ..., D − 1.

Using this relation, one can easily pre-compute the S = AD norms of each available mo-
mentum Kα; then the local kinetic energy can be calculated straightforwardly by summing the
norms of the occupied momenta in the current state N (and dividing by two).

For the potential energy, if an occupation number nα is 1, one needs to calculate, for each
direction d̄, the wave function coefficients for a new state with nα = 0 and nβ = 1 such that
K d̄
β = K d̄

α± δk and Kd
β = Kd

α for d ̸= d̄. With the ordering described above, given the index α, it
is straightforward to find the index β as α±Ad̄. This is actually valid in general, that is, given
Kα, it is possible to find the index of Kβ = Kα + (q0, q1, ..., qD)δk as

β = α+
∑︂
d

qdA
d (2.38)

provided that Kβ is an available momentum (that is, its components do not exceed Kmax in
modulus). Of course, in the calculation of the potential energy one also needs to pay attention
to the extreme cases (K d̄

α = ±Kmax), where

I d̄α = 0 for K d̄
α = −Kmax, or

I d̄α = A− 1 for K d̄
α = Kmax

(2.39)

In both cases, one would need to compute a new wave function coefficient for a state with one of
the momenta having a component |Kmax + δk| (see Eq. (2.23) and the discussion below), which
is assumed to be null due to the UV cutoff and therefore the corresponding term in the potential
energy needs to be set to 0.

As briefly introduced above, in the case D > 1 the calculation of the potential energy presents
a rather subtle problem. For the sake of clarity, we shall discuss this point making use of the
fermion creation ĉ†α and annihilation ĉα operators, which create an annihilate a particle in the α
SPO in a Fock state, and satisfy{︂

ĉ†α, ĉ
†
β

}︂
= {ĉα, ĉβ} = 0 ,

{︂
ĉα, ĉ

†
β

}︂
= δαβ (2.40)
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Since we are dealing with fermions, it is important to keep track of phase terms which are
accumulated at each application of these operators. In fact, swapping two creation (or annihi-
lation) operators carries a − sign and this reflects on their action on an arbitrary Fock state
|N⟩ = |n1, n2, ..., nS⟩, which is given by

ĉ†α |n1, n2, ..., nα, ..., nS⟩ = (−)
∑︁

β<α nβ
√
1− nα |n1, n2, ..., 1− nα, ..., nS⟩

ĉα |n1, n2, ..., nα, ..., nS⟩ = (−)
∑︁

β<α nβ
√
nα |n1, n2, ..., 1− nα, ..., nS⟩

(2.41)

Consider now an off-diagonal term of the local potential and suppose one needs to add δk to
some component of the occupied momentum Kα in a state |N⟩, bringing Kα to Kβ . Then the
corresponding term in Eq. (2.23) can be written as

⟨N | v̂ |ψ⟩ = − 1

2δk2
⟨N | ĉ†αĉβ

(︄∑︂
N ′

cN ′
⃓⃓
N ′⟩︁)︄ (2.42)

The matrix element ⟨N | ĉ†αĉβ |N ′⟩ essentially selects the N ′ with the same occupied momenta as
N , though with Kβ instead of Kα. However, remembering Eq. (2.41), on top of selecting the
correct cN ′ this matrix element also brings the phase factor

(−)
∑︁

γ<β nγ+
∑︁

γ<α nγ (2.43)

Note that the ordering of the operators is such that the simple 1D case has the correct sign.
This phase factor only depends on the way the indices α in the nα are mapped onto the available
momenta.

To verify the correctness of Eq. (2.42) and the associated phase factor with a practical ex-
ample, suppose we have a state |N⟩ of M particles with occupied momenta Kαi , i = 1, ...,M ,
αi < αi+1 (nα1 = ... = nαM = 1). The first term of the exact expression of the wave function
coefficient cN (Eq. (2.17)) is

ϕ1(Kα1)ϕ2(Kα2)...ϕM (KαM ) (2.44)

where the ϕ(K) are the eigenstates of Eq. (2.3) in one dimensions. Suppose that, for the calcula-
tion of the potential energy, we need Kαj → Kβ . The first term of this new Slater determinant
is

ϕ1(Kα1)...ϕj−1(Kαj−1)ϕj(Kβ)ϕj+1(Kαj+1)...ϕM (KαM ) (2.45)

Now, suppose that αj+1 < β < αj+2. Then, by definition, the first term of the coefficient
associated with the state with occupied momenta Kαi , i ̸= j and Kβ is (again from Eq. (2.17))

ϕ1(Kα1)...ϕj−1(Kαj−1)ϕj(Kαj+1)ϕj+1(Kβ)ϕj+2(Kαj+2)...ϕM (KαM ) (2.46)

to preserve the correct ascending order of the indices αi, β. It is simple to see that this Slater
determinant has opposite sign with respect to the one whose first term is in Eq. (2.45), since
Eq. (2.45) and Eq. (2.46) have Kβ and Kαj+1 swapped. Therefore, in this case the off-diagonal
term of the potential requiring Kαj → Kβ actually has a −1 in front. Indeed, in the exponent
of Eq. (2.43), the first sum contains j ones while the second only j − 1, thus the phase factor is
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−1 as expected.

The reason why this issue was not addressed in the unidimensional case is that in 1D we order
the states such that if nα is associated to the occupied momentum K̃, then nα+1 is associated
with K̃ + δk. For this reason, when adding or subtracting δk to some occupied momentum, the
indices α and β in Eq. (2.43) are always such that |α−β| = 1 and, unless nβ is already occupied
in the state |N⟩ (in which case the whole term is null), the two sums at the exponent are equal
and therefore the phase is always +1. On the contrary, in the D > 1 case there exist no ordering
of the states which ensures that there never is an occupied state between α and β.

Notice that, in Eq. (2.43), only the occupation numbers between α and β actually determine
the phase, since the ones before both α and β are counted twice while the ones after them are not
counted. For this reason, a possible way of calculating the exponent simply consists in summing
over the occupation numbers between indices α and β in the state |N⟩ (a quick check shows that
the values of nα or nβ do not influence the result, thus also the state |N ′⟩ can be used for this
calculation).

This issue can be spotted by performing full CI in multiple dimensions. Due to the unfavorable
scaling of the size of the basis, we only implement it for the case M = D = 2. In this case,
the energy obtained from the diagonalization can be compared with the prediction given by the
diagonalization in 1D, since the energy of the ground-state and the first excited state in 2D are
given by E2D

0 = 2E1D
0 and E2D

1 = E1D
0 +E1D

1 . To give an example, for L = 5 and A = 9 the 1D
diagonalization yields E1D

0 = 0.4259089 and E1D
1 = 1.380962, predicting a value for the energy

for M = D = 2 of E = E2D
0 + E2D

1 = 3E1D
0 + E1D

1 = 2.658689; on the contrary, the result of
the 2D diagonalization without accounting for the sign factor in Eq. (2.43) gives Ẽ = 2.411557,
whereas the correct value is obtained when the factor is implemented.

The wave function coefficients resulting from the full CI diagonalization can be used to test
the implementation of the MC algorithm for M = D = 2. Table V reports the comparison
between the results of an MC run using the cN obtained from full CI and the full CI results
themselves.

