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Abstract

Neutrinoless double beta (0νββ) decay is an exceedingly rare and unique

process that could reveal physics beyond the Standard Model and as such

its search is currently amongst the major objectives of experimental physics.

The observation of such decay could distinguish the fundamental nature of

the neutrino, whether Dirac or Majorana, and determine the absolute scale

of the neutrino masses.

The rate of this process depends on the nuclear matrix element (M0ν) as-

sociated with the transition and the fact that this can only be provided by

theoretical calculations spurs the theoretical nuclear physics community to

provide the most reliable calculations needed for the success of the experi-

mental programs. It is in this way possible to discover or, at least, put an

upper threshold to the value of the effective neutrino mass �mββ�.

In this workM0ν has been calculated under the hypothesis of light-neutrino

exchange for five nuclei of particular experimental interest: 48Ca →48Ti, 76Ge

→76Se, 82Se →82Kr, 130Te →130Xe and 136Xe →136Ba.

The framework adopted to perform the calculation is the Realistic Shell

Model (RSM) that offers a microscopic description of the nucleus starting

from the bare nucleon-nucleon potential without resorting to empirical ad-

justments. As well as most of the cases these results are obtained within the

limits of the closure approximation.

However, to better estimate the uncertainties associated with the closure

approximation the nuclear matrix elements for 48Ca and 136Xe are calculated

using both the closure approximation and a nonclosure method. Combining

the two approaches in a mixed method with remarkable convergence prop-

erties allows to perform the calculations with a reasonable computational

effort.
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Introduction

Neutrinoless double beta (0νββ) decay is an exceedingly rare and unique

process that could reveal physics beyond the Standard Model and as such

its search is currently amongst the major objectives of experimental physics.

The observation of such decay could distinguish the fundamental nature of

the neutrino, whether Dirac or Majorana, and determine the absolute scale

of the neutrino masses.

The rate of this process depends on the nuclear matrix element (M0ν) as-

sociated with the transition and the fact that this can only be provided by

theoretical calculations spurs the theoretical nuclear physics community to

provide the most reliable calculations needed for the success of the experi-

mental programs. It is in this way possible to discover or, at least, put an

upper threshold to the value of the effective neutrino mass �mββ�.

The aim of this thesis is the calculation of the neutrinloess double-beta

decay nuclear matrix element for 48Ca→48Ti, 76Ge→76Se, 82Se→82Kr, 130Te

→130Xe and 136Xe →136Ba under the hypothesis of light-neutrino exchange.

The first chapter is dedicated to the introduction of the problem of neu-

trinoless double-beta decay as well as to provide a brief history of the con-

tribution to the study of such phenomenon.

The second chapter explores the difference between Dirac and Majorana

neutrino and how the possibility of neutrinoless double-beta decay can help

distinguish the different mechanisms through which they acquire mass. Then

it is shown the relation between these different mechanisms, the possible

violation of the lepton number conservation and the occurrence of neutrino

mixing. In recent years, this fields of research has seen several breakthroughs
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and has emerged as one of the most active.

The third chapter is focused on the theory behind the actual calculation

of the nuclear matrix element M0ν and how it is connected to the relevant

physical observable that is the half-life of the 0νββ decay. The different term

that make up the NME are shown as well as how to decompose the same in

the total angular momentum J of the neutron-neutron pair of the mother

nucleus and in the total angular momentum Jk of the proton-neutron pair of

the intermediate daughter nucleus.

In this chapter, also, it is introduced the closure approximation and how

this approach has significant advantages in that it eliminates the compu-

tationally very taxing need of calculating a large number of intermediate

daughter nuclei states. This approximation, however introduces an intrinsic

uncertainty and to have an estimate of that a method to go beyond the clo-

sure approximation is introduced. To cure the faults of both approaches it

is also presented a method which combines both the non-closure and closure

approaches.

In the fourth chapter of this thesis is provided an overview of the basic

formalism of realistic shell-model calculations. More precisely, it is shown

the derivation of the effective shell-model Hamiltonian and decay operators,

starting from realistic nuclear potentials, within the framework of many-body

perturbation theory. Some technical details are given intended to assist non-

experts to follow the shell-model calculations included in this thesis.

The fifth chapter opens with a summary of the results obtained for the

spectroscopic properties and double-beta decay with neutrinos of 48Ca, 76Ge,
82Se, 130Te and 136Xe. These results are used as springboard to introduce

and test the ones achieved for the neutrinoless double-beta decay nuclear

matrix elements. The convergence properties and perturbative behaviour of

the effective operator are examined. For 48Ca and 136Xe the results obtained

going beyond the closure approximation are reported and particular attention

is focused on the decomposition of the NME in terms of Jk.

The conclusion of this thesis is dedicated to examine the highlights of this

work as well as to present its main perspectives.
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Chapter 1

Historical introduction

In modern nuclear physics there is great interest in neutrino-less double beta

(0νββ) decay. The discovery of the existence of this process could bring fur-

ther understanding in the following fundamental aspects of particle physics:

1. lepton-number violation;

2. the presence of a neutrino mass and its nature;

3. the existence of right-handed currents in electroweak interactions.

All of these issues cannot be explained in the confines of the Standard

Model (SM) of particle physics, therefore the detection of 0νββ decay would

imply the discovery of new physics beyond the SM. This deduction is not an

isolated one and is further reinforced by other experimental observations.

Interest in the neutrino sector of the SM has seen a significant peak in

recent years after evidence for neutrino flavor oscillations was obtained from

the results of atmospheric, solar and accelerator neutrino experiments.

Around the year 1972, the solar νe flux was first measured by R. Davis

et al. in the Homestake experiment. It was found that the flux was smaller

than the one predicted by the solar models. B. Pontecorvo suggested that

this deficit of νe neutrinos could be explained with a mechanism similar to the
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one of neutral kaon mixing [1, 2, 3]. This was taken as first indirect evidence

for the existence of oscillations of neutrinos between different flavours.

In 2015 the Nobel Prize in Physics was assigned to Takaaki Kajita and

Arthur B. McDonald for their key contributions to the experiments which

demonstrated that neutrinos oscillate. More in detail, the experiment done at

Sudbury Neutrino Observatory (SNO) by Arthur B. McDonald demonstrated

that the νe from the Sun were in fact, reaching the Earth with a different

”identity”.

The Super-Kamiokande experiment lead by Takaaki Kajita, instead, made

the discovery that atmospheric neutrinos switch between two identities νµ
and ντ on their way form the atmosphere to the ground.

These results are proof that neutrinos have a non-zero mass rest, however,

the experiments studying neutrino oscillations are not sensitive to the abso-

lute scale of the neutrino masses, since they are only sensitive to the square

of the difference of the masses Δm2. Moreover it is not possible to determine

in an unambigous way wether the mass term is a Dirac or Majorana.

The primary interest in the 0νββ decay process is that, if discovered,

will automatically mean that the rest mass of at least one neutrino flavor is

nonzero and is of Majorana origin.

1.1 Double beta decay

The theoretical possibility of double beta decay was studied practically im-

mediately after the appearance of W. Pauli’s neutrino hypothesis in 1930 and

the development of β-decay theory by E. Fermi in 1933.

It was in 1935 that M. Goeppert-Mayer proposed for the first time the

possibility of two neutrino double beta decay [4], a process in which there

is a transformation of an (A, Z) nucleus to an (A, Z+2) nucleus that is

accompanied by the emission of two electrons and two anti-neutrinos.

(A,Z) → (A,Z + 2) + 2e− + 2ν̄e (1.1.1)
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Figure 1: Isobar for nuclei with A=76. It is clear that, while the direct β-

decay of 76Ge in 76As is not energetically allowed, 76Se is a system at a lower

energy and thus a possible end state for the double β-decay of 76Ge.

To understand this phenomenon it is better to look at the isobars with

even mass A as in Fig. 1. Usually a nucleus can undergo a beta decay if the

energy of the final state is lower than the energy of the initial state. If this

is not the case then the decay is energetically forbidden.

However, if the (A,Z) nucleus has a lower energy that the (A, Z+1) one,

but it is higher in energy respect to the (A, Z+2) nucleus, then a double-

beta decay is energetically admissible. Even if the emission of the electrons

and the anti-neutrinos is simultaneous, it is possible to think of this as a

two-step process where thanks to the Heisenberg uncertainty principle the

system can violate the energy conservation principle for the time it takes to

pass trough the state (A, Z+1). In this regard the process is simply a beta

decay happening twice in rapid succession.

Such energetic considerations greatly limits the number of possible can-
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didates for double beta decay. Until now only fourteen nuclei have been

observed to undergo this process or its reverse, the double electron capture

[5]. The experimental methods to measure the half-life of these nuclei vary

from direct to geochemical and radiochemical.

Table 1: Half-life of the 2νββ decay in units of 1021 years from Ref. [5].

These data combined with the isotopic distribution and general availability

of the candidates means that the focus of the future experiment on 0νββ

decay is on 48Ca 76Ge, 82Se, 130Te and 136Xe.

1.2 Neutrinoless double β-decay

E. Majorana in 1937 [6] demonstrated that theoretically the conclusions of

the Fermi β-decay theory are left unchanged if one were to allow the existence

of a particular type of neutrino which is its own antiparticle, that is if ν ≡ ν̄.

As such if the difference in energy between the (A, Z) and the (A, Z+2)
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nuclei allow for the double beta decay with neutrinos it also must allow the

double beta decay without neutrinos. Historically, G. Racah in 1937 and W.

Furry in 1939 [7] introduced a scheme for the neutrinoless double beta decay

through a virtual intermediate state.

(A,Z) → (A,Z + 2) + 2e− (1.2.1)

In contrast to the double beta decay with the emission of two-neutrinos,

neutrinoless double-beta decay has not yet been observed. Fig. 2 clearly

show the difference between the two cases. While it is possible to ”cut”

the first diagram horizontally without interfering with the process the same

operation is impossible to do so on the second diagram. The connection is

provided by the exchange of Majorana neutrino νM . The synchronicity of

the events also means that the exchanged neutrino is a virtual particle.

W−

W−

e−

ν̄

ν̄

e−

n p

n p

W−

W−

e−

e−

n p

n p

νM

Figure 2: Double β-decay diagrams.
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Chapter 2

Dirac and Majorana neutrinos

2.1 Neutrino masses and mixing

In this Chapter it is described the different mechanism through which be-

tween a Dirac or a Majorana fermion acquire mass. Then it is shown the

relation between these different mechanisms with the possible violation of

the lepton number conservation and with the phenomenon of neutrino oscil-

lations. The occurrence of neutrino mixing follows naturally from the exper-

imental evidence of massive neutrinos and its simplest form can be seen as a

unitary transformation relating the flavor and mass eigenstates of neutrinos:

|να� =
�

i

(UPMNS)
∗
αi |νi�

|νi� =
�

α

(UPMNS)αi |να�
(2.1.1)

where |να� is a neutrino state with definite flavor. α = e (electron), µ (muon)

or τ (tauon), |νi� is a neutrino state with definite mass mi, i = 1, 2, 3. UPMNS

is the so called Pontecorvo-Maki-Nakagawa-Sakata neutrino mixing matrix.