MC result FCI result
Kinetic Energy 1.2604± 0.0020 1.2631

Potential Energy 1.3983± 0.0020 1.3956
Total Energy 2.658689 2.658689

Table V: Average values with estimated errors of the energies obtained from a MC run of 105

samples with M = D = 2, A = 9 and L = 5 compared with the results of the full CI approach.
As usual, the total energy is reported with an arbitrary number of significant digits and with no
error for the reasons discussed in Sec. 2.2.2.

The results show that the MC code is correct and, since it is implemented with no specific
references to the number of particles and the dimensionality, we assume it is also valid for
generic M and D. We shall actually verify this statement in more detail when implementing the
NQSs with the Stochastic Reconfiguration algorithm.
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2.4 Implementation of the Neural-network Quantum States

As mentioned in Sec. 1.3, a fundamental aspect of this Thesis work is the use of NQSs. The
wave function coefficients are given by

cN = eU(N) tanh(V(N)) (2.47)

where U(N) and V(N) are calculated by two different FCNNs, both with a number of inputs
equal to the total number of SPOs S. We tested many different choices of hyperparameters
(always with tanh activation function), including the width and the depth of the NN and the
Stochastic Reconfiguration parameters (see the next Section). However, we did not employ an
actual model selection, which may be actually useful for future usage of the code developed, since
we observed that the convergence is usually heavily affected by these parameters. In general, we
found that using 2 or 3 hidden layers is beneficial, with the first layer being at least as wide as
the input layer (giving the O(S2) scaling of the number of variational parameters). For deeper
architectures, at least in the cases tested here, a very small time step δτ for the SR algorithm
(with respect to other architectures) was in general required in order for the convergence not to
stop early, making the optimization very slow. We feed the FCNNs the occupation numbers ni
of an input state |N⟩ as 2ni − 1, since in general this representation eases the convergence. We
stress the fact that the hyperparameters chosen for the results reported in the next Sections may
not the optimal ones, and further attention to this point should be paid for future applications
of this algorithm and to assess the efficiency of this representation of the wave function.

2.5 Stochastic Reconfiguration

In the context of machine learning, many different rules for updating the parameters of a Neural
Network have been proposed [30], from the well-known Stochastic Gradient Descent (SGD) to
more sophisticated versions including “Momentum” [31], “AdaGrad” [32], “RMSprop” [33] and the
widely used “Adam” [34]; however, for VMC applications, the Stochastic Reconfiguration (SR)
algorithm [35, 36] has proven to be significantly more efficient than the standard gradient-based
algorithms, which provide an exceedingly slow convergence (see for instance Fig. 2.5). The
algorithm is essentially equivalent to performing an imaginary-time evolution of the variational
wave function: in fact, given a generic Schrödinger equation with a time-independent Hamiltonian
Ĥ:

i
∂

∂t
|ψ⟩ = Ĥ |ψ⟩ → − ∂

∂τ
|ψ⟩ = Ĥ |ψ⟩ , (2.48)

for sufficiently small δτ one can write

|ψ(τ + δτ)⟩ = (1− δτĤ) |ψ(τ)⟩ (2.49)

Now, notice that successively applying the operator in the brackets to an arbitrary state3 in a
VMC context, which can in general be written as the linear combination of the eigenstates of
the Hamiltonian Ĥ, would converge to the ground-state of the system, while the excited states

3The state cannot be completely arbitrary, as it needs to have non-zero overlap with the ground-state.
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are projected out. Therefore, in Eq. (2.49) we identify |ψ(τ)⟩ with the variational wave function
|ψ(λ)⟩ for some set of variational parameters λ and we approximate |ψ(τ + δτ)⟩ with a linear
combination of the wave function |ψ(τ)⟩ = |ψ(λ)⟩ and its first derivatives with respect to the
variational parameters, assuming the variation of the parameters to be small:

a0 |ψ(λ)⟩+
∑︂
q

δλq|∂λqψ|λ⟩ = (1− δτĤ) |ψ(λ)⟩ (2.50)

Now, introducing again the operator Ôq such that Ôq |ψ(λ)⟩ = |∂λqψ|λ⟩ and multiplying both

sides by ⟨ψ(λ)| and ⟨ψ(λ)| Ô†
p we obtain

a0 ⟨ψ(λ)|ψ(λ)⟩+
∑︂
q

δλq ⟨ψ(λ)| Ôq |ψ(λ)⟩ = ⟨ψ(λ)| (1− δτĤ) |ψ(λ)⟩

a0 ⟨ψ(λ)| Ô
†
p |ψ(λ)⟩+

∑︂
q

δλq ⟨ψ(λ)| Ô
†
pÔq |ψ(λ)⟩ = ⟨ψ(λ)| Ô†

p(1− δτĤ) |ψ(λ)⟩
(2.51)

Defining ⟨ ˆ︁A ⟩ = ⟨ψ(λ)| ˆ︁A |ψ(λ)⟩ / ⟨ψ(λ)|ψ(λ)⟩ and dividing on both sides of both equations by
⟨ψ(λ)|ψ(λ)⟩, we can write

a0 +
∑︂
q

δλq⟨Ôq⟩ = ⟨1− δτĤ⟩

a0⟨Ô
†
p⟩+

∑︂
q

δλq⟨Ô
†
pÔq⟩ = ⟨Ô†

p(1− δτĤ)⟩
(2.52)

At this point, we can isolate a0 in the first equation and substitute it in the second:∑︂
q

[︂
⟨Ô†

pÔq⟩ − ⟨Ô†
p⟩⟨Ôq⟩

]︂
δλq = −δτ

[︂
⟨Ô†

pĤ⟩ − ⟨Ô†
p⟩⟨Ĥ⟩

]︂
(2.53)

so that, defining the overlap matrix and the gradient

Spq = ⟨Ô†
pÔq⟩ − ⟨Ô†

p⟩⟨Ôq⟩

Gp = ⟨Ô†
pĤ⟩ − ⟨Ô†

p⟩⟨Ĥ⟩
(2.54)

we can write ∑︂
q

Spqδλq = −δτGp (2.55)

The solutions to this linear system δλp are used to update the parameters of the wave function
|ψ(λ)⟩. Note that there is actually no need to compute the coefficient a0 and update the wave
function parameters as λp → λp + δλp/a0, since the expansion in Eq. (2.50) is an approximation
(up to order δλ2) anyway. The gradient Gp can be estimated as discussed in Section 2.2.5, while
the matrix Spq is expressed in the following covariance form:

Spq ≃

(︄
1

Ns

Ns∑︂
i=1

O∗
p(N

[i])Oq(N
[i])

)︄
−

(︄
1

Ns

Ns∑︂
i=1

O∗
p(N

[i])

)︄(︄
1

Ns

Ns∑︂
i=1

Oq(N
[i])

)︄
(2.56)
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Since the matrix Spq is positive definite, the system in Eq. (2.55) can be solved using Cholesky
decomposition. However, this solver requires storing the full matrix Spq, which may become
exceedingly expensive in terms of memory if the number of variational parameters is large, as
may be the case for large numbers of dimensions D and SPOs S. At the time of writing, we
are also implementing a conjugate gradient solver in order to deal with large sets of variational
parameters, as in this case only a function that calculates

∑︁
q Spqxq for an arbitrary x is needed.

To make the algorithm more stable, we actually solve a slightly different system, substituting
Spq with Spq + ε[1 + diag(Spq)], ε≪ 1.

As mentioned above, the procedure described up to now is valid if δτ and the corresponding
δλp are sufficiently small: in fact, ensuring that this condition holds is important to guarantee
the convergence of the algorithm. Quantitatively, the condition can be checked by comparing
two expressions of the distance between the old wave function |ψ(λ)⟩ and the one with updated
parameters |ψ(λ+ δλ)⟩. Since their normalizations are irrelevant, the Fubini-Study distance
can be shown to be the natural (Riemannian) metric [37] (in the following expressions we shall
denote |ψ(λ)⟩ by |ψ0⟩ and |ψ(λ+ δλ)⟩ by |ψ1⟩ for ease of notation):

dFS [ψ (λ) , ψ (λ+ δλ)] = dFS [ψ0, ψ1] = arccos

√︄
| ⟨ψ0|ψ1⟩ |2

⟨ψ0|ψ0⟩ ⟨ψ1|ψ1⟩
(2.57)

The term in the square root can be computed using the re-weighting technique:

| ⟨ψ0|ψ1⟩ |2

⟨ψ0|ψ0⟩ ⟨ψ1|ψ1⟩
=

⟨ψ0|ψ1⟩
⟨ψ0|ψ0⟩

⟨ψ1|ψ0⟩
⟨ψ1|ψ1⟩

=

(︄∑︂
N

P0(N)
⟨N |ψ1⟩
⟨N |ψ0⟩

)︄(︄∑︂
N

P0(N)
⟨ψ1 |N⟩
⟨ψ0 |N⟩

)︄(︄∑︂
N

P0(N)
| ⟨N |ψ1⟩|2

| ⟨N |ψ0⟩|2

)︄−1

(2.58)

where P0(N) = |⟨N |ψ0⟩|2/ ⟨ψ0|ψ0⟩ is the distribution sampled using the Metropolis algorithm
during the Monte Carlo, thus we only need to calculate the factors in the sums and average them
over a given number of sampled Fock states to calculate the distance in Eq. (2.57). Additionally,
for small δλ, the distance can also be expressed in terms of the overlap matrix Spq [37]:

dFS2 [ψ (λ) , ψ (λ+ δλ)]2 =
∑︂
pq

Spqδλpδλq (2.59)

Imposing a threshold to the difference between these two distances allows to ensure that the
variation of the parameters is sufficiently small, improving the convergence of the algorithm; in
particular, we check whether⃓⃓

dFS [ψ (λ) , ψ (λ+ δλ)]2 − dFS2 [ψ (λ) , ψ (λ+ δλ)]2
⃓⃓⃓⃓

dFS [ψ (λ) , ψ (λ+ δλ)]2 + dFS2 [ψ (λ) , ψ (λ+ δλ)]2
⃓⃓ < 0.8 (2.60)

For further stabilization, we actually check this condition for two different sets of sampled Fock
states, one being a subset of those used to evaluate Spq and the other being a separate one, in
order to test whether the estimated Spq is a good representative of the actual overlap matrix.
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We also add a small constant to the denominator of Eq. (2.60) to avoid issues in the case of very
small distances. Finally, we also constrain the largest δλ to be smaller than a given threshold.

Up to now, we assumed δτ and ε to be fixed hyperparameters; however, they can also be
adjusted during the optimization in order to speed up the convergence. We do this by testing
different values, each time calculating the new δλ and estimating the associated energy and
its error using the re-weighting technique (similarly to Eq. (2.58)) form a given set of sampled
Fock states. We then keep the updated parameters corresponding to the smallest new energy
also imposing a maximum threshold to its error for further stabilization. We consider two
possible implementations: adaptive time step and adaptive epsilon. In the former case, we keep
ε constant and test different δτ defined as 2nδτ0, where δτ0 is a starting time step (typically
∼ 0.0002) and n an integer ranging from 0 to ∼ 6. In the latter case, we keep δτ constant
and set log(εmin) and log(εmax), then we repeat the following steps for ∼ 6 times: we define
log(ε) = (log(εmin) + log(εmax))/2, test the parameters δτ and ε and, if the conditions above
are met, we save the proposed variation of the parameters and set εmax = ε, otherwise we set
εmin = ε. For both algorithms, in case no choice of δτ and ε satisfies the conditions above, we
do not update the parameters. Fig. 2.5 compares the performance of different update rules of
the variational parameters for D = 1, S = 11, M = 3 and L = 10 using NQSs.
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FIG 2.5: Convergence of different update rules for the variational parameters to the exact energy
as calculated using the FD approach. The time step (or learning rate) of SGD was 0.007,
while for RMSprop we used standard parameters (ρ = 0.9 and η = 0.001). The parameters of
adaptive time step SR were δτ0 = 0.0007, ε = 2× 10−5 while those of adaptive epsilon SR were
εmin = 10−4, εmin = 10−6, δτ = 0.007 and both schemes checked 6 different values for δτ and ε
as specified above.

The advantage of using SR is evident. In general, the adaptive time step scheme converges
much more quickly, although it actually remains stuck in local minima more often than adaptive
epsilon; for this reason, for the results reported here and in the next Sections we always used the
latter.
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Tab. VI reports the results of two optimizations for different box sizes L, dimensions D,
number states along each direction A and number of particles M using simple NQS and the SR
algorithm. We also include the exact ground-state energies calculated using the FD approach
discussed in Sec. 2.1. The values reported in the table were obtained from a final MC run
using the optimized variational parameters; the same is true for all results presented in the next
Sections.

L D A M NQS VMC FD
10 1 11 3 4.249885± 7.3× 10−5 4.249792
5 2 5 5 8.49972± 5.9× 10−4 8.49298

Table VI: Results of two optimizations using the VMC algorithm with NQS. In the first case,
the FCNNs were comprised of 16 and 8 neurons in the first and second hidden layers and we
performed 1000 optimization steps with δτ = 0.07. In the second case, we employed two layers
of 32 and 16 neurons and performed 1500 optimization steps with δτ = 0.02.

On top of verifying the correct implementation of both the SR algorithm and the NQS,
the results show that, for small inputs, even shallow NNs can produce significantly accurate
results for different L, D, A and M in relatively few optimization steps. However, it is worth
mentioning that storing the full overlap matrix Spq defined in Eq. (2.54) does actually represent
a bottleneck for these calculations: in fact, the number of variational parameters typically grows
quadratically with the number of SPOs so that the memory requirements of the present version
of the SR method scale as A4D. This is the reason why we did not test the code for D = 3 and for
A > 5 in the D = 2 case for the results in the next Sections. Nevertheless, as mentioned above,
we are currently implementing the conjugate gradient solver for the system in Eq. (2.55), which
requires storing at most a Nwalk × Nparams matrix, where Nparams is the number of parameters
of the FCNNs.