In the case of the reference 3-neutrino mixing scheme the PMNS matrix is a

3×3 unitary matrix. It can be parametrised by 3 neutrino mixing angles and
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in the case of Majorana neutrinos, by one Dirac and two Majorana physical

CP violation (CPV) phases.

UPMNS =



Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3




=




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13


×

×



1 0 0

0 eiα1/2 0

0 0 eiα2/2




(2.1.2)

where, cij = cos θij and sij = sin θij, 0 ≤ θij ≤ π
2
, δ is the Dirac CPV phase

and α1 and α2 are the two Majorana CPV phases.

The existing amount of data on neutrino oscillations can be explained

within the 3-neutrino mixing scheme. However oscillation experiments can

only provide us informations about the mass squared differences, the absolute

values of neutrino masses m1, m2, and m3 being currently unknown.

To proceed with the calculation of the decay rate for the 0νββ decay

process it is then appropriate to define the so-called effective electron neutrino

mass �mββ�

�mββ� =
����
�

i

miU
2
ei

���� (2.1.3)

There is also the ambiguity on whether or not m1 is heavier than m3. This

is a consequence of the fact that the sign of Δm2
31 cannot be determined from

the existing data. This problem is known as the ”neutrino mass hierarchy

problem”. If the mass of the neutrinos are arranged in crescent order, m1 <

m2 < m3, the hierarchy is called to ”normal”, while if it’s not, that is, if

m3 < m1 < m2, the hierarchy is said to be ”inverted”.
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Parameter BestF it (±σ) 3σ

sin2 θ12 0.308± 0.017 0.259− 0.359

sin2 θ23 (NH) 0.437+0.033
−0.023 0.374− 0.628

sin2 θ23 (IH) 0.455+0.039
−0.031 0.380− 0.641

sin2 θ13 (NH) 0.0234+0.0020
−0.0019 0.0176− 0.0295

sin2 θ13 (IH) 0.0240+0.0019
−0.0022 0.0178− 0.0298

Δm2
�[10

−5 eV 2] 7.54+0.26
−0.22 6.99− 8.18

Δm2
A[10

−3 eV 2] (NH) 2.43± 0.06 2.23− 2.61

Δm2
A[10

−3 eV 2] (IH) 2.38± 0.06 2.19− 2.56

Table 2: Neutrino oscillation parameters from Ref. [8]

The mass hierarchy problem must be taken into account when examining

the result of the experiments on 0νββ decay or when planning future ones.

2.2 Weyl representation

Fermions are elementary particles of the SM and spin 1
2
representations of

the Lorentz symmetry group. It is possible to derive a n−dimensional repre-

sentation of the Lorentz algebra with the use of the following commutation

relations

Sµν =
i

4
{γµ, γν} (2.2.1)

where the γµ are a set of n× n matrices satisfying the relations of the Dirac

algebra

{γµ, γν} = 2gµν × In×n (2.2.2)
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In the case of a four dimensional n = 4 Minkowski space and with the help

of the Pauli sigma matrices σi we can achieve a 2× 2 block representation of

the Dirac γµ matrices

γ0 =

�
0 1

1 0

�
; γi =

�
0 σi

−σi 0

�
(2.2.3)

This particular representation is called the Weyl representation, also called

the chiral representation, and the generators of the Dirac algebra in this

representation have the form

S0i = − i

2

�
σi 0

0 −σi

�
; Sij =

eijk

2

�
σk 0

0 σk

�
(2.2.4)

Every fermion field Ψ that transform in agreement with these symmetries

is called a Dirac spinor and respects the following Dirac equation

iγµ∂µΨ−mΨ = 0 (2.2.5)

However, to form a Lorentz scalar from two Dirac spinors its necessary

to define the Dirac conjugate of the field as Ψ ≡ Ψ†γ0 which satisfies this

complementary Dirac equation

−i∂µΨγµ −mΨ = 0 (2.2.6)

The previous set of Dirac equations has some notable symmetries, one

of which is the symmetry under charge conjugation C = iγ2γ0. The charge

conjugation operator is a unitary operator which maps particle in antiparticle

and its action can be expressed as

C : Ψ(x) → ΨC(x) ≡ C(Ψ(x))T ,

C−1γµC = −γT
µ .

(2.2.7)
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It is possible to add the condition that the antiparticle that obey the second

Dirac equation coincides with the particle that obey the first Dirac equation

unless a phase factor ξ

C(Ψ(x))T = ξΨ(x) (2.2.8)

Such a fermion is called a Majorana fermion.

As is shown in Eq. 2.2.4 the generators of the Dirac algebra in the Weyl

representation are in a clear block-diagonal form. It is then possible to reduce

the 4−dimensional representation into two 2−dimensional representations.

Ψ =

�
ΨL

ΨR

�
(2.2.9)

The two-component fields ΨL and ΨR are thus called left-handed and right-

handed Weyl spinors.

In the Lagrangian, the mass of a fermion field is the multiplicative factor

in front of any bilinear invariant under the proper Lorentz transformations;

it is possible to show that the only non-zero mass term has to be of the

form ΨLΨR. This has profound implication in the way that a Dirac and a

Majorana fermion can acquire mass.

If there are a left-handed field ΨaL and a right-handed field ΨbR that don’t

obey the Majorana condition ΨbR �= ξabCΨ
T

aL for any a and b, the Dirac mass

term of the Lagrangian has the form

LD = −ΨaL(MD)abΨbR + h.c., (2.2.10)

The Dirac mass matrix MD is a n × n complex matrix an can be diag-

onalized by means of a bi-unitary transformation MD = U †
LM

d
DUR, leading

to
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Φj ≡ ULjaΨaL + URjbΨbR,

LD = −
�

j

MjΦjΦj.
(2.2.11)

Here Φj is a Dirac field having mass Mj.

Instead if the right-handed field needed to form a mass term obeys the

Majorana condition CΨ
T

bL ≡ ΨC
bR, the mass term in the Lagrangian has the

form:

LM = −1

2
ΨaL(MM)abΨ

C
bR + h.c. (2.2.12)

and is called a Majorana mass term.

The Majorana mass matrix MM is a complex symmetric matrix that can

be diagonalized by means of a congruent transformation MM = U †Md
MU∗,

leading to

χj ≡ UjaΨaL + U∗
jbΨ

C
bR = CΨ

T

j

LD = −1

2

�

j

Mjχjχj
(2.2.13)

Here χj is a Majorana field with mass Mj.

There is one major difference between the Dirac and Majorana mass terms.

The Dirac mass term is invariant under the U(1) transformations ΨaL →
eiαΨaL, ΨbR → eiαΨbR and thus conserves an additive quantum number. On

the other side, the Majorana mass term in its most general form does not

conserve any additive U(1) charge possibly carried by the fields ΨaL.

This is the reason why the existence of Majorana neutrinos could mean

the violation of the lepton number conservation. It’s also worth noticing that

a mixed Dirac and Majorana mass term Lagrangian can be cast in the form

of a Majorana mass term and thus can be diagonalised as discussed above.
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Chapter 3

The Nuclear Matrix Element

3.1 The neutrinoless double-beta decay half-

life

In this thesis the calculation of the nuclear matrix element of the neutrino-

less double β-decay process is undertaken in the hypothesis that the light-

neutrino-exchange dominates the channel. As such the half-life of the 0νββ

decay can be written as

�
T 0ν
1/2

�−1

= G0ν |M0ν |2
��mββ�

me

�2

(3.1.1)

where G0ν [9, 10, 11, 12, 13] is the so-called phase-space factor, which is

obtained by integrating over the energies and angles of the final electrons

and summing over the final states spins, M0ν is the nuclear matrix element

(NME), �mββ� is the effective neutrino mass and me is the electron mass.

The effective neutrino mass is defined in terms of the neutrino mass eigen-

values mi and the neutrino mixing matrix U2
ei

�mββ� =
����
�

i

miU
2
ei

���� (3.1.2)
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It is possible to rewrite Eq. 3.1.1 to express the neutrino effective mass

in terms of M0ν , of the half-life T 0ν
1/2 and of the so-called nuclear structure

factor FN = G0ν |M0ν |2. In fact the aim of this work is to provide a reliable

estimate of the value of the NME. Combining this with other constraints on

the neutrino mixing parameters from current experiments, it is possible to

estimate the half-life an experiment should measure in order to be sensitive

to a particular value of the neutrino effective mass.

Figure 3: KamLAND-Zen limits on the effective Majorana neutrino mass

�mββ� from Ref. [14] as a function of the lightest neutrino mass mlightest. The

shaded regions are the predictions based on the values of neutrino oscillation

parameters for the normal hierarchy (NH) and the inverted hierarchy (IH).
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3.2 The NME

The Nuclear Matrix Element (NME) can be calculated as the sum of a

Gamow-Teller (GT), a Fermi (F) and a Tensor (T) term

M0ν = M0ν
GT −

�
gV
gA

�2

M0ν
F +M0ν

T (3.2.1)

where gV = 1 is the vector coupling constant and gA = 1.2723 is the axial

coupling constant.

The nuclear matrix element is directly related to the transition between

the wave functions of the parent |i� = |0+i � and grand-daughter |f� = |0+f �
nuclei. This transition can be expanded as a sum over all the intermediate

daughter |k� = |Jπ
k � states with a definite angular momentum Jk, parity π

and energy Ek:

M0ν
α =

�

k

�

jpjp�jnjn�

�f |a†pan|k��k|a†p�an� |i��jpjp� |τ−1 τ−2 Θk
α|jnjn�� (3.2.2)

It is worth noting that the matrix elements in the previous expression are

non antisymmetrized.

The operators Θk
α with α = {GT, F, T} contain the spin operators and

the neutrino potential Hα, as well as the dependence on the energy of the

intermediate daughter state Ek:

Θk
GT = σ1 · σ2H

k
GT (r)

Θk
F = Hk

F (r)

Θk
T = [3(σ1 · r̂)(σ2 · r̂)− σ1 · σ2]H

k
T (r)

(3.2.3)

and
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Hk
α(r) =

2R

π

� ∞

0

jnα(qr)hα(q
2)qdq

q + Ek − (Ei + Ef )/2
(3.2.4)

where the value of the parameter R = 1.2A1/3fm, the jnα(qr) are the

spherical Bessel functions, nα = 0 for the Fermi and Gamow-Teller terms

and nα = 2 for the Tensor term. The form functions hα(q) for the light-

neutrino exchange scenario are:

hF (q
2) = g2V (q

2)

hGT (q
2) =

g2A(q
2)

g2A

�
1− 2

3

q2

q2 +m2
π

+
1

3

�
q2

q2 +m2
π

�2�
+

+
2

3

g2M(q2)

g2A

q2

4m2
p

hT (q
2) =

g2A(q
2)

g2A

�
2

3

q2

q2 +m2
π

− 1

3

�
q2

q2 +m2
π

�2�
+

+
1

3

g2M(q2)

g2A

q2

4m2
p

(3.2.5)

where the gV,A,M form factors can include nucleon finite size effects, which

in the dipole approximation are given by:

gV (q
2) =

gV
(1 + q2/Λ2

V )
2

gM(q2) = (µp − µn)gV (q
2)

gA(q
2) =

gA
(1 + q2/Λ2

A)
2

(3.2.6)

and it holds that gV = 1, gA = 1.2723, (µp − µn) = 3.7, ΛV = 850MeV

and ΛA = 1086MeV .
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3.3 The closure approximation

Since the NME is expressed as a sum over all the possible intermediate daugh-

ter states there is a need to compute a very large number of states. This can

be computationally taxing, especially for heavier nuclei.

However, it is possible to remove the energy dependence of the operator

replacing the energy value in the denominator of the neutrino potential in

Eq. 3.2.4. with its average constant value.

Ek − (Ei + Ef )/2 → �E� (3.3.1)

In this way it is possible to introduce a new set of operators Θ̄α ≡ Θk
α(�E�)

and to reduce the expression of the NME as:

M0ν
α =

�

jpjp�jnjn�

�jpjp� |τ−1 τ−2 Θα|jnjn��
�

k

�f |a†pan|k��k|a†p�an� |i�

=
�

jpjp�jnjn�

�jpjp� |τ−1 τ−2 Θα|jnjn���f |a†pa†p�anan� |i�
(3.3.2)

The aforementioned substitution is called closure approximation since it

exploits the completeness relation of the intermediate states. This approach

has significant advantages because it eliminates the need of calculating a very

large number of intermediate nuclei states, which could be computationally

challenging, especially for heavy systems. One needs only to calculate the

two-body transition densities between the parent and the grand-daughter

nuclear states.

Obviously the issue related to this approach is to chose a value for this

average energy, ideally one that should reproduce the exact value of the

NME. This value of �E� can be estimated with the gross theory of β-decay

and turns out to be of the order of 10 MeV [15, 16]. This results in a

good approximation since the values of q that dominate the nuclear matrix

elements are of the order of 100 - 200 MeV. This also mean that the nuclear
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matrix elements are not very sensitive to the precise value of this average

energy �E�.

3.4 Beyond the closure approximation

In this section, it is presented a possible approach to go beyond the closure

approximation so to evaluate its reliability. The only possible way to test the

goodness of the approximation is to calculate the sum over k in Eq. 3.2.2

explicitly. This definitely present a challenge due to the large number of

intermediate daughter states |k�. In the simplest case of the 48Ca in the fp

shell model space the intermediate states are about 105 and as such it is

extremely difficult to calculate and include all these states in the sum.

The nature of the neutrino potential as shown in Eq. 3.2.4, however,

suggests that the higher in energy an intermediate state is the lower will

be its contribution to the NME and therefore the difference between the

closure and nonclosure calculations is concentrated mainly in the low-lying

excitation energies. It is also reasonable to suppose that as a whole the

overlap between the states, described in terms of the one body transition

densities, will decrease with the increase of the excitation energy Ek of the

intermediate states.

To test the convergence of the sum over k is it possible to introduce a

cutoff state k̄ with an excitation energy Ē and investigate the partial sum

M0ν
α (Ē) all the intermediate states with k < k̄

M0ν
α (Ē) =

�

k<k̄

�

jpjp�jnjn�

�f |a†pan|k��k|a†p�an� |i��jpjp� |τ−1 τ−2 Θk
α|jnjn�� (3.4.1)

To avoid double counting the contribution from these state it is appropriate

to introduce the NME calculated with the operators Θ̄α.

M0ν
α (Ē) =

�

k<k̄

�

jpjp�jnjn�

�f |a†pan|k��k|a†p�an� |i��jpjp� |τ−1 τ−2 Θ̄α|jnjn�� (3.4.2)
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The difference between the previous Eq. 3.4.1 and 3.4.2 is the exact value

difference between the closure and the non-closure approach when the exci-

tation energy Ek < Ē. It stands to reason that if the cut-off in the number

of intermediate state were removed, i.e. for Ē → ∞, Eq. 3.4.2 would recover

the result in closure approximation.

M0ν
α (∞) =

�

jpjp�jnjn�

�f |a†pana†p�an� |i��jpjp� |τ−1 τ−2 Θ̄α|jnjn�� (3.4.3)

To compensate for the shortcomings of both approaches it is possible to

introduce a method which combines both the non-closure and closure ap-

proaches, by introducing a mixed NME that depends on the energy Ē of the

cut-off state k̄.

M̄0ν
α (Ē) = M0ν

α (Ē)−M0ν
α (Ē) +M0ν

α (∞) (3.4.4)

It is reasonable to suppose that the convergence properties of the mixed

NME M̄0ν
α (Ē) are better than those of its single separate components. Since

the difference M0ν
α (Ē) and M0ν

α (Ē) is reduced at higher excitation energies

the two terms should cancel each other out. This also means that the result

of this mixed approach is even less dependent on the exact value of �E�.
It is also obvious from Eq. 3.4.4 that for the limit Ē → ∞ one would

recover the result for the full non-closure approach. This mixed beyond

closure approach has been first applied by Sen’kov and Horoi in a shell-

model calculation of the NME for 48Ca [17]. However, it is worth pointing

out that this mixed approach can be fruitfully applied in whatever many-

body approach employed to calculate the NME.

3.5 The partial matrix elements

To better understand how the structure properties of the states involved in

0νββ decay can affect the value of the NME it will be useful to introduce two

different partial matrix elements based on angular momentum recoupling.
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At first it is possible to introduce the expression for the partial NME that

corresponds to a definite intermediate state k.

M0ν
αk =

�

jpjp�jnjn�

�f |a†pan|k��k|a†p�an� |i��jpjp� |τ−1 τ−2 Θk
α|jnjn�� (3.5.1)

where it then holds that:

M0ν
α =

�

k

M0ν
αk (3.5.2)

It is then possible to perform a sum over all intermediate states k with a

certain spin Jk:

M0ν
α (Jk) =

�

k,Jk=fixed

M0ν
αk and M0ν

α =
�

Jk

M0ν
α (Jk) (3.5.3)

On the other hand it is also possible to perform the corresponding sum

over all intermediate states when the single-particle orbitals |jp�, |jp�� and

|jn�, |jn�� in the two-body matrix elements �jpjp� |τ−1 τ−2 Θk
α|jnjn�� are coupled

into total spin J as

|jpjp� ,JM� =
�

mpmp�

CJM
jpmpjp�mp�

|jpmp�|jp�mp��, (3.5.4)

in such a way that

M0ν
α (J ) =

�

k,J=fixed

M0ν
αk and M0ν

α =
�

J
M0ν

α (J ) (3.5.5)

It is worth noting that while the decomposition of the NME in terms of

M0ν
α (J ) is always possible, the decomposition in M0ν

α (Jk) can only be per-

formed when going beyond the closure approximation. It is also remarkable

that the coupling of the single particle orbitals in the initial and final states to
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good angular momentum makes way for the use of reduced matrix elements

�jpjp� ,J ||τ−1 τ−2 Θk
α||jnjn� ,J �.

These can be employed not only when going beyond the closure approach

but also within the closure approximation. However, to use these reduced

matrix elements without resorting to the closure approximation, the total

angular momentum coupling must change from the coupling of the proton-

proton and neutron-neutron pair to J to the coupling of the two proton-

neutron pairs to Jk. This can be done with the following transformation:

|jpjn(Jk)jp�jn�(Jk); 00� =
�

J

�Jk �Jk �J �J





jp jp� J
jn jn� J
Jk Jk 0



 |jpjp�(J )jnjn�(J ); 00�

(3.5.6)

where for the sake of simplicity the following hat notation �J =
√
2J + 1 has

been introduced.

Then, it is possible with straightforward calculations to rewrite the partial

NME terms M0ν
αk from Eq. 3.5.1 with the use of the reduced matrix elements

as:

M0ν
αk =

�

jpjp�jnjn�

�Jk �Jk �J (−1)jn+jp�+Jk+J
�
jp jn Jk
jn� jp� J

�

�jpjp� ,J ||τ−1 τ−2 Θk
α||jnjn� ,J �ρnp(Jk, i → k)ρn�p�(Jk, k → f)

(3.5.7)

where the one-body transition densities (OBTD) ρnp and ρn�p� were intro-

duced. In the proton-neutron formalism these can be written as

ρnp(Jk, i → k) = �Jk
−1�k||[ĉ†p ⊗ ˜̂cn]Jk ||i� (3.5.8)

ρn�p�(Jk, k → f) = �Jk
−1�f ||[ĉ†p� ⊗ ˜̂cn� ]Jk ||k� (3.5.9)

24



With this approach it is therefore possible to split the calculation of the

NME in two decoupled parts. On one hand there is the problem of computing

the reduced matrix element of the operator. On the other hand all the

problems regarding the calculation of the the intermediate states |k� have

been transformed into the calculation of the OBTD.

Now that the main focus of this work has been introduced, it is apparent

that to calculate the NME one has to to compute the nuclear wave-functions

involved in the 0νββ decay. Hence the need to have a reliable and effective

way to obtain these wave-function.

The shell model is the tool in nuclear structure physics that will be used.

When the model space contains all physically relevant degrees of freedom and

the residual interaction is well adjusted, the shell model describes nuclear

low-energies spectra and transition probabilities with good accuracy. The

expansion of the wave function in the harmonic oscillator base allows to

analyse the structure of the states in terms of different configurations.

The purpose of the following chapter will be to revise the basic ideas behind

the nuclear shell model. In particular it will be described how to construct a

basis from single-particle solutions, how to solve the many-particle problem

and how to construct the effective Hamiltonian and operators starting from

a realistic nucleon-nucleon potential.
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Chapter 4

The Realistic Shell Model

4.1 The nuclear shell model

The nuclear shell model (SM) is a well known and widely used framework

for the computation of nuclear structure properties. The basic assumption

of the SM is to consider the nucleus as composed by nucleons that move

independently of each other inside a spherically symmetric mean field with

an additional strong spin-orbit term. This mean field potential represents

the average interaction with the other nucleons and is usually described by a

harmonic oscillator or a Woods-Saxon potential. The nucleons are considered

to be non-relativistic point-like particles and as such without any internal

structure.

This framework produces single-particle states clustered in groups of orbits,

called ”shells”, that are close in energy. This is in accord with experimental

observation of nuclei with ”magic numbers” of protons and/or neutrons, that

is, nuclei that are more tightly bound than their neighbours. These energy

levels are sufficiently separated from each other so that the nucleus can be

regarded as an inert core, made up by shells filled up with neutrons and

protons paired to angular momentum and parity J = 0+, and a certain

number of external nucleons, called ”valence” nucleons.

The main result of this approach is that it reduces the complex nuclear
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many-body problem to an effectively single-particle one where only a few

valence nucleons move independently in a reduced model space composed

only by a single major shell that rests above the inert core. Already it is

possible to use this approximation to describe successfully various nuclear

properties, such as the angular momentum and parity of the ground states

in odd-mass nuclei.