2.6 Spin

In this Section we discuss the introduction of spin. We shall only discuss the s = 1/2 case,
although a generalization to a generic s is straightforward. We implement spin by concatenating
two arrays n = (n0, n1, ..., nS−1) of momentum occupation numbers, associating the first indices
i = 0, ..., S − 1 to one spin projection (say up) and the next j = S, ..., 2S − 1 to the other (say
down). A generic index Λ = 0, ..., 2S − 1 of an occupation number in the new Fock state
is then associated with the momentum state index α = ΛmodS and the spin projection index
σ = ⌊Λ/S⌋, with σ = 0 indicating a spin up particle and σ = 1 a spin down one. Correspondingly,
the Fock state index for a particle with spin projection σ and momentum Kα is given by α+Sσ.
With this new definition of the states |N⟩ we let the NNs learn all the correlations between same
and opposite spin projections, which are not necessarily the same. In fact, in the case of the
Coulomb interaction, it is well known that the cusp condition for same-spin particles is different
from the one used for opposite spins.

If the Hamiltonian does not include spin-dependent interactions, the spin projection is pre-
served and thereby the transition kernel in the Metropolis must not mix occupation numbers
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representing different σ. This can be done simply by generating two different pair indices
kσ1 , kσ2 = 0, ..., S − 1 and use the first to exchange two occupation numbers with index Λ < S

and the second to exchange two different occupation numbers with index S ≤ Λ < 2S.
The new definition of the Fock states also allow to calculate the local kinetic and potential

energies in the same exact way as described in the previous Sections, provided that Eq. (2.37) is
modified as

Kd
Λ =

[︃
IdΛ − A− 1

2

]︃
δk =

[︃(︃⌊︃
ΛmodS
Ad

⌋︃
mod A

)︃
− A− 1

2

]︃
δk (2.61)

In Tab. VIII we list the results of four optimizations with different L, D, A, and M (as in
Tab. VI), though for different polarizations of the systems (we indicate the number of spin up
particles with Mup and consider only either fully polarized or unpolarized systems for simplicity).

L D A M Mup NQS VMC FD
10 1 9 3 3 4.26890± 0.00023 4.26813
10 1 9 6 3 8.53689± 0.00024 8.53626
5 2 5 5 5 8.49760± 0.00078 8.49298
5 2 5 10 5 17.0324± 0.0012 16.9860

Table VII: Results of four optimizations using the VMC algorithm with NQS including spin. For
the first two results, the NNs are comprised of layers of 32, 16 and 16 neurons and we performed
3000 optimization steps with a time step δτ decreasing from 0.003 to 0.0005, while for the other
optimizations featured NNs with layers of 50, 32 and 32 neurons and 2000 optimization steps
with δτ decreasing from 0.01 to 0.006 and from 0.02 to 0.001.

Here it is worth mentioning the fact that the number of Fock states for the D = 2, M = 10

optimization is ∼ 3× 109. Storing and diagonalizing a matrix of this size for a full CI procedure
is extremely expensive from a computational point of view; on the other hand, this algorithm
reaches significant accuracy using relatively few parameters (∼ 104) and requiring the storing of
a ∼ 104 × 104 matrix for the Cholesky decomposition (or a ∼ 104 × 103 one for the conjugate
gradient solver). On top of that, it is also interesting to notice that the results for equal L, D
and A are not heavily affected by variations in the number of particles M , which constitutes an
important advantage of this representation of the many-body wave function.
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Chapter 3

Fock space VMC with two-body potential

In this Chapter we describe the implementation of a two-body potential which only depends on
the modulus of the relative coordinate between two particles. Making use of the algorithm dis-
cussed in the previous Sections, we test this implementation using a simple Gaussian interaction.
Note that the actual calculation of the local potential energy can be generalized to arbitrary
second quantized expressions with little effort.

3.1 Practical calculation of the local energy

A generic second quantized two-body potential acting on a system of spin 1/2 fermions with
plane wave SPOs has the expression

V̂ =
1

2

M∑︂
i,j=1

v̂ij =
1

2

∑︂
σ σ′

∑︂
α1α2β1β2

⟨Kα1 ,Kα2 | v |Kβ1 ,Kβ2⟩ ĉ†α1 σ ĉ
†
α2 σ′ ĉβ2 σ′ ĉβ1 σ (3.1)

where ĉ†ασ(ĉασ) creates (annihilates) a particle with momentum Kα and spin projection σ and
the matrix element is given by

⟨p1,p2| v |k1,k2⟩ =
1

L2D

∫︂
R
dr1dr2dr

′
1dr

′
2e

−ip1·r1e−ip2·r2 ⟨r1, r2| v
⃓⃓
r′1, r

′
2

⟩︁
eik1·r′

1eik2·r′
2

=
1

L2D

∫︂
R
dr1dr2e

−ir1·(p1−k1)e−ir2·(p2−k2)v(r1, r2)

(3.2)

where the integration is performed over a hypercube of size L and we assumed the potential to
be local thus diagonal in the coordinates. Now, suppose that v(r1, r2) = v(r1− r2); then, in the
limit L→ ∞ one can introduce the center of mass coordinate R = (r1 + r2)/2 and the relative
coordinate r = r1 − r2, so that Eq. (3.2) becomes

⟨p1,p2| v |k1,k2⟩ =
1

L2D

∫︂
dr1dr2e

−ir1·(p1−k1)e−ir2·(p2−k2)v(r1, r2)

=
1

L2D

∫︂
dRdre−i(R+r/2)·(p1−k1)e−i(R−r/2)·(p2−k2)v(r)

=
1

L2D

∫︂
dRe−iR·(p1+p2−k1−k2)

∫︂
dre−ir/2·(p1−p2−k1+k2)v(r)

(3.3)
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and so, defining the transferred momentum 2q = p1 − p2 − (k1 − k2)

⟨p1,p2| v |k1,k2⟩ = δ(p1 + p2 − k1 − k2)
1

LD

∫︂
dre−ir·qv(r) = δp1+p2,k1+k2 ṽ(q) (3.4)

Note that the Kronecker delta simply ensures the conservation of the total momentum. Returning
to Eq. (3.1), by adding and subtracting the conservation of total momentum 0 = Kα1 +Kα2 −
Kβ1 −Kβ2 to the expression of the transferred momentum 2Q = Kα1 −Kα2 − (Kβ1 −Kβ2),
one finds

Kβ1 = Kα1 −Q

Kβ2 = Kα2 +Q
(3.5)

and so it is possible to write

V̂ =
1

2

∑︂
σ σ′

∑︂
α1α2,Q

ṽ(Q) ĉ†α1 σ ĉ
†
α2 σ′ ĉβ2 σ′ ĉβ1 σ (3.6)

where β1 and β2 are such that the relations in Eq. (3.5) are satisfied. Note that, for a finite basis,
given some α1 and Q such that Kα1 −Q lies within the momentum limits, the same may not
be true for Kα2 + Q1. In what follows we shall refer to a transferred momentum as “valid” if
both Kα1 −Q and Kα2 +Q lie within the limits, which amounts to requiring the components
Qd, d = 1, ..., D of Q to satisfy

|Kd
α1

−Qd| ≤ (A− 1)δk/2

|Kd
α2

+Qd| ≤ (A− 1)δk/2
(3.7)

where A is the number of states along each direction. Figure 3.1 illustrates an example of the
reachable momenta Kβ1 , Kβ2 given some α1 and α2 for S = 25 in 2D.
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FIG 3.1: Representation of the reachable momenta in 2D with S = 25. The vector associated
with each square represents the momentum itself Kα (δk = 1) while the gray number in the top
right corner the associated momentum index α. The colored squares indicate two arbitrary α1

and α2, while the black rectangle highlights the momentum states reachable by both Kβ1 and
Kβ2 through valid Q in Eq. (3.5).