Even so, it is clear that there is a ”residual” part of the interaction between

the valence nucleons which is not taken into account by the central poten-

tial. In order to account for the low-energy structure of nuclei with two or

more nucleons in the valence shells one has to include explicitly the residual

interaction. This produces a mixing between the different configurations and

removes the degeneracy of states belonging to the same configuration.

As an example, it is possible to study the case of a simple nucleus as 18O

and to solve the Schrödinger equation for the A-nucleon system. This allows

the introduction of the general formalism that is needed in the effective inter-

action theory. In this exposition it is assumed, for the sake of simplicity, that

a two-body force is sufficient to describe the interaction between nucleons.

It is possible, however, to extend the formalism to include three-body forces

without any loss of generality.

H|Ψν� = Eν |Ψν� (4.1.1)

with

H = H0 +H1 (4.1.2)

where

H0 =
A�

i=1

�
p21
2m

+ Ui

�
(4.1.3)

and
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H1 =
A�

i<j

V NN
ij −

A�

i=1

Ui (4.1.4)

Figure 4: Energy shells that compose the core, valence space, and empty

orbitals for 18O.

V NN
ij can be any of the nucleon-nucleon potentials that are readily avail-

able and that are able to reproduce with good accuracy all the known NN

scattering data. The nuclear Hamiltonian has hence been broken up in the

sum of two terms, a one-body term H0 that accounts for the independent

motions of the nucleons and a term H1 for the residual interaction. It is pos-

sible to achieve this decomposition with the help of an auxiliary one-body

potential Ui. The simplest and most frequently used choice for this auxiliary

potential U is the three-dimensional harmonic oscillator potential.

U =
A�

i=1

1

2
mω2r2i (4.1.5)
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The nucleus can be then thought of as a inert core, composed of a number

of nucleons which fill a certain number of energy shells generated by the

spectrum of the one-body Hamiltonian H0, plus a remainder of n interacting

valence nucleons moving in the mean field H0. This is only possible thanks to

the large energy gap between the shells that make so that one can disregard

the remaining A− n core nucleons, since they are frozen and completely fill

the shells that are lowest in energy.

Figure 5: Some of the possible nucleon configurations for 18O.

Since the closest magic number for a nucleus with A = 18 and Z = 8 is 8,

it is reasonable to assume that the low energy states of 18O will be dominated

by configurations with a closed core of 16O, that is with filled 0s 1
2
, 0p 3

2
and

0p 1
2
orbitals, and two neutrons in the valence shells 1s 1

2
, 0d 5

2
and 0d 3

2
. As

such, a suitable expression of the model space is in terms of the eigenvectors

of the Hamiltonian H0.

|Φi� =
�

α,β∈v.s.
C i

αβ[a
†
αa

†
β]i|c�, i = 1, ..., d, (4.1.6)

where |c� represents the unperturbed core of the 16O, that is obtained filling

the 0s 1
2
, 0p 3

2
and 0p 1

2
orbits

29



|c� =
�

α∈f.s.
a†α|0�, (4.1.7)

and the index i = 1, ..., d represents all the other quantum numbers that are

needed in order to determine the state, such as the total angular momentum.

Figure 6: Representation of the matrices H and Heff for 18O.

However, this procedure does not account for any core excitation. It is

always possible to introduce a particle-hole couple, as long as a particle exists

in the core, and obtain a new configuration for 18O as show in Fig. 5. In

principle it is not possible to discard the contribution of these configurations.

The solution of the full Schrödinger Equation 4.1.1 in the basis of these

vectors, then, is tantamount to the diagonalization of the infinite-dimensional

matrix H represented in Fig. 6.

4.2 The effective Hamiltonian

While it is not feasible to solve the problem in the complete Hilbert space

it is possible to use approximate methods to solve this problem. One of

the possible solutions is to reduce the eigenvalue problem of Eq. 4.1.1 to

a model-space eigenvalue problem of a smaller matrix Heff . This reduced

Hilbert space can be expressed in terms of a finite subset of the eigenvectors

of H0, as expressed in Eq. 4.1.6. The valence nucleons can then only have

access to the major shell that is just above the closed core in energy.
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The eigenvalues of the new Hamiltonian Heff must belong to the set of

eigenvalues of the previous Hamiltonian H. For this purpose one can define

the projection operator P and its complement Q = 1 − P , which project

respectively the complete Hilbert space onto the model space and onto its

complementary space. These operators can be expressed in terms of the

vectors in Eq. 4.1.6 as

P =
d�

i=1

|Φi��Φi| (4.2.1)

The operators P and Q are idempotent and decoupled, that is they satisfy

the following properties:

P 2 = P

Q2 = Q

PQ = 0

QP = 0

(4.2.2)

The objective of the effective interaction theory is hence to reduce the

full eigenvalue problem of Eq. 4.1.1 to a reduced model-space eigenvalue

problem.

PHeffPΨα = (Eα − Ec)PΨα (4.2.3)

where Ec is the ground-state energy of the core.

There are two main methods than one can take when tasked with the

problem of deriving an effective Hamiltonian:

1. the phenomenological approach;

2. starting from the bare nuclear interactions and using an appropriate

many-body theory.
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Within the phenomenological approach, the effective hamiltonian contains

some adjustable parameters that must be modified to reproduce a set of

empirical data. Sometimes the two body-matrix elements themselves have

been treated as free parameters.This framework has been very successful in

describing a variety of nuclear structure phenomena.

On the other hand, starting from the bare interactions between nucleons,

there are several ways to derive an effective SM Hamiltonian. Indeed, along-

side the many well-established frameworks based on many-body perturbation

theory or the Lee-Suzuki transformation, novel non-perturbative methods

such as the no-core shell model (NCSM) with a core based on the Lee-Suzuki

similarity transformation, the shell-model coupled cluster (SMCC), or the

valence-space in-medium similarity renormalization group (VS-IMSRG), are

presently employed.

All of these are non-perturbative methods that are rooted in many-body

theory and provide different ways to obtain a Heff . They share the same gen-

eral theoretical approach, that is they obtain an expression for the effective

Hamiltonian Heff with the use of a similarity transformation acting on the

original Hamiltonian H.

Heff = e−GHeG (4.2.4)

where the similarity transformation is obtained as the exponential of a gen-

erator G that must obey the following decoupling condition:

QHeffP = 0 (4.2.5)

4.3 The Lee-Suzuki transformation

In this section it is displayed the formalism and the derivation of the effective

SM Hamiltonian based on the similarity transformation introduced by Lee

and Suzuki [18]. This method has been very successful since it makes possible

a perturbative expansion of Heff for open-shell systems outside a closed core.
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As already reminded, the SM framework offers the possibility to decompose

the nuclear Hamiltonian H as the sum of an unperturbed one-body mean-

field termH0 and the residual interaction Hamiltonian H1 with the assistance

fo a auxiliary one-body potential U .

The significant energy gap between the shells allows us to regard the A

- n nucleons in the core as frozen. They completely fill the shells that are

lowest in energy according to the spectrum of the one-body Hamiltonian H0.

The remaining n interacting valence nucleons move in the mean field H0 and

occupy the SP states in the major shell situated (in energy) just above the

closed core. The configurations allowed by the valence nucleons within this

major shell define the model space, a reduced Hilbert space, onto which the

new eigenvalue problem can be cast in the following form:

HeffP |Φi� = EαP |Φi�, i = 1, ..., d, (4.3.1)

The effective Hamiltonian Heff is defined exclusively in the model space.

This means that it is possible to define a more general Hamiltonian H on

the complete Hilbert space. This new Hamiltonian H must have the same

eigenvalue of the original Hamiltonian H of the A-nucleon system, but also,

must satisfy the decoupling condition between the model space and the com-

plement space, i.e. it must hold that

QHP = 0 (4.3.2)

Within these conditions, the restriction of the Hamiltonian H on the P

space is the effective Hamiltonian Heff that was looked for, that is:

Heff = PHP (4.3.3)

The problem it is then to find an expression for the HamiltonianH in terms

of the original Hamiltonian H. This can be obtained by way of a similarity

transformation as it was in the case of Eq. 4.2.4, but this time defined in the

complete Hilbert space.
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H = X−1HX (4.3.4)

A particularly useful choice of the generator of the transformation X is

offered by Suzuki and Lee [18]. That is to consider an operator X defined as

X = eω. Is possible to take a ω that satisfies the following properties without

any loss of generality:

ω = QωP

PωP = 0

QωQ = 0

PωQ = 0

(4.3.5)

This also means that the operator ω is nilpotent, i.e. ω2 = ω3 = ... = 0,

and this leads to the following simple expression for the transformation:

X = 1 + ω (4.3.6)

In this way the effective hamiltonian Heff and the decoupling condition

from Eq. 4.2.5 can be written as:

Heff = PHP = PHP + PHQω (4.3.7)

The decoupling Eq. 4.3.7 on the whole Hilbert space can be solved and

used to calculate the operator ω and rewritten as

QHP +QHQω − ωPHP − ωPHQω = 0 (4.3.8)

The previous is a non-linear matrix equation that can be solved only if the

hamiltonian H is explicitly known in the complete Hilbert space, however,

this is not an easy task. This approach has been employed only for light

nuclei within the ab initio framework and can be overly difficult for heavy

nuclei with mass A > 2.
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The standard method to overcome this obstacle is to introduce the ver-

tex function Q̂-box, which can be evaluated with the use of a perturbative

expansion. For the sake of simplicity, in the following, the model space is

assumed to be degenerate:

PH0P = �0P (4.3.9)

Taking into account the previous consideration, the residual term of the

effective Hamiltonian Heff
1 = Heff −PH0P can by expressed with the help of

the operator ω:

Heff
1 = PHP − PH0P = PH1P + PH1Qω (4.3.10)

Recalling that the unperturbed hamiltonian H0 is diagonal, it follows that

the decoupling condition must be enforced only for residual interaction.

QHP = QH0P +QH1P = QH1P (4.3.11)

This fact can be used to rewrite Eq. 4.3.8 as:

QH1P +QHQω − ω(PH0P + PH1P + PH1Qω) =

= QH1P +QHQω − ω(�0P +Heff
1 ) = 0

(4.3.12)

The previous equation can be used to obtain the following identity for the

operator ω:

ω = Q
1

�0 −QHQ
QH1P −Q

1

�0 −QHQ
ωHeff

1 (4.3.13)

and with the help of Eq. 4.3.10 to write a recursive equation for the residual

term of effective Hamiltonian Heff
1 (ω):
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Heff
1 (ω) = PH1P + PH1Q

1

�0 −QHQ
− PH1Q

1

�0 −QHQ
ωHeff

1 (4.3.14)

It is helpful to introduce the definition the vertex function Q̂-box:

Q̂(�) = PH1P + PH1Q
1

�−QHQ
QH1P (4.3.15)

In this way the recursive equation in Eq. 4.3.14 can be rewritten as:

Heff
1 (ω) = Q̂(�0)− PH1Q

1

�0 −QHQ
ωHeff

1 (4.3.16)

It is apparent from both of the Eq. 4.3.15 and 4.3.16 that configurations

that are part of the complement space that have an energy close to the

unperturbed energy of the configurations inside the model space may give

rise to poles in the iterative solution of Eq. 4.3.16. These states are the

so-called ”intruder states” and this problem as pointed out by Schucan and

Weidenmüller [19, 20] is therefore called ”intruder-state problem”.

There are many possible iterative techniques to solve the previous equation

that are based on the calculation of the derivatives of the Q̂-box. The two

methods most commonly used are the Krenciglowa-Kuo (KK) [21] and the

Lee-Suzuki (LS) [22, 18, 23].

It is worth noting that the KK and LS techniques do not necessarily provide

the same effective hamiltonian and both require an unperturbed hamiltonian

whose eigenstates which belong to the model space are degenerate. This is

a direct consequence of the dependance on the energy of Q̂-box. However,

there are approaches that extends the validity of the standard KK and LS

procedures for non degenerate spaces.
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4.4 The Krenciglowa-Kuo iterative technique

The Krenciglowa-Kuo (KK) iterative technique is a procedure that can be

used to solve the recursive equation 4.3.16. This approach is founded on the

coupling of Eq. 4.3.13 and 4.3.16 that yields the following iterative equation

for the effective Hamiltonian:

Heff
1 (ωn) =

∞�

m=0

�
−PH1Q

� −1

�0 −QHQ

�m+1

QH1P

�
[Heff

1 (ωn−1)]
m (4.4.1)

It is possible to highlight that the term that is inside the first set of square

brackets of the previous equation is a quantity proportional to themth deriva-

tive of the Q̂-box calculated at � = �0:

Q̂m(�0) = −PH1Q

� −1

�0 −QHQ

�m+1

QH1P =
1

m!

�
dmQ̂(�)

d�m

�

�=�0

(4.4.2)

In this way the Eq. 4.4.1 can be rewritten as

Heff
1 (ωn) =

∞�

m=0

1

m!

�
dmQ̂(�)

d�m

�

�=�0

[Heff
1 (ωn−1)]

m =
∞�

m=0

Q̂m(�0)[H
eff
1 (ωn−1)]

m

(4.4.3)

The effective Hamiltonian can than be written in terms of the Q̂-box and

its derivatives assuming as first step of the iteration that Heff
1 (ω0) = Q̂m(�0).

Heff =
∞�

i=0

Fi (4.4.4)

where the Fn terms are defined as:
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F0 = Q̂(�0)

F1 = Q̂1(�0)Q̂(�0)

F2 = [Q̂2(�0)Q̂(�0) + Q̂1(�0)Q̂1(�0)]Q̂(�0)

(4.4.5)

4.5 The Lee-Suzuki iterative technique

The Lee-Suzuki (Ls) iterative technique is an other approach that can be used

to solve the recursive equation. This procedure is based on the rearranging of

Eq. 4.3.16 with the help of the operators ω and Q̂ to single out an expression

for the effective residual Hamiltonian:

Heff
1 (ω) =

�
1 + PH1Q

−1

�0 −QHQ
QH1Pω

�−1

Q̂(�0) (4.5.1)

It is then straightforward to cast the previous equation in an iterative form

based on the progression of the operators {ωn}.

Heff
1 (ωn) =

�
1 + PH1Q

−1

�0 −QHQ
QH1Pωn−1

�−1

Q̂(�0) (4.5.2)

where, for the sake of clarity, the explicit expression of the operator ωn is

given by:

ωn = Q
1

�0 −QHQ
QH1P −Q

1

�0 −QHQ
ωn−1H

eff
1 (4.5.3)

The usual approach solve the iteration is to impose the initial conditions

by choosing ω0 = 0, so that the first terms of the series can be written as:

Heff
1 (ω1) = Q̂(�0)

ω1 = Q
1

�0 −QHQ
QH1P

(4.5.4)
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This, in turn, yields an expression for the operator Q̂ that will be used in

the following steps of the iteration.

Q̂1(�0) = −PH1Q
1

�0 −QHQ
Q

1

�0 −QHQ
QH1P = −PH1Q

1

�0 −QHQ
ω1

(4.5.5)

The n = 2 terms of the series can be then written as:

Heff
1 (ω2) =

�
1 + PH1Q

−1

�0 −QHQ
QH1Pω1

�−1

Q̂m(�0) =
1

Q̂1(�0)
Q̂(�0)

(4.5.6)

ω2 = Q
1

�0 −QHQ
QH1P −Q

1

�0 −QHQ
ω1H

eff
1 (ω2) (4.5.7)

It is therefore possible to extrapolate the general LS expression for the

residual effective Hamiltonian Heff
1 :

Heff
1 (ωn) =

�
1− Q̂1(�0)

n−1�

m=2

Q̂m(�0)
n−1�

k=n−m+1

Heff
1 (ωk)

�−1

Q̂(�0) (4.5.8)

4.6 The Q̂-box vertex function

The techniques discussed previously are based on the calculation of the Q̂-

box function as defined in Eq. 4.3.15. To obtain a perturbative expansion of

the Q̂-box it is possible to expand the term 1/(�−QHQ) in the denominator

as a power series

1

�−QHQ
=

∞�

n=0

1

�−QH0Q

�
QH1Q

�−QH0Q

�n

(4.6.1)
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This in turn can be used to write the full perturbative expansion of the

Q̂-box function as follows:

Q̂(�) = PH1P + PH1Q

∞�

n=0

1

�−QH0Q

�
QH1Q

�−QH0Q

�n

QH1P (4.6.2)

This perturbative expansion can be evaluated with the use of a diagram-

matic procedure. The Goldstone diagrams take into account particle-hole

excitations for the valence nucleons system and it is standard procedure for

most perturbative derivations of the effective Hamiltonian Heff is to include

systems that have one and two valence nucleons. It is possible to include

contributions from three-body diagrams when one has to consider more than

two valence nucleons. As it is computationally highly demanding to perform

calculations including higher-order sets of diagrams, SM Hamiltonians are

derived accounting for Q̂-box diagrams up to at most third order in pertur-

bation theory.

Figure 7: (V − U)-insertion diagram: graph A minuend is the so-called self-

energy diagram, while the graph B represents the matrix element of the

harmonic oscillator potential U = 1
2
mω2r2.

As an example, in Fig. 7 it is shown the so called (V−U)-insertion diagram.

This particular diagram is composed of the self-energy diagram also called
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the V-insertion diagram minus the auxiliary potential U-insertion. Its value

is the expectation value of the effective residual interaction Heff
1 at first order

in perturbation theory between any two SP states belonging to the model

space.

The Goldstone expansion cannot be used in its bare form for nuclear cal-

culations due to the strong short-range repulsion in the nucleon nucleon po-

tential VNN . This makes all the matrix elements far too large for this series

to be meaningful. Therefore a resummation method has to be employed in

order to take care of the strong short-range repulsion.

Figure 8: Radial dependence of the relative wave function Ψ of two nucleons

interacting via a hard-core potential VNN . Φ refers to the uncorrelated wave

function.
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There are different renormalisation procedures that can help to eliminate

the short-range repulsive part of the NN interaction and thus can serve as

a first step to the construction of the microscopic effective interaction. The

traditional way is to calculate the so-called Brueckner reaction matrix [24]

or G-matrix. This approach is based on the idea of treating exactly the

interaction between a given pair of nucleons. The G matrix is then used

to replace the NN interaction vertices once a rearrangement of the effective

interaction perturbative series has been performed.

An other method to renormalize the NN interaction has been proposed

[25, 26]. A low-momentum model space defined up to a cutoff momentum

Λ is introduced and an effective potential Vlow−k is derived from VNN . This

Vlow−k satisfies a decoupling condition between the low and high-momentum

spaces. Moreover, it is a smooth potential which preserves exactly the on-

shell properties of the original potential and it is thus suitable to advanta-

geously replace VNN in realistic many-body calculations.

4.7 The effective operators

The energy of a state is but one of the physical observable of interest in

nuclear physics. The effective SM offers a framework to find the matrix

elements of operators that represent those physical observables such as wlec-

tromagnetic transition rates, multipole moments and others.

It is reasonable to think that the eigenvectors |ψα� = P |Ψα� obtained di-

agonalizing Heff in the reduced model space are different from the solution

of the full hamiltonian Ψα due to the fact that the degrees of freedom in the

complement space Q are neglected. This, of course, influences the expecta-

tion value of any operator Θ̂ that act on the model space so that:

�ψα|Θ̂|ψβ� �= �Ψα|Θ̂|Ψβ� (4.7.1)

It is then apparent that one has to renormalize the operator Θ̂ defining an

effective operator Θ̂eff such that its matrix element are unchanged.
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�ψα|Θ̂eff |ψβ� = �Ψα|Θ̂|Ψβ� (4.7.2)

This Θ̂eff can be derived consistently within the many-body perturbation

theory framework [25]. In particular, it is possible to have an expansion for

the effective operator in terms of a Θ̂-box function, which is the analogue of

the Q̂-box for the effective Hamiltonian Heff . In the same spirit if one recalls

from Eq. 4.3.7 that

Heff = PH(P + ω) (4.7.3)

it is then possible to write the eigenvectors of the true Hamiltonian |Ψα�
and their orthonormal partners �Ψ̃α|in terms of the eigenvectors of the effec-

tive Hamiltonian |ψα�.

|Ψα� = (P + ω)|ψα�
�Ψ̃α| = �ψ̃α|(P + ω†ω)(P + ω†)

(4.7.4)

It is straightforward then to obtain the expression of the effective operator

in the bra-ket for any general time-independent Hermitian operator Θ:

Θeff =
�

αβ

|ψα��Ψ̃α|Θ|Ψβ��ψ̃β| (4.7.5)

As is usually the case, if the eigenstates of the true Hamiltonian |Ψα� are
normalized such that �Ψ̃α| = �Ψα| then the following normalization condition

must hold for the eigenstates of the effective Hamiltonian |ψα�:

�Ψ̃α|(P + ω†ω)|Ψβ� = 1 (4.7.6)

Eq. 4.7.4 coupled with Eq. 4.7.5 can in turn be used to obtain the following

operatorial equivalence between Θeff and Θ:
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Θeff = (P + ω†ω)−1(P + ω†)Θ(P + ω) (4.7.7)

It is appropriate to introduce the explicit expression of the Θ̂-box function

in terms of the original operator Θ as:

Θ̂ = (P + ω†)Θ(P + ω) (4.7.8)

In this way it is possible to obtain a simplified form for Eq. 4.7.7 as

Θeff = (P + ω†ω)−1Θ̂ (4.7.9)

In order to derive Θeff there are two tasks that must be completed. First

one has to calculate the Θ̂-box function, then the term ω†ω.