1For a simple example, consider the case D = 1, S = 5, α1 = 3 → Kα1 = δk, α2 = 4 → Kα2 = 2δk and
Q = δk.
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Notice that, if Q satisfies these requirements and we choose again the ordering of the mo-
mentum states discussed in Sec. 2.3, α1 − β1 = β2 − α2 := x, as one can derive from Eq. (2.38)
and Eq. (3.5); the requirements over Q ensure that x is not degenerate. In the next expressions,
we shall always assume the sum over Q, which now depends on α1 and α2, to only span valid Q

(we indicate this constraint with a primed sum). The expression of the potential then becomes

V̂ =
1

2

∑︂
σ σ′

∑︂
α1α2

∑︂
Q

′
ṽ(Q) ĉ†α1 σ ĉ

†
α2 σ′ ĉα2+xσ′ ĉα1−xσ (3.8)

Using the notation introduced in Sec. 2.6, we can rewrite the sums over σ, σ′, α1 and α2 as a
sum over Λ1 and Λ2:

V̂ =
1

2

∑︂
Λ1,Λ2

∑︂
Q

′
ṽ(Q) ĉ†α1 σ1 ĉ

†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1 (3.9)

Since the contribution Λ1 = Λ2 is null (due to the two creation or annihilation operators), the
sum over the Fock state indices can be split into two parts:

V̂ =
1

2

⎛⎝ ∑︂
Λ1<Λ2

∑︂
Q

′
ṽ(Q) ĉ†α1 σ1 ĉ

†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1+

+
∑︂

Λ2<Λ1

∑︂
Q

′
ṽ(Q) ĉ†α1 σ1 ĉ

†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1

⎞⎠
=

1

2

⎛⎝ . . . +
∑︂

Λ2<Λ1

∑︂
Q

′
ṽ(Q) ĉ†α2 σ2 ĉ

†
α1 σ1 ĉα1−xσ1 ĉα2+xσ2

⎞⎠
(3.10)

where in the last line we swapped two creation and annihilation operators twice, resulting in an
overall + sign. Since given α1 and α2 the allowed momenta Q are such that their components Qd

satisfy Eq. (3.7), if we were to swap the indices, the allowed momenta and their corresponding
x would remain the same in modulus but flip their signs. To make the next steps more clear,
let us now indicate the dependence on the indices as Q(α1, α2) and x(α1, α2) rather than a
prime. The reasoning above then implies that, for each valid Q(α1, α2), there exist an valid
Q(α2, α1) = −Q(α1, α2) with x(α2, α1) = −x(α1, α2). With this in mind, we consider only the
second sum in Eq. (3.10) and change the names of Λ1 and Λ2:

S2 =
∑︂

Λ2<Λ1

∑︂
Q(α1,α2)

ṽ(Q(α1, α2)) ĉ
†
α2 σ2 ĉ

†
α1 σ1 ĉα1−x(α1,α2)σ1 ĉα2+x(α1,α2)σ2

=
∑︂

Λ4<Λ3

∑︂
Q(α3,α4)

ṽ(Q(α3, α4)) ĉ
†
α4 σ4 ĉ

†
α3 σ3 ĉα3−x(α3,α4)σ3 ĉα4+x(α3,α4)σ4

=
∑︂

Λ4<Λ3

∑︂
Q(α4,α3)

ṽ(−Q(α4, α3)) ĉ
†
α4 σ4 ĉ

†
α3 σ3 ĉα3+x(α4,α3)σ3 ĉα4−x(α4,α3)σ4

(3.11)

If we identify Λ4 → Λ1 and Λ3 → Λ2, excluding the term with ṽ(q) this last expression is
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identical to the first sum in Eq. (3.10):

S1 =
∑︂

Λ1<Λ2

∑︂
Q(α1,α2)

ṽ(Q(α1, α2)) ĉ
†
α1 σ1 ĉ

†
α2 σ2 ĉα2+x(α1,α2)σ2 ĉα1−x(α1,α2)σ1 (3.12)

For this reason, indicating the constrained sum over Q again with a prime, the potential reads

V̂ =
1

2

∑︂
Λ1<Λ2

∑︂
Q

′
[ṽ(Q) + ṽ(−Q)] ĉ†α1 σ1 ĉ

†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1

or, in case ṽ only depends on the modulus of the transferred momentum:

V̂ =
∑︂

Λ1<Λ2

∑︂
Q

′
ṽ(Q) ĉ†α1 σ1 ĉ

†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1

Going back to Eq. (2.7), the contribution to the local energy of the two-body potential is then

1

cN
⟨N | V̂ |ψ⟩ = 1

cN

∑︂
N ′

⟨N | V̂
⃓⃓
N ′⟩︁⟨︁N ′⃓⃓ψ⟩

=
1

cN

∑︂
N ′

⟨N |
∑︂

Λ1<Λ2

∑︂
Q

′
ṽ(Q) ĉ†α1 σ1 ĉ

†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1

⃓⃓
N ′⟩︁ cN ′

=
1

cN

∑︂
Λ1<Λ2

∑︂
Q

′
ṽ(Q)

∑︂
N ′

cN ′ ⟨N | ĉ†α1 σ1 ĉ
†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1

⃓⃓
N ′⟩︁

(3.13)

The calculation of this expression can be simplified by noticing that the sum over Λ1 < Λ2

simply translates into a sum over the unordered pairs of Fock state indices in |N⟩ associated
with occupied SPOs, since the other contributions are null due to the term ⟨N | ĉ†α1 σ1 ĉ

†
α2 σ2 .

The sum over the valid Q is not trivial. Of course, it is possible to simply sum over all
β1 ∈ [0, S − 1], define Q = Kα1 − Kβ1 (and x = α1 − β1) and check if Kβ2 = Kα2 + Q lies
within the momentum limits; however, in some cases only few Q may be valid and this method
could be inefficient, thus we also consider a different approach, which we shall mention in the
next Section in order not to break this discussion.

At this point, for fixed α1, α2 and x, the matrix element ⟨N | ĉ†α1 σ1 ĉ
†
α2 σ2 ĉα2+xσ2 ĉα1−xσ1 |N ′⟩

is non-zero only for at most one |N ′⟩ that can be found by applying the creation and annihilation
operators to the left on ⟨N |, which simply translates into subtracting 1 from nα1+Sσ1 and nα2+Sσ2

and then adding 1 to nα1−x+Sσ1 and nα2+x+Sσ2 . If any of the new occupation numbers after
each application of a creation (annihilation) operator is not either 0 or 1, the matrix element is
null. To implement this practically, one can define a method that takes as input n (the array
of occupation numbers defining the state N), α, σ and a parameter d equal to +1 for creation
operators or −1 for annihilation operators. The method adds d to nα+Sσ and returns the new
array n′ and a boolean z that checks whether nα+Sσ ∈ [0, 1] or not. Additionally, recall that
applying a creation (annihilation) operator carries a phase factor as in Eq. (2.41); once again, this
can easily be calculated within the creation/annihilation operator method and returned together
with n′ and z.