From the decoupling condition between the P and the Q spaces it is possible

to write the Θ̂-box function as the sum of different contribution:

Θ̂ = Θ̂PP + (Θ̂PQ + h.c.) + Θ̂QQ (4.7.10)

where

Θ̂PP = PΘP

Θ̂PQ = PΘωP =
∞�

n=0

Θ̂n(H
eff
1 )n

Θ̂QQ = Pω†ΘωP =
∞�

n,m=0

(Heff
1 )mΘ̂nm(H

eff
1 )n

(4.7.11)

Similarly to the derivatives of the Q̂-box, the operators Θ̂m and Θ̂mn are

defines as
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Θ̂m =
1

m!

dmΘ̂(�)

d�m

����
�=�0

Θ̂mn =
1

m!n!

dmdnΘ̂(�1, �2)

d�m1 d�
n
2

����
�1=�0,�2=�0

(4.7.12)

and with

Θ̂(�) = PΘP + PΘQ
1

�−QHQ
QH1P

Θ̂(�1, �2) = PH1Q
1

�1 −QHQ
QΘQ

1

�2 −QHQ
QH1P

(4.7.13)

For the term ω†ω it is possible to write ω in terms of the effective residual

interaction Heff
1 as:

ω =
∞�

n=0

(−1)n
�

1

�0 −QHQ

�n+1

QH1P (Heff
1 )n (4.7.14)

It is then straightforward to obtain the following expression for the product

ω†ω recalling from Eq. 4.4.2 the definition of Q̂m(�0):

ω†ω = −
∞�

n=1

∞�

m=1

((Heff
1 )†)n−1Q̂n+m−1(�0)(H

eff
1 )m−1 (4.7.15)

The previous equation can be written entirely in terms of the Q̂-box func-

tion and its derivatives as follows:

ω†ω = −Q̂1 + (Q̂2Q̂+ h.c.) + (Q̂3Q̂Q̂+ h.c) + (Q̂2Q̂1Q̂+ h.c) + ... (4.7.16)

With the building blocks from Eq. 4.7.13 and Eq. 4.7.16, it is possible to

write the perturbative expansion of a generic effective operator Θeff :
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Θeff = (P + Q̂1+ Q̂1Q̂1+ Q̂2Q̂+ Q̂1Q̂1+ ...)× (1+χ0+χ1+χ2+ ...) (4.7.17)

where the χn terms are defined as

χ0 = (Θ̂0 + h.c.) + Θ̂00

χ1 = (Θ̂1Q̂+ h.c.) + (Θ̂01Q̂+ h.c.)

χ2 = (Θ̂1Q̂1Q̂+ h.c.) + (Θ̂2Q̂Q̂+ h.c.)(Θ̂02Q̂Q̂+ h.c.) + Q̂Θ̂11Q̂

(4.7.18)

It is also possible to write a more compact expression for the effective

operator Θeff while keeping explicit the dependence of the effective operator

on the effective Hamiltonian Heff . This can be done by simply inserting the

identity Q̂Q̂−1 = 1 in Eq. 4.7.17 to obtain

Θeff = HeffQ̂
−1(χ0 + χ1 + χ2 + ...) (4.7.19)

This means that the χn series is truncated to a finite order and that the

derivation of the perturbative expansions for Θ̂ is carried on consistently with

the derivation of the Q̂-box function.
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Chapter 5

Results

5.1 Introduction

In the previous Chapter the basic theory of Realistic Shell Model was in-

troduced and the framework for its application was established in a general

context. It is time to apply the theory to the problem of the calculation of

the nuclear matrix elements for neutrinoless double β-decay.

More precisely, in this Chapter they will be presented the SM results for

the nuclei involved in the following decays: 48Ca →48Ti, 76Ge →76Se, 82Se

→82Kr, 130Te →130Xe and 136Xe →136Ba.

The calculations for this work are based on the high-precision CD-Bonn

NN potential [26]. To heal its non-perturbative behaviour induced by the

repulsive high-momentum components, the so-called Vlow−k approach [27] has

been employed. This provides a smooth potential which exactly preserves

the on-shell properties of the original NN potential up to a chosen cutoff

momentum Λ. As in other SM studies, the value of the cutoff has been

chosen as Λ = 2.6 fm−1, since the role of the missing three-nucleon force

(3NF) decreases as the Vlow−k cutoff is increased [28].

The choice of the model space has been tailored for the specific decay

under investigation, and the corresponding effective Hamiltonian Heff has

47



been derived in the framewrok of the Many-Body Perturbation Theory as

described in previous chapter, including contribution from the Q̂-box up to

third order in perturbation theory.The details of the effective Hamiltonians

can be found in Ref. [29].

The 48Ca is, by far, the lightest nucleus and the easier to compute of

the group. The calculations adopt the valence space with the four proton

and neutron single-particle orbitals 0f7/2, 1p3/2, 1p1/2 and 0f5/2 that are just

above in energy of the double-magic core of 40Ca.

Since within the pf model space there are no single particle states with

unnatural parity, only states with positive parity can be constructed in this

space. For these reasons, it is worth mentioning that 48Ca, and sometimes

lighter isotopes of Ca, are used as a paradigm for the double β-decay in

shell-model calculations.

On the other hand, in the case of the medium mass 76Ge and 82Se the

valence space consists of the four proton and neutron orbitals outside the

double-magic core of 56Ni. The relevant orbitals are 0f5/2, 1p3/2, 1p1/2, 0g9/2.

Lastly, the model space of 130Te and 136Xe encompasses the five proton and

neutron orbitals outside the double-magic core of 100Sn. The valence space is

spanned by the neutron and proton orbitals 0g7/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2

orbitals.

5.2 Spectroscopic properties

Figures 9, 10, 11, 12 and 13 show experimental [30, 31] and calculated low-

energy spectra and B(E2) strengths of parent and granddaughter nuclei in-

volved in double-β decay of 48Ca, 76Ge, 82Se, 130Te and 136Xe, respectively.

As it can be seen, the RSM provides a satisfactory description of the low-lying

excited states and the B(E2) transition rates.
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Figure 9: Spectroscopic properties, B(E2) transition probabilities in e2fm4

for 48Ca and 48Ti. Fig. taken from Ref. [29].
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for 76Ge and 76Se. Fig. taken from Ref. [29].
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for 136Xe and 136Ba. Fig. taken from Ref. [29].

For sake of completeness, it is worth mentioning that in Ref. [29] they have

been also calculated some B(M1) strengths and magnetic dipole moments

using an effective spin-dependent M1 operator, and their comparison with

the available data turns out to be quite good.

5.3 Nuclear matrix elements for double beta

decay with two neutrinos

In the present Section, the calculated NMEs of the 2νββ for 48Ca, 76Ge,
82Se, 130Te and 136Xe are reported and compared with the available data.

The 2νββ nuclear matrix element can be calculated trough the expression:

M2ν
GT =

�

k

�0+f ||�στ−||1+k ��1+k ||�στ−||0+i �
Ek − E0

(5.3.1)

where Ek is the excitation energy of the Jπ = 1+k intermediate state, and

E0 = Qββ(0
+)/2 +ΔM , with Qββ(0

+) and ΔM respectively the Q value of

the transition and the mass difference of the initial and final nuclear states.

The index k runs over all possible intermediate states induced by the given
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transition operator. The theoretical values are compared with the experi-

mental counterparts [32].

Decay M2ν
Th M2ν

Ex

48Ca→48Ti 0.026 0.035± 0.003

76Ge→76Se 0.104 0.106± 0.004

82Se→82Kr 0.109 0.085± 0.001

130Te→130Xe 0.061 0.0293± 0.0009

136Xe→136Ba 0.034 0.0181± 0.0006

Table 3: 2νββ nuclear matrix element employing effective Hamiltonians

and decay operators derived starting from the CD-Bonn realistic potential

at third order in perturbation theory compared with experiment [32] (in

MeV−1).

These quantities were calculated using the method of the Lanczos strength

function as in reference [33], including as many as intermediate states to

obtain at least a four-digit accuracy. The calculations were performed with

the ANTOINE shell model code [34, 35].

From the inspection of Table 3, it can be seen that the agreement between

the calculated and the experimental values of the 2νββ NMEs is quite good.

To understand the role played by the use of effective GT transitions operators,

in Fig. 12 it is reported a kind of correlation plot between the calculated 2νββ

decay NMEs and the corresponding experimental values. The red symbols

correspond to the results obtained employing the bare GT operators, while

the black ones indicate the results obtained with the effective operators.

It is noticeable from the figure that the calculated NMEs using the bare

operators systematically overestimate the experimental values, except the

one corresponding to 48Ca. On the other hand, the black points, obtained

using effective GT operators, regroup themselves close to the identity, thus

providing a nice reproduction of the observed data. These results may also be

discussed in terms of the quenching of the axial vector coupling gA, induced

by the renormalization of the GT operators.
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As a matter of fact, it is well known that the observed that β-decay rates,

M2ν and Gamow-Teller transition strengths are systematically smaller than

theoretical predictions. This leads to the need of quenching the free value

of the axial coupling constant gA = 1.2723 via a quenching factor q, whose

numerical value depends on the nuclear structure model, the dimensions of

the reduced Hilbert space, and the mass of the nuclei under investigation

[36]. This quenching traces back to both the subnucleonic structure of the

nucleons [37, 38, 39, 40] and the nuclear many-body effects, the latter arising

from shortfalls of the nuclear many-body approaches used to compute the

wave functions involved in the decay transitions.
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Figure 14: 2νββ nuclear matrix element (in MeV−1). The red dots represent

the result of the bare M2ν
GT operator, while the black ones the effective M2ν

GT

operator at third order in perturbation theory. Fig. taken from Ref. [29]
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5.4 Nuclear matrix elements for neutrinoless

double-beta decay within the closure ap-

proximation

In this section are shown the RSM values of M0ν calculated for 48Ca, 76Ge,
82Se, 130Te and 136Xe. The 0νββ NMEs are obtained under the hypothe-

sis that the mechanism that drives the decay is the light-neutrino exchange.

Similarly to the case of the 2νββ NMEs, all SM ingredients are consistently

derived from the high-precision CD-Bonn NN potential [26]. Form this po-

tential, within the framework of the RSM, a Vlow−k was obtained with a

cut-off energy fo Λ = 2.6fm−1 [27]. This energy threshold ensures that

the results are less affected by residual three-body force contributions and,

consequently, by electroweak two-body current corrections.

The unperturbed Hamiltonian H0 chosen for this work is the harmonic-

oscillator (HO) one. The HO parameters of the unperturbed Hamiltonian are

�ω = 11, 10, 8 MeV for model spaces placed respectively above 40Ca, 56Ni,

and 100Sn cores. These value were obtained according to the expression from

Ref. [41] �ω = 45A−1/3 − 25A−2/3 for A = 40, 56 and 100.

As discussed previously, a Heff has been calculated adopting the Many-

Body perturbation theory. The Q̂-box is expanded as a collection of one-body

and two-body irreducible valence-linked Goldstone diagrams up to third order

in the perturbation theory [42, 43].

All intermediate states whose unperturbed excitation energy is less than

Emax = Nmax�ω, with Nmax = 18 have been taken into account. This value of

Nmax is chosen, as shown in Ref. [44], so to obtain convergence in SP energy

spacings.

In Chapter 4 it has been described the derivation of an effective operator

for a nuclear system with one or two valence nucleons. For example, in

Fig. 15 all the two-body Θ0 diagrams up to the second order are reported,

the bare operator Θ being represented with a dashed line. Nevertheless the

nuclei that are candidate to 0νββ decay are such that, within the SM, they

are described in terms of a number of valence nucleons that is much larger
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than 2.

For example, the double-beta decay of 48Ca into 48Ti involves 8 valence

nucleons outside the doubly-magic 40Ca. In such a case the expression of

the effective operators should contain contribution up to a 8-body term. As

the inclusion of all these contributions is unfeasible, just the leading terms of

these many-body contributions in the perturbative expansion of the effective

operator are included and reported in Fig. 16.

Figure 15: Second-order diagrams included in the perturbative expansion

of Θ̂. The dashed lines indicate the bare operator Θ, the wavy lines the

two-body potential Vlow−k.

The two topologies of second order connected three valence nucleon dia-

grams (a) and (b) shown in Fig.16 correct the violation of the Pauli principle

introduced by diagram (a’) and (b’) when one of the intermediate particle

states is equal to m [45].
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Figure 16: Second-order three-body diagrams which are included in the per-

turbative expansion of Θ̂. As in Fig. 15, the dashed line indicates the bare

operator Θ, the Vlow−k.

In this thesis the NMEs are calculated with the NATHAN SM code [46].
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Since this code cannot manage three-body decay operators, an alternative

method was employed. Summing over the partially filled model space or-

bitals, it is possible to recover a density-dependent two-body contribution at

one-loop order from the three-body diagrams in Fig. 16. The same proce-

dure has been performed to derive density-dependent two-body Heff to study

many-valence nucleon systems. Further details of this method can be found

in Ref. [47, 48].

A well known issue when calculating the nuclear matrix element is how to

include the contribution of the short-range correlations (SRC), arising from

the fact that the action of the two-body 0νββ decay operator on an un-

perturbed (uncorrelated) wave function, as the one used in the perturbative

expansion of Θeff , is not equal to the action of the same operator on the real

(correlated) nuclear wave function.

The most common way to include SRC is by way of Jastrow type functions

[49, 50], while in recent years SRC have been modeled by the so-called Unitary

Correlation Operator Method (UCOM) [51, 52], this approach allowing to

provide a unitary operator which prevents the overlap between the wave

functions of a pair of nucleons [53].

In present calculations the inclusion of the SRC is treated with an origi-

nal approach that is consistent with the Vlow−k procedure, and it has been

introduced in Ref. [17]. To describe this approach is worth briefly recalling

the main steps of the Vlow−k procedure.

The eigenvalue problem of the two-nucleon Hamiltonian HNN(k, k�) =

H0(k, k
�)+V NN(k, k�), H0(k, k

�) being the kinetic-energy term, may be writ-

ten in the full momentum space of the plane-waves basis �k|Ψν� in the fol-

lowing form:

� ∞

0

[H0(k, k
�) + V NN(k, k�)]�k|Ψν�k2dk = Eν�k�|Ψν� (5.4.1)

The desired Hamiltonian Hlow−k(k, k
�) = H0(k, k

�) + Vlow−k(k, k
�) must be

defined in a reduced subspace P =
� Λ

0
|k��k|k2dk, whose subset of eigen-

values {Ẽµ}µ∈P belongs to the set of eigenvalues {Eν} of the Hamiltonian

HNN(k, k�) defined in full Hilbert space:

57



� ∞

0

[H0(k, k
�) + Vlow−k(k, k

�)]�k|Φν�k2dk = Ẽµ�k�|Φµ� (5.4.2)

This goal may be achieved through a similarity transformation Ωlow−k,

that leads to the identity H = Ω−1
low−kH

NNΩlow−k. Ωlow−k needs to satisfy the

decoupling condition which decouples the low-momentum subspace P from

its complement Q = 1− P :

QHP = QΩ−1
low−kH

NNΩlow−kP = 0 (5.4.3)

A very convenient expression of the operator Ωlow−k may be obtained ac-

cording to the Lee-Suzuki formulation [18], which is:

Ωlow−kP = IP PΩlow−k = 0

QΩlow−kP = ω QΩlow−kQ = IQ
(5.4.4)

were IP , IQ represents the identity operator in the P and Q spaces, respec-

tively. This form leads to a non-linear matrix equation for the ω operator,

which can be solved using iterative techniques [54]:

QHNNP +QHNNQω − ωPHNNP − ωPHNNQω = 0 (5.4.5)

Once Eq. 5.4.5 is solved and the operator ω is obtained, an hermitization

procedure, based on the Cholesky decomposition of the operator Ωlow−k [54],

evolves the Lee-Suzuki similarity transformation to a unitary transformation.

The Vlow−k, which is explicitly zero for momenta above the cutoff Λ, may now

be suitable as an input for the derivation of Heff by way of the many-body

perturbation theory [43].

At this point, it is possible to take into account SRC first by calculating the

0νββ operator Θ within the momentum space and then by renormalizing it

by means of Ωlow−k in order to consider effectively the high-momentum (short

range) components of the NN potential, in a framework where their direct

contribution is dumped by the introduction of a cutoff Λ.
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Consequently, the Θ vertices appearing in the perturbative expansion of

the Θ̂ box are substituted by the ones of the Θlow−k operator, that is defined

as Θlow−k ≡ PΩlow−kΘΩ−1
low−kP for relative momenta k < Λ, and is equal to

zero for k > Λ. It has been found that the effect in magnitude of this renor-

malization procedure is similar to the SRC modeled by the so-called Unitary

Correlation Operator Method (UCOM) [51], providing a lighter softening of

M0ν with respect to the one provided by Jastrow type SRC.

It is useful to recall from Chapter 3 that the NME can be calculated as

the sum of a Gamow-Teller (GT), a Fermi (F) and a Tensor (T) term.

M0ν = M0ν
GT −

�
gV
gA

�2

M0ν
F +M0ν

T (5.4.6)

As the Tensor term is much smaller than the others it has been neglected

in the present calculations.

Decay Θbare Θeff

48Ca→48Ti 0.53 0.30

76Ge→76Se 3.35 2.66

82Se→82Kr 3.30 2.72

130Te→130Xe 3.27 3.16

136Xe→136Ba 2.47 2.39

Table 4: M0ν NME for the decays of all nuclei under examination. In the

first column are reported the results obtained employing only the bare 0νββ-

decay operator, in the second the ones with Θeff .

In Table 4, they are reported the calculated NME, and, for sake of com-

pleteness, they are also shown the results obtained when employing the bare

0νββ operator without any renomalization. As it can be seen, th effect of the

renormalization of the operators is to reduce the value of M0ν . It is worth

noting however, how his quenching is much smaller than the one obtained

for the NME of 2νββ.
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Figure 17: M0ν
α nuclear matrix elements for 48Ca as a function of the pertur-

bative order. Fig. taken from Ref. [55]

In Figures 17, 16 and 18 are shown, respectively, the values of M0ν , M0ν
GT

and M0ν
F calculated for 48Ca, 76Ge, 82Se, 130Te, and 136Xe from the bare

operator up to effective operator at third order in perturbation theory. To

further the effectiveness of this order-by-order comparisons and improve the

perturbative behaviour of the results it is also shown the Padé approximant

[2|1] of each of the different NME [56].

It is possible to observe that the perturbative behaviour of the M0ν NMEs

is dictated by the M0ν
GT component and that the renormalisation procedure

does not affect significantly the Fermi matrix element M0ν
F for all the consid-

ered nuclei.
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Figure 18: M0ν
α nuclear matrix element for 76Ge and 82Se as a function of

the perturbative order. Fig. taken from Ref. [55]

61



Figure 19: M0ν
α nuclear matrix elements for 130Te and 136Xe as a function of

the perturbative order. Fig. taken from Ref. [55]
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The difference between the second and third order results is much greater

than that in the 2νββ and the convergence properties of the operator are less

satisfactory. This does not come as a surprise as it was already established

that the two operators have a different nature but this outcome deserves a

more specific analysis.

Each of the previous partial NME M0ν
α can be then decomposed in terms

of the total angular momentum and parity J π of the neutron-neutron couple

of the initial state or, similarly, the proton-proton couple of the final state.

M0ν
α (J ) =

�

jpjp�jnjn�

�jpjp� ,J |τ−1 τ−2 Θα|jnjn� ,J ��f |a†pa†p�anan� |i� (5.4.7)

As it is apparent that the Gamow-Teller term yields the predominant con-

tribution it is best to focus on it.

Figure 20: M0ν
GT nuclear matrix element J -pair decomposition and compar-

ison between bare and third order operator for 48Ca. Fig. taken from Ref.

[55]
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Figure 21: M0ν
GT nuclear matrix element J -pair decomposition and compar-

ison between bare and third order operator for 76Ge and 82Se. Fig. taken

from Ref. [55]
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Figure 22: M0ν
GT nuclear matrix element J -pair decomposition and compar-

ison between bare and third order operator for 130Te and 136Xe (in MeV−1).

Fig. taken from Ref. [55]
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As is it possible to see from Fig. 20, 21 and 22 the main contributions to

the NMEs are those corresponding to J π = 0+ and J = 2+. For the heavier

nuclei 130Te and 136Xe there is also a relative increase in the role played by

the J π = 4+ component.

In particular it is possible to observe a significant cancellation between the

J π = 0+ and the other contributions from states with even total angular

momentum and positive parity J π = 2n+. It is, also, remarkable that each

Jπ contribution to M0ν
GT calculated employing the effective operator Θeff is

smaller than the one obtained with the bare 0νββ-decay operator. This

is to say that for each of the involved nuclei there is a quenching of each

Gamow-Teller component in terms of the Jπ decomposition.

For the sake of the completeness, it is worth noting that these results of the

J π-decomposition are similar to those obtained in other SM calculations, as

for example in Ref. [57, 17, 58, 59] for respectively the neutrinoless double-

beta decay of 48Ca, 76Ge, 82Se, 130Te and 136Xe.

5.5 Nuclear matrix elements for neutrinoless

double-beta decay going beyond the clo-

sure approximation

In the following section are presented the RSM values of M0ν calculated

for 48Ca and 136Xe going beyond the closure approximation. These nuclei

were chosen amongst the five candidate nuclei under exam because they are

computationally easier to calculate.

The SM parameters are the same of the previous case when the closure

approximation has been employed. The one-body transition densities ρnp
relative to the NMEs have been calculated with the KSHELL nuclear-shell

model code [60, 61].

As already stated in Chapter 3 the beyond closure approach requires the

use of non antisymmetrized two-body matrix elements. The current way

of obtaining the effective operators is based on the use of antisymmetrized
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vertices. For this reason, at least by now, the beyond closure method has

been employed only to calculate the 0νββ nuclear matrix elements starting

from the bare operators.

There are, however, no further theoretical obstacles and the general results

obtained in this way can be extended without loss of generality to the case

of the effective operators at higher order in perturbation theory.