Finally, for fixed α1, α2 and x, one also needs to compute ṽ(Q) and the wave function
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coefficient cN ′ . The calculation of the former is simple once Q is known; as for the latter,
implementing the creation/annihilation operator method as described above naturally returns the
array n′ for which the coefficient needs to be computed. However, the application of ĉα2+xσ2 and
ĉα1−xσ1 can lead to forbidden states if nα1−x+Sσ1 or nα2+x+Sσ2 are already occupied; here, the
boolean output z of the creation/annihilation operator method allows to implement a conditional
branch and calculate ṽ(Q) and cN ′ only for valid states N ′, otherwise return 0, which avoids
unnecessary calculation.

To summarize, the local two-body potential can be computed as follows (using the simple
way of implementing the conditioned sum over Q):

1. Given the array n describing the state |N⟩ = |n0, ..., n2S−1⟩, find the arrays v and s of
momentum and spin projection indices of the non-zero nΛ;

2. Set V = 0;

3. For i = 0 to M − 1, where M is the number of particles, do:

• Set α1 = v[i] and σ1 = s[i];

• Apply the creation/annihilation operator method with α1 and σ1 to n, storing the
output phase p1 and the new state n1;

• Set a cumulative variable C1 = 0;

• For j = i+ 1 to M − 1 do:

– Set α2 = v[j] and σ2 = s[j];

– Apply the creation/annihilation operator method with α2 and σ2 to n1, storing
the output phase p2 and the new state n2;

– Set a cumulative variable C2 = 0;

– For β1 = 0 to S − 1 do:

∗ Define Q = Kα1 −Kβ1 and calculate Kβ2 = Kα2 +Q using Eq. (2.37);

∗ Define z0 = True if Eq. (3.7) is verified and False otherwise;

∗ Define x = α1 − β1;

∗ Apply the last two creation operators with α2 + x, σ2 and α1 − x, σ1 to
n2, storing the boolean outputs z3, z4, the phases p3, p4 and the array n′

describing |N ′⟩;

∗ If z0, z1 and z2 are True, compute cN ′ and ṽ(Q) and return their product F ,
otherwise set F = 0;

∗ Add p3p4F to the variable C2;

– Add p2C2 to C1;

• Add p1C1 to V ;

4. Compute cN and return V/cN .
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Here we specifically considered a two-body potential with plane waves as SPOs (Eq. (3.1))
and a local interaction in coordinate space for simplicity; however, in general a second quantized
fermionic CI two-body potential reads

V̂ =
1

2

∑︂
abij

V ab
ij ĉ

†
a ĉ

†
b ĉj ĉi (3.14)

A similar discussion to the one above could also be made for arbitrary matrix elements V ab
ij ,

independently of the locality of the interaction and of the SPOs used. Thereby, this algorithm
can in general be used to study a wide range of many-body systems and interactions and the gen-
eralization of the procedure described here (also to arbitrary one-body terms in the Hamiltonian)
is rather simple. It shall be noted that one could also deal with the creation and annihilation
operators and the related phases with operators acting on single occupation numbers using the
Jordan-Wigner representation [38].

3.1.1 Faster summation over the transferred momenta

Here we discuss a different implementation of the summation over the valid transferred momenta
Q described in the previous Section. Given α1 and α2, one can see that the constraints that
define a valid Q, that is

|Kd
α1

−Qd| ≤ (A− 1)δk/2

|Kd
α2

+Qd| ≤ (A− 1)δk/2
(3.15)

are fulfilled if Qd is bound from below by Qdmin = δkmax(−Idα2
, Idα1

−A+1) and from above by
Qdmax = δkmin(Idα1

, A − 1 − Idα2
), where Idα = (⌊α/Ad⌋ mod A) as defined in Eq. (2.37). As an

example, consider the lower bound for the first condition (which becomes an upper bound due
to the minus sign):

Kd
α1

−Qdmin ≤ A− 1

2
δk

→ Kd
α1

− δkmax(−Idα2
, Idα1

−A+ 1) ≤ A− 1

2
δk

→
(︃
Idα1

− A− 1

2

)︃
δk − δkmax(−Idα2

, Idα1
−A+ 1) ≤ A− 1

2
δk

→
(︂
Idα1

−A+ 1
)︂
−max(−Idα2

, Idα1
−A+ 1) ≤ 0

(3.16)

which is always verified. For this reason, ℓ d = (Qdmax −Qdmin)/δk + 1 represents the number of
valid components of the transferred momentum Qd, and Sx =

∏︁
d ℓ

d is the total number of valid
Q. We can now loop from 0 to Sx − 1, defining the valid x as

x =
[︁
Q0
min/δk +

(︁
⌊i/1⌋ mod ℓ 0

)︁]︁
A0 +

[︁
Q1
min/δk +

(︁
⌊i/ℓ 0⌋ mod ℓ 1

)︁]︁
A1+

+
[︁
Q2
min/δk +

(︁
⌊i/ℓ 0ℓ 1⌋ mod ℓ 2

)︁]︁
A2 + ...

(3.17)
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where i is the loop index. To understand the motivation behind Eq. (3.17), notice that the
terms in the square brackets represent exactly the indices of the valid Q components along each
direction and they are combined into a transferred momentum index x using Eq. (2.38). The
term in the round brackets are similar to the definition of the Idα: in fact, if the Idα represent the
indices of the components d of momentum Kα in a box A×A× ..., these expression represent the
same indices but for a box of size ℓ0× ℓ1× ..., which is the one where the valid Q is defined. This
allows to directly sum over the valid x rather than all β1 as described in the previous Section,
typically bringing a decent speedup in the calculations.

3.2 Ultracold interacting Fermi gases

In this last Section we briefly discuss a possible application of the VMC algorithm in Fock space
with NQSs to ultracold interacting Fermi gases. At present, the limitations of the algorithm are
rather strict, thus we shall only present the results as a proof of concept for future developments
and to test the implementation of the two-body potential.

Ultracold interacting Fermi gases constitute an important and interesting topic of research.
On top of allowing to observe fascinating and unique quantum mechanical properties, these
systems are also deeply connected with other research fields such as nuclear astrophysics [39].
Recently there has also been a rising interest towards low-dimensional Fermi gases. In general,
quantum systems in one or two dimensions can manifest new behaviours that are not encountered
in the 3D case [40] and, for example, studying 2D Fermi gases can also provide useful insights
about condensed matter systems such as graphene [41], unconventional superconductors [42] and
topological insulators [43].