Before proceeding further it is worth knowing as a first information how

many intermediate states |k, Jk� are needed to reproduce the result obtained

in closure approximation.

Figure 23: Convergence of the partial Gamow-Teller NME, MGT (E), for

0νββ decay of 48Ca to its final value, MGT (∞), obtained within closure

approximation, as a function of the number of intermediate states.

The results for the case of 48Ca are shown in Fig. 23. It is possible to

see that 16000 intermediate states are needed corresponding to a maximum
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excitation energy Ek of 22 MeV to reach convergence within 1% of the total

result.

However, not all the intermediate states are needed to go beyond the clo-

sure approximation. At this point it is useful to recall from Eq. 3.4.4 the

mixed NME M̄0ν
α (Ē) given by the partial sum of all the intermediate states

with k < k̄ and a maximum excitation energy Ē.

M̄0ν
α (Ē) = M0ν

α (Ē)−M0ν
α (Ē) +M0ν

α (∞) (5.5.1)

where M0ν
α (Ē) is the partial sum over of the all the intermediate states with

k < k̄ corresponding to an opportune cut-off to the excitation energy Ē.

That is to say that in the calculation of this NME the energy dependence

of the energy value in the denominator of the neutrino potential has been

preserved.

M0ν
α (Ē), instead, is the NME calculated with the operators Θ̄α where the

energy dependence in the denominator of the neutrino potential has been

replaced with and average value �E�.

Finally M0ν
α (∞) is the result obtained within the closure approximation

which was obtained in Section 4 of this Chapter. If one were to remove the

cut-off to the excitation energy, i.e. for Ē → ∞, M0ν
α (Ē) would converge

to the result in closure approximation M0ν
α (∞). The difference between the

closure and the non-closure approach when the excitation energy Ek < Ē is

then equivalent to the difference M0ν
α (Ē)−M0ν

α (Ē).
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Figure 24: Convergence of the partial mixed Gamow-Teller NME, M̄GT (E),

for 0νββ decay of 48Ca as a function of the number of intermediate states.

It is then possible to introduce a method which combines both the non-

closure and closure approaches, by introducing the mixed NME M̄0ν
α (Ē) that

depends on the energy Ē of the cut-off state k̄. Since the main contribution to

this difference comes from the Gamow-Teller term it is possible to specialise

the previous assertions to the case α = GT.

From Fig. 24 it is possible to observe that the behaviour of the convergence

of the mixed MNE M̄0ν
GT (Ē) is much better than that of the simple partial

sum M0ν
GT (Ē). Adopting the mixed method it is also possible to see that, in

the case of 48Ca the closure approximation affects the NME with a reduction

of ∼ 11% from M̄0ν
GT (Ē) = 0.36 to M0ν

GT (∞) = 0.32.
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Figure 25: Convergence of the partial Gamow-Teller NME, MGTk(E), for

0νββ decay of 48Ca as a function of the number of intermediate states

It is also useful to recall from Eq. 3.5.7 the expression for the partial NME

M0ν
αk decomposed in term of the angular momentum and parity Jπ

k of the

intermediate state.

M0ν
αk =

�

jpjp�jnjn�

�Jk �Jk �J (−1)jn+jp�+Jk+J
�
jp jn Jk
jn� jp� J

�

�jpjp� ,J ||τ−1 τ−2 Θk
α||jnjn� ,J �ρnp(Jk, i → k)ρn�p�(Jk, k → f)

(5.5.2)
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Figure 26: Comparison of the partial Gamow-Teller NME M0ν
GT (E) and

M0ν
GT (E) as a function of the total angular momentum of intermediate states

Jk.

Since it is possible to decompose completely the problem in the angular

momentum of the proton-neutron pair is also reasonable to imagine that the

convergence of each component is different for different Jk. In fact it is ap-

parent from a comparison between Fig. 23 and Fig. 25 that the convergence

of the NME for 48Ca is entirely determined by the states with Jk = 1.

From Fig. 26. it is also possible to see that the main difference between the

partial NMEs obtained with the closure and non-closure approaches comes

from contribution with intermediate angular momentum Jk = 1 and it is

equal to ∼ 87% of the total value of the M0ν
GT −M0ν

GT difference. The reason

is that the the στ− operator naturally leads transitions from an initial 0+

state to an intermediate 1+.
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Figure 27: Convergence of the partial mixed Gamow-Teller NME, M̄GT (E),

for 0νββ decay of 136Xe as a function of the number of intermediate states.

In the case of 136Xe, contrary to that of 48Ca, it was impossible to recover

the convergence of the partial NMEs to the value obtained within the closure

approximation. The first 15000 intermediate states, for a maximum excita-

tion energy Ek of 8.1 MeV, were only able to account for ∼ 90 % of the

final value. Nevertheless this number of intermediate states was sufficient to

observe, as shown in Fig. 27, the convergence of the mixed MNE M̄0ν
GT (Ē).

It is also possible to see that the closure approximation is somewhat better

suited for the 0νββ decay of 136Xe than 48Ca as the decrease of the NME is

∼ 7%, going from M̄0ν
GT (Ē) = 2.24 to M0ν

GT (∞) = 2.09.

To achieve the desirable accuracy significantly faster and with a lower

number of intermediate states, contrary to the previous case of 48Ca, the

convergence of each partial NME M̄0ν
GTk has been evaluated singularly. As
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it is possible to see from Fig. 28 the convergence of the partial NME for
136Xe is mainly determined by the states with total angular momentum and

parity Jπ
k = 1+, Jπ

k = 3+ and Jπ
k = 2−, for which more intermediate states

are needed.

Figure 28: Convergence of the partial mixed Gamow-Teller NME, M̄GTk(E),

for 0νββ decay of 136Xe as a function of the number of intermediate states.

A similar effect can be seen from the decomposition of the contribution

to the difference between the two partial NMEs M0ν
GT and M0ν

GT . As it is

shown in Fig. 29 the main contribution to difference between the partial

NMEs M0ν
α (Ē) − M0ν

α (Ē) comes from the already mentioned contribution

from partial NMEs for Jπ
k = 1+, Jπ

k = 3+ and Jπ
k = 2−. The preponderance

of these contribution is somewhat less pronounced than the case of 48Ca, as

they are responsible for ∼ 70% of the difference M0ν
GT −M0ν

GT . This result is

in agreement with other studies conducted on 82Se in Ref. [59] that identify

the role of these contributions as the main source of the difference between
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the closure approximation and the non-closure approach.

Figure 29: Comparison of the partial Gamow-Teller NME M0ν
GT (E) and

M0ν
GT (E) as a function of the total angular momentum of intermediate states

Jk.

In the end by combining the non-closure and the closure approaches to-

gether it has been possible to estimate the uncertainty intrinsic in the closure

approximation for the 0νββ NMEs of 48Ca and 136Xe. It is reasonable to as-

sume that this effect also holds for other 0νββ-decay candidates as 78Ge, 82Se

and 136Xe. This mixed approach converges very quickly using only a very

small number of states of the intermediate nucleus. Moreover the results

obtained in this thesis work suggest that one can apply this mixed approach

to obtain the shell-model 0νββ NMEs of decay of heavier nuclei focusing on

the calculation only selected intermediate states with appropriate angular

momentum and parity as Jπ
k = 1+, Jπ

k = 3+ and Jπ
k = 2−.
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Chapter 6

Conclusions

The work of this thesis has been devoted to the calculation of the 0νββ NMEs

for 48Ca →48Ti, 76Ge →76Se, 82Se →82Kr, 130Te →130Xe and 136Xe →136Ba

under the hypothesis of light-neutrino exchange.

The Realistic Shell Model [62, 55] has been used deriving consistenlty

the shell-model effective Hamiltonians and operators. They have been ob-

tained by way of many-body perturbation theory, starting from the realistic

high-precision CD-Bonn NN potential [26] that has been renormalised to

cure its non-perturbative behaviour caused by the repulsive high-momentum

components, via the so-called Vlow−k approach [27]. This exactly preserves

the on-shell properties of the original NN potential while also providing a

smoother potential.

The foundation of this thesis lies in the work that has been done within the

framework of the realistic shell model to calculate, by way of theoretical SM

effective operators, the nuclear matrix elements M2νs for the 2νββ decays

involving the same nuclei that are the object of this work [29]. These results

have shown that, without resorting to empirical adjustments of Heff , effective

charges, gyromagnetic factors, or to the quenching of the axial coupling con-

stant, the realistic shell model is able to provide a quantitative description of

both spectroscopic properties (low-lying excitation spectra, electromagnetic

transition strengths) and β decay (nuclear matrix elements of 2νββ decay,

GT strengths from charge-exchange reactions).
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Object of fundamental importance is the order-by-order perturbative be-

haviour of the effective two-body 0νββ-decay operator. While its convergence

properties are not as satisfactory as the ones relative to the 2νββ-decay have

been, this problem is far less important than the well-known one regarding

the problem of the quenching of the axial vector current constant gA [63, 36].

If one were to employ the quenching factor deduced by results for the 2νββ-

decay to calculate the M0ν NMEs the results would be much smaller than

those shown in this thesis obtained with an effective 0νββ-decay operator.

It has also been possible to estimate the uncertainty intrinsic in the use

of the closure approximation to calculate the M0ν NMEs for 48Ca and 136Te.

This has been done by highlighting the difference between the total matrix

elements calculated within the closure approximation and those obtained

when such approximation is not applied. To do so a mixed method has been

developed. This difference is about 11% percent for the Gamow-Teller matrix

element in the case of 48Ca while for 136Te the difference is about 8% percent.

The difference between the results obtained with the two approaches for the

Fermi term is negligible. While the beyond closure approach has been only

applied to the bare operator the results can be extended to higher orders in

perturbation theory.

In addition, it has also been possible to obtain a decomposition of the

NMEs in terms of the total spin Jk of the intermediate states of the daughter

nuclei. In the case of 48Ca the Jk = 1 states provide the largest contribution

to the difference between the closure and the beyond closure approach, while

for the case of 136Xe the states with Jk = 1+, Jk = 3+ and Jk = 2− all play

an equally important role. It stands to reason that similar remarks should

hold for the NMEs of other heavy nuclei that are candidate for 0νββ-decay,

such as 76Ge 82Se, 100Mo and 130Te.

The next step will be, as it has been mentioned in the previous Chapter, to

extend the beyond closure approach to the effective neutrinoless double-beta

decay operator even if this is a very demanding task in terms of computational

resources. A possible further avenue to test the result obtained for the nuclear

matrix elements is to perform a benchmark calculation of M0ν for nuclei in

the p-shell region and confront its results with those obtained with ab initio

Quantum Monte Carlo calculations [64].
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On another hand, it is worth investigating the renormalization of the 0νββ

operator due to the subnucleonic degrees of freedom. To solve this issue one

has to consistently derive an effective Hamiltonian and operators, starting

from two- and three-body nuclear potentials derived within the framework

of chiral perturbation theory [48, 65]. The contributions of chiral two-body

electroweak currents must also be taken into account as some authors [66, 67]

have found that β- and neutrinoless double-beta decays may be affected by

these contributions.
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