The code developed in this Thesis work is applicable in an arbitrary number of dimensions,
possibly enabling its applications also to 1D, 2D and 3D interacting Fermi gases, with a favorable
scaling of the number of variational parameters with the number of momentum states in each
direction A (O(A2D)) and with the number of particles M (potentially O(1)). For a simple proof
of concept, here we test the algorithm for a repulsive Gaussian two-body potential:

V (x1, x2) = V (|x1 − x2|) = V (r) = 2e−r
2

The energies obtained using the SR optimizations are listed in Tab. VIII, where they are
compared against those calculated using full CI and a Diffusion Monte Carlo (DMC) algorithm
in coordinate space2, which is independent of the UV cutoff. As mentioned at the beginning of
this Section, the tests that can be performed with the present version of the code are effectively
limited by the use of the Cholesky decomposition in the SR algorithm. On top of that, the full CI
procedure quickly becomes exceedingly expensive, preventing a direct comparison with the exact
energies for large AD. For these reasons, the results presented here are limited to D = 1 and
relatively small systems (even though in one case the system is too large to be accessible in a full
CI approach). We also qualitatively check the convergence towards the UV cutoff-independent
energy by considering two different values of A in the M = 6 and M = 5 cases.

2From private communications.
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L D A M Mup NQS VMC FCI DMC
10 1 11 3 3 0.54094± 0.00023 0.54019 0.54017(1)
10 1 7 5 5 3.11468± 0.00013 3.11451 3.0617(2)
10 1 11 5 5 3.06615± 0.00015 3.06469 3.0617(2)
10 1 7 6 3 4.0022± 0.0071 3.9753 3.880(2)
10 1 11 6 3 3.9661± 0.0010 - 3.880(2)
10 1 11 7 7 8.90604± 0.00015 8.90389 8.8848(2)

Table VIII: Results of optimizations using the VMC algorithm with NQS for a two-body potential
against full CI and DMC calculations. For the results with A = 11 we used NNs with layers of
32, 16 and 16 neurons and we performed 2000 optimization steps with a time step δτ decreasing
from 0.005 to 0.0007, while for the A = 7 optimization the NNs featured layers of 20, 12 and 12
neurons and 2000 optimization steps were performed with δτ from 0.007 to 0.001. The full CI
procedure was not used for the L = 10, A = 11 and M = 6 case due to the fact that filling the
Hamiltonian matrix was too expensive in terms of computational time. Note that the DMC in
coordinate space is not affected by the UV cutoff and therefore it only represents a qualitative
comparison in the infinite cutoff limit for testing the correctness of the implementation of the
two-body potential in the VMC and in the full CI approaches.

Even with the limitations imposed by the current implementation of the SR method, we
figure the results show the correctness of the implementation of the two-body potential at least
in 1D, also in regimes that are not accessible by full CI. Once the conjugate gradient solver is
implemented, we will be able to test and use the code with many different interactions and in
many more regimes. Finally, it is worth noting that, with the class of potentials considered here,
the system features translational invariance, therefore the resulting wave function coefficients
cN are null for states |N⟩ with occupied momenta Kαi such that

∑︁
iKαi ̸= 0. Hence, for

future applications of this algorithm, it may be beneficial to facilitate the learning task by only
sampling such states (for instance by rejecting proposed states with

∑︁
iKαi ̸= 0 a priori in the

Metropolis).
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Chapter 4

Conclusions and perspectives

Quantum many-body problems are ubiquitous in the physical sciences and, despite having re-
ceived significant attention for many decades, they continue to manifest surprising properties.
Many computational methods have been proposed for studying these systems, employing differ-
ent approaches and exploiting various theoretical concepts to obtain increasingly accurate results
and explore new systems and regimes. In this Thesis we discussed the development of a novel
VMC algorithm which leverages the effectiveness at incorporating dynamical correlations of wave
functions in Fock spaces and the flexibility of NQSs. We developed the algorithm step-by-step,
describing and testing each part of the code separately. We verified the correct functioning of the
VMC in different dimensions and for different numbers of particles, both with an approximate
one-body HO potential and a two-body Gaussian interaction.

Combining NQSs and a wave function in Fock space allows to efficiently and effectively
describe dynamical correlations and encode the complexity of many-body wave functions, with a
much milder scaling of the number of variational parameters with the number of particles M and
SPOs S with respect to the full CI approach, while recovering well above 99% of the energy in the
cases tested. Nevertheless, in order to accurately assess the effectiveness of this representation
of the wave function, further investigation on the optimal hyperparameters for the learning in
different regimes is required.

A great advantage of this algorithm is represented by the fact that it can be easily generalized
to different SPOs and the general expression of the two-body potential allows to deal with a great
variety of interactions, including non-local effective potentials. For these reasons, the possible
applications of this algorithm are several. In particular, we briefly discussed the case of ultracold
Fermi gases; however, using different SPOs, this procedure may be particularly effective for
quantum chemistry applications, where full CI calculations are considered as practically exact
even with a finite basis set, though being limited due to the factorial scaling of the number of
basis states. In this context, this algorithm may provide comparable accuracy for larger systems
with respect to the ones treatable now. Additionally, combining this algorithm with SPOs such
as Bloch functions or Wannier functions may be beneficial for studying solid-state systems, and
in general the wave functions calculated using this technique could also be used as a variational
ansatz for other QMC algorithms, such as Diffusion Monte Carlo, to further improve the accuracy
of the results.
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At present, the downside of this approach is that it may be rather slow and memory-expensive
for large numbers of SPOs, which limits its applications considerably. However, implementing
the conjugate gradient solver for the Stochastic Reconfiguration algorithm could potentially allow
calculations with tens of billions of variational parameters, for instance enabling calculations for
3D Fermi gases using several momentum states in each direction.

As a final remark, it is worth mentioning that the code is highly optimized to capitalize on
GPU-based architectures — we observe a factor 100 speedup compared to CPUs. Nevertheless,
the present version of the code only runs on a single GPU, although work is in progress to
distribute the workload across multiple GPUs.
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A Markov chains and Metropolis-Hastings algorithm

In Sec. 1.2 we discuss the Variational Monte Carlo method, which requires the ability to
sample configurations x following some arbitrary target probability distribution P [X]. This
can be achieved by means of Markov chains. A Markov chain is a sequence of random vari-
ables X1, X2, X3, ... where the probability of moving from a state Xn = xn to the next one
Xn+1 = xn+1 depends only on the present state via a transition kernel:

Tn(Xn+1 = xn+1 |Xn = xn, Xn−1 = xn−1, ..., X0 = x0) = Tn(xn → xn+1) (A.1)

and so the probability of finding the state xn+1 at step n+ 1 is

Pn+1[xn+1] =
∑︂
xn

Pn[xn]Tn(xn → xn+1) , Pn+1[Xn+1] = TnPn[Xn] (A.1)

If the transition kernel is independent of n, the probability at each step n is given by

Pn[Xn] = T nP0[X0] (A.2)

Now, notice that if the process converges1 to a P∞[X], then this stationary distribution must be
an eigenvector of T :

TP∞[X] = lim
n→∞

TPn[Xn] = lim
n→∞

Pn+1[Xn+1] = P∞[X] (A.3)

Therefore, if one chooses a T such that some target distribution P [X] is its eigenfunction with
unitary eigenvalue, the Markov chain can be exploited to sample P [X] starting from any prob-
ability density P0[X0]. In order to find the appropriate transition kernel for a given target
distribution, we can consider the process at equilibrium, i.e. once the limiting probability distri-
bution has been reached. In this regime, we expect that the rate at which the chain moves away
from a state y is balanced by that of moving to y from any other state:∑︂

x

P (y)T (y → x) =
∑︂
x

P (x)T (x→ y) (A.4)

This equation corresponds to the so-called Master Equation in the steady state. The condition
in Eq. (A.4) can be enforced by imposing the more stringent detailed balance condition, which
requires the summands to be equal:

P (y)T (y → x) = P (x)T (x→ y) (A.5)

Now, we rewrite the transition kernel in a more convenient way by recasting the requirement of

1It can be proved that a Markov chain converges to a unique probability density with eigenvalue 1 if it is
irreducible (any final state can be reached from any starting state with an arbitrary number of steps) and acyclic
(there are no cycles of states).
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Eq. (A.5) into a requisite for an acceptance probability A:

P (y)T̃ (y → x)A(y → x) = P (x)T̃ (x→ y)A(x→ y)

⇒ A(x→ y)

A(y → x)
=
P (y)T̃ (y → x)

P (x)T̃ (x→ y)
(A.6)

where T̃ is a transition kernel which we are able to sample and A can be interpreted as the
probability to accept a proposed transition x→ y. Now, if we define

A(x→ y) = min

(︄
1,
P (y)T̃ (y → x)

P (x)T̃ (x→ y)

)︄
(A.7)

then Eq. (A.6) is satisfied; we can thus devise an algorithm that, given a state x, proposes a
transition x → y via a known transition kernel T̃ and accepts or rejects it with the probability
in Eq. (A.7), which can be calculated since the target probability P and the kernel T̃ are known.
This eventually allows to generate samples from the target distribution P starting from an ar-
bitrary state x0. Note that Eq. (A.7) is further simplified if the transition kernel is symmetric
(T̃ (x → y) = T̃ (y → x)). This algorithm is known as the Metropolis-Hastings algorithm (the
original formulation by Metropolis and coworkers was developed assuming a symmetric transi-
tion kernel; the generalization to an arbitrary transition kernel using Markov chains is due to
Hastings).
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B Exact discretization of the HO Hamiltonian

In this appendix we derive the correctly discretized momentum representation of the Schrödinger
equation for a periodic HO potential in coordinate space for 1 particle. We start from

⟨k| Ĥ |ψ⟩ = ⟨k|
(︂
T̂ + V̂

)︂
|ψ⟩ (B.1)

For the kinetic energy term, we can insert a completeness relation

1 =
∑︂
k

|k⟩⟨k| , (B.2)

where the sum runs over all possible (discrete) values of k, to obtain

∑︂
k′

⟨k| T̂
⃓⃓
k′⟩︁⟨︁k′⃓⃓ψ⟩ =∑︂

k′

k2

2
δ(k − k′)ψk′ =

k2

2
ψk (B.3)

As for the potential, since it is periodic with period L, one can write its Fourier decomposition:

V (r) =
∑︂
k

ck exp(ik · r)

ck =
1

LD

∫︂
R
V (r) exp(−ik · r)dr

(B.4)

where V (r) = r2/2 with periodicity L along each direction, k = iδk as in Eq. (2.1) and R is
a hypercube of size L centered in 0. Substituting V (r) = r2/2 in the expression above, one
obtains:

ck =

⎧⎨⎩
∑︁

i
(−)ki/δk

k2i

∏︁
j ̸=i δkj ,0 if k ̸= 0

DL2

24 otherwise
(B.5)

Now, in Eq. (B.1), one can add a completeness relation in the position space and one in momen-
tum space as

⟨k| V̂ |ψ⟩ =
∑︂
k′

∫︂
R
dDr ⟨k |r⟩⟨r| V̂ |r⟩⟨r|k′⟩

⟨︁
k′⃓⃓ψ⟩ (B.6)

Finally, substituting Eq. (B.4) and remembering ⟨r |k⟩ = L−D/2 exp(ik · r), one obtains

⟨k| V̂ |ψ⟩ =
∑︂
k′,k′′

1

LD

∫︂
R
dr ei(k

′+k′′−k)·rck′′ ψk′

=
∑︂
k′,k′′

δ(k′ + k′′ − k)ck′′ ψk′

=
∑︂
k′

ck−k′ ψk′

(B.7)

where we have used ∫︂ L/2

−L/2
eikxdx = L sinc

(︃
kL

2

)︃
= L sinc (πn) = Lδn,0 (B.8)
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The Schrödinger equation in momentum space then reads:

k2

2
ψk +

∑︂
k′

ck−k′ ψk′ = Eψk where cq =

⎧⎨⎩
∑︁

i
(−)qi/δk

q2i

∏︁
j ̸=i δqj ,0 if q ̸= 0

DL2

24 otherwise
(B.9)

The presence in the non-local kinetic term makes this problem rather complicated for a simple
starting implementation, thus we use a coarser approximation of the kinetic term using finite
differences. Nevertheless, the implementation of this potential in the context of the algorithm
discussed in this work is not particularly complicated and, at least theoretically, it can yield
accurate results for a HO potential in coordinate space also using few momentum states as
shown in Fig. A.1.
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FIG A.1: Left: Comparison between the lowest eigenenergy of the correctly discretized
Schrödinger equation and the true ground-state energy of a 1D HO for different sizes of the
periodic box L and different numbers of momentum states S. The discrepancies on the left and
on the right of the plot are due to the infrared and ultraviolet cutoffs respectively (note that, for
constant L, the UV cutoff depends on the number of states S via kmax = π(S − 1)/L.) Right:
Comparison between the correct discretization and the FD approximation of the HO potential
in coordinate space.
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Appendix C: Software and hardware specifications

The code was developed in Python using the JAX library (https://github.com/google/jax),
which implements a GPU-backed version of most of the commonly used Python libraries such as
NumPy and SciPy, allowing for efficient parallelization of the programs on multiple GPU cores.
Below we list the advantages of using such a library:

• It provides just-in-time compilation of functions using XLA (Accelerated Linear Algebra)
(https://www.tensorflow.org/xla).

• It allows for automatic differentiation of native Python and NumPy code via Autograd
(https://github.com/hips/autograd); this is particulary useful for the calculation of
the gradient in Eq. (2.28), especially when using complex parametrizations of the wave
function such as the NQSs.

• It implements a vectorizing map, vmap(), which allows to deal with batched inputs effi-
ciently. This is of great advantage in many cases, such as the parallel application of the
Metropolis algorithm to multiple walkers and in general the calculation of the wave function
and the local quantities for batched Fock states |N⟩.

• It contains multiple packages to easily deal with machine learning tasks as well as handily
manage complex variable structures.

For most of the optimizations we used the Marconi100 and DGX clusters at SCAI (Super-
Computing Applications and Innovation), the High Performance Computing (HPC) depart-
ment of CINECA. The hardware and performance specifications of the clusters can be found
at https://www.hpc.cineca.it/content/hardware.
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